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Abstract

We use Busemann functions to construct volume preserving mappings in an asymp-
totically harmonic manifold. If the asymptotically harmonic manifold satisfies the
visibility condition, we construct mappings which preserve distances in some direc-
tions. We also prove that some integrals on the intersection of horospheres are
independent of the differences between the values of the corresponding Busemann
functions and we establish an upper bound of the volume of the intersection of two
horospheres which is independent of the difference between values of corresponding
Busemann functions.
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1 Introduction
Let (M, g) be a simply connected, complete Riemannian manifold without con- jugate

points. Let d(p, ¢q) be the distance between p, g € M. For each unit tangent vector v
to M, the Busemann function b, : M — R on (M, g) is defined by

bu(x) = lim (@(x., 7u(1)) = ).

where y, : [0, 00) — M is a geodesic ray such that y;,(0) = v. Busemann functions
are convex and C? [7, 10]. The level hypersurfaces of Busemann functions are called
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horospheres. A Riemannian manifold is called harmonic, if, about any point, the
geodesic spheres of sufficiently small radii are of constant mean curvature. A simply
connected, complete Riemannian manifold (M, g) without conjugate points is called
asymptotically harmonic if the mean curvatures of the horospheres are constant [9, 14].
Szabd [18] proved that a compact harmonic manifolds with a finite fundamental group
is locally symmetric. Knieper [13] proved that a compact harmonic manifold with an
infinite fundamental group is locally symmetric provided that the harmonic manifold
has non-positive curvature or the fundamental group is Gromov hyperbolic. Ranjan
and Shah [17] proved that a non-compact harmonic manifold with subexponential
volume growth is flat. We refer to [14] for further results, including asymptotically
harmonic manifolds. All harmonic manifolds are asymptotically harmonic, and all
known asymptotically harmonic manifolds are harmonic and homogeneous [9]. It is
also remarkable that the following question is remained open: Is a harmonic manifold
homogeneous?

To consider the homogeneousness of a harmonic manifold and, more generally,
of an asymptotically harmonic manifold, we construct a volume preserving mapping
which maps one point to another point. For this construction, we use the mean curvature
of horospheres and the variation of the volume density for the flow in the orthogonal
direction to horospheres.

Let C.(M) be the set of continuous functions with compact support and 7' M be a
unit tangent bundle. We obtain the following theorem.

Theorem 1.1 Let (M, g) be an asymptotically harmonic manifold. Then, for all points
p # q € M, there exists a diffeomorphism F : M — M such that F(p) = q and

/ FOdu) = / FEGN (),
M M

forall f € C.(M), where d is the Riemannian measure on M.

Szabd [18] proved that a Riemannian manifold is a harmonic manifold if and only
if the volume of the intersection of geodesic spheres depends only on the radii and the
distance between the centers of the geodesic spheres. Csikés and M. Horvith [4, 5]
proved that the intersections can be restricted to the cases with the same radii, and they
also proved that the volume of a tubular neighborhood about a geodesic depends only
on the length of the geodesic and the radius if and only if the Riemannian manifold is
harmonic. In addition, some relations between integrals and measures on a harmonic
manifold and its ideal boundary were found by Itoh and Satoh [11] and by Rouviére
[16]. Knieper and Peyerimhoff [12] also considered the integrals and measures on
harmonic manifolds to find a solution of the Dirichlet problem at infinity, and Biswas,
Knieper, and Peyerimhoff [2] proved that there exists a Fourier transform between
harmonic manifolds and its ideal boundary.

A Hadamard manifold (M, g) is a simply connected, complete Riemannian man-
ifold of non-positive sectional curvature, and it is called a a visibility manifold (or
satisfies the visibility condition) if, for any two different points v, vy at infinity,
there is a geodesic y : R — M with y(00) = v, y(—00) = v (see Sect. 2). All
intersections of two horospheres in a Hadamard manifold are bounded if and only if
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the Hadamard manifold is a visibility manifold (see Definition 2.6 and Lemma 2.7).
We note that the volume of an intersection of two horospheres in a visibility mani-
fold is finite. In particular, for every harmonic manifold which satisfies the visibility
condition, the volume of the intersection bv_ll(cl) N b;zl (c2) of two horospheres is
independent of c| — ¢;. For asymptotically harmonic manifolds which satisfy the visi-
bility condition (i.e., asymptotically harmonic, visibility manifolds), in this article, we
prove that some integrals on the intersection of two horospheres are independent of
the difference between values of corresponding Busemann functions. We also obtain
an upper bound of the volume of the intersection of two horospheres. Throughout this
paper, we assume that the dimension of the manifold is » > 2. Our main theorem is
the following:

Theorem 1.2 Let (M, g) be an asymptotically harmonic, visibility manifold. Let p €
M, vy # v, € Tp1 M, and ¢ € R. Then there exists a constant C > O such that the
(n — 2)-dimensional volume of the intersection bv_ll (c—1HnN b;zl (c + 1) is less than

C,forallt € R.

2 Preliminary

The integration of a function on a connected Riemannian manifold (M, g) can be
computed in terms of the integrals on hypersurfaces:

Proposition 2.1 [6] Let (M, g) be a connected Riemannian manifold. Let ¢ : M — R
be a C' function such that V¢ is non-vanishing on M, and let S; be the hypersuface
defined by S; = {x € M : ¢(x) = t}, forallt € R. Then, forall f € C.(M) and
teR,

£
d = —— - d dt,
/Mf(x) i) /R/s Voo U

where du is the Riemannian measure on M and du; is the induced Riemannian
measure on S;.

