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Abstract
In this paper, we investigate the existence of multiple solutions to the nonlinear p-
Laplacian equation

—Apu +h)|ul”2u = f(x,u) + g(x)

on the locally finite graph G, where A, is the discrete p-Laplacian on graphs, p > 2.
Under more general conditions, we prove that the p-Laplacian equation admits at
least two nontrivial different solutions by using the variational methods and the new
analytical techniques. Our results extend some related works.
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1 Introduction

Recently, differential equations on discrete graphs has attracted much attention from
many researchers, due to its strong application background, such as neural network
[1], image processing [2] and so on. In this paper, we study the existence of multiple
solutions to the following p-Laplacian equation

—Apu A+ h()|ul”2u = f(x,u) + g(x) (Sp)
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on the locally finite graph G = (V, E), where p > 2, A, is the discrete p-Laplacian
on graphs. In Euclidean space, the p-Laplacian A ,u = div(|Vu|P~2Vu) arises in non-
Newtonian fluids, flow through porous media, nonlinear elasticity, and other physical
phenomena. Problems like (S,) has been extensively studied in the Euclidean space;
see for examples Alves and Figueiredo [3], Cao and Zhou [4], Ding and Ni [5].
Especially, Jeanjean [6] studied the existence of two positive solutions for the equation

—Au+u= f(x,u)+gx), x eR",

where the perturbation term ¢ € H~'(R"), g # 0 and f satisfies some growth
conditions. For more interesting results, we refer the reader to [7-10].

When p = 2 in (S,), for any 0 < ¢ < &g, Grigor’yan, Lin and Yang [11] proved
that the perturbed equation

— Au+hu = f(x,u) +eg(x) (1)

has two distinct strictly positive solutions on a locally finite graph, where g satisfies
the following condition:

(g1)g € H™', g > 0andg # 0,where H™" is the dual space of H := {u € WH2(V) :
Jy hu*dp < oo}.

In particular, when g = 0, they [11] also established existence of positive solutions of
(1) on locally finite graphs.

The discrete p-Laplacian on graphs was introduced in [12] and has been well studied
ever since, mostly in the context of nonlinear potential and spectral theory, cf. [13, 14]
for historical overviews. The problem (S,) can be regarded as a perturbation problem
of the following problem

— Apu 4+ h()|u|”2u = f(x,u), xe€V. )

In [15], Grigor’yan, Lin and Yang studied the existence of nontrivial solutions to the
equation (2) on a finite graph. In addition, there were many interesting and important
papers of p-Laplacian equations on graphs. For example, Ge [16] studied a p-th
Kazdan-Warner equation on a finite graph. Han and Shao [17] studied the convergence
of ground state solutions to a p-Laplacian equation on a locally finite graph. For other
related works, we refer the reader to [18—21] and the references therein.

However, the multiple solutions of p-Laplacian equations on graphs have been
investigated less extensively. Moreover, most of the current research to perturbation
problems on graphs were in the case of p = 2 and without considering the case of
p > 2.

Motivated by [6, 11, 15], we focus on the p-Laplacian equation (S,) with pertur-
bation term g on the locally finite G. Specifically, we obtain the existence of positive
energy and negative energy solutions to the equation (S,) respectively. Throughout
this paper, we assume that G, h and f satisfy the following assumptions.

(G1) G isalocally finite and connected graph and its measure (1(x) > min > 0 for
allx e V.
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(Gy) Forany xy € E, the weight satisfies

deg,
wyy = wyx >0 and M := sup
xeV MK ( )

< 400,

where deg, := ) wy,.
yeV
(hy) There exists a constant hg > 0 such that h(x) > hg forall x € V.

(hz) e L7 V).
(f1) Foranyx €V, f(x,s) is continuous in s € R and there exist some q > p > 2

and C > 0 such that | f (x, s)| < C(1 + |s|9~") uniformly inx € V.
(f2) There exists some o > p such that for any s € R\ {0} there holds

0<aF(x,s) <sf(x,s)

forall x € V,where F(x,s) == [y f(x,0)dt.
(f3) f(x,s)=o(s|”~") ass — O uniformlyinx € V.

