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Abstract

In this paper, using the tools from the lineability theory, we distinguish certain subsets
of p-adic differentiable functions. Specifically, we show that the following sets of
functions are large enough to contain an infinite dimensional algebraic structure: (i)
continuously differentiable but not strictly differentiable functions, (ii) strictly differ-
entiable functions of order » but not strictly differentiable of order r + 1, (iii) strictly
differentiable functions with zero derivative that are not Lipschitzian of any order
o > 1, (iv) differentiable functions with unbounded derivative, and (v) continuous
functions that are differentiable on a full set with respect to the Haar measure but not
differentiable on its complement having cardinality the continuum.
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1 Introduction and terminology

In the non-Archimedean setting, at least two notions of differentiability have been
defined: classical and strict derivative. Classical derivative has some unpleasant and
strange behaviors, but it has been long known that the strict differentiability in the
sense of Bourbaki is the hypothesis most useful to geometric applications, such as
inverse theorem. Let us recall definitions.

Let K be a valued field containing Q, such that K is complete (as a metric space),
and X be a nonempty subset of K without isolated points. Let f: X — Kand r be a
natural number. Set

VX X ifr =1,
TG xa, o x) € XN xg £ xyifi £ ) ifr > 2.

The r-th difference quotient ®, f : V't X — K of f, with r > 0, is recursively
given by ®o f = f and, forr > 1, (x1,x2, ..., x41) € V"X by

D1 fOx1,x3, 00, X1) — Pro1 f(X2, X3, 00, X 11)
x| —x2 '

D, f(x1, X2, ..., Xrg1) =

Then a function f: X — Kata pointa € X is said to be:

e differentiable if lim,_., f(x) — f(a)/(x — a) exists (f(x) — f(a));
o strictly differentiable of order r if ®, f can be extended to a continuous function
@, f: X"t > K. Wethenset D, f(a) = ®, f(a,a,...,a).

Our aim in this work is to study these notions through a recently coined approach—
the lineability theory. Searching for large algebraic structures in the sets of objects with
a special property, we, in this approach, can get deeper understanding of the behavior
of the objects under discussion. In [33, 34] authors studied lineability notions in the
p-adic analysis; see also [23, 24, 35]. The study of lineability can be traced back to
Levine and Milman [36] in 1940, and Gurariy [29] in 1966. These works, among others,
motivated the introduction of the notion of lineability in 2005 [3] (notion coined by
Gurariy). Since then it has been a rapidly developing trend in mathematical analysis.
There are extensive works on the classical lineability theory, see e.g. [2-5, 10, 14, 17],
whereas some recent topics can be found in [1, 12, 13, 16, 18, 20-22, 39, 40]. It is
interesting to note that Mahler in [38] stated that:

“On the other hand, the behavior of continuous functions of a p-adic variable is
quite distinct from that of real continuous functions, and many basic theorems
of real analysis have no p-adic analogues.
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... there exist infinitely many linearly independent non-constant functions the
derivative of which vanishes identically ...”.

Before further going, let us recall three essential notions. Let « be a cardinal number.
We say that a subset A of a vector space V over a field K is

e «-lineable in V if there exists a vector space M of dimension x and M \ {0} C A;

and following [4, 9], if V is contained in a (not necessarily unital) linear algebra, then
A is called

e i-algebrable in V if there exists an algebra M such that M \ {0} € A and M is a
k-dimensional vector space;

o strongly «-algebrable in V if there exists a x-generated free algebra M such that
M\ {0} € A.

Note that if V is also contained in a commutative algebra, then a set B C V is a
generating set of a free algebra contained in A if and only if for any n € N withn <
card(B) (where card(B) denotes the cardinality of B), any nonzero polynomial P inn
variables with coefficients in K and without free term, and any distinct by, ..., b, € B,
we have P(by,...,b,) #0.

Now we can give an outline of our work. In Sect. 2 we recall some standard concepts
and notations concerning non-Archimedean analysis. Then, in the section of Main
results, we show, among other things, that: (i) the set of functions Q, — Q, with
continuous derivative that are not strictly differentiable is c-lineable (¢ denotes the
cardinality of the continuum), (ii) the set of strictly differentiable functions Q, — Q,
of order r but not strictly differentiable of order » + 1 is c-lineable, (iii) the set of all
strictly differentiable functions Z, — K with zero derivative that are not Lipschitzian
of any order o« > 1is c-lineable and 1-algebrable, (iv) the set of differentiable functions
Q, — Q, which derivative is unbounded is strongly c-algebrable, (v) the set of
continuous functions Z, — Q, that are differentiable with bounded derivative on a
full set for any positive real-valued Haar measure on Z,, but not differentiable on its
complement having cardinality ¢ is c-lineable.

2 Preliminaries for p-adic analysis

We summarize some basic definitions of p-adic analysis (for a more profound treat-
ment of this topic we refer the interested reader to [28, 32, 42, 44]).

We shall use standard set-theoretical notation. As usual, N, Ny, Z, Q, R and P
denote the sets of all natural, natural numbers including zero, integer, rational, real,
and prime numbers, respectively. The restriction of a function f to a set A and the
characteristic function of a set A will be denoted by f | A and 14, respectively.