We introduce an infinitesimal “volume preserving” mapping on (M, g) in [8]. We
say that a vector field X on M is volume preserving if Lx(du) = 0, where Ly is
the Lie derivative with respect to X. If ¢, is the flow generated by X, then we call ¢,
volume preserving if X is volume preserving. In that case, we have (¢;)*(dn) = du.
This flows preserve integrals on a Riemannian manifold (M, g) since it preserves the
Riemannian measure if it is a diffeomorphism.

Proposition 2.2 Let ¢; be a flow on a Riemannian manifold (M, g) and suppose that
¢; is a diffeomorphism on M for all t € R. Then ¢; is volume preserving if and only

i
/f(X)dM(X)=/ J (@ (x)dp(x), ey
M M
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forall f € C.(M), where d is the Riemannian measure on M.

Proof If ¢, is volume preserving, then, clearly, Eq. (1) holds. Now, suppose that Eq.
(1) holds for all f € C.(M). Then

/ f(¢t(X))dM(X)=/ f(X)dM(X)=/ f (9 () (P (dp)(x) 2
M M M

for all f € C.(M). We denote (¢;)*(d) = fo du for some function fy. Then, by
Eq. (2), fo = 1 and (¢,)*(dp) = dp. m|

Now, we define asymptotic geodesic rays:

Definition 2.3 [3] Let (M, g) be a Hadamard manifold, and yy, y» : [0,00) —> M
geodesic rays. y1, y» are said to be asymptotic if there exists a constant C > 0 such
that

diy1(t), y2(1)) < C,

forall ¢+ > 0.

This gives an equivalence relation on geodesic rays: two geodesic rays are equivalent
if and only if they are asymptotic. The set d,,M of points at infinity is the set of
equivalence classes of this relation. This is also called the ideal boundary of (M, g).
Consequently, there exists a set of distance functions from each point and their limits.
Let C(M) be the space of continuous functions on M equipped with the topology of
uniform convergence on bounded subsets. Let Ci(M) denote the quotient of C (M)
by the 1-dimensional subspace of constant functions. Forall v € T'M and ¢ € R,

Vby(y (1) = —y'(®),

where y is a geodesic ray in (M, g) asymptotic to y,. In particular, the image of
Busemann functions in C4(M) can be associated to geodesic rays. The points at
infinity also corresponds to the images of Busemann functions in C,(M).

Proposition 2.4 [3] Let (M, g) be a Hadamard manifold. Then the Busemann functions
associated to asymptotic geodesic rays in M are equal up to addition of a constant.

Proposition 2.5 [3] Let (M, g) be a Hadamard manifold, 6 € 0soM, and x € M.
Then there exists a unique geodesic ray y € 0 from x.

By the propositions, points at infinity bijectively correspond to images of Busemann
functions in Cy(M).

For two elements of d,, M, there could exist a geodesic from one direction to another
direction. If such geodesic exists for all pairs of distinct elements of d., M, then we
call such a Hadamard manifold a visibility manifold:

Definition 2.6 [1] A Hadamard manifold (M, g) is called a visibility manifold if, for
all p € M and v| # vy € Tl} M, there exists a geodesic ray y such that y is a
asymptotic to yy,, and the geodesic ray t = y (—t) is asymptotic to y,.
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Such geodesic ray y is said to be bi-asymptotic to vy, v2. There exist several equiv-
alent conditions for the visibility, one of which is as follows.

Lemma 2.7 [1] Let (M, g) be a Hadamard manifold. Then the following statements
are equivalent:
(i) (M, g) is a visibility manifold.
(ii) by, (=00, ¢1)) N by (=00, ¢2)) is bounded for all p € M, vi # vy € T)M,
and cy, ¢y € R.
For example, if a Hadamard manifold (M, g) satisfies the curvature condition
K < —ad® < 0, for some a € R, then (M, g) is a visibility manifold [1]. In a
Hadamard manifold, bi-asymptotic geodesics are normal geodesics of some intersec-
tion of horospheres of the form b1 (0) N b= (0):

Proposition 2.8 [7] Let (M, g) be a Hadamard manifold. Then, for every v € T'M,
b;10) N b:ll) (0) is connected,

Vby(x) +Vb_y(x) =0,

forallx € b 1(0) ﬂb:ll) (0), and the geodesics which is asymptotic to y, and intersects
1 -1 . . .
b, (0) Nb_,(0) orthogonally at a point are bi-asymptotic to v, —v.
Consequently, for two distinct bi-asymptotic geodesics, there exists a 2-dimensional
flat, totally geodesic embedding containing them:

Theorem 2.9 [7] Let (M, g) be a Hadamard manifold. Then, for all v € T'M, the
Busemann function b, is convex, and the setb,; 1(0) ﬂb:llj (0) is convex. If two geodesics
y1, v2 are bi-asymptotic, there exists a > 0 and a totally geodesic, isometric embed-
ding F :[0,a] x R — M such that yy = F|o)xr and Y2 = Flz)«Rr-

Letpe M,v; #vy € TI}M, and
D={xeM:Vb, (x)+ Vb, (x) =0}.