Our main result is the following theorem:

Theorem 1.1 Assume that (G1), (G2), (h1), (h2), (f1) —(f3) holdand g € L% V),
g # 0. Then there exists a constant § > 0 such that the equation (Sp) admits at least

two nontrivial different solutions, provided that ||g|| » = 8.
V)

Example 1.1 For any g > p > 2 the function |u|9~2u is a typical example of f which

satisfies (f1) — (f3).

Remark 1.1 The condition M := sup(
xeV

assumption, which ensures the reflexivity of the Sobolev space W7 (V) (see Corollary
5.8in [17]).

M(x) Z wyy) < +00 in (G7) is an essential

Remark 1.2 Our argument is based on variational method and critical point theory.
Though this idea has been used in the Euclidean space case, the Sobolev space and
Sobolev embedding in our setting are quite different from those cases. If g = 0 in
(Sp), then we have the same conclusion as Grigor’yan-Lin-Yang in [15] and our results
extend their work from finite graphs to locally finite graphs. The method in [11] is not
applicable to this paper, because g € = (V) in the present paper does not satisfy
(g1) in [11] when p = 2. Moreover, we generalized their results in [11] for p = 2 to
any p > 1 and enrich the existing results.

This paper is organized as follows. In Sect. 2, we introduce several preliminaries

and functional settings on graphs. In Sect. 3, we prove that the equation (S,) admits
at least two nontrivial different solutions.
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2 Preliminaries and functional settings
In this section, we introduce some preliminaries and basic functional settings. First
we give some definitions and notations on graphs.

Let G = (V, E) be a graph, where V denotes the set of vertices and E denotes the
set of edges, wyy: V x V. — R* be an edge weight function and p1: V — RT be
a positive measure on G = (V, E). y ~ x stands for any vertex y connected with x
by an edge xy € E. The distance d(x, y) of two vertices x, y € V is defined by the

minimal number of edges which connect these two vertices.
For any function u : V — R, the u-Laplacian of u is defined as

Au(x) = —— Zw’@ u(y) —u(x)).

y~x

The associated gradient form is defined by

1
Cu, v)(x) = 2—() xy(U(y) —u(x)(w(y) —v(x)).

The length of I'(«) at x € V is denoted by

[Vul(x) := /T (u)(x).

With respect to the vertex weight p, the integral of u over V is defined by

/;udu = Z,u(x)u(x).

xeV

The p-Laplacian of u is defined by

Apulx) = 7o )Zuw 20) + IVulP 2 00)) @y (u(y) — u(x)).

Let C(V) be the set of real functions on V. For any 1 < s < 0o, we denote by
L) = [u ccw: [ ubau = Y nwluor < oo}
xeV

the set of integrable functions on V with the respect to the measure . For s = oo, let

L®°(V) = {u € C(V) : suplu(x)| < oo}.

xeV
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Define
WP(V) = fu:V > R: / (Vul? + luP)dp < +00), p=2. (3
1%

where

1
P
lllwro vy = (f (IVu|p+|u|”)dM> .
Vv

Let C.(V) be a set of all functions with finite support, then WLP (V) is the com-
pletion of C(V) under the norm |[| - || y1.(yy (see Proposition 5.7 in [17]). We define
a subspace of W17 (V), which is also a reflexive Banach space, namely

X:={uewh?(wv)y: / hO)|u|Pdp < 400}
\%

with the norm

1

lullx = (/Vuww +h(x>|u|f’>du>P .

Clearly, X is a Banach space and also a reflexive space.
The functional related to (S) is

JWwm)=dw) —VYm), uelX, 4)
where
1
Sw) = —/(IVMIP + h(x)|ul?)dp (5)
plv
and

\I/(u):/ F(x,u)d,u+/ g(x)udu.
1% 1%

A weak solution to () is a function u € X satisfying

fv (IVulP"T (u, ¢) + hlul?2ug)dp = /V e wdu + /V g(0ddu,

forany ¢ € X, and corresponds to a critical point of the energy functional J. Obviously,
J € CY(X,R) and

(J' (), v) = (@' (), v) = (V' (), v), YveX, (6)
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190 M. Shao

where
(@ (), v) = /V(|W|P*2r(u, v) + h(x)|ulP2uv)du
and
.0 = [ fesdi+ [ e

Now, we present an important property of the space L*(V'), which will be used later
in Lemma 3.10.