Frequently, we use a theorem due to Fichtenholz—Kantorovich—Hausdorff [25, 30]:
For any set X of infinite cardinality there exists a family B € P(X) of cardinality
2¢card(X) guch that for any finite sequences B1, ..., B, € Bandey, ..., &, € {0, 1} we
have B{' N...N B;" # ¥, where B! = B and B = X \ B. A family of subsets of
X that satisfy the latter condition is called a family of independent subsets of X. Here
P(X) denotes the power set of X. In what follows we fix N, Ay and P for families of

@ Springer



394 J. Fernandez-Sanchez et al.

independent subsets of N, Ny and P, respectively, such that card(N') = card(Np) =
card(P) =c.
Now let us recall that given a field K, an absolute value on K is a function

|-]: K — [0, 400)

such that:

e |x| =0ifand only if x =0,
o lxyl = |x[lyl, and
o [x+yl =[x +Iyl,

for all x, y € K. The last condition is the so-called triangle inequality. Furthermore, if
(K, |- 1) satisfies the condition |x + y| < max{|x|, |y|} (the strong triangle inequality),
then (K, | - |) is called a non-Archimedean field. Note that (K, | - |) is a normed space
since K is a vector space in itself. For simplicity, we will denote for the rest of the
paper (K, | - |) by K. Clearly, |[1| = | — 1| = 1 and, if K is a non-Archimedean field,
then|l 4 ---+ 1| < 1foralln € N. Animmediate consequence of the strong triangle
\—‘/—/
n times

inequality is that |x| # |y| implies |x 4+ y| = max{|x|, |y|}. Notice that if K is a finite
field, then the only possible absolute value that can be defined on K is the trivial
absolute value, that is, |x| = 0 if x = 0, and |x| = 1 otherwise. Furthemore, given
any field K, the topology endowed by the trivial absolute value on K is the discrete
topology.

Let us fix a prime number p throughout this work. For any non-zero integer n #
0, let ord,(n) be the highest power of p which divides n. Then we define |n|, =
p o™ 0], = 0and |2], = p~odpWFordym) the p-adic absolute value. The
completion of the field of rationals, Q, with respect to the p-adic absolute value is
called the field of p-adic numbers Q,. An important property of p-adic numbers is
that each nonzero x € QQ,, can be represented as

00

2 : n

X = anpp ,
n=m

where m € Z, a, € ), (the finite field of p elements) and a,,, # 0. If x = 0, then
a, = Oforall n € Z. The p-adic absolute value satisfies the strong triangle inequality.
Ostrowski’s Theorem states that every nontrivial absolute value on Q is equivalent
(i.e., defines the same topology) to an absolute value | - | ,, where p is a prime number,
or the usual absolute value (see [28]).

Leta € Q, and r be a positive number. The set B, (a) = {x € Q,: [x —al, < r}
is called the open ball of radius » with center a, B, (a) = {x € Qp:lx —al, <r}the
closed ball of radius r with center a, and S, (a) = {x € Q,: |x —a|, = r} the sphere
of radius r and center . It is important to mention that B, (a), B,(a) and S, (a) are
clopen sets in Q. The closed unit ball

Zp=1{x €Qp: |x|p <1}
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Some properties of differentiable... 395

o0
- erp:x:Zaipi, ai€{0,1,...,p—1}, keNO}
i=k

is called the ring of p-adic integers in Q,. We know that Z, is a compact set and N is
dense in Z, ([28]).

Throughout this article we shall consider all vector spaces and algebras taken over
the field Q, (unless stated otherwise).

3 Main results

We are ready to present our results. For the rest of this work, X will denote a nonempty
subset of K without isolated points. Let us fix two notations:

C'(X,K) = { f: X — K: f has continuous (classical) derivative on X},
S"(X,K) ={f: X — K: f is strictly differentiable of order r on X}.

Our first result shows that, unlike the classical case, strict differentiability is a
stronger condition than simply having continuous derivative. An analogue to part (ii)
of the result for the classical case can be found in [5].

Theorem 3.1 (i) The set C'(Q,, Q,) \ S'(Q,, Q,) is c-lineable.
(ii) The set S' Qp, Q) \ SZ(QP, Qp) is c-lineable. In general,

" (Q@p Qp) \ 1@y, Q)
is ¢-lineable for any r > 1.

Proof (i). Notice that B,-2.(p") C S,-x(0) for every n € N, therefore B, N By, = ¢
if, and only if, n # m. Also, letus define fy: Q, — Q) forevery N € N as follows:

fvx) = {pzn fx € Byn(p") withn € N,

0 otherwise.

First, notice that f is locally constant outside 0 and, thus, fu is differentiable every-
where except maybe at 0 with f},(x) = 0 for every x € Q, \ {0}. Moreover, we
have

v @) — fn(0)

X

fn ()

X

» 0 otherwise,

_ {p‘” if x € B,- (p") withn € N,
p

ie., ‘M‘p — 0 as x — 0. Hence, fI’V(O) = 0. Therefore, fz/v exists every-

where and is continuous since fl’V = 0, thatis, fy € Cl(Qp, Qp).
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396 J. Fernandez-Sanchez et al.

It is enough to show that the family of functions V = {fy: N € N7} is linearly
independent over Q,, and the vector space generated by V, denoted by span(V),
satisfies span(V) \ {0} € C1(Q,, Q) \ S'(Q,, Q,). Take f = >/, &; fn;» where
at, ...,y € Qp, Ni,...,Ny € N are distinct and m € N. Assume that f = 0
then, by taking x = p" withn € Nl1 N Ng Nn---N N,(,),, we have that 0 = f(x) =
al fa, (x) = o p*, ie., o) = 0. Therefore, applying similar arguments, we arrive at
o =0 foreveryi € {1,...,m}. Assume now that o; # O for everyi € {1, ..., m}.
Since C'(Q »» Qp) forms a vector space, we have that f € C (o) »» Qp). Moreover,
by construction we have f’ = 0. It remains to prove that f ¢ S'(Q »» Qp). To do so,
take the sequences

_ n
Cn)nen!owdn--nng = (P neniAngn--ONy,

m

and

_ n 2n
Omdnentowdn--nng = (P" = P™)pen]andn.-nng -

m

Notice that both sequences converge to 0, and f (x,) = a1 p*" and f(y,) = 0 for each
ne Nl1 ﬂNgﬂuoﬁN,(,)l.Hence,

S ) = f(yn) N

Xn — Yn

1s

foreveryn € N 11 N Ng Nn---N N,(,)l. Since o # 0, we have the desired result.

