
Revista Matemática Complutense (2024) 37:527–549
https://doi.org/10.1007/s13163-023-00459-0

Two theorems on the intersections of horospheres in
asymptotically harmonic spaces

Sinhwi Kim1 · JeongHyeong Park1

Received: 27 June 2022 / Accepted: 16 January 2023 / Published online: 3 February 2023
© Universidad Complutense de Madrid 2023

Abstract
We use Busemann functions to construct volume preserving mappings in an asymp-
totically harmonic manifold. If the asymptotically harmonic manifold satisfies the
visibility condition, we construct mappings which preserve distances in some direc-
tions. We also prove that some integrals on the intersection of horospheres are
independent of the differences between the values of the corresponding Busemann
functions and we establish an upper bound of the volume of the intersection of two
horospheres which is independent of the difference between values of corresponding
Busemann functions.

Keywords Asymptotically harmonic manifold · Busemann function · Horosphere ·
Visibility manifold
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1 Introduction

Let (M, g) be a simply connected, complete Riemannianmanifold without con- jugate
points. Let d(p, q) be the distance between p, q ∈ M . For each unit tangent vector v

to M , the Busemann function bv : M → R on (M, g) is defined by

bv(x) = lim
t→∞(d(x, γv(t)) − t),

where γv : [0,∞) → M is a geodesic ray such that γ ′
v(0) = v. Busemann functions

are convex and C2 [7, 10]. The level hypersurfaces of Busemann functions are called
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horospheres. A Riemannian manifold is called harmonic, if, about any point, the
geodesic spheres of sufficiently small radii are of constant mean curvature. A simply
connected, complete Riemannian manifold (M, g) without conjugate points is called
asymptotically harmonic if themean curvatures of the horospheres are constant [9, 14].
Szabó [18] proved that a compact harmonic manifolds with a finite fundamental group
is locally symmetric. Knieper [13] proved that a compact harmonic manifold with an
infinite fundamental group is locally symmetric provided that the harmonic manifold
has non-positive curvature or the fundamental group is Gromov hyperbolic. Ranjan
and Shah [17] proved that a non-compact harmonic manifold with subexponential
volume growth is flat. We refer to [14] for further results, including asymptotically
harmonic manifolds. All harmonic manifolds are asymptotically harmonic, and all
known asymptotically harmonic manifolds are harmonic and homogeneous [9]. It is
also remarkable that the following question is remained open: Is a harmonic manifold
homogeneous?

To consider the homogeneousness of a harmonic manifold and, more generally,
of an asymptotically harmonic manifold, we construct a volume preserving mapping
whichmaps one point to another point. For this construction,weuse themean curvature
of horospheres and the variation of the volume density for the flow in the orthogonal
direction to horospheres.

Let Cc(M) be the set of continuous functions with compact support and T 1M be a
unit tangent bundle. We obtain the following theorem.

Theorem 1.1 Let (M, g) be an asymptotically harmonic manifold. Then, for all points
p �= q ∈ M, there exists a diffeomorphism F : M → M such that F(p) = q and

∫
M

f (x)dμ(x) =
∫
M

f (F(x))dμ(x),

for all f ∈ Cc(M), where dμ is the Riemannian measure on M.

Szabó [18] proved that a Riemannian manifold is a harmonic manifold if and only
if the volume of the intersection of geodesic spheres depends only on the radii and the
distance between the centers of the geodesic spheres. Csikós and M. Horváth [4, 5]
proved that the intersections can be restricted to the cases with the same radii, and they
also proved that the volume of a tubular neighborhood about a geodesic depends only
on the length of the geodesic and the radius if and only if the Riemannian manifold is
harmonic. In addition, some relations between integrals and measures on a harmonic
manifold and its ideal boundary were found by Itoh and Satoh [11] and by Rouviére
[16]. Knieper and Peyerimhoff [12] also considered the integrals and measures on
harmonic manifolds to find a solution of the Dirichlet problem at infinity, and Biswas,
Knieper, and Peyerimhoff [2] proved that there exists a Fourier transform between
harmonic manifolds and its ideal boundary.

A Hadamard manifold (M, g) is a simply connected, complete Riemannian man-
ifold of non-positive sectional curvature, and it is called a a visibility manifold (or
satisfies the visibility condition) if, for any two different points v1, v2 at infinity,
there is a geodesic γ : R → M with γ (∞) = v1, γ (−∞) = v2 (see Sect. 2). All
intersections of two horospheres in a Hadamard manifold are bounded if and only if
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the Hadamard manifold is a visibility manifold (see Definition 2.6 and Lemma 2.7).
We note that the volume of an intersection of two horospheres in a visibility mani-
fold is finite. In particular, for every harmonic manifold which satisfies the visibility
condition, the volume of the intersection b−1

v1
(c1) ∩ b−1

v2
(c2) of two horospheres is

independent of c1−c2. For asymptotically harmonic manifolds which satisfy the visi-
bility condition (i.e., asymptotically harmonic, visibility manifolds), in this article, we
prove that some integrals on the intersection of two horospheres are independent of
the difference between values of corresponding Busemann functions. We also obtain
an upper bound of the volume of the intersection of two horospheres. Throughout this
paper, we assume that the dimension of the manifold is n ≥ 2. Our main theorem is
the following:

Theorem 1.2 Let (M, g) be an asymptotically harmonic, visibility manifold. Let p ∈
M, v1 �= v2 ∈ T 1

p M, and c ∈ R. Then there exists a constant C > 0 such that the

(n − 2)-dimensional volume of the intersection b−1
v1

(c − t) ∩ b−1
v2

(c + t) is less than
C, for all t ∈ R.

2 Preliminary

The integration of a function on a connected Riemannian manifold (M, g) can be
computed in terms of the integrals on hypersurfaces:

Proposition 2.1 [6] Let (M, g) be a connected Riemannian manifold. Let ϕ : M → R

be a C1 function such that ∇ϕ is non-vanishing on M, and let St be the hypersuface
defined by St = {x ∈ M : ϕ(x) = t}, for all t ∈ R. Then, for all f ∈ Cc(M) and
t ∈ R,

∫
M

f (x)dμ(x) =
∫
R

∫
St

f (x)

‖∇ϕ(x)‖dμt (x)dt,

where dμ is the Riemannian measure on M and dμt is the induced Riemannian
measure on St .