Note that D is closed and D is nonempty if (M, g) is a visibility manifold. For every
point x € D, by Proposition 2.5, there exists a unique geodesic ray from x which is
asymptotic to vy, so it is bi-asymptotic to vy, vy. In particular, by Theorem 2.9, D is
connected. Suppose that D is nonempty, so D contains a bi-asymptotic geodesic to
v1, v2. Let ¢ be the constant value of b, + b,, on D.If c1, c2 € Rand ¢1 + ¢ = ¢p,
then there exists a point x on each bi-asymptotic geodesic y such that b,, (x) = ¢
and by, (x) = ¢ since y is contained in D which implies by, (y (0)) + by, (¥ (0)) =
co =c1 + ¢, and y'(t) = —Vby, (y(t)) = Vb, (y(¢)) which implies

by (x) = by (¥ (0) =1 =c1, by, (x) = by, (¥ (0)) +1 =c2,
where t = by, (y(0)) — c1 = c2 — by, (y(0)) and x = y(t). Set v = Vb, (x). Then,
since v = —y’(¢) and y is bi-asymptotic to vy and vy, —v and v are asymptotic to v;
and v, respectively. By Proposition 2.4, the equations

by me —c1, by Zbuz_CZ
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hold. Consequently, by Proposition 2.8,
byl (er) Nby ) (e2) = b, (0)NbZ(0) € D 3)

holds.

3 Proof of Theorem 1.1
Let p,q € M. Since (M, g) is connected and complete, there exists a unit-speed
geodesic y such that y(0) = p, y(t9) = ¢ for some 75 > 0. Set v = —y’(0).
Let S; = b,jl(t) be the level set of b, for all # € R. Consider a diffeomorphism
¢ : R x Sg — M defined by
¢ (x) = ¢(t, x) := exp, (tVby(x)),

for all (z, x) € R x Sp.

For all w € T'M, we denote the space of orthogonal tangent vectors to w by w.
Define U = U (1) : Vby(¢(x))" — Vby(¢:(x))* by

U(w) := V,, Vb,

forallt € Rand w € Vb, (¢, (x))*. Since (M, g) is asymptotically harmonic, tr U =
—Ab, = h for some constant & € R. Since b, is convex, i > 0.

Lemma 3.1 Foreveryt € R,

(P (de) = e"dpy.

We note that Lemma 3.1 was given in [15]. Here, we provide the proof for the
reader’s convenience.

Proof For all (¢, x) € R x Sy,

CHNN (%) = Vb, (¢1(x)).
Then
(@) (W) = exp,],g,, ) (W, 1UW)). @
Set x € So and w € Vb, (x)*. Define

['(s, 1) 1= expy ) (tVby (0 (5))),

forall s € (—¢, ¢) and t € R, where 0 = o (s) is the curve in Sy such that o (0) = x
and 6’(0) = wand ¢ > 0.
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We denote 3,I" =T, (£), 9, = I' (&), and J (1) = 8,0, 1), forall € R. So,
(&) x|« (%) = Vb, (¢:(x)) and (¢1)«|, (w) = J(¢), for all ¢+ € R. Then, from Eq.
(4), we have

U(J (1)) = Va,r©.n0:T = Va,r©.ndsT = J' (1),
for all + € R. Thus, we get
U=AA",
on Vb, (¢;(x))*, where t € R, R, is the Jacobi operator along ¢ — ¢;(x), and
A = A1) is the (1, 1) tensor field on Vb, (¢ (x))* such that A” + R;A = 0. Since
(M, g) is asymptotically harmonic, tr U = h is constant. So,
(In(det A(1))) =t U(@t) = h,

and det A(t) = ¢". Hence,

(@) * (@ (9 ())) = dite (D)l W), -y (D)uly (Wao1)) dpto(x)
= det A(r) dpo(x) = " duo(x),

where wy, ..., w,—1 are orthonormal tangent vectors to Sy at x. O

Define F : M — M by

F(p(t,x)) := ¢p(a(t), x),
forall (¢, x) € R x Sy, where o = «(¢) is a smooth function on R such that a(0) = 1.

Corollary 3.2 Foreveryt € R,
F*(d o) = "0 Mdp,.
Proof For all points x € S;,

F(x) = exp, ((x(t) — 1) Vby(x)),
So, similarly to Lemma 3.1, Corollary 3.2 holds. O

Therefore, by Proposition 2.1 and Corollary 3.2,

/ FEOduix) = / / FO)dps (¥)ds
M R Js,

- / / PG F* (dp) (v)ds
R JF-1(8y)
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=/R/S FF ) ) F* (dpawm) (x)dt

=// FF) (OO dp, (x)dt
RJS,

= / / J(Fx)dp (x)dt
R JS;
= / JFx)dp(x),
M
if « is strictly monotonic and
a/(t)eh(x(l)—ht — 1 (5)
for all 1 € R. Consider two cases. First assume that 2 = 0. Then, Eq. (5) holds if
a(t) =t +tg. Thus F' = ¢;,. Now assume that & > 0. Then Eq. (5) holds if and only
if
a/(t)eh(x(t) — eht’

or, equivalently,

SO

Therefore,

F(p(t.x)) =¢ <%ln (eh‘ T et _ 1) ,x) .