(ii). We will prove the case when » = 1 since the general case can be easily deduced.
For every nonempty subset N of N, let us define gn : Q, — Q,, as follows: for every
x =2 anp" € Qp, take

o
en@) =Y byp”,
n=0

where

a, ifneN,
bn = .
0 otherwise,

for every n € Ny. For any x, y € Q,, notice that

lgn () — gv My < 1x = I3,
Hence,

gn(x) — gn(2)

<lx—zlp, =0
xX—z

p
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as x — zforany z € Q,, thatis, gy is differentiable and g}v = 0. Moreover,

gn(x) —gn(y)

<lx=ylp =0,
X =y

p

When (x,y) — (z,z) for any z € Qp, and where (x,y) € VZQP. Thus,
gn € S1(Q,. Q).

We will prove that the family of functions W = {gy: N € N} is linearly inde-
pendent over Q, and span(W) \ {0} C SI(QI,, Qm\ SZ(Q,,, Qp). It is easy to see
that any linear combination of the functions in W belongs to S LQ »> Qp). Take now
g = Zf:l Bign;, where Bi, ..., B € Qp, Ni,..., Ny € N are distinct and k € N.
Assume that g = 0 then, by taking x = p", with n € Nll N Ng N---N N,? fixed,
we have that 0 = g(x) = Bip?*, i.e., i = 0. By applying similar arguments we
see that 8; = O for every i € {1, ..., k}. Therefore, assume that 8; # 0 for every
ie{l,...,k}.Foreveryn € Nll ﬁNgﬂ-nﬁN,?,denote

n+:min{leNllﬂNgﬂ-~-ﬁN,?:l>n}.

Now consider the sequences X = (x'l)NllﬁNgm»-ﬂN]?’ y = (yn)Nl]mNgﬂ»--me and 7 =
(Zn)neNllmNgm...me defined as x, = p", y, = 0 and z, = p" + p"* for every
neN 11 N Ng n---NN ,? . (Notice that the sequences X, y and z converge to 0.) Then,

g(xn) — g(ym) _ g(xn) — g(zn)

‘(yn —zn)_lu

Xn — Yn Xn — Zn p
_ ‘( " n+)_1‘ B p>" B Bip>" — Bip* — Bip*+
= p | pn prt— pt — ph+ »
pn _anr
=1Bilp | >——=—| =IBilp #0,
prE P,

for every n € Nll N Ng N---N N,?. However, g” = 0. This finishes the proof. O

Let K be a non-Archimedean field with absolute value | - | that contains Q. For
any « > 0, the space of Lipschitz functions from X to K of order « is defined as

Lip, (X, K) = {f: X — K: 3M > 0(| f(x) — f(»)] < M|x — y|*), Vx, y € X}.
Let

N'(X,K)={f e S'(X,K): f =0}.
In view of [[42]Exercise 63.C] we have

N'(Zp, K\ | Lipa (Z,, K) # 0.

a>1
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398 J. Fernandez-Sanchez et al.

To prove the next theorem, we need a characterization of the spaces N 1 (Zp,K)
and Lip,(Z,, K) from [42]. For this we will denote by (e;),en, the van der Put
base of C(Z,, K), which is given by ¢p = 1 and ¢, is the characteristic function of
{x €Zp:|x —n|, < 1/n}foreveryn € N.

Proposition3.2 (i) Let f = ZZO=0 anen, € C(Zp,K). Then f € Nl(Zp,]K) if and
only if (|ay|n),en, converges to 0 (see [42, Theorem 63.3]).

(ii) Let f = Zzozoane” € C(Zp,K)anda > 0. Then f € Lip,(Z,, K) if and only
if

sup{|a,|n®: n € Nyg} < o0

(see [42, Exercise 63.B]).

The next result shows that there is a vector space of maximum dimension of strictly
differentiable functions with zero derivative that are not Lipschitzian. Our next three
results can be compared with some results obtained in [6, 11, 31] for the classical
case.

Theorem 3.3 The set Nl(Zp, K) \ Uy~ Lipy (Zp, K) is c-lineable (as a K-vector
space).

Proof Fix ny € Nand take By = {x € Zp: |x —n1|, < 1/n1}. Since Z, and B are
clopen sets, we have that Z, \ By is open and also nonempty. Therefore there exists an
open ball Dy C Z, \ By. Furthermore, as N is dense in Z, there exists np € N\ {n}
such that By = {x € Z,: |x — n2|, < 1/n2} C D;. By recurrence, we can construct
aset M = {ny: k € N} C N such that the balls By = {x € Z: [x —ng|p, < 1/n;}
are pairwise disjoint.

