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Abstract
We prove that under the log-Hölder continuity condition of the variable exponent
p(·), a new type of maximal operators, Uγ,s is bounded from the variable martingale
Hardy–Lorentz space Hp(·),q to L p(·),q , whenever 0 < p− ≤ p+ < ∞, 0 < q ≤ ∞,
0 < γ, s < ∞ and 1/p− − 1/p+ < γ + s. Moreover, the operator Uγ,s generates
equivalent quasi-norms on the Hardy–Lorentz spaces Hp(·),q .

Keywords Variable exponent · Variable Hardy spaces · Variable Hardy–Lorentz
spaces · Atomic decomposition · Maximal operators
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1 Introduction

A measurable function p(·) : [0, 1) → (0,∞] is called a variable exponent. In this
paper we suppose that

0 < p− := ess inf
x∈[0,1) p(x) ≤ p+ := ess sup

x∈[0,1)
p(x) < ∞.

Variable Lebesgue spaces L p(·) are investigated very intensively in the literature nowa-
days (see e.g. Cruz-Uribe and Fiorenza [5], Diening et al. [6], Kokilashvili et al. [15,
16], Nakai and Sawano [19, 25], Kempka and Vybíral [14], Jiao et al. [11–13], Yan
et al. [36], Liu et al. [17, 18]). Interest in the variable Lebesgue spaces has increased
since the 1990s because of their use in a variety of applications (see the references in
Jiao et al. [11]).
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As usual in this theory, we also suppose that p(·) satisfy the log-Hölder continuity
condition, namely p(·) ∈ C log. One of the most important results states that the
classical Hardy-Littlewood maximal operator is bounded on the variable L p(·) spaces
under this condition (see for example Cruz-Uribe et al. [2], Nekvinda [20], Cruz-Uribe
and Fiorenza [5] and Diening et al. [6]).

Nakai and Sawano [19] first introduced the variable Hardy spaces Hp(·)(R). Inde-
pendently, Cruz-Uribe andWang [4] also investigated the spaces Hp(·)(R). Cruz-Uribe
et al. [3] proved the boundedness of fractional and singular integral operators on
weighted and variable Hardy spaces. Sawano [25] improved the results in [19]. Ho
[10] studied weighted Hardy spaces with variable exponents. Yan et al. [36] intro-
duced the variable weak Hardy space Hp(·),∞(R) and characterized these spaces via
radial maximal functions. The Hardy–Lorentz spaces Hp(·),q(R) were investigated
by Jiao et al. in [13]. Similar results for the anisotropic Hardy spaces Hp(·)(R) and
Hp(·),q(R) can be found in Liu et al. [17, 18]. Martingale Musielak–Orlicz Hardy
spaces were investigated in Xie et al. [33–35]. Recently, we [11] generalized these
results for martingale Hardy spaces with variable exponent.

In this paper, we investigate the so called Vilenkin martingales defined as follows.
Let (pn, n ∈ N) be a bounded sequence of natural numbers with entries at least 2.
Introduce the notations P0 = 1 and

Pn+1 :=
n∏

k=0

pk (n ∈ N).

We denote the set of natural numbers {0, 1, . . . , } by N. By a Vilenkin interval, we
mean one of the form [kP−1

n , (k + 1)P−1
n ) for some k, n ∈ N, 0 ≤ k < Pn , k ∈ N.

Let Fn be the σ -algebra

Fn = σ {[kP−1
n , (k + 1)P−1

n ) : 0 ≤ k < Pn, k ∈ N} (1)

generated by the Vilenkin intervals. Martingales with respect to (Fn, n ∈ N) are called
Vilenkin martingales. Vilenkin martingales were studied in a great number of papers,
such as Gát and Goginava [7–9], Persson and Tephnadze [21–24] and Simon [26, 27].

For a fixed x ∈ [0, 1) and n ∈ N, let us denote the unique Vilenkin interval
[kP−1

n , (k + 1)P−1
n ) which contains x by In(x). Then the Doob maximal operator for

Vilenkin martingales f = ( fn, n ∈ N) can be rewritten as

M( f )(x) = sup
n∈N

1

λ(In(x))

∣∣∣∣
∫

In(x)
fndλ

∣∣∣∣ .

The boundedness of the Doob martingale maximal operator on the L p(·) spaces was
proved in Jiao et al. [11, 12]:

Theorem 1 Suppose that p(·) ∈ C log and f ∈ L p(·). If 1 < p− ≤ p+ < ∞, then

‖M( f )‖p(·) � ‖ f ‖p(·). (2)
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If 1 ≤ p− ≤ p+ < ∞, then

sup
ρ>0

∥∥ρχ{M( f )>ρ}
∥∥
p(·) � ‖ f ‖p(·) . (3)

Later we extended this result to p+ = ∞ in [30]. In this paper the constants C are
absolute constants and the constants Cp(·) are depending only on p(·) and may denote
different constants in different contexts. For two positive numbers A and B, we use
also the notation A � B, whichmeans that there exists a constantC such that A ≤ CB.