We introduce an infinitesimal “volume preserving” mapping on (M, g) in [8]. We
say that a vector field X on M is volume preserving if LX (dμ) = 0, where LX is
the Lie derivative with respect to X . If φt is the flow generated by X , then we call φt

volume preserving if X is volume preserving. In that case, we have (φt )
∗(dμ) = dμ.

This flows preserve integrals on a Riemannian manifold (M, g) since it preserves the
Riemannian measure if it is a diffeomorphism.

Proposition 2.2 Let φt be a flow on a Riemannian manifold (M, g) and suppose that
φt is a diffeomorphism on M for all t ∈ R. Then φt is volume preserving if and only
if

∫
M

f (x)dμ(x) =
∫
M

f (φt (x))dμ(x), (1)
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for all f ∈ Cc(M), where dμ is the Riemannian measure on M.

Proof If φt is volume preserving, then, clearly, Eq. (1) holds. Now, suppose that Eq.
(1) holds for all f ∈ Cc(M). Then

∫
M

f (φt (x))dμ(x) =
∫
M

f (x)dμ(x) =
∫
M

f (φt (x))(φt )
∗(dμ)(x) (2)

for all f ∈ Cc(M). We denote (φt )
∗(dμ) = f0 dμ for some function f0. Then, by

Eq. (2), f0 = 1 and (φt )
∗(dμ) = dμ. �

Now, we define asymptotic geodesic rays:

Definition 2.3 [3] Let (M, g) be a Hadamard manifold, and γ1, γ2 : [0,∞) → M
geodesic rays. γ1, γ2 are said to be asymptotic if there exists a constant C > 0 such
that

d(γ1(t), γ2(t)) ≤ C,

for all t ≥ 0.

This gives an equivalence relationongeodesic rays: twogeodesic rays are equivalent
if and only if they are asymptotic. The set ∂∞M of points at infinity is the set of
equivalence classes of this relation. This is also called the ideal boundary of (M, g).
Consequently, there exists a set of distance functions from each point and their limits.
Let C(M) be the space of continuous functions on M equipped with the topology of
uniform convergence on bounded subsets. Let C∗(M) denote the quotient of C(M)

by the 1-dimensional subspace of constant functions. For all v ∈ T 1M and t ∈ R,

∇bv(γ (t)) = −γ ′(t),

where γ is a geodesic ray in (M, g) asymptotic to γv . In particular, the image of
Busemann functions in C∗(M) can be associated to geodesic rays. The points at
infinity also corresponds to the images of Busemann functions in C∗(M).

Proposition 2.4 [3]Let (M, g)beaHadamardmanifold. Then theBusemann functions
associated to asymptotic geodesic rays in M are equal up to addition of a constant.

Proposition 2.5 [3] Let (M, g) be a Hadamard manifold, θ ∈ ∂∞M, and x ∈ M.
Then there exists a unique geodesic ray γ ∈ θ from x.

By the propositions, points at infinity bijectively correspond to images of Busemann
functions in C∗(M).

For two elements of ∂∞M , there could exist a geodesic fromone direction to another
direction. If such geodesic exists for all pairs of distinct elements of ∂∞M , then we
call such a Hadamard manifold a visibility manifold:

Definition 2.6 [1] A Hadamard manifold (M, g) is called a visibility manifold if, for
all p ∈ M and v1 �= v2 ∈ T 1

p M , there exists a geodesic ray γ such that γ is a
asymptotic to γv1 , and the geodesic ray t �→ γ (−t) is asymptotic to γv2 .
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Such geodesic ray γ is said to be bi-asymptotic to v1, v2. There exist several equiv-
alent conditions for the visibility, one of which is as follows.

Lemma 2.7 [1] Let (M, g) be a Hadamard manifold. Then the following statements
are equivalent:

(i) (M, g) is a visibility manifold.
(ii) b−1

v1
((−∞, c1)) ∩ b−1

v2
((−∞, c2)) is bounded for all p ∈ M, v1 �= v2 ∈ T 1

p M,
and c1, c2 ∈ R.

For example, if a Hadamard manifold (M, g) satisfies the curvature condition
K ≤ −a2 < 0, for some a ∈ R, then (M, g) is a visibility manifold [1]. In a
Hadamard manifold, bi-asymptotic geodesics are normal geodesics of some intersec-
tion of horospheres of the form b−1

v (0) ∩ b−1−v(0):

Proposition 2.8 [7] Let (M, g) be a Hadamard manifold. Then, for every v ∈ T 1M,
b−1
v (0) ∩ b−1−v(0) is connected,

∇bv(x) + ∇b−v(x) = 0,

for all x ∈ b−1
v (0)∩b−1−v(0), and the geodesics which is asymptotic to γv and intersects

b−1
v (0) ∩ b−1−v(0) orthogonally at a point are bi-asymptotic to v,−v.

Consequently, for twodistinct bi-asymptotic geodesics, there exists a 2-dimensional
flat, totally geodesic embedding containing them:

Theorem 2.9 [7] Let (M, g) be a Hadamard manifold. Then, for all v ∈ T 1M, the
Busemann function bv is convex, and the set b−1

v (0)∩b−1−v(0) is convex. If two geodesics
γ1, γ2 are bi-asymptotic, there exists a > 0 and a totally geodesic, isometric embed-
ding F : [0, a] × R → M such that γ1 = F |{0}×R and γ2 = F |{a}×R.

Let p ∈ M , v1 �= v2 ∈ T 1
p M , and

D = {x ∈ M : ∇bv1(x) + ∇bv2(x) = 0}.