0O

Remark 1f h = 0, then F = ¢, is just a translation in R”, so it is an isometry. On the
other hand, if 4 > 0, then

Fu(Vby(¢1(x))) = &' (1) Vby () (1)),
so F is not an isometry since

heh’ eht

/ — [—
o (t) - h(@ht +ehto _ 1) - eht +ehto —1 <

1.

Also, a(t) — ¢ is a strictly monotone decreasing function on R, and F is well-defined.
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4 Proof of Theorem 1.2

For asymptotically harmonic manifolds, we can find a volume preserving mapping
from two Busemann functions directly.

Lemma 4.1 Let (M, g) be an asymptotically harmonic manifold, p € M, and v1 #*
vy € T,} M. Then the vector field X = Vb,, — Vb, is volume preserving.

Proof Note that X is non-vanishing since v 7# v, and
divX = —Aby, + Ab,,.

In particular, since (M, g) is asymptotically harmonic, Ly (dp) = (div X)du = 0.0

Consequently, this vector field derives a flow such that it preserves db,, and db,,,
and the flow is not volume preserving in general.

Lemma4.2 Let (M, g) be an asymptotically harmonic manifold, p € M, vi # v2 €
TIJ M, and

X=——— (Vb, —Vby,).
Vby, — Vby, |2 " .

Then the flow ¢; of X satisfies
(¢)*(dby)) = dby,, ($1)*(dby,) = db,, (6)

forallt € R.

Proof We denote B = g(Vb,,, Vb,,) and set

1 1
5 (Vby, — Vby,) = 2—(va1 — Vby,). 7

X=——
Vhy, — Vb, | -2
Then, since g(X, Vb,, — Vb,,) = 1 and g(X, Vb, + Vb,,) =0,
t t
by, (¢ (x)) = by, (x) + o by, (¢ (x)) = by, (x) — 7 (3)
for all r € R and x € M, where ¢, is the flow of X. In particular,

(@) (dby,) = dby,, (¢)"(dby,) = db,,,
forall r € R. |

By Eq. (8), forall ¢y, c» € R,
~1 -1 ~1 ! —1
¢l(bvl (Cl) N byz (02)) = bUl (Cl + 5) n bv2 <C2 - _) .
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It means that the flow in Lemma 4.2 maps one intersection of two horospheres onto
another intersection of two horospheres, and the intersection ¢, (bv’l1 (cp)N bv’; (cp)) of
two horospheres is orthogonal to each gradient of the Busemann function, Vb, ,Vb,,,
for all ¢1, ¢ € R. Similarly, we consider the flow of ﬁ(Vbu. + Vby,):

Proposition 4.3 Let (M, g) be a visibility manifold, p € M, and vi # vy € TI}M.
Then there exists a constant cy € R such that, for every x € M,

by, (x) + by, (x) = co.
In addition, if by, (x) + by, (x) = co, then Vby, (x) + Vby,(x) =0, forany x € M.
Proof Let vy # vs € TI}M,
D :={x €M :Vby, (x) + Vb, (x) =0},

and let ¢( be the value of b,, + b,, on D. Note that D # ¢ since (M, g) is a visibility
manifold. Set

1 1
= o vh Vo Vbe) = 5555 (Vb + Vho),
on M — D, where 8 = g(Vby,, Vby,). Forall x € M, if b, (x) + by, (x) = co, then,
by Eq. (3), x € D, so Y is not defined at x. Conversely, if by, (x) + by, (x) # co, then
x ¢ D,soY is well-defined at x. For allx € M and s € R, (by, + by,))(Yy (x)) =
by, (x) + by, (x) + 5" # ¢ for all s” between 0 and s if and only if both (by, + by, ) (x)
and (by, + by,) (¥ (x)) are larger than ¢, or both of them are smaller than ¢o, which
is equivalent to the following inequality

(by, (x) + by, (x) — c0)(by, (x) + by, (x) +5 — co) > 0.

Since g(Y, Vby, + Vb,,) = 1 and g(Y, Vb,, — Vb,,) =0, foralls e Randx ¢ M
satisfying (by, (x) + by, (x) — c0)(by, (x) + by, (x) +5 — o) > 0, we have

by, (5 (x)) = by, (x) + % by (5 (x)) = by, (x) + % )

where v/ is the flow of Y.
Now, suppose that by, (x) + by, (x) = ¢ < ¢ for some x € M. Let U; be the
(0, 2)-tensor field on M defined by

Ui(wi, w2) := g (Vuy, Vby,, w2)

forall x’ € M and wy, wy € TyM, where i = 1, 2. Since by, is convex, U; is positive
semi-definite. Consequently,

Y[8] (Vby, + va;) [¢ (Vby,, Vby,)]
+28
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¢ (V9bu, Vb, Vb0, ) + & (V95,, Vbuy, Vb )
2+28
Ux(Vby,, Vby,) + U1 (Vby,, Vb,,) -0
2428 -

(10)