In [11, 29, 31, 32], we generalized the Doob maximal operator and introduced the
operator Uγ,s for Vilenkin martingales, where γ and s are two positive constants.
These operators were the key point in the proof of the boundedness of the maximal
Fejér operator of theWalsh- andVilenkin-Fourier series from the variable Hardy space
Hp(·) to L p(·) (see [11, 31]). Recall the definition of Uγ,s . For a Vilenkin interval I
with length P−1

n , i, j, n ∈ N, l = 0, . . . , p j − 1, let us use the notation

I l, j,i := I +̇[0, P−1
i )+̇l P−1

j+1

for the translation of I , where +̇ denotes the Vilenkin addition (see Sect. 3). Parallel,
we denote In(x)l, j,i := (In(x))l, j,i . For a Vilenkin martingale f = ( fn, n ∈ N) and
0 < γ, s < ∞, let

Uγ,s( f )(x) := sup
n∈N

n∑

m=0

m∑

j=0

(
Pj

Pn

)γ m∑

i= j

(
Pj

Pi

)s p j−1∑

l=0

1

λ(In(x)l, j,i )

∣∣∣∣
∫

In(x)l, j,i
fndλ

∣∣∣∣ .

(4)

We will see later that M( f ) ≤ Uγ,s( f ) for all 0 < γ, s < ∞. So the next theorem
proved in [31, 32], generalizes (2).

Theorem 2 Let p(·) ∈ C log, 1 < p− ≤ p+ < ∞ and 0 < γ, s < ∞. If

1

p−
− 1

p+
< γ + s, (5)

then

∥∥Uγ,s( f )
∥∥
p(·) � ‖ f ‖p(·) ( f ∈ L p(·)).

Obviously, inequality (5) and Theorem 2 hold if p− > max(1/(γ + s), 1). We
proved in [31] that condition (5) is also necessary, the results are not true without this
condition.

In [29, 32], we generalized Theorem 2 and, under the same conditions, we obtained
also the boundedness of Uγ,s from the martingale Hardy space Hp(·) to L p(·) for
0 < p− ≤ p+ < ∞. In this paper, we generalize these results to variable Lorentz
and Hardy–Lorentz spaces. We will prove that Uγ,s is bounded from the martingale
Hardy–Lorentz space Hp(·),q to L p(·),q , where 0 < q ≤ ∞. More exactly, we have
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Theorem 3 Let p(·) ∈ C log, 0 < p− ≤ p+ < ∞, 0 < q ≤ ∞ and 0 < γ, s < ∞. If
(5) holds, then

‖Uγ,s( f )‖p(·),q � ‖ f ‖Hp(·),q ( f ∈ Hp(·),q).

As a corollary, we get Uγ,s is bounded from the Lorentz space L p(·),q to L p(·),q
and we generalize (3).

Corollary 1 Let p(·) ∈ C log satisfy (5), 0 < γ, s < ∞. If 1 < p− ≤ p+ < ∞,
0 < q ≤ ∞ and f ∈ L p(·),q , then

∥∥Uγ,s( f )
∥∥
p(·),q � ‖ f ‖p(·),q .

If 1 ≤ p− ≤ p+ < ∞ and f ∈ L p(·), then

sup
ρ>0

∥∥ρχ{Uγ,s ( f )>ρ}
∥∥
p(·) � ‖ f ‖p(·).

Moreover, we obtain an equivalent characterization of the martingale Hardy–
Lorentz space Hp(·),q , namely, we show that ‖Uγ,s( f )‖L p(·),q is equivalent to
‖ f ‖Hp(·),q :

Corollary 2 Let p(·) ∈ C log, 0 < p− ≤ p+ < ∞, 0 < q ≤ ∞ and 0 < γ, s < ∞. If
(5) holds and f ∈ Hp(·),q , then

‖ f ‖Hp(·),q ≤ ‖Uγ,s( f )‖p(·),q ≤ Cp(·)‖ f ‖Hp(·),q .

Finally, we note again that condition (5) is also necessary.
I would like to thank the referees for reading the paper carefully and for their useful

comments and suggestions.