Note that D is closed and D is nonempty if (M, g) is a visibility manifold. For every
point x ∈ D, by Proposition 2.5, there exists a unique geodesic ray from x which is
asymptotic to v1, so it is bi-asymptotic to v1, v2. In particular, by Theorem 2.9, D is
connected. Suppose that D is nonempty, so D contains a bi-asymptotic geodesic to
v1, v2. Let c0 be the constant value of bv1 + bv2 on D. If c1, c2 ∈ R and c1 + c2 = c0,
then there exists a point x on each bi-asymptotic geodesic γ such that bv1(x) = c1
and bv2(x) = c2 since γ is contained in D which implies bv1(γ (0)) + bv2(γ (0)) =
c0 = c1 + c2, and γ ′(t) = −∇bv1(γ (t)) = ∇bv2(γ (t)) which implies

bv1(x) = bv1(γ (0)) − t = c1, bv2(x) = bv2(γ (0)) + t = c2,

where t = bv1(γ (0)) − c1 = c2 − bv2(γ (0)) and x = γ (t). Set v = ∇bv1(x). Then,
since v = −γ ′(t) and γ is bi-asymptotic to v1 and v2, −v and v are asymptotic to v1
and v2, respectively. By Proposition 2.4, the equations

b−v = bv1 − c1, bv = bv2 − c2
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hold. Consequently, by Proposition 2.8,

b−1
v1

(c1) ∩ b−1
v2

(c2) = b−1
v (0) ∩ b−1−v(0) ⊆ D (3)

holds.

3 Proof of Theorem 1.1

Let p, q ∈ M . Since (M, g) is connected and complete, there exists a unit-speed
geodesic γ such that γ (0) = p, γ (t0) = q for some t0 > 0. Set v = −γ ′(0).
Let St = b−1

v (t) be the level set of bv for all t ∈ R. Consider a diffeomorphism
φ : R × S0 → M defined by

φt (x) = φ(t, x) := expx (t∇bv(x)) ,

for all (t, x) ∈ R × S0.
For all w ∈ T 1M , we denote the space of orthogonal tangent vectors to w by w⊥.

Define U = U (t) : ∇bv(φt (x))⊥ → ∇bv(φt (x))⊥ by

U (w) := ∇w∇bv,

for all t ∈ R and w ∈ ∇bv(φt (x))⊥. Since (M, g) is asymptotically harmonic, trU =
−�bv = h for some constant h ∈ R. Since bv is convex, h ≥ 0.

Lemma 3.1 For every t ∈ R,

(φt )
∗(dμt ) = ehtdμ0.

We note that Lemma 3.1 was given in [15]. Here, we provide the proof for the
reader’s convenience.

Proof For all (t, x) ∈ R × S0,

(φt )∗|x
(

∂

∂t

)
= ∇bv(φt (x)).

Then

(φt )∗|x (w) = exp∗
∣∣
t∇bv(x)

(w, tU (w)) . (4)

Set x ∈ S0 and w ∈ ∇bv(x)⊥. Define

�(s, t) := expσ(s)(t∇bv(σ (s))),

for all s ∈ (−ε, ε) and t ∈ R, where σ = σ(s) is the curve in S0 such that σ(0) = x
and σ ′(0) = w and ε > 0.
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We denote ∂t� = �∗
(

∂
∂t

)
, ∂s� = �∗

(
∂
∂s

)
, and J (t) = ∂s�(0, t), for all t ∈ R. So,

(φt )∗|x
(

∂
∂t

) = ∇bv(φt (x)) and (φt )∗|x (w) = J (t), for all t ∈ R. Then, from Eq.
(4), we have

U (J (t)) = ∇∂s�(0,t)∂t� = ∇∂t�(0,t)∂s� = J ′(t),

for all t ∈ R. Thus, we get

U = A′A−1,

on ∇bv(φt (x))⊥, where t ∈ R, Rt is the Jacobi operator along t �→ φt (x), and
A = A(t) is the (1, 1) tensor field on ∇bv(φt (x))⊥ such that A′′ + Rt A = 0. Since
(M, g) is asymptotically harmonic, trU = h is constant. So,

(ln(det A(t)))′ = trU (t) = h,

and det A(t) = eht . Hence,

(φt )
∗(dμt (φt (x))) = dμt

(
(φt )∗|x (w1), . . . , (φt )∗|x (wn−1)

)
dμ0(x)

= det A(t) dμ0(x) = ehtdμ0(x),

where w1, . . . , wn−1 are orthonormal tangent vectors to S0 at x . �
Define F : M → M by

F(φ(t, x)) := φ(α(t), x),

for all (t, x) ∈ R× S0, where α = α(t) is a smooth function onR such that α(0) = t0.

Corollary 3.2 For every t ∈ R,

F∗(dμα(t)) = ehα(t)−htdμt .

Proof For all points x ∈ St ,

F(x) = expx ((α(t) − t)∇bv(x)),

So, similarly to Lemma 3.1, Corollary 3.2 holds. �
Therefore, by Proposition 2.1 and Corollary 3.2,

∫
M

f (x)dμ(x) =
∫
R

∫
Ss

f (x)dμs(x)ds

=
∫
R

∫
F−1(Ss )

f (F(x))F∗(dμs)(x)ds
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=
∫
R

∫
St

f (F(x))α′(t)F∗(dμα(t))(x)dt

=
∫
R

∫
St

f (F(x))α′(t)ehα(t)−htdμt (x)dt

=
∫
R

∫
St

f (F(x))dμt (x)dt

=
∫
M

f (F(x))dμ(x),

if α is strictly monotonic and

α′(t)ehα(t)−ht = 1 (5)

for all t ∈ R. Consider two cases. First assume that h = 0. Then, Eq. (5) holds if
α(t) = t + t0. Thus F = φt0 . Now assume that h > 0. Then Eq. (5) holds if and only
if

α′(t)ehα(t) = eht ,

or, equivalently,

ehα(t) − eht0

h
= eht − 1

h
,

so

α(t) = 1

h
ln

(
eht + eht0 − 1

)
.

Therefore,

F(φ(t, x)) = φ

(
1

h
ln

(
eht + eht0 − 1

)
, x

)
.

�
Remark If h = 0, then F = φt0 is just a translation in R

n , so it is an isometry. On the
other hand, if h > 0, then

F∗(∇bv(φt (x))) = α′(t)∇bv(φα(t)(x)),

so F is not an isometry since

α′(t) = heht

h(eht + eht0 − 1)
= eht

eht + eht0 − 1
< 1.

Also, α(t) − t is a strictly monotone decreasing function on R, and F is well-defined.
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4 Proof of Theorem 1.2

For asymptotically harmonic manifolds, we can find a volume preserving mapping
from two Busemann functions directly.

Lemma 4.1 Let (M, g) be an asymptotically harmonic manifold, p ∈ M, and v1 �=
v2 ∈ T 1

p M. Then the vector field X = ∇bv1 − ∇bv2 is volume preserving.