Hence, s — B(¥5(x)) is non-decreasing. By Lemma 2.7,

(buy + buy) ™" ((—00, co]) N (byy — buy) ™' (1)
is compact and, since (by, + by,) (Ys(x)) = (by, + by,)(x) +5s = c+ s < ¢p and
(by, — by,) (Y (x)) = (by, — by,)(x) = t, it contains Y, (x) forall s € (0, co — ¢),

where t = by, (x) —b,, (x). Thus, there exists a sequence s; € (0,cp—c),i =1,2,...,
such that lim; , o §; = co — ¢ and the limit x¢ := lim; , o ¥, (x) exists. Since

(by; + byy)(x0) = (by, + by,)(x) + o — ¢ = cp,

by Eq. (3), we have xo € D so that B(x9) = —1. Thus, since s +— B(¥s(x)) is
non-decreasing, we have

-1 = B(x) = Bxo) =—1,
which implies x € D and ¢ = ¢. It is a contradiction to ¢ < c¢g. O
To prove Theorem 1.2, we need the following theorem:

Theorem 4.4 Let (M, g) be an asymptotically harmonic, visibility manifold. Let p €
M, v #vy € TI}M, and cy, ¢y € R. Let S be the intersection bv_ll(cl) N b;zl (c2) of
horospheres and Vb, (x) + Vby,(x) # 0 for all points x € S. Then the following
integrals are independent of ¢c1 — ¢

/ 1 —g(Vby,,, vaz)dﬂ/ / 1+ g(Vby,, vaz)du,
sV 1+g(Vby,,Vby) =" Js\ 1—g(Vby,Vby,)

where du' is the induced measure on the submanifold S of (M, g).

Proof We adopt the notations
B, X, Y, ¢, s, D, co, Ur, Uz

in the proof of Lemma 4.2 and Proposition 4.3.

Note that D is closed. If there exists a neighborhood V of x € D in M such
that V C D, then, for every geodesic y with y(0) € V and y'(0) L Vb,, (y(0)), by
Theorem 2.9, there exists a totally geodesic, isometric embedding F : [0, a] xR — M
between y;, y» where a > 0 is a sufficiently small constant for y([0,a]) € V,
y1 and y» are unique asymptotic geodesics to vy with y1(0) = y(0) and y»(0) =
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y (a), respectively. By the uniqueness of a geodesic joining two points in a Hadamard
manifold, F(s,0) = y(s) for all s € [0, a]. Since F is a totally geodesic, isometric
embedding, d(y;(t), F(s,t)) = s forall s € [0, a], sothe curvet € R +— F(s,1) is
asymptotic to y, so it is asymptotic to vy, for all s € [0, a]. Since F is isometric, y
is orthogonal to the unique asymptotic curve t € R +— F(s, ) to v at y(s), for all
s € [0, a]. Hence, y ([0, a]) is contained in the level set of b, . It means that the level set
of by, containing x in V is totally geodesic, thus h = —Ab, = 0,forallv € T'M.Let
v € T'M andlet U be the (0, 2)-tensor field defined by U (w1, w2) := g(Vy, Vby, w2)
forallx € M and wy, wy € Ty M. So, U is symmetric, and, since a Busemann function
is convex, U is positive semi-definite. Also, sincetr U = h = 0, U = 0. By the Riccati
equation for horospheres,

Vv, U + U? + Ryp, = Ryp, =0,

where Ry, is the Jacobi operator along a geodesic with the velocity vector Vb,. Thus,
Ry = Rvp_,x) =0forallx e M andv € Tle. Therefore, (M, g) is flat. Hence,
(M, g) is not a visibility manifold which contradicts the assumption of Theorem 4.4.

Suppose that & # 0. We note that b,, + b,, > co by Proposition 4.3. By Eqgs.
(8) and (9), the flows ¢;, ¥; map one intersection b;ll (cp)N b;zl (c2) of horospheres
onto another intersection, where c;,c» € Rand ¢y + ¢» > c¢g. Let Eq, ..., E, be
a positively oriented, orthonormal frame on M — D, and 6y, ..., 6, be the dual 1-
forms of the frame field such that £y, E; spans a subbundle containing Vb, ,Vb,,,
and dby; ANdby, = /1 — B2 61 A 0,. There always exists such frame Ey, ..., E, on
M — D. For example, if E; = Vb,, and E; = m(wvz — BVb,,), then,

since || Vby, — BVby, || = /1 — B2, 61 = db,, and

O2(w) = g(w, Vby, — BVby,) = (dby, — Bdby,)(w),

1 1
V1= 82 V1= 82

forallx e M — D and w € Ty M. Thus, 6, = — Bdby,) and ) A O =

1
i 4
ﬁdbv] Adby,.

By Eq. (6), we have (¢,)*(dby;) = db,, fori = 1,2, s0 (¢;)*(dby, A dby,) =
(@)*(dby)) A (¢)*(dby,) = dby, Adb,y,. Also, from Eq. (9), we have (/5)*(db,;) =
dby, fori = 1,2,s0 (Y5)*(dby, Adby,) = db,, Adb,,. Thus, db,, Adb,, is invariant
under the pullback of ¢, and v, so that, forall s > O and ¢t € R,

(@) (01 A 6) = (¢)" ( dby, /\dbv2>

1
Nz
1 *
= m (¢)"(dby, A dby,)

1
= ———db, Adb,

V1= B¢
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_ B2
_ [P o ne, 11
= P60
1— 82
("1 A6 = || = 0 (12)

on M — D. Since (M, g) is asymptotically harmonic,
div (Vby, — Vby,) =0, div (Vby, + Vby,) = 2h.