2 Variable Lebesgue and Lorentz spaces

Let λ denote the Lebesgue measure on the unit interval [0, 1). For a constant p, the
L p space is equipped with the quasi-norm

‖ f ‖p :=
(∫ 1

0
| f (x)|p dλ(x)

)1/p

(0 < p < ∞),

with the usual modification for p = ∞.
To introduce the variable Lebesgue spaces let

ρ( f ) :=
∫ 1

0
| f (x)|p(x)dλ(x),
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where p(·) : [0, 1) → (0,∞] is a variable exponent. The variable Lebesgue space
L p(·) is the collection of all measurable functions f for which there exists ν > 0 such
that

ρ ( f /ν) < ∞.

We equip L p(·) with the quasi-norm

‖ f ‖p(·):= inf{ν > 0 : ρ( f /ν) ≤ 1}.

If p(·) = p is a constant, then we get back the definition of the usual L p spaces.
For any f ∈ L p(·), we have ρ( f ) ≤ 1 if and only if ‖ f ‖p(·) ≤ 1. It is known that
‖ν f ‖p(·) = |ν|‖ f ‖p(·) and

∥∥| f |s∥∥p(·) = ‖ f ‖ssp(·),

where s ∈ (0,∞) and ν ∈ C. Details can be found in the monographs Cruz-Uribe
and Fiorenza [5] and Diening et al. [6]. Moreover, for

0 < b ≤ min{p−, 1} =: p,

we have

‖ f + g‖bp(·) ≤ ‖ f ‖bp(·) + ‖g‖bp(·). (6)

The variable exponent p′(·) is defined pointwise by

1

p(x)
+ 1

p′(x)
= 1, x ∈ [0, 1).

The next lemma is well known, see Cruz-Uribe and Fiorenza [5] or Diening et al. [6].

Lemma 1 Let 1 ≤ p− ≤ p+ ≤ ∞. For all f ∈ L p(·) and g ∈ L p′(·),

∫ 1

0
| f g| dλ ≤ Cp(·) ‖ f ‖p(·) ‖g‖p′(·) .

Moreover,

‖ f ‖p(·) ∼ sup
‖g‖p′(·)≤1

∣∣∣∣
∫ 1

0
f g dλ

∣∣∣∣ ,

where ∼ denotes the equivalence of the numbers.
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The variable Lorentz spaces were introduced and investigated by Kempka and
Vybíral [14]. L p(·),q is defined to be the space of all measurable functions f such that

‖ f ‖p(·),q :=

⎧
⎪⎨

⎪⎩

(∫ ∞

0
ρq

∥∥χ{x∈[0,1): | f (x)|>ρ}
∥∥q
p(·)

dρ

ρ

)1/q

, if 0 < q < ∞;
sup

ρ∈(0,∞)

ρ
∥∥χ{x∈[0,1): | f (x)|>ρ}

∥∥
p(·) , if q = ∞

is finite. If p(·) is a constant, we get back the classical Lorentz spaces (see Bergh and
Löfström [1]). In contrary to the spaces with constant p(·), the variable Lorentz spaces
L p(·),q do not include the variable Lebesgue spaces L p(·) as a special cases.

3 Maximal operators

We always suppose that the sequence (pn) of natural numbers is bounded. Let

p̂ := sup
n∈N

pn < ∞. (7)

The conditional expectation operators relative toFn are denoted by En , whereFn was
defined in (1). An integrable sequence f = ( fn)n∈N is said to be a Vilenkin martingale
if fn is Fn-measurable for all n ∈ N and En fm = fn in case n ≤ m. It is easy to
show (see e.g. Weisz [28]) that the sequence (Fn, n ∈ N) is regular, i.e., there exist
a constant R > 0 such that fn ≤ R · fn−1 for all non-negative Vilenkin martingales.
We can see easily that R ≥ p̂, where p̂ is defined in (7).

For a Vilenkin martingale f = ( fn)n∈N, the Doob maximal function is defined by

M( f ) := sup
n∈N

| fn| .

If f ∈ L1, then we can replace fn by f in the integral.
In the literature the log-Hölder continuity condition is usually supposed. Under this

condition, the Hardy-Littlewood maximal operator is bounded on L p(·) if 1 < p− ≤
p+. We denote by C log the set of all variable exponents p(·) satisfying the so-called
log-Hölder continuous condition, namely, there exists a positive constantClog(p) such
that, for any x, y ∈ [0, 1),

|p(x) − p(y)| ≤ Clog(p)

log(e + 1/|x − y|) . (8)

In [31, 32], we generalized theDoobmartingalemaximal operator as follows. Every
point x ∈ [0, 1) can be written in the following way:

x =
∞∑

k=0

xk
Pk+1

(0 ≤ xk < pk, xk ∈ N).
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If there are two different forms, choose the one for which limk→∞ xk = 0. The so
called Vilenkin addition is defined by

x+̇y =
∞∑

k=0

zk
Pk+1

, where zk := xk + yk mod pk, (k ∈ N).