Proof Note that X is non-vanishing since v1 �= v2 and

div X = −�bv1 + �bv2 .

In particular, since (M, g) is asymptotically harmonic, LX (dμ) = (div X)dμ = 0. �
Consequently, this vector field derives a flow such that it preserves dbv1 and dbv2 ,

and the flow is not volume preserving in general.

Lemma 4.2 Let (M, g) be an asymptotically harmonic manifold, p ∈ M, v1 �= v2 ∈
T 1
p M, and

X = 1

‖∇bv1 − ∇bv2‖2
(∇bv1 − ∇bv2).

Then the flow φt of X satisfies

(φt )
∗(dbv1) = dbv1 , (φt )

∗(dbv2) = dbv2 , (6)

for all t ∈ R.

Proof We denote β = g(∇bv1 ,∇bv2) and set

X := 1

‖∇bv1 − ∇bv2‖2
(∇bv1 − ∇bv2) = 1

2 − 2β
(∇bv1 − ∇bv2). (7)

Then, since g(X ,∇bv1 − ∇bv2) = 1 and g(X ,∇bv1 + ∇bv2) = 0,

bv1(φt (x)) = bv1(x) + t

2
, bv2(φt (x)) = bv2(x) − t

2
, (8)

for all t ∈ R and x ∈ M , where φt is the flow of X . In particular,

(φt )
∗(dbv1) = dbv1 , (φt )

∗(dbv2) = dbv2 ,

for all t ∈ R. �
By Eq. (8), for all c1, c2 ∈ R,

φt (b
−1
v1

(c1) ∩ b−1
v2

(c2)) = b−1
v1

(
c1 + t

2

)
∩ b−1

v2

(
c2 − t

2

)
.
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It means that the flow in Lemma 4.2 maps one intersection of two horospheres onto
another intersection of two horospheres, and the intersection φt (b−1

v1
(c1)∩b−1

v2
(c2)) of

two horospheres is orthogonal to each gradient of the Busemann function,∇bv1 ,∇bv2 ,
for all c1, c2 ∈ R. Similarly, we consider the flow of 1

2+2β (∇bv1 + ∇bv2):

Proposition 4.3 Let (M, g) be a visibility manifold, p ∈ M, and v1 �= v2 ∈ T 1
p M.

Then there exists a constant c0 ∈ R such that, for every x ∈ M,

bv1(x) + bv2(x) ≥ c0.

In addition, if bv1(x) + bv2(x) = c0, then ∇bv1(x) + ∇bv2(x) = 0, for any x ∈ M.

Proof Let v1 �= v2 ∈ T 1
p M ,

D := {x ∈ M : ∇bv1(x) + ∇bv2(x) = 0},

and let c0 be the value of bv1 + bv2 on D. Note that D �= ∅ since (M, g) is a visibility
manifold. Set

Y := 1

‖∇bv1 + ∇bv2‖2
(∇bv1 + ∇bv2) = 1

2 + 2β
(∇bv1 + ∇bv2),

on M − D, where β = g(∇bv1,∇bv2). For all x ∈ M , if bv1(x) + bv2(x) = c0, then,
by Eq. (3), x ∈ D, so Y is not defined at x . Conversely, if bv1(x) + bv2(x) �= c0, then
x /∈ D, so Y is well-defined at x . For all x ∈ M and s ∈ R, (bv1 + bv2)(ψs′(x)) =
bv1(x) + bv2(x) + s′ �= c0 for all s′ between 0 and s if and only if both (bv1 + bv2)(x)
and (bv1 + bv2)(ψs(x)) are larger than c0, or both of them are smaller than c0, which
is equivalent to the following inequality

(bv1(x) + bv2(x) − c0)(bv1(x) + bv2(x) + s − c0) > 0.

Since g(Y ,∇bv1 + ∇bv2) = 1 and g(Y ,∇bv1 − ∇bv2) = 0, for all s ∈ R and x ∈ M
satisfying (bv1(x) + bv2(x) − c0)(bv1(x) + bv2(x) + s − c0) > 0, we have

bv1(ψs(x)) = bv1(x) + s

2
, bv2(ψs(x)) = bv2(x) + s

2
, (9)

where ψs is the flow of Y .
Now, suppose that bv1(x) + bv2(x) = c < c0 for some x ∈ M . Let Ui be the

(0, 2)-tensor field on M defined by

Ui (w1, w2) := g
(∇w1∇bvi , w2

)

for all x ′ ∈ M and w1, w2 ∈ Tx ′M , where i = 1, 2. Since bvi is convex,Ui is positive
semi-definite. Consequently,

Y [β] = (∇bv1 + ∇bv2)
[
g

(∇bv1 ,∇bv2

)]
2 + 2β

123



Two theorems on the intersections of horospheres... 537

=
g

(
∇∇bv1

∇bv2 ,∇bv1

)
+ g

(
∇∇bv2

∇bv1 ,∇bv2

)

2 + 2β

= U2(∇bv1 ,∇bv1) +U1(∇bv2 ,∇bv2)

2 + 2β
≥ 0. (10)

Hence, s �→ β(ψs(x)) is non-decreasing. By Lemma 2.7,

(bv1 + bv2)
−1((−∞, c0]) ∩ (bv1 − bv2)

−1(t)

is compact and, since (bv1 + bv2)(ψs(x)) = (bv1 + bv2)(x) + s = c + s < c0 and
(bv1 − bv2)(ψs(x)) = (bv1 − bv2)(x) = t , it contains ψs(x) for all s ∈ (0, c0 − c),
where t = bv1(x)−bv2(x). Thus, there exists a sequence si ∈ (0, c0−c), i = 1, 2, . . .,
such that limi→∞ si = c0 − c and the limit x0 := limi→∞ ψsi (x) exists. Since

(bv1 + bv2)(x0) = (bv1 + bv2)(x) + c0 − c = c0,

by Eq. (3), we have x0 ∈ D so that β(x0) = −1. Thus, since s �→ β(ψs(x)) is
non-decreasing, we have

−1 ≤ β(x) ≤ β(x0) = −1,

which implies x ∈ D and c = c0. It is a contradiction to c < c0. �
To prove Theorem 1.2, we need the following theorem:

Theorem 4.4 Let (M, g) be an asymptotically harmonic, visibility manifold. Let p ∈
M, v1 �= v2 ∈ T 1

p M, and c1, c2 ∈ R. Let S be the intersection b−1
v1

(c1) ∩ b−1
v2

(c2) of
horospheres and ∇bv1(x) + ∇bv2(x) �= 0 for all points x ∈ S. Then the following
integrals are independent of c1 − c2:

∫
S

√
1 − g(∇bv1,∇bv2)

1 + g(∇bv1,∇bv2)
dμ′,

∫
S

√
1 + g(∇bv1,∇bv2)

1 − g(∇bv1,∇bv2)
dμ′,

where dμ′ is the induced measure on the submanifold S of (M, g).