Lemma 2.1 C.(V) is dense in L*(V), s € [1,+400), where C.(V) be a set of all
functions with finite support.

Proof We only need to prove that for any u € L5(V), there exist uy € C.(V) such
that |juy — ul|s — 0 as k — oo. Fix a base point xo € V and define n; : V — R as

1, dy <k,
n(x) =4 Qk—dy)/k, k <d, <2k,
09 dx 2 2ka

where d, := d(x, xp). Obviously, {1t} is a nondecreasing sequence of finitely sup-
ported functions which satisfies 0 < nx < 1 and klim ne = 1.
—> 00

Let uy = ung € Cc(V). It suffices to show that |[ug — ull{ = [}, [ux — ul*dp —

0 as k — oo. Since fv lul*dpu < 400 and |k7{dx| < 1, we have

fvm—uwdu: Yool —ulf @+ Y u = uf ()

xeV.,dy <k xeV. k<d, <2k
+ Y luk—ul (0)px)
xeV.,dy>2k

e+ Y ) pix)

k — dy
k x€V.dy>2k

> w@p

xeV k<dy <2k

< ) @Pr@+ Y @)
xeV k<d, <2k xeV.,dy>2k

= Y @) ux)

xeV.,dy>k

— 0 as k —> oo.
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Lemma 2.2 ( [17, Lemma 2.1]). Assume that u € WP (V). Then for any v € C.(V)
we have

/ [Vu|P 72T (u, v)dpu = —/(Apu)vdu.
\4 %4

Lemma 2.3 Assume that h(x) satisfies (h1) and (h2). Then X is continuously embed-

ded into LS (V) for any s € [1, 400]. Namely there exists a constant & depending on

S, P, Mmin, ho and ||h_1||% such that for any u € X, |lul|s < &||ul||x. Moreover, for
p—

any bounded sequence {uy} C X, there exists u € X such that, up to subsequence,

Up—u in X,
urp(x) = u(x) Vx eV,
up — u in L*(V),Vs €[1, +o0].

Proof The proof is similar to Lemma 2.6 in [17] and we include it here for complete-
ness. Suppose u € X. At any vertex xo € V, we have

|5 > pminholu(x0)]”,

which gives

u(xp) < ( ) lullx. )

min/0

Therefore, X <> L°(V) continuously. Thus X < L%(V) continuously for any
p <s < oo. In fact, for any u € X, we have u € L?(V). Then for any p <,

/|u|~‘du:f Pl ~Pd
\% 14

p=s _
< (Uminho) 7 ||u||;”/ u|Pdp
|4
p=s _ h
< (minho) 7 IIuII}”f h—olul”du
\%4
| _
» —IIuII}”/thI”du
ho v

p=s —=
< (Wmin) ? h() ! ||M||§( < 400,

P

< (Uminho)

which implies that u € L*(V) and for any p <'s,

1
, s p=s -4
llulls = </ |M|'Sdl$> < (min) 7 ho " [ullx. (®)
14
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192 M. Shao

Next, we prove that E < L°®(V) continuously for any 1 < s < p. Indeed, (h3)
implies that

hl e L7 (V). )

Then for any u € X,

1 1
/Iuldu=f BT Juldp
14 14
=1 1
_1. _pr P P
() ([
14 14
L ,
— e, (/hlulpdu>
p—1 \%4
1
14

<A77, Hullx < +oo, (10)

p—1

which implies that u € L' (V). And it follows from

1
il ey < f uldpe
\%

Mmin
that
K} s—1 1 ' 1 —1 % K
[ul’dp = | |ul’" |uldp < o] luldp ) = ——= 1A 115, Iully.
Vv Vv Mmin % Mmin p—1
(11)
Therefore, forany 1 <s < p, X < L*(V) continuously and
1 1
N ﬁ _ =
lulls = </ Iulsdu> < (min) = 7ML Hullx. (12)
Vv p—1

By (8) and (12), we can obtain that there exists a constant £ depending on
S, P Mmin, ho and ||h_1||ﬁ such that for any u € X,