We defined the maximal operator Uγ,s in (4), where 0 < γ, s < ∞. Of course,
if f ∈ L1, then we can write in the definition f instead of fn . Let us define Ik,n :=
[kP−1

n , (k + 1)P−1
n ), where 0 ≤ k < Pn , n ∈ N. The definition of Uγ,s( f ) can be

rewritten to

Uγ,s( f ) = sup
n∈N

Pn−1∑

k=0

χIk,n

n∑

m=0

m∑

j=0

(
Pj

Pn

)γ m∑

i= j

(
Pj

Pi

)s p j−1∑

l=0

1

λ(I l, j,ik,n )

∣∣∣∣∣

∫

I l, j,ik,n

fndλ

∣∣∣∣∣ ,

where I l, j,ik,n := (Ik,n)l, j,i . Now we point out four special cases of this operator.
If j = i = n = m, we obtain the first spacial case,

U (1)
γ,s( f )(x) := sup

n∈N

pn−1∑

l=0

1

λ(In(x)l,n,n)

∣∣∣∣
∫

In(x)l,n,n
fndλ

∣∣∣∣

= sup
n∈N

pn
λ(In(x))

∣∣∣∣
∫

In(x)
fndλ

∣∣∣∣ ,

which is basically M( f ). Note that In(x)l,n,n = In(x) (n ∈ N, l = 0, . . . , pn − 1).
If j = i = m, we have

U (2)
γ,s( f )(x) := sup

n∈N

n∑

m=0

(
Pm
Pn

)γ pm−1∑

l=0

1

λ(In(x)l,m,m)

∣∣∣∣
∫

In(x)l,m,m
fndλ

∣∣∣∣

= sup
n∈N

n∑

m=0

(
Pm
Pn

)γ pm
λ(Im(x))

∣∣∣∣
∫

Im (x)
fndλ

∣∣∣∣ .

Here In(x)l,m,m = In(x)+̇[0, P−1
m )+̇l P−1

m+1 = x+̇[0, P−1
m ) = Im(x). It is easy to see

that

M( f ) ≤ U (1)
γ,s( f ) ≤ U (2)

γ,s( f ) ≤ CM( f )

for all 0 < γ, s < ∞ and so Theorem 1 holds also for these two operators.
If m = n and i = n, we get that

U (3)
γ,s( f )(x) := sup

n∈N

n∑

j=0

(
Pj

Pn

)γ+s p j−1∑

l=0

1

λ(In(x)l, j,n)

∣∣∣∣
∫

In(x)l, j,n
fndλ

∣∣∣∣ .
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Note that In(x)l, j,n = In(x)+̇[0, P−1
n )+̇l P−1

j+1 = In(x)+̇l P−1
j+1.

If m = n, we obtain the last special case,

U (4)
γ,s( f )(x) := sup

n∈N

n∑

j=0

(
Pj

Pn

)γ n∑

i= j

(
Pj

Pi

)s p j−1∑

l=0

1

λ(In(x)l, j,i )

∣∣∣∣
∫

In(x)l, j,i
fndλ

∣∣∣∣ .

Themaximal operatorsU (3)
γ,s( f ) andU

(4)
γ,s( f ) aswell asUγ,s( f ) cannot be estimated by

M( f ) fromabovepointwise. In [31],we investigated the operatorsU (3)
γ,s andU

(4)
γ,s . Their

boundedness on L p(·) was the key point in the proof of boundedness and convergence
results for the Fejér means of the Vilenkin-Fourier series (see [31]).

It is easy to see that, for all 0 < γ, s < ∞,

M( f ) ≤ U ( j)
γ,s ( f ) ≤ Uγ,s( f ) ( j = 1, . . . , 4). (9)

4 Martingale Hardy–Lorentz spaces

Now we introduce the variable martingale Hardy–Lorentz spaces by

Hp(·),q :=
{
f = ( fn)n∈N : ‖ f ‖Hp(·),q := ‖M( f )‖p(·),q < ∞

}
.

These spaces have several equivalent characterizations, for example an equivalent
quasi-norm can be defined by the quadratic variation and by the conditional quadratic
variation (see [11]). In this paper, we will give more equivalent characterizations of
these Hardy–Lorentz spaces using the above maximal functions.

The atomic decomposition is a useful characterization of theHardy–Lorentz spaces.
First, we introduce the concept of stopping times (see e.g. [28]). A map τ : [0, 1) −→
N ∪ {∞} is called a stopping time relative to (Fn, n ∈ N) if

{x ∈ [0, 1) : τ(x) = n} =: {τ = n} ∈ Fn .