Proof We adopt the notations

β, X ,Y , φt , ψs, D, c0,U1,U2

in the proof of Lemma 4.2 and Proposition 4.3.

Note that D is closed. If there exists a neighborhood V of x ∈ D in M such
that V ⊆ D, then, for every geodesic γ with γ (0) ∈ V and γ ′(0) ⊥ ∇bv1(γ (0)), by
Theorem 2.9, there exists a totally geodesic, isometric embedding F : [0, a]×R → M
between γ1, γ2 where a > 0 is a sufficiently small constant for γ ([0, a]) ⊆ V ,
γ1 and γ2 are unique asymptotic geodesics to v1 with γ1(0) = γ (0) and γ2(0) =
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γ (a), respectively. By the uniqueness of a geodesic joining two points in a Hadamard
manifold, F(s, 0) = γ (s) for all s ∈ [0, a]. Since F is a totally geodesic, isometric
embedding, d(γ1(t), F(s, t)) = s for all s ∈ [0, a], so the curve t ∈ R �→ F(s, t) is
asymptotic to γ1, so it is asymptotic to v1, for all s ∈ [0, a]. Since F is isometric, γ
is orthogonal to the unique asymptotic curve t ∈ R �→ F(s, t) to v1 at γ (s), for all
s ∈ [0, a]. Hence, γ ([0, a]) is contained in the level set of bv1 . Itmeans that the level set
of bv1 containing x in V is totally geodesic, thus h = −�bv = 0, for all v ∈ T 1M . Let
v ∈ T 1M and letU be the (0, 2)-tensor field definedbyU (w1, w2) := g(∇w1∇bv, w2)

for all x ∈ M andw1, w2 ∈ TxM . So,U is symmetric, and, since a Busemann function
is convex,U is positive semi-definite. Also, since trU = h = 0,U = 0. By the Riccati
equation for horospheres,

∇∇bvU +U 2 + R∇bv = R∇bv = 0,

where R∇bv is the Jacobi operator along a geodesic with the velocity vector∇bv . Thus,
Rv = R∇b−v(x) = 0 for all x ∈ M and v ∈ T 1

x M . Therefore, (M, g) is flat. Hence,
(M, g) is not a visibility manifold which contradicts the assumption of Theorem 4.4.

Suppose that h �= 0. We note that bv1 + bv2 ≥ c0 by Proposition 4.3. By Eqs.
(8) and (9), the flows φt , ψs map one intersection b−1

v1
(c1) ∩ b−1

v2
(c2) of horospheres

onto another intersection, where c1, c2 ∈ R and c1 + c2 > c0. Let E1, . . . , En be
a positively oriented, orthonormal frame on M − D, and θ1, . . . , θn be the dual 1-
forms of the frame field such that E1, E2 spans a subbundle containing ∇bv1 ,∇bv2 ,
and dbv1 ∧ dbv2 = √

1 − β2 θ1 ∧ θ2. There always exists such frame E1, . . . , En on
M − D. For example, if E1 = ∇bv1 and E2 = 1

‖∇bv2−β∇bv1‖ (∇bv2 − β∇bv1), then,

since ‖∇bv2 − β∇bv1‖ = √
1 − β2, θ1 = dbv1 and

θ2(w) = 1√
1 − β2

g(w,∇bv2 − β∇bv1) = 1√
1 − β2

(dbv2 − βdbv1)(w),

for all x ∈ M − D and w ∈ TxM . Thus, θ2 = 1√
1−β2

(dbv2 − βdbv1) and θ1 ∧ θ2 =
1√
1−β2

dbv1 ∧ dbv2 .

By Eq. (6), we have (φt )
∗(dbvi ) = dbvi for i = 1, 2, so (φt )

∗(dbv1 ∧ dbv2) =
(φt )

∗(dbv1)∧ (φt )
∗(dbv2) = dbv1 ∧dbv2 . Also, from Eq. (9), we have (ψs)

∗(dbvi ) =
dbvi for i = 1, 2, so (ψs)

∗(dbv1 ∧dbv2) = dbv1 ∧dbv2 . Thus, dbv1 ∧dbv2 is invariant
under the pullback of φt and ψs , so that, for all s > 0 and t ∈ R,

(φt )
∗(θ1 ∧ θ2) = (φt )

∗
(

1√
1 − β2

dbv1 ∧ dbv2

)

= 1√
1 − β2(φt )

(φt )
∗(dbv1 ∧ dbv2)

= 1√
1 − β2(φt )

dbv1 ∧ dbv2
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=
√

1 − β2

1 − β2(φt )
θ1 ∧ θ2, (11)

(ψs)
∗(θ1 ∧ θ2) =

√
1 − β2

1 − β2(ψs)
θ1 ∧ θ2. (12)

on M − D. Since (M, g) is asymptotically harmonic,

div
(∇bv1 − ∇bv2

) = 0, div
(∇bv1 + ∇bv2

) = 2h.