Let o: Ng — M be the increasing bijective function and let (m,),eny C N be an
increasing sequence such that p~"n — 0 and p~""n* — oo for every o > 1 when
n — oo. (This can be done for instance by taking m, = |[In(nIn(n))/In(p)].) For
every N € N, define fy: Z, — Kas

oo
fn=) INm)p P eg ).
n=0

Since every N € N is infinite, we have that |1y (n)|p~ ™™o (n) — 0 whenn — oo
and

{IInm)|p~"" "o () : n € No}

is unbounded for every o > 1. Hence, by Theorem 3.2, we have fy € N'(Z 2y K\
Uy~ Lipy (Z,, K) for every N € Nj.

We will prove now that the functions in V = {fy: N € A} are linearly
independent over K and such that any nonzero linear combination of V over K
is contained in N'(Z,,K) \ U, Lipy(Z,,K). Take f = Y I_, a; fv,, where
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Some properties of differentiable... 399

ai,...,a, € K, Ni,..., N, € Ny are distinct and » € N. Assume that f = 0.

Fixn € N NN N---N N? and take x € Z,, such that x € By (n), then 0 = f(x) =
ayp™em ie., a; = 0. By applying similar arguments we have a¢; = 0 for every i €
{1, ..., r}. Assume for the rest of the proof thata; # O foreveryi € {1, ..., r}. Notice
that f = Y02 (1o ailn;) () p™o®eq (), where [(37_; aily;) (m)p™oo| <
[p"e@ | max{|a;|: i € {1,...,r}} = pT™Wmax{|a;|:i € {l,...,r}}. Therefore
|(Z;=] a,-]N,.) (n)p™ew | o (n) — 0 when n — oo. Finally, as Nl1 N NS N---N Nr0
is infinite, we have that

{ (Z ailN,) (n)p"om

i=1

= {lailp™™ ™o (m)*:ne NN NNYIN-..N N

om*:neN NNIN---NN?

is unbounded for every o > 1. O

The next lineability result can be considered as a non-Archimedean counterpart of
[[27] Theorem 6.1]. To prove it we will make use of the following lemma. (For more
information on the usage of the lemma see [23, Lemma 5.2].) In order to understand
it, let us consider the functions x — (1 + x)* where x € pZ, and « € Z,,. It is well
known that (1 4+ x)* is defined analytically by (1 4+ x)* = > 72 (%)x'. Moreover
x > (1 4+ x)% is well defined (see [42, Theorem 47.8]), differentiable with derivative
a1 +x)* 1 and x — (1 4 x)¢ takes values in Zp (in particular (1 +x)* =14y
for some y € pZ,, see [42, Theorem 47.10]).

Lemma3.4 If oy, ...,a, € Zp \ {0} are distinct, with n € N, then every linear
combination Y ;_; vi(1 + x)%, with y; € Q, \ {0} for every 1 < i < n, is not
constant.

Theorem 3.5 The set of everywhere differentiable functions Q, — Q, which deriva-
tive is unbounded is strongly c-algebrable.

Proof LetH be a Hamel basis of Q,, over Q contained in pZ,, and foreach 8 € Z,\{0}
define fg : Q, — Q, by

P+ P ifx =30 apt 4y,
fe(x) = wherea_, #0, n e Nypand y € pZ,,
0 otherwise.

The function fg is differentiable everywhere for any 8 € Z,. Indeed, firstly we have
that fg is locally constant on pZ, as fg | pZ, = 0. Lastly it remains to prove that

[p is differentiable at xg = Zgz_n ay pk + yo, i.€., the limit

. p (4P = pT (1 + )P
lim
X—> X0 X — X0

3.1)
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400 J. Fernandez-Sanchez et al.

exists, where the values x are of the form x = 22= bx p* + y. Moreover, as x

—m
approaches x¢ in the limit (3.1), we can assume that x = 22: ayp* + y. Hence,

the limit in (3.1) can be simplified to

—n

P+ )P — pT" (1 + yo)P "L+ )P —p7 (1 + yo)P

lim = lim
X—>X( X — X0 X—>X0 X — X0
o (T YP =14 y0)P
=p " lim
Y=o Y=o

=p "B+ yo)f L.

In particular the derivative of fg is given by

pBA+ I ifx =Y aph+y,
flé(x) = where a_, #0, n € No, y € pZp,
0 otherwise,
and it is unbounded since

lim [p~"B( + )P, = lim p"|B(1+ )P, =IBl, lim p" = oo,
n—o00 n—o0o n—oo

where we have used the fact that 8 # 0.

Let hy,...,h,, € H be distinct and take P a polynomial in m variables
with coefficients in Q, \ {0} and without free term, that is, P(xy,...,x,) =
Zle oz,)c]f"1 ~-~x,];{""’, where d € N, o, € Qp \ {O} forevery 1 <r <d, k,; € Ng
forevery 1 <r <dand1 < i < m withk, := Y/ k-; > 1, and the m-
tuples (k. 1, ..., k. n) are pairwise distinct. Assume also without loss of generality
thatk; > --- > kg. We will prove first that P(fn,, ..., fn,) #Z O, i.e., the functions
in {fn: h € H} are algebraically independent. Notice that P(f,, ..., fn,) is of the
form

S p R, (L4 )P iftx =30 apk+y,
witha_, #0, n € No, y € pZ,,
0 otherwise,

where the exponents B, := Y ;" | k- jh; belong to pZ, \ {0} and are pairwise distinct
because H is a Hamel basis of Q,, over Q contained in pZ,, k; ; € No, k, # 0 and the
numbers ki, ..., h; as well as the m-tuples (k, 1, ..., kr ») are pairwise distinct. Fix

—n

n € Ny. Since p™"*ra, # 0 forevery 1 < r < d, by Lemma 3.1, there is y € pZ,
such that Zle p " ra. (1 + y)P £ 0. Hence, by taking x = p~" + y, we have
P(fhys---s fn,)(x) #0.
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Some properties of differentiable... 401

Finally, let us prove that P(fp,, ..., fa,) exists and it is unbounded. Clearly
P(fnys ..., fn,) is differentiable and the derivative is given by
d B 0
Yop a0+ it =) apt +y,
r=1 k=—n (3.2)

witha_, #0, n € No, y € pZ,,
0 otherwise.