It is well known that the last condition is equivalent to the conditions

{τ ≤ n} ∈ Fn (n ∈ N)

and

{τ ≥ n} ∈ Fn−1 (n ∈ N).

This implies that the sequence ( f τ
n , n ∈ N) defined by

f τ
n :=

n∑

k=0

χ{τ≥m} ( fk − fk−1)
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is again amartingale, called stoppedmartingale, whenever ( fn, n ∈ N) is amartingale.
This fact is used in the proof of Theorem 4.

A measurable function a is called a p(·)-atom if there exists a stopping time τ such
that

(i) En(a)(·) = 0 for all n ≤ τ(·),
(ii) ‖M(a)‖∞ ≤ ∥∥χ{τ<∞}

∥∥−1
p(·).

This form of the atoms was used first in [28] for a constant p. The atomic decom-
position of the spaces Hp(·),q were proved in Jiao et al. [11]. The classical case can be
found in [28].

Theorem 4 Let p(·) ∈ C log, 0 < p− ≤ p+ < ∞ and 0 < q ≤ ∞. Then the
martingale f = ( fn)n∈N ∈ Hp(·),q if and only if there exists a sequence (ak)k∈Z of
p(·)-atoms such that for every n ∈ N,

fn =
∑

k∈Z
μk Ena

k almost everywhere,

where μk = 3 · 2k ∥∥χ{τk<∞}
∥∥
p(·) and τk is the stopping time associated with the

p(·)-atom ak. Moreover,

‖ f ‖Hp(·),q ∼ inf

(
∑

k∈Z
2kq

∥∥χ{τk<∞}
∥∥q
p(·)

)1/q

,

respectively, where the infimum is taken over all decompositions of f as above.

5 Proofs

Proof of Theorem 3 According to Theorem 4, we can write f as

f =
∑

k∈Z
μka

k = f1 + f2,

where k0 ∈ Z,

f1 =
k0−1∑

k=−∞
μka

k, f2 =
∞∑

k=k0

μka
k, μk = 3 · 2k ∥∥χ{τk<∞}

∥∥
p(·)

and τk is the stopping time associated with the p(·)-atom ak . Moreover,

(
∑

k∈Z
2kq

∥∥χ{τk<∞}
∥∥q
p(·)

)1/q

� ‖ f ‖Hp(·),q .
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Since

Uγ,s( f ) ≤
n∑

m=0

m∑

j=0

(
Pj

Pn

)γ m∑

i= j

(
Pj

Pi

)s p j−1∑

l=0

‖ f ‖∞ (10)

≤
n∑

m=0

m∑

j=0

2( j−n)γ
m∑

i= j

2( j−i)s p j‖ f ‖∞ � ‖ f ‖∞, (11)

Uγ,s is bounded on L∞. This implies that

∥∥Uγ,s( f1)
∥∥∞ ≤

k0−1∑

k=−∞
μk

∥∥∥Uγ,s(a
k)

∥∥∥∞ ≤
k0−1∑

k=−∞
μk

∥∥∥ak
∥∥∥∞

≤
k0−1∑

k=−∞
μk

∥∥χ{τk<∞}
∥∥−1
p(·) ≤ 3 · 2k0 .

Thus

2k0‖χ{Uγ,s ( f )>6·2k0 }‖p(·) ≤ 2k0‖χ{Uγ,s ( f2)>3·2k0 }‖p(·),

so we have to consider

Uγ,s( f2) ≤
∞∑

k=k0

μkUγ,s(a
k)χ{τk<∞} +

∞∑

k=k0

μkUγ,s(a
k)χ{τk=∞} =: A1 + A2.

(12)

Obviously,

{A1 > 3 · 2k0−1} ⊂ {A1 > 0} ⊂
∞⋃

k=k0

{τk < ∞}.

Suppose that 0 < q < ∞ and let us choose 0 < ε < min(p, q) and 0 < δ < 1.
Applying (6), we have

∥∥∥χ{A1>3·2k0−1}
∥∥∥
p(·) ≤

∥∥∥∥∥∥

∞∑

k=k0

χ{τk<∞}

∥∥∥∥∥∥
p(·)

≤
⎛

⎝
∞∑

k=k0

∥∥χ{τk<∞}
∥∥ε

p(·)

⎞

⎠
1/ε

=
⎛

⎝
∞∑

k=k0

2−kδε2kδε
∥∥χ{τk<∞}

∥∥ε

p(·)

⎞

⎠
1/ε

.
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Using Hölder’s inequality for q−ε
q + ε

q = 1, we get

∥∥∥χ{A1>3·2k0−1}
∥∥∥
p(·) ≤

⎛

⎝
∞∑

k=k0

2−kδε q
q−ε

⎞

⎠

q−ε
εq

⎛

⎝
∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

⎞

⎠
1/q

� 2−k0δ

⎛

⎝
∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

⎞

⎠
1/q

.