Thus, we obtain

div X = div

(
1

2 − 2β

(∇bv1 − ∇bv2

))

= (∇bv1 − ∇bv2

) [
1

2 − 2β

]
+ 1

2 − 2β
div

(∇bv1 − ∇bv2

)

= −
(∇bv1 − ∇bv2

) [2 − 2β]
(2 − 2β)2

= − X [2 − 2β]
2 − 2β

= −X [ln(2 − 2β)]

= X

[
ln

(
1

1 − β

)]
, (13)

and

div Y = div

(
1

2 + 2β

(∇bv1 + ∇bv2

))

= (∇bv1 + ∇bv2

) [
1

2 + 2β

]
+ 1

2 + 2β
div

(∇bv1 + ∇bv2

)

= −
(∇bv1 + ∇bv2

) [2 + 2β]
(2 + 2β)2

+ 2h

2 + 2β

= −Y [2 + 2β]
2 + 2β

+ h

1 + β

= Y

[
ln

(
1

1 + β

)]
+ h

1 + β
. (14)

Consequently, for the induced Riemannian measure dμ on M − D, the following
equations hold:

∂

∂t
(φt )

∗(dμ) = (φt )
∗(LX (dμ)) = (φt )

∗ (div Xdμ)

= (div X ◦ φt ) (φt )
∗(dμ),

∂

∂s
(ψs)

∗(dμ) = (div Y ◦ ψs) (ψs)
∗(dμ).
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Set (φt )
∗(dμ) = ft dμ where ft ∈ C∞(M − D). Then

∂

∂t
ft dμ = (div X ◦ φt ) ft dμ,

∂

∂t
ln ft = div X ◦ φt .

Note that X [ f ](φt ) = ∂
∂t f (φt ) for all f ∈ C∞(M − D). Thus, since f0 = 1, from

Eq. (13), we get

ft = 1 − β

1 − β(φt )
.

Hence,

(φt )
∗(dμ) = 1 − β

1 − β(φt )
dμ. (15)

Similarly, when (ψs)
∗(dμ) = gs dμ for some gs ∈ C∞(M − D), by Eq. (14),

ln gs = ln

(
1 + β

1 + β(ψs)

)
+

∫ s

0

h

1 + β(ψk)
dk,

so

(ψs)
∗(dμ) = exp

(∫ s

0

h

1 + β(ψk)
dk

)
1 + β

1 + β(ψs)
dμ. (16)

Set dμ′ := θ3 ∧ · · · ∧ θn . Since E1,E2 span a subbundle containing ∇bv1 ,∇bv2 ,
E3, . . . , En are tangent to the intersection b−1

v1
(c1) ∩ b−1

v2
(c2) of horospheres for all

c1, c2 ∈ R such that c1 + c2 > c0. That is, E3, . . . , En is an orthonormal frame
on the intersection of horospheres and dμ′ is the induced Riemannian measure on
the intersection of horospheres. Since φt maps the intersection b−1

v1
(c1) ∩ b−1

v2
(c2) of

horospheres onto another intersection of horospheres which is orthogonal to∇bv1 and
∇bv2 for all c1, c2 ∈ R such that c1 + c2 > c0, (φt )

∗(dμ′) = f dμ′ for some function
f ∈ C∞(M − D). By Eqs. (11) and (15),

1 − β

1 − β(φt )
dμ = (φt )

∗(dμ) = (φt )
∗(θ1 ∧ θ2) ∧ (φt )

∗(dμ′)

=
√

1 − β2

1 − β2(φt )
θ1 ∧ θ2 ∧ (φt )

∗(dμ′),

so

(φt )
∗(dμ′) =

√
(1 − β)(1 + β(φt ))

(1 + β)(1 − β(φt ))
dμ′.
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Similarly, since ψs maps the intersection of horospheres onto another intersection of
horospheres, by Eqs. (12) and (16), we have

(ψs)
∗(dμ′) = exp

(∫ s

0

h

1 + β(ψk)
dk

) √
(1 + β)(1 − β(ψs))

(1 − β)(1 + β(ψs))
dμ′,

or, equivalently,

√
1 − β(φt )

1 + β(φt )
(φt )

∗(dμ′) =
√
1 − β

1 + β
dμ′, (17)

√
1 + β(ψs)

1 − β(ψs)
(ψs)

∗(dμ′) = exp

(∫ s

0

h

1 + β(ψk)
dk

) √
1 + β

1 − β
dμ′. (18)

Now, let

S(s, t) := b−1
v1

(
s + c0 + t

2

)
∩ b−1

v2

(
s + c0 − t

2

)
,

for all s ≥ 0 and t ∈ R. Note that

S(c1 + c2 − c0, c1 − c2) = b−1
v1

(c1) ∩ b−1
v2

(c2),

for all c1, c2 ∈ R such that c1 + c2 ≥ c0. Set

V (s, t) :=
∫
S(s,t)

√
1 − β

1 + β
dμ′,

W (s, t) :=
∫
S(s,t)

√
1 + β

1 − β
dμ′,

for all s > 0 and t ∈ R. Then, x ∈ S(s, t) holds if and only if bv1(x)+bv2(x) = s+c0
and bv1(x) − bv2(x) = t , for all s > 0, t ∈ R, and x ∈ M . From Eq. (8), we have

(bv1 + bv2)(φt (x)) = (bv1 + bv2)(x),

(bv1 − bv2)(φt (x)) = (bv1 − bv2)(x) + t,

for all t ∈ R and x ∈ M . Thus, φt (S(s, t0)) = S(s, t0 + t) holds for all s > 0 and
t0, t ∈ R. Also, from Eq. (9),

(bv1 + bv2)(ψs(x)) = (bv1 + bv2)(x) + s,

(bv1 − bv2)(ψs(x)) = (bv1 − bv2)(x),
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for all s > 0 and x ∈ M − D. Hence, ψs(S(ε, t)) = S(s + ε, t) holds, for all s, ε > 0
and t ∈ R. By Eq. (17),

V (s, t) =
∫

φt (S(s,0))

√
1 − β

1 + β
dμ′

=
∫
S(s,0)

√
1 − β(φt )

1 + β(φt )
(φt )

∗(dμ′)

=
∫
S(s,0)

√
1 − β

1 + β
dμ′

= V (s, 0), (19)

for all s > 0 and t ∈ R. For all s, ε > 0 and t ∈ R, from Eq. (18), we obtain

W (s + ε, t) =
∫

ψs (S(ε,t))

√
1 + β

1 − β
dμ′

=
∫
S(ε,t)

√
1 + β(ψs)

1 − β(ψs)
(ψs)

∗(dμ′)

=
∫
S(ε,t)

exp

(∫ s

0

h

1 + β(ψk)
dk

) √
1 + β

1 − β
dμ′.