[ully < &llullx-

Let p* be the exponent conjugate to p. Each element v € L?" (V) defines a linear
functional ¢, on L? (V) via

v (1) =/ uvdp, u € LP(V).
14
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Noting that X is reflexive, for {u;} bounded in X, we have that, up to a subsequence,
ur—u in X. on the other hand, {u;} C X is also bounded in L”(V) and we have
ur—u in LP(V), which tell us that,

lim ¢y (uy — ) = lim / (e = wvdp = lim D ) (e (x) — u(x)v(x) =0, Yo e L (V).
n—00 —00 Jy — 00

xev
(13)
Take any xp € V and let
w={y 1o
Obviously it belongs to L (V). By substituting vg into (13) we have
klilgou(XO)(uk(XO) —u(xo)) =0, (14)

which implies that lim uy(x) = u(x) forany x € V.
k— o0

We now prove uy — u in L(V) forall 1 < s < 4o00. Since {u;} bounded in X
and u € X, there exists some constant C; such that

/ hlug —ulPdp < Cy.
v

Let xo € V be fixed. For any € > 0, in view of (9), there exists some R > 0 such that

1
/ h - Tdu < €P.
d(x,x0)>R

Hence by the Holder inequality,

_1 1
/ |uk—u|dﬂ=/ BT g — uldu
d(x,x9)>R d(x,x0)>R
1

o\ 5
< / h rTdu / hlug —ulPdu
d(x,x0)>R d(x,x0)>R

1
<Cler . (15)

Moreover, we have that up to a subsequence,

lim luy —uldp = 0. (16)
k— 00 d(x,x0)<R
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Combining (15) and (16), we conclude

lim inf/ lup — uldp = 0.
1%

k— 400

In particular, there holds up to a subsequence, ux — u in L' (V). Since

1
/ lug — uldp,
Mmin JV

g — ul||poevy <

there holds for any 1 < s < +o0,

1<f e — uldpp)”.

mm

Therefore, up to a subsequence, uy — u in L*(V) forall 1 <s < 4o0. O

3 Proof of Theorem 1.1

In this section, by using the Ekeland variational principle and the Mountain Pass theo-
rem, we prove that the equation (S,) admits at least two nontrivial different solutions.

Lemma 3.1 (/22, Mountain Pass theorem]). Let (Y, || - ||) be a Banach space and
I € C' (Y, R) be a functional satisfying the (PS). condition. If there exist e € Y and
r > 0 satisfying ||e|| > r such that

b::lmf I(u) > 1(0) > I(e),

|ul|=r
then c is a critical value of 1, where

¢ := inf max I(y (1))
yel te

and

={y € C(0,11,Y) : y(0) =0, y(1) =e}.
Lemma 3.2 (/23, Ekeland variational principle]). Let (Y, d) be a complete metric
space and I : Y — R 400 be a lower-semicontinuous function which is bounded

from below. Suppose ¢ > 0 and v are such that

I() <infl +e.

Then given any A > 0, there exists u) € Y such that

I(u;) < I(v), d(uy,v) <A,
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Existence and multiplicity of solutions... 195

and
Iuy) < I(u) + ;d(ux, w), Yu # us.

Lemma3.3 Ifu € X is a weak solution of (Sp), then u is also a point-wise solution

of (Sp).

Proof If u € X is a weak solution of (S,), by Lemma 2.2, for any test function
¢ € C.(V), we have

/V(—Apu¢+h|u|”_2u¢)du=/Vf(x,u)¢d,u—/vg(X)¢du- amn

For any fixed xo € V, taking a test function ¢ : V — R in (17) with

1, x = xo,

¢<x>={0’ e

and ¢ € X, then we have

— A pu(x0) + hlu(x0) [P~ *u(x0) — f (xo, u(x0)) — g(x0) = 0.

Since x is arbitrary, we conclude that u is a point-wise solution of (S,). O

Lemma3.4 Let (G1) — (G3), (hy) — (h2), (f1) and (f3) hold and suppose that g €
p
L»=1(V), where p > 2. Then J is weakly lower semi-continuous.