Consequently,

∞∑

k0=−∞
2k0q

∥∥∥χ{A1>3·2k0−1}
∥∥∥
q

p(·) �
∞∑

k0=−∞
2k0(1−δ)q

∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

=
∞∑

k=−∞
2kδq

∥∥χ{τk<∞}
∥∥q
p(·)

k∑

k0=−∞
2k0(1−δ)q

�
∞∑

k=−∞
2kq

∥∥χ{τk<∞}
∥∥q
p(·)

� ‖ f ‖qHp(·),q .

Next, let us estimate the term A2. For a fixed k ∈ Z, the sets {τk = K } are disjoint
and there exist disjoint Vilenkin intervals Ik,K ,μ ∈ FK such that

{τk = K } =
⋃

μ

Ik,K ,μ (K ∈ N),

where the union in μ is finite and λ(Ik,K ,μ) = P−1
K . Thus

{τk < ∞} =
⋃

K∈N

⋃

μ

Ik,K ,μ,

where the Vilenkin intervals Ik,K ,μ are disjoint for a fixed k ∈ Z. Then

ak =
∑

K∈N

∑

μ

akχIk,K ,μ
.

The operator Uγ,s can be written as

Uγ,s(a
k)(x) := sup

n∈N
sup
x∈I

n∑

m=0

m∑

j=0

(
Pj

Pn

)γ m∑

i= j

(
Pj

Pi

)s p j−1∑

l=0

1

λ(I l, j,i )

∣∣∣∣
∫

I l, j,i
akdλ

∣∣∣∣ ,
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where I ∈ Fn is a Vilenkin interval. Since
∫
Ik,K ,μ

ak dλ = 0, we have

∫

I l, j,i
ak dλ = 0

if i ≤ K . Thus we can suppose that i > K , and so n ≥ m > K . If x /∈ Ik,K ,μ, x ∈ I
and j ≥ K , then I l, j,i ∩ Ik,K ,μ = ∅. Therefore we can suppose that j < K . Similarly,
if

x ∈ Ik,K ,μ+̇[l P−1
j+1, (l + 1)P−1

j+1) \ (Ik,K ,μ+̇l P−1
j+1),

then I l, j,i ∩ Ik,K ,μ = ∅, so we may assume that x ∈ Ik,K ,μ+̇l P−1
j+1 = I l, j,Kk,K ,μ.

Therefore, for x /∈ Ik,K ,μ,

Uγ,s(a
kχIk,K ,μ

)(x) ≤ sup
n>K

χI (x)
n∑

m=K+1

K−1∑

j=0

(
Pj

Pn

)γ m∑

i=K+1

(
Pj

Pi

)s

p j−1∑

l=0

1

λ(I l, j,i )

∣∣∣∣
∫

I l, j,i
ak dλ

∣∣∣∣χI l, j,Kk,K ,μ

(x).

It is easy to see that

m∑

i=K+1

(
1

Pi

)s

=
m∑

i=K+1

(
1

PK pK · · · pi−1

)s

≤
m∑

i=K+1

(
1

PK 2i−K

)s

≤ Cs

(
1

PK

)s

.

Hence

Uγ,s(a
kχIk,K ,μ

)(x)

≤ ∥∥χ{τk<∞}
∥∥−1
p(·) sup

n>K
χI (x)

n∑

m=K+1

K−1∑

j=0

(
Pj

Pn

)γ ∞∑

i=K+1

(
Pj

Pi

)s p j−1∑

l=0

χ
I l, j,Kk,K ,μ

(x)

�
∥∥χ{τk<∞}

∥∥−1
p(·) sup

n>K
(n − K )

(
PK
Pn

)γ K−1∑

j=0

(
Pj

PK

)γ+s p j−1∑

l=0

χ
I l, j,Kk,K ,μ

(x)

�
∥∥χ{τk<∞}

∥∥−1
p(·) sup

n>K
(n − K )2(K−n)γ

K−1∑

j=0

(
Pj

PK

)γ+s p j−1∑

l=0

χ
I l, j,Kk,K ,μ

(x).