Notice that B, # 1 for every 1 < r < d since B, € pZ,. We will now rewrite
formula (3.2) in order to simplify the proof. Notice that if some of the exponents k,

are equal, i.e., for instance ki=--= kjforsomel <i < j <d, then p‘”ki is a
common factor in each summand p’”Eiaiﬂ,'(l +y)fi-t p’"ﬁjajﬂj(l +y)fi—1
Therefore, P(fh,, - .., fn,) (x) can also be written as
d . myg 0
Y p 0 ag By (L P ifx = Y apt +y,
g=1 s=1 k=—n
where a_,, # 0,n € Ny (3.3)
and y € pZ,,
0 otherwise,

where d € N, the Eq’s represent the common exponents of p_"ki with %1 > > Fkvg,

and o4 ¢ and B, ¢ are the corresponding terms o, and B, respectively. Now, since

a1.sP1,s # 0 and the exponents B s — 1 are pairwise distinct and not equal to 0 for

every 1 <s < mj, by Lemma 3.1, there exists y; € pZ, such that Z;”:l] ot1,s,31,§v(1 +

)11)/31-5:1 # 0. Take the sequence ()cn);’lo:1 defined by x, = p~™" + yi. Since k; >
- > kg, there exists ng € N such that

d _ Mg
[P (fings s ) Gdlp = D070 g oBys (1 4 yp)fes™!

g=1 s=1

p
~ ml
=P B+ )
s=1
d Mg
3N ag By (14 y)fes!
q=2 s=1 p

. m
=[P ) arBrs(+y)Ps!

s=1

mi
Z al,S,Bl’s(l —+ yl)ﬂl,s—l

s=1

_

’

p
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for every n > ng. Hence, lim,— o0 | P (fiys - - - fh,) (Xn)]p = 00. O

The reader may have noticed that the functions in the proof of Theorem 3.5 have
unbounded derivative but the derivative is bounded on each ball of Q. The following
result (which proof is a modification of the one in Theorem 3.5) shows that we can
obtain a similar optimal result when the derivative is unbounded on each ball centered
at a fixed point a € Q. The functions will not be differentiable at a.

Corollary 3.6 Let a € Q. The set of continuous functions Q, — Q, that are dif-
ferentiable except at a and which derivative is unbounded on Q, \ (a + Zp) and on
(a + Zp) \ {a} is strongly c-algebrable.

Proof Fixa € Q). Let H be a Hamel basis of Q,, over Q contained in pZ,,. For every
B € Z, \ {0} take the function fg defined in the proof of Theorem 3.5 and also define

gﬂ¢@p_>Qpby

p”[p‘”z(x —a))f ifxe Ep 2, (a+ p”z) for some n € N,

otherwise.

—n

gp(x) =

Notice that by applying the change of variable y = x —a we can assume, without loss
240 (p”z) withn € N, x is of the form

—(n

of generality, thata = 0. Since forany x € §p
p”2 + Z;:in2+1 akpk with a; € {0, 1,..., p — 1} for every integer k > n? +1, we
have that p‘”zx =14+ Zzi”2+1 akpk_”2 € 14 pZ,. Thus gg is well defined. Now,
forevery B € Z, \ {0}, let Fg := fp + gg. Itis easy to see that Fpg is differentiable at
every x € Q, \ {0} and, in particular, continuous on Q, \ {0}. Let us prove now that
Fg is continuous at 0. Fix ¢ > 0 and take n € N such that p™ < e.If |x], < pl_"z,

then

ng,—n* \p : ) n?
X ifxeB _, ,
|F,3<x)|:{"’ (P70, B - (P
otherwise,

pifx € B o (0",
0 otherwise.

Inany case, | Fg(x)| < &. Hence Fg is continuous. Moreover, Fg is not differentiable at

0. Indeed, by considering the sequence (x,);> | = ( p"2 + p"zﬂ);‘,‘; | Which converges

to O when n — oo we have

2 2 2
oy FBG) — Fg@lp 1P 0T (0" £ PP,

n—00 |xn|p n—00 |pn2 + pn2+1|p
= lim Lzmb = lim p"z_" = 0.
n— 00 pn n—00
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In particular, by the chain rule, the derivative of Fg on Q, \ {0} is as follows

0
P B+ YT i = ) apt +y,
k=n
Fg(x) = witha, #0, n € Z\N, y € pZ,,
PR )P ifx e §p,<n2+l)(pn2) for some n € N,
0 otherwise.

By the proof of Theorem 3.5 the functions in the set V. = {F,: h € H} are
algebraically independent, and every function in the algebra A generated by V over
Q, thatis not the O function is continuous, differentiable on Q, \ {0} and has unbounded
derivative on Q,, \ Z,,. It remains to prove that any nonzero algebraic combination in
V has unbounded derivative on Z, \ {0}. To do so, let Ay, ..., h, € H be distinct
and take P a polynomial in m variables with coefficients in Q,, \ {0} and without free

term. Then, by the chain rule, P(fp,, ..., fn,) on Ep_<n2+|> (p”z) is of the form

d mg
—n2 —n2 o
)4 " anquaq,sﬂq,s(P " x)ﬂq” 1,
g=1 s=1

see the proof of Theorem 3.5. Assume without loss of generality that k; < --- < kg.
Since o1 f1s # 0 and the exponents B; s — 1 are pairwise distinct and not
0 for every 1 < s < m, by Lemma 3.4, there exists y; € pZ, such that