Thus, we obtain

. . 1
div X = div (m (Vby, — va2)>

1 1
= (Vby, — Vby,) [2 — 2}3} + 7o W (Vby, — Vby,)
(Vby = Vby,)[2-281  X[2-2f]
(2 —2p)? T 2-28
= —X[In(2 - 28)]

)

and

1
divY = div
2+28

1 1 ,
= (Vby, + Vby,) 1128 + T div (Vby, + Vby,)

(Vby, + Vby,) [2+ 28] 2h
(2+2B)? 2428
_ Y[2428] h
T 2428 1+8

—Y|:ln< ! )}+ U (14)
- 1+ 1+

Consequently, for the induced Riemannian measure diu on M — D, the following
equations hold:

(Vb + Vb,,z)>

a
5(¢t)*(d,u) = (9" (Lx(dp) = ()" (div Xdp)
= (divX o) (¢)*(dw),
d
a(l//s)*(dﬂ) = (divY o ¥) ()" (dp).
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Set (¢;)*(du) = f; du where f; € C°(M — D). Then

0 .
5]9 dp = (divXo¢y) frdu,

0
Elnft: diVXO(I)[.

Note that X[ f1(¢;) = %f(gb,) for all f € C°°(M — D). Thus, since fo = 1, from
Eq. (13), we get

_ 1-B
fi= 1— B
Hence,
@ dw = ——F 4 (15)
R ET S

Similarly, when (¥5)*(du) = g5 du for some gg € C°°(M — D), by Eq. (14),

148 /S h
e —n (TP o
ne “<1+ﬁ<m)>+ ) T+ B

SO

()" (dp) = ex (/ i dk) I*5 (16)
S =P T w0 ) T+ B

Set du' := 63 A --- A 6. Since E1,E> span a subbundle containing Vb,,,Vb,,,
Es, ..., E, are tangent to the intersection b,jll (c) N bv’zl (c2) of horospheres for all
c1,¢2 € R such that ¢; + ¢ > c¢g. That is, E3, ..., E, is an orthonormal frame
on the intersection of horospheres and du’ is the induced Riemannian measure on
the intersection of horospheres. Since ¢; maps the intersection b;ll (cp) N b;zl (cp) of
horospheres onto another intersection of horospheres which is orthogonal to Vb, and
Vb, forall c1, ¢; € Rsuchthat c; + ¢z > co, (¢:)*(dp’) = f dp’ for some function
f € C®°(M — D). By Egs. (11) and (15),

1 —
—'Bdu = (¢ (1) = (@)* (01 A 62) A ($1)*(dp)

= ”—2 0 /\92/\((}5) (d,bL/)
1 ,6 (¢l) ! ' '

o [A=BPU+BG)
du’) = du'.
e \/(1+ﬁ)(1—f3(¢z)) g

SO

@ Springer



Two theorems on the intersections of horospheres... 541

Similarly, since 1y maps the intersection of horospheres onto another intersection of
horospheres, by Egs. (12) and (16), we have

h dk)\/(lJrﬁ)(l—ﬁ(%))d /

D (dp) = s ’
(W) (dp) = exp (/0 T+ B0 VA= pa+pum™

or, equivalently,

1 13(¢T) * / 1 /3 /
‘/1 B(dr) (@)™ (du’) 145 128 )

L+ AW h dk) LB,

TR o) = ' d
T= By, V@) exp(/o 1+ B() —g"

+

(18)

Now, let

_ s+co+t _ s+co—1t
S(s,1) = by (T) nbe (T) ’

forall s > 0 and ¢ € R. Note that
S(er + 2 —co. c1 — 2) = by (1) N by (e2).

forall ¢y, c» € R such that ¢; + ¢» > ¢g. Set

Vs, 1) :=/ ﬂdu’,
s\ 1+B

148,

W(s, 1) := P,

.0 /SM\/ —pt

foralls > Oandt € R. Then, x € S(s, ¢) holds if and only if by, (x) + by, (x) = s+co
and by, (x) — by, (x) =t,foralls > 0,f € R, and x € M. From Eq. (8), we have

(byy + by,) (91 (X)) = (by; + by,) (%),
(byy = by, ) (91 (X)) = (by; — byy)(x) +1,

forallt € R and x € M. Thus, ¢;(S(s, t9)) = S(s, o + ¢) holds for all s > 0 and
to, t € R. Also, from Eq. (9),

(byy + byy) (W5 (X)) = (byy + byy)(x) + 5,
(byy = b)) (W5 (X)) = (byy — byy) (%),
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foralls > Oandx € M — D. Hence, ¥;(S(¢e, 1)) = S(s + ¢, ¢) holds, forall s, & > 0
and r € R. By Eq. (17),

V(s,1t) / ﬂdu’
¢r(5(S 0))
[1=B(p) w0
= d
S(s 0) 14 B(er) (@) (dsr’)
S(s 0) V

= V(s,0), (19)

foralls > 0Oandr € R.Forall s, e > 0 and t € R, from Eq. (18), we obtain

W(is+e,t) = /
Vs (S(e,1))

1+ B(s)
S(e,t) 1 - ﬂ(W&)

S(e.n) o 1+ B 1-8 ,3

By differentiating it for s, we get

(¥s)*(dp))