Since the function x �→ x2−γ x is bounded, we obtain that

Uγ,s(a
kχIk,K ,μ

)(x) �
∥∥χ{τk<∞}

∥∥−1
p(·)

K−1∑

j=0

(
Pj

PK

)γ+s p j−1∑

l=0

χ
I l, j,Kk,K ,μ

(x).
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From this it follows that, for x ∈ {τk = ∞},

Uγ,s(a
k)(x) �

∥∥χ{τk<∞}
∥∥−1
p(·)

∑

K∈N

∑

μ

K−1∑

j=0

(
Pj

PK

)γ+s p j−1∑

l=0

χ
I l, j,Kk,K ,μ

(x). (13)

Let us choose 0 < β < 1 and 0 < ε < p. By (13),

∥∥∥|Uγ,s(a
k)|βεχ{τk=∞}

∥∥∥
p(·)/ε

�
∥∥χ{τk<∞}

∥∥−βε

p(·)

∥∥∥∥∥∥

∑

K∈N

∑

μ

K−1∑

j=0

(
Pj

PK

)(γ+s)βε p j−1∑

l=0

χ
I l, j,Kk,K ,μ

∥∥∥∥∥∥
p(·)/ε

.

Choose max(1, β p+) < r < ∞. By Lemma 1, there exists a function g ∈ L
(
p(·)
ε

)′
with ‖g‖

(
p(·)
ε

)′ ≤ 1 such that

∥∥∥|Uγ,s(a
k)|βεχ{τk=∞}

∥∥∥
p(·)/ε

∥∥χ{τk<∞}
∥∥βε

p(·)

�
∫ 1

0

∑

K∈N

∑

μ

K−1∑

j=0

(
Pj

PK

)(γ+s)βε p j−1∑

l=0

χ
I l, j,Kk,K ,μ

g dλ

≤
∑

K∈N

∑

μ

K−1∑

j=0

(
Pj

PK

)(γ+s)βε p j−1∑

l=0

∥∥∥∥χ
I l, j,Kk,K ,μ

∥∥∥∥
r
βε

∥∥∥∥χ
I l, j,Kk,K ,μ

g

∥∥∥∥
( r

βε
)′

�
∑

K∈N

∑

μ

K−1∑

j=0

(
Pj

PK

)(γ+s)βε

p j−1∑

l=0

∫ 1

0
χIk,K ,μ

(x)

(
1

λ(I l, j,Kk,K ,μ)

∫

I l, j,Kk,K ,μ

|g|( r
βε

)′ dλ

)1/( r
βε

)′

dx .

We use Hölder’s inequality to obtain

∥∥∥|Uγ,s(a
k)|βεχ{τk=∞}

∥∥∥
p(·)/ε

∥∥χ{τk<∞}
∥∥βε

p(·)

�
∫ 1

0

∑

K∈N

∑

μ

χIk,K ,μ
(x)

K−1∑

j=0

p j−1∑

l=0

(
Pj

PK

)(γ+s)βε(1/( r
βε

)+1/( r
βε

)′)

(
1

λ(I l, j,Kk,K ,μ)

∫

I l, j,Kk,K ,μ

|g|( r
βε

)′ dλ

)1/( r
βε

)′

dx
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�
∫ 1

0

∑

K∈N

∑

μ

χIk,K ,μ
(x)

⎛

⎝
K−1∑

j=0

p j−1∑

l=0

(
Pj

PK

)(γ+s)βε
⎞

⎠
1/( r

βε
)

⎛

⎝
K−1∑

j=0

p j−1∑

l=0

(
Pj

PK

)(γ+s)βε 1

λ(I j,Kk,K ,μ)

∫

I j,Kk,K ,μ

|g|( r
βε

)′ dλ

⎞

⎠
1/( r

βε
)′

dx

≤
∫ 1

0

∑

K∈N

∑

μ

χIk,K ,μ

(
U (3)

γβε,sβε

(
|g|( r

βε
)′
))1/( r

βε
)′
dλ

≤
∥∥∥∥∥

∑

K∈N

∑

μ

χIk,K ,μ

∥∥∥∥∥
p(·)/ε

∥∥∥∥
(
U (3)

γβε,sβε

(
|g|( r

βε
)′
))1/( r

βε
)′
∥∥∥∥

(p(·)/ε)′
.

Inequality (5) is equivalent to

p+ − ε

p+
− p− − ε

p−
< (γ + s)ε.

We can choose β near to 1 such that

p+ − ε

p+
− p− − ε

p−
< (γ + s)βε.

Next we can choose r so large that

1

((p(·)/ε)′/(r/βε)′)−
− 1

((p(·)/ε)′/(r/βε)′)+
= r/(r − βε)

p+/(p+ − ε)
− r/(r − βε)

p−/(p− − ε)

< (γ + s)βε.