Z:”zll a1 ,sP1s(1 + y)Prs=l £ 0. For every n € N, take x, = p”2(1 + y1). Then,
notice that there exists ng € N such that

d mg
2 2
[P(Fpysees B Gadlp = (P77 D ™0 Y ag oBys (P xn)fas ™!
g=1 s=1

d mg
2 —
= p" Do P" Y agBes 4+ !

q=1 s=1

mi
2 _
= pn pnkl Zal,sﬁl,s(l + yl)ﬂ” 1+

s=1

my

d
303 g B (14 y)fos !

q=2 s=1

mi
pnkl Zal,Sﬁl,s(l —+ yl)ﬂl.s—l
s=1 )

2
. n
=p
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mji
2_ _
=p" Y e Brs (L ypPe!
s=1 P

for every n > ng. Therefore lim,—, o0 | P (Fp,, - .., Fp,) (xs)|p = 00. O

In Corollary 3.6 we can replace unbounded derivative with being not Lipschitzian
although the conclusion is weaker in terms of lineability as it is shown in the following
proposition.

Proposition 3.7 The set of continuous functions Q, — Qp, which are differentiable
except at 0, with bounded derivative on Q, \ {0} and not Lipschitzian of order oo > 0
is c-lineable and I-algebrable.

Proof Let us prove first the lineability part. For any N € N, let fy: Q, — Q, be:

p" ifxesS 20 andneN,

Inx) = ,

0 otherwise.
For every x € @, \ {0}, it is clear that there exists a neighborhood of x such that fx
is constant since the spheres are open sets. Thus, fy is locally constant on Q, \ {0}
which implies that fy is continuous, differentiable on @, \ {0} and f (x) = O for
every x € Q, \ {0}. Moreover, it is easy to see that fy is continuous at 0. However,

fn is not differentiable at 0. Indeed, take x, = p”2 for every n € N. It is clear that
the sequence (x,),ecy converges to 0 and also, for every o > 0,

|fN(x")|P _ (—14an)n — 00
alg P ’
nlp

when n € N tends to infinity. Therefore fx is not differentiable at 0. Furthermore,
notice that for any M > 0 there are infinitely many x € Z, such that | fy (x)|, >
M |x|‘[’7. Hence fy is not Lipschitzian of order o« > 0.

It remains to prove that the functionsin V = { fy : N € N} are linearly independent
over Q, and such that the functions in span(V) \ {0} are differentiable except at
0, with bounded derivative on @Q, \ {0} and not Lipschitzian of order o« > 0. Let
=YY" aifn,whereay, ..., am € Qp, N1, ..., Ny € N aredistinctand m € N.
Assume that f = 0 and take n € Nl1 N Ng N---NNO. Then 0 = f(p”z) = a1 p”
which implies that «; = 0. Applying similar arguments we have that o; = 0 for
everyi € {1, ..., m}. Finally, assume that o; # O forevery i € {1, ..., m}. Itis clear
that f is continuous on Q, and differentiable on Q,, \ {0} with f} (x) = O for every

2 .
x € Qp\ {0}. Let x, = p™ forevery n € Nl1 N Ng n---N N,% and notice that
(Xn) e NIAN9N..ANY COnVerges to 0. Moreover, for every o > 0,

|f(x”)|P _ |0t]| p(—l—i-om)n
- P

p — OQ,
|xn|p
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whenn e N 11 N Ng N---NN, ,?1 tends to infinity. Hence, f is not differentiable at 0, and
also for every M > 0 there are infinitely many x € Z,, such that | f(x)|, > M|x|§.
For the algebrability part, let g: Q, — Q, be defined as:

p" ifxeS _2(0) forsomen € N,

gx) = P
0  otherwise.

By applying similar arguments used in the first part of the proof, we have that g is

continuous, differentiable on Q,, \ {0} with g’(x) = 0 for every x € Q), \ {0} and not

Lipschitzian of order a > 0. To finish the proof, let G = Bg* where € Q » \ {0} and

k € N.1Itis obvious that G is continuous, differentiable on @), \ {0} and G’ (x) = 0 for

every x € Q, \ {0}. Now, let x, = p”2 for every n € N. It is easy to see that (x;,),eN
converges to 0 and

— |ﬂ|pp(_k+an)n — 00,

when n — oo. |

Let 3 be the o-algebra of all Borel subsets of Z, and u be any non-negative real-
valued Haar measure on the measurable space (Z,, B). In particular, if i is normalized,
then u (x + p"Zp) = p " forany x € Z, and n € N. For the rest of the paper p will
denote a non-negative real-valued Haar measure on (Z,, B). As usual, a Borel subset
B of Z,, is called a null set for v provided that (B) = 0. We also say that a Borel
subset of Z, is a full set for p if Z,, \ B is a null set. (See [26, Section 2.2] for more
details on the Haar measure.)

It is easy to see that the singletons of Z, are null sets for any Haar measure p on
(Zp, B). Therefore Proposition 3.7 states in particular that, for any Haar measure 1
on (Zp, B), the set of continuous functions Z, — Q, that are differentiable except
on a null set for u of cardinality 1, with bounded derivative elsewhere, is c-lineable.
The following result shows that a similar version can be obtained when we consider
null sets of cardinality ¢ for any Haar measure 1 on (Z,, B). In order to prove it, we
recall the following definition and result from probability theory.