Proof Note that
Jw)=dw) — V), uclkX,

where
du) = l/(|Vu|1’—l—h()c)|u|1’)al,u and W(u) :f F(x,u)du—i—/ g(X)udpu.
pPJv v v

It is easy to see that ® is weakly lower semi-continuous in X. Next, we prove that W
is weakly continuous in X. Let u,—u in X as n — oo. Consider the Banach space
LP(V) N L9(V) endowed with the norm ||u||zr(v)nLa(v) := llullp + Ilully. Then
by Lemma 2.3, we have that u,, — u in L?(V) N LY(V) and u,(x) — u(x) for all
x € V. If (f1) and (f3) hold, then for any ¢ > 0, there exists C. > 0 such that
|fe,wl < elul” ' + Celuld™", VueR, xeV (18)

and

c
IFe,w)| < Slul? + Z2u)?, YueR, xeV. (19)
P q
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Then, by (19) and Lemma 5.10 in [17], there exists a function Q(x) € LY (V)
such that |F(x,u,)| < Q(x) and F(x,u,(x)) - F(x,u(x)) as n — —+oo for
any x € V. Hence, by the Lebesgue dominated convergence theorem, we have
lim [y, F(x,u,)du = [, F(x,u)dp. Furthermore, by the Holder’s inequality, we
n—)tOO

ge

/ 8()(un —wydp < lgll_z llun —ullp — 0 as n — oo.
14

Thus, ¥ is weakly continuous in X. Therefore J is weakly lower semi-continuous in
X. O

Lemma 3.5 Assume (f1) — (f3) hold. Then there exist positive constants p, o, § such
P
that J (u) > o forall functions u with ||u||x = pandallg € L»=1 (V) with || g|| L <
=
3.

Proof By (19) and the Holder’s inequality, we have

J(u) = l/(IWIp+h|uI”)du—/ F(x,u)du—/ g(x)udp
pPJv 1% 1%

V

1 £ Ce
> —lull — =lully — —Illulg — IIgII el
px T e T q 2

\Y

1 e C
> —lully — =& llully — —&lulld — $3||g|| plullx
p p q

1 ¢ 1 C -1
= |lullx |:<; - ;51) lulh™ — 7852”’4”?( —53||g||p1’1:|o

Taking ¢ = % and setting

1 C
n(t) = —1P~1 — L1971 Wr € [0, +00),
2p q

we see that there exists p > 0 such that max n(t) = n(p), since g > p > 2.
tel0,400)

Taking 6 = we obtain that J (u) > o := ’7(’% > Oforall u in X with |lul|x = p

S

T:

and for all g € L»-T(V) with ||g||L1 <$é m|

Lemma 3.6 Assume (f1) — (f3) holds. Then there exists some non-negative function
u € X such that J(tu) — —oo ast — +00.

Proof We obtain from ( f2) and (f3) that there exist positive constants Ci and C; such
that

F(x,s) = Cils|* = Cals|P, V(x,s) €V xR, (20)
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where @ > p > 2. Let x¢ be fixed. Take a function

. 1 x = xp;
ux) = 0 x # xp.

Note that F(x, 0) = 0, then we have

p
J(tu) = t—/(|Vu|p+h|u|p)d,u—/ F(x,tu)d,u—/ g(x)tudu
pJv 1% 1%

p p
- %Dvmp(m(x) + %Zh(X)Iu(X)I”M(X)

xeV xeV

=D R F(x, tu(x)) = Y () g (x)tu(x)

xeV xeV
tP tP
= —ZIVMI”(X)M(X) + ;h(XO)IM(xo)I”,u(xo)
xeV

— 1 (x0) F (x0, 110(x0) — 1 (x0)g (x0) 114 (x0)
p p
= LY v o) + %h(xo)u(xo)

xeV

—(x0) F(x0, 1) — pu(xo)g(xo)t
14 14
I—ZWMI”(X)M(X) + %h(m)u(m) — u(xo)Crt*

xeV

IA

+(x0)Cat? — pu(xo)g (xo)t.

By the definition of u(x), the nonzero terms of Y |Vu|P(x)u(x) are finite, since
xeV
G = (V, E) is locally finite graph. Then ) |Vu|? (x)u(x) is bounded. Therefore,

xeV

tP tP
Ty < =" |VulP (x)p(x) + — hG0)uo) = pxo)Cur + (o) Cat?
xeV
—u(x0)g(x0)t — —00

ast — +oo,since o > p > 2. O

Next, we prove that J satisfies (PS). condition. And first we need the following
two lemmas.