Since (r/βε)′ < (p(·)/ε)′, we can apply Theorem 2 and conclude

∥∥∥|Uγ,s(a
k)|βεχ{τk=∞}

∥∥∥
p(·)/ε

∥∥χ{τk<∞}
∥∥βε

p(·)

�
∥∥χ{τk<∞}

∥∥
p(·)/ε

∥∥∥U (3)
γβε,sβε

(
|g|( r

βε
)′
)∥∥∥

1/(r/βε)′

(p(·)/ε)′
(r/βε)′

�
∥∥χ{τk<∞}

∥∥
p(·)/ε

∥∥∥|g|( r
βε

)′
∥∥∥
1/(r/βε)′

(p(·)/ε)′
(r/βε)′

�
∥∥χ{τk<∞}

∥∥
p(·)/ε .

From this it follows that

∥∥∥χ{A2>3·2k0−1}
∥∥∥
p(·) ≤

∥∥∥∥∥

∑∞
k=k0 μ

β
k |Uγ,s(ak)|βχ{τk=∞}
3β2β(k0−1)

∥∥∥∥∥
p(·)
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� 2−βk0

∥∥∥∥∥∥

∞∑

k=k0

μ
βε
k |Uγ,s(a

k)|βεχ{τk=∞}

∥∥∥∥∥∥

1/ε

p(·)/ε

� 2−βk0

⎛

⎝
∞∑

k=k0

μ
βε
k

∥∥∥|Uγ,s(a
k)|βεχ{τk=∞}

∥∥∥
p(·)/ε

⎞

⎠
1/ε

� 2−βk0

⎛

⎝
∞∑

k=k0

2kβε
∥∥χ{τk<∞}

∥∥
p(·)/ε

⎞

⎠
1/ε

≤ 2−βk0

⎛

⎝
∞∑

k=k0

2k(β−δ)ε2kδε
∥∥χ{τk<∞}

∥∥ε

p(·)

⎞

⎠
1/ε

, (14)

where β < δ < 1. Let us again use Hölder’s inequality with q−ε
q + ε

q = 1:

∥∥∥χ{A2>3·2k0−1}
∥∥∥
p(·) � 2−βk0

⎛

⎝
∞∑

k=k0

2k(β−δ)ε
q

q−ε

⎞

⎠

q−ε
εq

⎛

⎝
∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

⎞

⎠
1/q

� 2−k0δ

⎛

⎝
∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

⎞

⎠
1/q

.

By changing the order of the sums, we obtain

∞∑

k0=−∞
2k0q

∥∥∥χ{A2>3·2k0−1}
∥∥∥
q

p(·) �
∞∑

k0=−∞
2k0(1−δ)q

∞∑

k=k0

2kδq
∥∥χ{τk<∞}

∥∥q
p(·)

=
∞∑

k=−∞
2kδq

∥∥χ{τk<∞}
∥∥q
p(·)

k∑

k0=−∞
2k0(1−δ)q

�
∞∑

k=−∞
2kq

∥∥χ{τk<∞}
∥∥q
p(·)

� ‖ f ‖qHp(·),q .

This finishes the proof of Theorem 3 when 0 < q < ∞. The proof is very similar for
q = ∞, so we omit it. ��
Remark 1 Inequality (5) obviously holds if 1/(γ + s) ≤ p− ≤ p+ < ∞. If p− <

1/(γ + s), then (5) is equivalent to

p+ <
p−

1 − (γ + s)p−
.
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Proof of Corollary 1 Jiao et al. [11] proved that Hp(·),q is equivalent to L p(·),q ,whenever
1 < p− ≤ p+ < ∞ and 0 < q ≤ ∞. Then the first inequality follows from
Theorem 3. By Theorem 3 and (3),

sup
ρ>0

∥∥ρχ{Uγ,s ( f )>ρ}
∥∥
p(·) = ∥∥Uγ,s( f )

∥∥
p(·),∞ � ‖ f ‖Hp(·),∞

= ‖M( f )‖p(·),∞ � ‖ f ‖p(·) ,

which proves the second inequality. ��
Finally, besides Corollary 2, we give equivalent characterizations of the Hardy–

Lorentz spaces with the help of the maximal operators defined above.

Corollary 3 Let p(·) ∈ C log, 0 < p− ≤ p+ < ∞, 0 < q ≤ ∞ and 0 < γ, s < ∞. If
(5) holds, f ∈ Hp(·),q and j = 1, . . . , 4, then

‖ f ‖Hp(·),q = ‖M( f )‖p(·),q ≤ ‖U ( j)
γ,s ( f )‖p(·),q ≤ ‖Uγ,s( f )‖p(·),q ≤ Cp(·)‖ f ‖Hp(·),q .

Proof The inequalities follow from (9) and Theorem 3. ��
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