9 h s h 1+8 .,
B 74 1) = _ dk
a5 G teD /.V(s,;)l-i-ﬂ(l//s)exp(/o I+ B ) —g

_ / TS
S(e,t) 1+ IB(IP_Y) 1- ,B(Ws)

h
_ [ L
SGs+et) /1 — B2

By Eq. (19), we have

(¥s)*(dp)

d
—V(s,t) =0, 20
o (s,1) (20)
d h
—W(s,t):/ 2 gy
s Sy /1 — B2
e+ v @1
=5 S, 5 S, 1).
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By differentiating Eq. (21) for ¢, from Eq. (20), the following equation holds:

2

9 W(s, 1) haW( 1)
—W(s, 1) = 5 —W(s, 1),
dsot 29t

which implies, forall s,& > Oand t € R,
iW(s +e,t) = eh“/23W(s, 1). (22)
ot ot

By Eq. (17),

Wi(s,t) = i+ﬂ !

#ssopy1—58

14 B(¢r)
5.0 V1 — B(dr)

1+ 8@ [1—B@) . o .,
d
560 1= B@0\ 1T+ Bl P @)
L+p@) [1-8
"
ss.0) L=B@)\ 1+ 8

2 1-8 .,
—1 du'.
5(5,0) ( * 1- ﬁ((bz)) 1+ 8 o

S—

(@) (dn)

I
o

I
o

Il
o

Il
o

Thus we obtain

i 2xipie) 18,
“W(s.t) = .
5 V(s 1) /s(s,O) a _,3(¢t))2\/; g
XIBIG) 1B o
B d
fs(m) (1= BN\ 1+ B(gy) (@)™ (dp’)

- 2XIBL__
St (1= B)y/1— B2

Now, we get, from Eq. (7),
1
XIP1 = 555 (Vbu = Vbu) [§(Vby,, Vbyy)]

1
= 535 (U2(Vbu, Vbu) = U1(Vbuy, V) (23)
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Consequently, we have

EW(S 1 = /' N /32 Uy (Vby,, Vby,) — U1 (Vb,,, vaz)du,
oY T Json =82 1= g(Vby,, Vbyy)?
_ / N /32 Uy(Vby, — BVby,, Vby, — IBvaz)d ,
= Json A=B)2 IVby, — BVby, |12 o
_/ V1—= ,32 Ul(va2 — ﬂval, vaz — ,Bval)d ,
sy (1= P2 IVbuy — BVby, |2 o

since VVbU] Vb, =0= Vvaz Vby,,

Ui(Vby, w) = Ui(w, Vby,) = g(Vyp, Vby, w) =0,
Uz(Vby,, w) = Uz(w, Vby,) = g(Vyp,, Vby,, w) =0,

forallw € TM,

Ui(Vby, Vbyy) = Ui(Vby,, Vby,) = 28U (Vby,, Vb)) + BU1(Vby,, Vby,)
= U1(Vby, — BVby;, Vby, — BVby,),

Ua(Vby,, Vby,) = Us(Vby,, Vby) = 2BUs(Vby,, Vby,) + B7Us(Vby,, Vbyy)
= Uz(Vby, — BVby,, Vby, — BVDby,),

and 1 — g(Vby,, Vby,)? = 1 — B2 = |Vby, — BVby, ||I> = | Vby, — BVDy, ||
Now, use the following lemma:

Lemma 4.5 Let (M, g) be an asymptotically harmonic manifold. Then, for all v, w €
T'M,

8(VyVby, w) < h, (24)

where h = —Ab,,.

Proof Let U be the (0, 2)-tensor field defined by U (w1, wa) := g(Vy, Vby, w) for
all x € M and wy, wy € TyM. Then U is symmetric, positive semi-definite, and
tr U = h. Thus, every eigenvalue of U is real, non-negative, and less than or equal to

h. In particular, Eq. (24) holds. O
By Lemma 4.5,
0 < Ui(Vby,, Vby,)  Ui(Vby, — BVby,, Vby, — BVby,) <h
B - p? IVby, — BVby, |12 -
< UZ(vala val) — UZ(val - IBvaza val - ﬁvaz) <h
B 1-p? IVby, — BVby, |12 -

(25)
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Hence, by Egs. (23) and (25), %‘? is bounded. By Lemma 2.7, Uselo,s] S(e, 1) is

compact for all s > 0. Fix s > 0. Then 8 has a maximum value on the compact set
US <[0.5] S(e, t). Inparticular, there exists a constant C > 0 such that, forall ¢ € (0, s),

<C 1+ Bdu'. (26)

0
)—W(a, 1)
ot S(e.1)

Now, we use the following lemma:

Lemma4.6 The (n — 2)-dimensional volume vol,_» S(s,t) of S(s,t) is non-
decreasing for s > O where t € R is fixed, and, for all s > 0 and x € S(s, 1),

Bx) < —2¢7 +1.