Lemma 3.7 Foranyu,v € X, it holds that

(@' () — '), u—v) = (ullZ " = I Dullx = vllx). @D
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Proof We follow the idea of the proof of Lemma 3.1 in [24]. By direct computations,
we have
(@' (u) — @' (v), u —v) = (' (), u —v) — (¥ (v), u —v)
= / (VulP 72T (u, u — v) + hlu|P2u(u — v))dp
1%
— / (VP20 (v, u — v) + h|v|P 20 (u — v))dp
1%
= [ 4vulr 2 — a2
1%
+ huP72w? — uv))dp
- [ (IVo|P~2T (v, u) — |Vv|P 2T (v, v)
1%
+ hv|P "2 (vu — v?))dp
- / (IVul? + |Vv|? — |Vu|P7T (u, v)
1%
— [VulP T (v, w)dp

+/ R(ul? + []? — [ul”"2uv — [v|P2vu)dp

\%4

= ||u||§}+||v||§—/(|Vu|"*2r(u,v>+h|u|f’*2uv>dﬂ
1%

—/(|VU|P*2F(v,u)+h|v|P*2uu)dM.
\%4
Applying Holder’s inequality,

f(|w|f’—2r<u,v)+h|u|f’—2uv)du
14

= /V <|w|”—2%2wxy(u(y> —u (@) (V(y) = v(x)) + hlul’"*uv)dp

y~x

- /V (|W|p—2%2wi(u(y> ) 00) — @) + hlul?u)dp

y~x

< f (IVulP=2(C @) 2 (T ()2 + hjulP2uv)dp
\%

= f (VulP~2|Vu||Vu| + hlu|P 2uv)dp
1%

p-1 1 p-1 1
< (/ |Vu|l’du> ’ (/ |Vv|pdu>p+</ hlulpdu) ' (/ h|v|PdM)p.
\%4 \% \4 \%
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Using the following inequality
@+bfc+d) ™ =alc!F 4 pPa' P, (22)

which holds for any 8 € (0, 1) and for any a, b, c,d > 0. Set 8 = pr1 and

a:/ [Vu|Pdu, b:/h|u|”du, c=/ [Vu|Pdu, d:/h|v|”du,
v v v v

(23)
we can get that
/ (VP72 (u, v) 4 hlulP"2uv)dp
\%
-1 1
P p
< (/(|Vu|f’+h|u|f’)du) (/ (IVvl”+h|v|”)dM)
\%4 \%
= [l 2" fvllx. (24)

Similarly, we can obtain
f (IVVIP72T (v, u) + hlo|P2vuydp < [l |lullx.
\%4

Therefore, we have

-1 -1
(@' () — D' (), u—v) > [lully + vl — Nl Hollx — [l ullx

—1 —1
= (lully ™ = olly Hlullx = lvllx)-

Lemma3.8 Ifu,—u in X and (D' (u,), un — u) — 0, then u, — u in X.
Proof Since X is a reflexive Banach space, weak convergence and norm convergence
imply strong convergence. Therefore we only need to show that ||u,|lx — |lullx.
Note that

lim (@' (un) — D' (W), up —u) = lim (' (un), up — u) — (' (u), up, —u) = 0.

n— o0 n—0oQ
By Lemma 3.7 we have,

/ / p—1 p—1
(P (un) — P (), up —u) = (Hlunlly = lully Hlunllx — llullx).

Hence ||u,||x — ||lu]|x as n — oo and the assertion follows. m|

Now, we prove that J satisfies (PS). condition.
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Lemma 3.9 Assume (h1), (h2) and (f1) — (f3) holds. Then J satisfies the (PS).
condition for any ¢ € R.