Definition 3.8 Let (2, F, P) be a probability space and Y be a measurable real-valued
function on 2. We say that Y is a random variable.

Theorem 3.9 (Strong law of large numbers, see [ 19, Theorem 22.1]). Let (Yy)nen, be a
sequence of independent and identically distributed random variables on a probability
space (2, F, P) such that, for each n € Ny, E[Y,] = m for some m € R (where E
denotes the expected value). Then

n—1
Y,
P({er:EI lim M:m}) =
n—00 n
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Theorem 3.10 Let u be a Haar measure on (Z,, B). The set of continuous functions
Z, — Qp, which are differentiable on a full set for . with bounded derivative but not
differentiable on the complement having cardinality ¢ is c-lineable.

Proof We will prove the result for 1 the normalized Haar measure on (Z,, B) since any
null set for the normalized Haar measure is also a null set for any other non-negative
real-valued Haar measure on (Z,, B). This is an immediate consequence of Haar’s
Theorem which states that Haar measures are unique up to a positive multiplicative
constant (see [26, Theorem 2.20]).

Let f: Z, — Z, be defined as follows: for every x = > 2 x; p' € Z,, we have

X if (x2;, x2i4+1) # (0, 0) for all i € Ny,
2n+1

Fl) = ; xipt if (xoi, x2i41) # (0,0) foralli <n )

with n € Ny and (x2,42, x2,+3) = (0, 0),
0 if (xo, x1) = (0, 0).

The function f is continuous. Indeed, letx = Y 2 x; plelZ pandfixe > 0. Take any
m € Ny such that p~@"*+D < ¢ Then forany y & Zj, such that [x — y|,, < p~@mtD
we have that y is of the form 37 x; p! + 302, y; p'. Hence, notice that in any
possible case of x given in (3.4), we have that | f (x) — f(y)|, < p~@mtD g

Let us define, for every i € Ny, the random variables Y;: Z, — {0, 1} in the

following way: for any x = Y 20 x;p' € Z,,

1 if (i, x2i41) = (0, 0),

Yi(x) = .
{0 if (x2;, x2i41) # (0, 0).

Notice that the random variables (Y;);cn, are independent and identically distributed
with E[Y;] = ﬁ for every i € Ny. Thus, by the strong law of large numbers, the set

00 n—1
; it Yilv) 1
J— j— .l . ==V "7 _
D_!x—.goxlp EZP'nlLH;O . =7
has measure 1. Now, since for every i € Ny, Y;(x) = 0 for all

X = Z?io xjpj that satisfy (x2;, x2j4+1) # (0,0) for each j € No, we have that
o0

M = O for all such x. Hence, it 1is clear that
E:= {Z;’ioxipi € Lp: (x2i, x2i+1) # (0,0) forall i € No} C Zp \ D. Moreover,
by construction card(E) = c¢. Notice that it is not obvious that E is a Borel set since
any Haar measure u on (Z,, B) is not complete. However, as Z,, \ D is a null set, we
have that if £ were a Borel set, then £ would be a null set. Let us prove that E is a
Borel set. Consider the finite field of p elements IF, endowed with an absolute value
| - |7—the trivial absolute value. Then I, is a discrete topological space, which implies
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that the product space IE‘%, =, x ), has the discrete topology. (Recall that the finite
product of discrete topological spaces has the discrete topology.) For every n € N, let
Tn: Ly — ]F?, be defined as 7, (x) = (x2n, X2041) for every x = Y 2 x;p' € Z).
Letn € No,x € Z), and fix ¢ > 0. Take an integer m > n. Then forevery y € Z, such
that[x—y|, < p~@m+D we have that 77, (x) = 7, (), i.e., |1, (X) =7, () |7 = 0 < &.
Hence 7, is continuous. Note that £ = ﬂff:o nn_l({(x, y) € ]F%,: (x,y) # (0,0)}),
where n,j]({(x, y) € IF%: (x,y) # (0,0)}) is closed since m, is continuous and
{(x,y) € F3: (x,y) # (0,0)} is closed in 3. Hence, E is closed since it is the
countable intersection of closed sets and, therefore, a Borel set.

Let us analyze now the differentiability of f. On the one hand, if for x =
Z?io x,-pi € Z, there exists ip € Ny such that (x2;y, x2ip+1) = (0, 0), then it
is clear that f is constant on some neighborhood of x, and hence differentiable at
x. On the other hand, if f were differentiable at x = Y ;o x; e Z, satisty-
ing (x2;, x2i4+1) # (0,0) for all i € Ny, then we would have f/(x) = 1. Assume,
by means of contradiction, that f is differentiable at x. For every n € Ny, take

Xy 1= Zzzigl xil’i + Z?i2n+4 yipi with y2,14 # 0, then

fO = fE) _ YXexip = 3 xip!
X=Fn  XiZona XD = Yitouia Vil
_ Z?izmz xil’i
B Z?izrurz xipt — 2?22n+4 yip'
_ Y2 XiP = Y itna Vi Yt a Vil
a a2 XDt = Yy ga Vi
Z?iznﬂ yip'
Z?iznjuz xip' — 222n+4 yipt

=1+

Now, as yz,4+4 # 0, we have

o] i

Zi:2n+4 Yip
00 : 0 -
Zi=2n+2 xXipt — Zi:2n+4 yip!

_ PP ifxonga #0,
, P! s #£0.