Proof Forall s,e > 0andt € R,

vlaSeten=[ = [ o
Y5 (S(e,1)) S(e1)

_ / </S h > 1+p0 =By |, ,
= exp dk du'.
S(e.t) o 1+ Bw) (I =B+ B(y))

Thus, we obtain

5 h YIBI(Ys) ) .
—vol,_2 S 1) = — $) 7 (d
gy YOIn-2 Sl e D) /S(e,z)<1+ﬁ(1/fs) [= B2y, ) V) @)

(2
Seteny \1+B  1—p2

1 Y
_ / (h _ YIB) ) a
S+e) 1+ B 1-8
Hence, we have

9 vol, S(s, 1) / ! <h Yipl )d ! 27
—vol,_2 S(s, 1) = — |- —= )
as 2 S(s,1) 1+ H

By Egs. (10) and (25),

y[m< ! )]= el _, 28)
1-B 1-8

n <i) S hs
1 =B (x))

and we obtain
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and
B (x)) < €_hS,3(x) +1-— e—hs’

foralls > Oand x € M — D. Since, limy_;_ B(Y_r(x)) = —1 forall x € S(s, 1),
by considering B(x) = B(¥s(¥_s(x))), we obtain, for all s > 0 and x € S(s, 1),

B(x) < —2¢ " 4+ 1. (29)

Thus, by Egs. (27), (28), and (29),

9 1
— voly_2 S(s,) > ————— (h — h) vol,_2 S(s, ) = 0. (30)
ds 2(1 —

e—hs)
Thus, vol,,_3 S(s, t) is non-decreasing for s > 0. O

By Eq. (26) and Lemma 4.6, for small ¢ > 0, vol,_> S(e, t) is bounded, and for
some constant C > 0

0
‘EW(S, 1) < Cy2 —2ehe,
Then we obtain
li 9 W, t) =0 3D
im —W(e,t) =0,
e—0+ Ot

and, by Eqgs. (22) and (31), we have
O W) =0 (32)
—W(s, 1) =
ot

By Egs. (20) and (32), Theorem 4.4 is proved. O

Proof of Theorem 1.2 Since 8 = —1 on D, the notations X, ¢, can be extended to M,
and, by Eq. (15), we have

vol,—2 §(0,1) = / ()" (dp) = / dp' = vol,—2 5(0, 0).
5(0,0) 5(0,0)

By setting a constant C = vol,_» S(0, 0) + 1, Theorem 1.2 is proved for 2¢ = cy.

Now, suppose that ¢ + ¢ # co. The (n — 2)-dimensional volume of the intersection
S = bv_ll(cl) N bv_21 (cp) satisfies

1 1
vol, 2§ = /du’ < / ——dp = (V(s,t) + W(s, 1)),
s sy1—p2 2
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where s = ¢y +c2 —co, t = c¢1 —ca, and V (s, t) + W(s, t) is independent of 7 by
Theorem 4.4. By setting C = %(V(s, t)+ W(s, t) + 1), the proof is completed. Such
C has a minimum value when Vb,, and Vb,, are orthogonal, and increases if the
angle between Vb,, and Vb,, approaches to 0 or 7. O

Now, we give an example which supports the main theorem.

Example Consider the Poincaré upper-half plane model {(x, y, z) € R3 : z > 0} with
the metric:

dx? +dy? +dz?
g=—5—"—.

72

The distance between two points (x1, y1, 21), (X2, y2, 22) is

(V= xD2+ (32— y1)2 + (22 — 21)?
d 3 3 3 I 3 =2aI‘CS l‘lh ,
((x1, 1, 21), (x2, ¥2, 22)) i ( WG

We consider the volume of the intersections of horospheres for the case: v; = % | ©0.0.1)

and v, = — % | ©0.0.1)° The geodesic y,, is the unit circle centered at (0, 0, 0) and the
equation of the geodesic sphere centered at (cos r, 0, sinr) containing (0, 0, 2) is

(x —cosr)? + y? + (z — sinr)? _ 5—dsinr
4sinr z " 8sinr

or equivalently,

5\* 9
(x—cosr)2+y2+(z—z> = —.

Every point (x,y,z) of the intersection of the geodesic spheres centered at
(cosr,0,sinr) and (—cosr, 0, sinr) containing (0, 0, 2) satisfies

5 5\ 9
x:O,y—}—z—Z :1_6

It is also the equation of the intersection of horospheres. Write y = %cost and

7= % sint + %. Then the volume of the intersection of horospheres is

2 3
/ ——dt < 3m.
o 3sint+5

Remark Let (M, g) be an asymptotically harmonic, visibility manifold. Letci, c2 € R
such that ¢; + ¢ > ¢g and r > 0. The set bv’ll ([cr,c1+rDN bv’zl ([ca, cp + r]) is the
union of countably many sets of the form
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S={xeM:ar+co=<by +by, <ar+co, a3 < by — by, < as},
where aj,ay > 0 and a3, as € R. It can be obtained by taking the middle points

of each sides of the square [c1, ¢ 4+ r] X [c2, c2 + r] repeatedly. The n-dimensional
volume of a set of the form equals

/dMZ/QlAezAdM/
N N

1
=/dbv1 Adby, A | ——dy’
s 1—p2

L
= ——dy/ dt ds.
2 aj as S(s,t) 1— ,82

ag —az [ 1 ,
dp=2"9 —_du ds.
s 2 ar J5G.0) /1 — 2

Therefore, the n-dimensional volume of bv_l1 ([er,cr+rDh N b;zl ([c2, c2 +r]) is inde-
pendent of ¢; — c».

By Theorem 4.4,
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