By differentiating it for s, we get

∂

∂s
W (s + ε, t) =

∫
S(ε,t)

h

1 + β(ψs)
exp

(∫ s

0

h

1 + β(ψk)
dk

) √
1 + β

1 − β
dμ′

=
∫
S(ε,t)

h

1 + β(ψs)

√
1 + β(ψs)

1 − β(ψs)
(ψs)

∗(dμ′)

=
∫
S(s+ε,t)

h√
1 − β2

dμ′.

By Eq. (19), we have

∂

∂t
V (s, t) = 0, (20)

∂

∂s
W (s, t) =

∫
S(s,t)

h√
1 − β2

dμ′

= h

2
W (s, t) + h

2
V (s, t). (21)
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By differentiating Eq. (21) for t , from Eq. (20), the following equation holds:

∂2

∂s∂t
W (s, t) = h

2

∂

∂t
W (s, t),

which implies, for all s, ε > 0 and t ∈ R,

∂

∂t
W (s + ε, t) = ehs/2

∂

∂t
W (ε, t). (22)

By Eq. (17),

W (s, t) =
∫

φt (S(s,0))

√
1 + β

1 − β
dμ′

=
∫
S(s,0)

√
1 + β(φt )

1 − β(φt )
(φt )

∗(dμ′)

=
∫
S(s,0)

1 + β(φt )

1 − β(φt )

√
1 − β(φt )

1 + β(φt )
(φt )

∗(dμ′)

=
∫
S(s,0)

1 + β(φt )

1 − β(φt )

√
1 − β

1 + β
dμ′

=
∫
S(s,0)

(
−1 + 2

1 − β(φt )

)√
1 − β

1 + β
dμ′.

Thus we obtain

∂

∂t
W (s, t) =

∫
S(s,0)

2X [β](φt )

(1 − β(φt ))2

√
1 − β

1 + β
dμ′

=
∫
S(s,0)

2X [β](φt )

(1 − β(φt ))2

√
1 − β(φt )

1 + β(φt )
(φt )

∗(dμ′)

=
∫
S(s,t)

2X [β]
(1 − β)

√
1 − β2

dμ′.

Now, we get, from Eq. (7),

X [β] = 1

2 − 2β
(∇bv1 − ∇bv2)

[
g(∇bv1,∇bv2)

]

= 1

2 − 2β

(
U2(∇bv1 ,∇bv1) −U1(∇bv2 ,∇bv2)

)
. (23)
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Consequently, we have

∂

∂t
W (s, t) =

∫
S(s,t)

√
1 − β2

(1 − β)2

U2(∇bv1 ,∇bv1) −U1(∇bv2 ,∇bv2)

1 − g(∇bv1 ,∇bv2)
2 dμ′

=
∫
S(s,t)

√
1 − β2

(1 − β)2

U2(∇bv1 − β∇bv2 ,∇bv1 − β∇bv2)

‖∇bv1 − β∇bv2‖2
dμ′

−
∫
S(s,t)

√
1 − β2

(1 − β)2

U1(∇bv2 − β∇bv1 ,∇bv2 − β∇bv1)

‖∇bv2 − β∇bv1‖2
dμ′,

since ∇∇bv1
∇bv1 = 0 = ∇∇bv2

∇bv2 ,

U1(∇bv1 , w) = U1(w,∇bv1) = g(∇∇bv1
∇bv1 , w) = 0,

U2(∇bv2 , w) = U2(w,∇bv2) = g(∇∇bv2
∇bv2 , w) = 0,

for all w ∈ T M ,

U1(∇bv2 ,∇bv2) = U1(∇bv2 ,∇bv2) − 2βU1(∇bv1 ,∇bv2) + β2U1(∇bv1 ,∇bv1)

= U1(∇bv2 − β∇bv1 ,∇bv2 − β∇bv1),

U2(∇bv1 ,∇bv1) = U2(∇bv1 ,∇bv1) − 2βU2(∇bv1 ,∇bv2) + β2U2(∇bv2 ,∇bv2)

= U2(∇bv1 − β∇bv2 ,∇bv1 − β∇bv2),

and 1 − g(∇bv1,∇bv2)
2 = 1 − β2 = ‖∇bv1 − β∇bv2‖2 = ‖∇bv2 − β∇bv1‖2.

Now, use the following lemma:

Lemma 4.5 Let (M, g) be an asymptotically harmonic manifold. Then, for all v,w ∈
T 1M,

g(∇w∇bv, w) ≤ h, (24)

where h = −�bv .

Proof Let U be the (0, 2)-tensor field defined by U (w1, w2) := g(∇w1∇bv, w2) for
all x ∈ M and w1, w2 ∈ TxM . Then U is symmetric, positive semi-definite, and
trU = h. Thus, every eigenvalue of U is real, non-negative, and less than or equal to
h. In particular, Eq. (24) holds. �

By Lemma 4.5,

0 ≤ U1(∇bv2 ,∇bv2)

1 − β2 = U1(∇bv2 − β∇bv1 ,∇bv2 − β∇bv1)

‖∇bv2 − β∇bv1‖2
≤ h,

0 ≤ U2(∇bv1 ,∇bv1)

1 − β2 = U2(∇bv1 − β∇bv2 ,∇bv1 − β∇bv2)

‖∇bv1 − β∇bv2‖2
≤ h.

(25)
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Hence, by Eqs. (23) and (25), X [β]
1+β

is bounded. By Lemma 2.7,
⋃

ε∈[0,s] S(ε, t) is
compact for all s > 0. Fix s > 0. Then β has a maximum value on the compact set⋃

ε∈[0,s] S(ε, t). In particular, there exists a constantC > 0 such that, for all ε ∈ (0, s),

∣∣∣∣ ∂

∂t
W (ε, t)

∣∣∣∣ ≤ C
∫
S(ε,t)

√
1 + β dμ′. (26)

Now, we use the following lemma:

Lemma 4.6 The (n − 2)-dimensional volume voln−2 S(s, t) of S(s, t) is non-
decreasing for s > 0 where t ∈ R is fixed, and, for all s > 0 and x ∈ S(s, t),

β(x) ≤ −2e−hs + 1.

Proof For all s, ε > 0 and t ∈ R,

voln−2 S(s + ε, t) =
∫

ψs (S(ε,t))
dμ′ =

∫
S(ε,t)

(ψs)
∗(dμ′)

=
∫
S(ε,t)

exp

(∫ s

0

h

1 + β(ψk)
dk

) √
(1 + β)(1 − β(ψs))

(1 − β)(1 + β(ψs))
dμ′.