Thus we have lim, o0 |[x — Xulp = 0 and lim,,_ o0 | L2=LED) 4] > =2 £ 0,2
" p

contradiction.
Let us define the function g: Z, — Q, by:
pf(x') ifx = p"+ p"tx withn € Nand x’ € Z,,,
gx) = :
0 otherwise.
Notice that g is well defined since the sets B, := p" + p"t1Z p are pairwise disjoint.

(The sets B,, are the closed balls Ep_<n+1)(p”).) Ifx € Zp \ ({O} U U;’lozl Bn), then
there exists an open neighborhood U”* of x such that g is identically zero on U*, i.e., g
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is differentiable at x. Now, as g(p" + p"T!x) = p" f(x) foreveryn € Nand x € Lp,
and since f is continuous, it is obvious that g is continuous on U:O=1 B,,. Moreover,
g is also continuous at 0. To prove it fix ¢ > 0 and take n € N such that p™" < ¢. If
x € Z is such that x|, = p™", then x = x,, p" + p"T1x’ with x,, # 0. Furthermore,

Ip" f(D]p ifx, =1, PN, ifx, =1,
0 — X = =
180) =8l 0 otherwise, 0 otherwise.

Hence, |[g(0) — g(x)|, < p~" < ¢. Therefore we have proven that g is continuous on
Z,. Moreover, g is differentiable also on U;’,Ozl (B, \ E,) (with bounded derivative)
as f is differentiable on | J°2 | (B, \ En), where E, = p" + p"t1E; and g is not
differentiable on | J72 | E, since f is not differentiable on | J2 | E,. Notice that once
again card(E,) = ¢ for every n € Np.

Let us prove that E,, is a Borel set with (E,) = 0 for every n € N. To do so, let us
consider the restricted measure 1, = p”*! ;1 on the measurable space (B,, B3,), where
B, is the o-algebra of all Borel subsets of B,,. Notice that B, = {BN B,,: B € B} and
(By, By, iu,) is a probability space. Define now for every i € Ny the random variables
Yui: By — {0, 1} as follows: for x = p" + p"T1 3" 'x;p' € B,, we have

1 if (x2i, x2i41) = (0, 0),
Yn,i (x) = .

0 if (x2i, x2i+1) # (0, 0).
Once again the random variables (Y, ;);en, are independent and identically distributed
with E[Y, ;] = # for every i € Ny. Thus, the set

00 m—1
. o Yhi(x 1
x =p" 4 p"! E x;p' € By: lim Lizo Yni) =—
= m—00 m p
=l

=p"+p""'D =D,

is a full set for u,. By considering for each k € Ny the function 7, x: B, — IF?7
given by m, 1 (x) = (xax, Xok41) for every x = p" + p"t13 X x;pt € B,
and applying similar arguments as above, we have that m, ; is continuous. Hence
E, = ﬂ,fio T k({(x,y) € IE‘%,: (x,y) # (0,0)}) is once again a Borel set.
Furthermore, since E, C B, \ D, we have that E, is a null set for w,. Thus
w(Ey) = p~ "D, (E,) = 0 for every n € N.

Finally let us prove that g is not differentiable at 0. Since every neighborhood
containing 0 on Z, contains points x such that g(x) = 0, if g were differentiable
at 0 then g’(0) = 0. Assume that g is differentiable at 0. As p" + p"t1 3" pi =
P>, p' € By forevery n € N, we have that

g(p"+ p"t Y2, p) — 2(0)
pn + pn+] Z?io pz

p'f (Zf’io Pi)
Py S0P

p" Z?io Pi
P Y0P

=1,

p

where lim,, o |p" + p" ™ 322 P! }p = lim,— o p~" = 0, a contradiction.
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For every N € N, let us define fy: Z, — Q, by:

fne) =g() Y 1p,(x).

neN

Since B, N B, = @ for every distinct n, m € N, the function fy is well defined.
Furthermore, since each N € A is infinite, we can apply the above arguments to prove
that fx is continuous and differentiable on a full set for ;« with bounded derivative
but not differentiable on the complement having cardinality c.

It remains to prove that the functionsin V = { fy: N € N} are linearly independent
over Q,, and any nonzero linear combination over Q,, of the functions in V' satisfies
the necessary properties. Let F' := Zle a;i fn;, where k e N, ay, ..., ar € Qp, and
Ny, ..., Ny € N are distinct. We begin by showing the linear independence. Assume
that F = 0.Fixn € N NNYN---NNY and take x = p" + p"T1 3% p' € B,.
Then, 0 = F(x) = aj fn,(x) = a1 Y oo p! if and only if a; = 0. By repeating the
same argument, it is easy to see that a; = 0 foreveryi € {1, ..., k}. Assume now that
a; #0foreveryi € {1, ..., k}. Then F is continuous but also differentiable on

A:=7Z,\ | {0}U U Ea
"GU?{:]N:‘

(with bounded derivative). Applying similar arguments as above, we have that F is not
differentiable at 0. Letx € E, withn € Uf-;l N;. We will analyze the differentiability
of F at x depending on the values that F takes on B,,. We have two possible cases.

Case 1: If F is identically O on By, then F is differentiable at x.

Case 2: If F is not identically O on By, then there exists a € Q, \ {0} such that
F = ag. Hence F is not differentiable at x since g is not differentiable at x. Notice
that Case 2 is always satisfied.

To finish the proof, it is enough to show that A is a full set for pu, but this is an
immediate consequence of the fact that {0} U (Un U, N E,,) is the countable union

of null sets for y since it implies that

wlioyu U E.||=0
nGUl‘klei
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