Thus, we obtain

∂

∂s
voln−2 S(s + ε, t) =

∫
S(ε,t)

(
h

1 + β(ψs)
− Y [β](ψs)

1 − β2(ψs)

)
(ψs)

∗(dμ′)

=
∫
S(s+ε,t)

(
h

1 + β
− Y [β]

1 − β2

)
dμ′

=
∫
S(s+ε,t)

1

1 + β

(
h − Y [β]

1 − β

)
dμ′

Hence, we have

∂

∂s
voln−2 S(s, t) =

∫
S(s,t)

1

1 + β

(
h − Y [β]

1 − β

)
dμ′. (27)

By Eqs. (10) and (25),

Y

[
ln

(
1

1 − β

)]
= Y [β]

1 − β
≤ h, (28)

and we obtain

ln

(
1 − β(x)

1 − β(ψs(x))

)
≤ hs
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and

β(ψs(x)) ≤ e−hsβ(x) + 1 − e−hs,

for all s > 0 and x ∈ M − D. Since, limk→s− β(ψ−k(x)) = −1 for all x ∈ S(s, t),
by considering β(x) = β(ψs(ψ−s(x))), we obtain, for all s > 0 and x ∈ S(s, t),

β(x) ≤ −2e−hs + 1. (29)

Thus, by Eqs. (27), (28), and (29),

∂

∂s
voln−2 S(s, t) ≥ 1

2(1 − e−hs)
(h − h) voln−2 S(s, t) = 0. (30)

Thus, voln−2 S(s, t) is non-decreasing for s > 0. �
By Eq. (26) and Lemma 4.6, for small ε > 0, voln−2 S(ε, t) is bounded, and for

some constant C > 0

∣∣∣∣ ∂

∂t
W (ε, t)

∣∣∣∣ ≤ C
√
2 − 2e−hε.

Then we obtain

lim
ε→0+

∂

∂t
W (ε, t) = 0, (31)

and, by Eqs. (22) and (31), we have

∂

∂t
W (s, t) = 0 (32)

By Eqs. (20) and (32), Theorem 4.4 is proved. �
Proof of Theorem 1.2 Since β = −1 on D, the notations X , φt can be extended to M ,
and, by Eq. (15), we have

voln−2 S(0, t) =
∫
S(0,0)

(φt )
∗(dμ′) =

∫
S(0,0)

dμ′ = voln−2 S(0, 0).

By setting a constant C = voln−2 S(0, 0) + 1, Theorem 1.2 is proved for 2c = c0.
Now, suppose that c1 + c2 �= c0. The (n − 2)-dimensional volume of the intersection
S = b−1

v1
(c1) ∩ b−1

v2
(c2) satisfies

voln−2 S =
∫
S
dμ′ ≤

∫
S

1√
1 − β2

dμ′ = 1

2
(V (s, t) + W (s, t)),
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where s = c1 + c2 − c0, t = c1 − c2, and V (s, t) + W (s, t) is independent of t by
Theorem 4.4. By setting C = 1

2 (V (s, t) +W (s, t) + 1), the proof is completed. Such
C has a minimum value when ∇bv1 and ∇bv2 are orthogonal, and increases if the
angle between ∇bv1 and ∇bv2 approaches to 0 or π . �

Now, we give an example which supports the main theorem.

Example Consider the Poincaré upper-half plane model {(x, y, z) ∈ R
3 : z > 0} with

the metric:

g = dx2 + dy2 + dz2

z2
.

The distance between two points (x1, y1, z1), (x2, y2, z2) is

d((x1, y1, z1), (x2, y2, z2)) = 2 arcsinh

(√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

2
√
z1z2

)
,

Weconsider the volumeof the intersections of horospheres for the case: v1 = ∂
∂x

∣∣
(0,0,1)

and v2 = − ∂
∂x

∣∣
(0,0,1). The geodesic γv1 is the unit circle centered at (0, 0, 0) and the

equation of the geodesic sphere centered at (cos r , 0, sin r) containing (0, 0, 2) is

(x − cos r)2 + y2 + (z − sin r)2

4 sin r z
= 5 − 4 sin r

8 sin r
,

or equivalently,

(x − cos r)2 + y2 +
(
z − 5

4

)2

= 9

16
.

Every point (x, y, z) of the intersection of the geodesic spheres centered at
(cos r , 0, sin r) and (− cos r , 0, sin r) containing (0, 0, 2) satisfies

x = 0, y2 +
(
z − 5

4

)2

= 9

16
.

It is also the equation of the intersection of horospheres. Write y = 3
4 cos t and

z = 3
4 sin t + 5

4 . Then the volume of the intersection of horospheres is

∫ 2π

0

3

3 sin t + 5
dt < 3π.

Remark Let (M, g) be an asymptotically harmonic, visibilitymanifold. Let c1, c2 ∈ R

such that c1 + c2 > c0 and r > 0. The set b−1
v1

([c1, c1 + r ]) ∩ b−1
v2

([c2, c2 + r ]) is the
union of countably many sets of the form
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S = {x ∈ M : a1 + c0 ≤ bv1 + bv2 ≤ a2 + c0, a3 ≤ bv1 − bv2 ≤ a4},

where a1, a2 ≥ 0 and a3, a4 ∈ R. It can be obtained by taking the middle points
of each sides of the square [c1, c1 + r ] × [c2, c2 + r ] repeatedly. The n-dimensional
volume of a set of the form equals

∫
S
dμ =

∫
S
θ1 ∧ θ2 ∧ dμ′

=
∫
S
dbv1 ∧ dbv2 ∧

(
1√

1 − β2
dμ′

)

= 1

2

∫ a2

a1

∫ a4

a3

∫
S(s,t)

1√
1 − β2

dμ′ dt ds.

By Theorem 4.4,

∫
S
dμ = a4 − a3

2

∫ a2

a1

∫
S(s,0)

1√
1 − β2

dμ′ ds.

Therefore, the n-dimensional volume of b−1
v1

([c1, c1 + r ]) ∩ b−1
v2

([c2, c2 + r ]) is inde-
pendent of c1 − c2.
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