Proof Note that J (1) — c and J'(uy) — 0 as k — +o0 are equivalent to

1
—[luxll% —/ F(x, up)dp —/ gX)urdp = ¢ + ox(1), (25)
p 1% 1%
and
(@' (up), v) — (V'(ug), v) = ox(D||vl|x, Yv e X. (26)
Here, ox (1) — 0 as k — +oo. Taking v = uy in (26), we have

leer |1 =/Vf(x,uk)ukd/t+/Vg(X)ude+0k(1)llukllx- 27)

In view of (f2), we have by combining (25) and (27) that

gl < 2 [ / £ upupdp + f g(x)ukdu]
o 1% Vv

+(p=2) [ etomdu+ pe-+ o)
a’ Jy

IA

v Nukllp + ok (Dlugllx + pe + ok (1)

4 p
Zllucli + (p = £ gl
o o P

p p
Pl + (= £ elel
o o

IA

e |lullx + o (Dllukllx + pc+ ox(1).

p—1

Then
4 p
(1= 2) 1ty = (= 2) 811
o o

which implies that {u;} is bounded in X, since @ > p > 2. Then Lemma 2.3 implies
that up to a subsequence, there exists © € X such that uy—u in X and uy — u in
L°(V),1 <s < +o0.

It follows from (18) that

p|lullx 4+ ox(Dllukllx + pc + or(1),

p—1

/Vf(x,uk)(uk—u)du S/VIf(x,uk)lluk—uldu

< f (el P~ + Colugl™Yug — uldpe
\%4

—1 —1
<elluglly™ llug — ullp + Cellug g™ llux — ullg

p—1 g—1
< &illurlly lur —ullp + Ce&allurlly llur — ullg
= or(1).

@ Springer



Existence and multiplicity of solutions... 201

Note that fv gx)(up —u)du < ||g||ﬁ lur — ullp, = ox(1). Replacing ¢ by uy — u
in (26), we have

(D (up), ux — u) = fv (IVug|P 72T (g, uge — ) + hlug [P~ 2ug (g — u))dp
=/Vf(x,uk)(uk—M)du-f-/vg(x)(uk—M)du+0k(1)||uk—ullx
= or(1),

thus (®'(uy), uy — u) — 0 as k — o0o. Then, by Lemma 3.8 we have uy — u in X
as k — oo. O

We have the following conclusion about the perturbation term g.

Lemma 3.10 Suppose that g € L%(V) and g # 0. Then there exists a function
¢ € X such that [, g(x)¢(x)du > 0.

Proof By Lemma 2.1, we know that C.(V) is dense in L” (V). Slnce lg| =i g €

LP(V), there exists a sequence {g,} in C.(V) such that g, — |g|ﬂ - g in LP(V).
Hence, there exists ng > 0 such that

» =
llgno — 181771 "¢llp = —IlgIILl.
Obviously, g,, € X and taking ¢ = g,,, we have

/g(X)fp(X)dM=/ gno(x)g(x)du
\%4 \%

Lr__9 P
> —/ 8ng(X) — [g(x)|r~1 g(X)‘ Ig(x)ldu+/ lg(x)I7Tdu
\% \%
£ p
> —llgny — lglP T gllpllgll -+ ||g||
4 A
z——llgll ; IIgII +||g||iI

e
= —IIgIILl > 0.

Proof of Theorem 1.1 The proof of this theorem is divided into two steps.
Step 1. In this step we prove that there exists a function ug € X such that J'(ug) = 0
and J (up) < 0. In fact, by Lemma 3.10 and (20), there exists ¢ € X such that

t[’
J(09) = gl = “Cllpls + 17 Callol —rf g(pdu <0,
14
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for t € (0, 1) small enough and ||¢||x < p, where p > 0 is given in Lemma 3.5.
Thus we get co = inf{J(u) : u € Ep} < 0, where B, = {u € X : |lullx < p}. By
the Ekeland variational principle, Lemma 3.4 and Lemma 3.5, there exists a sequence
{un} C B, suchthat co < J(un) < co+ 1 and J(v) = J(uy) — Llv —uy| x forall
NS Ep. Then a standard procedure gives that {u,} is a bounded (P S) sequence of J.
Therefore, Lemma 3.9 imply that there exists a function ug € B, such that J'(ug) = 0
and J(ug) = c¢9 < O.

Step 2. In this step we prove that there exists a function u; € E such that
J'(u;) = 0 and J(u;) > 0. By Lemma 3.5, Lemma 3.6 and Lemma 3.9, J
satisfies all the assumptions of the Mountain Pass theorem. Thus we obtain that
c1 = infyer maxseqo,1) /(¥ (t)) is the critical value of J, where I' := {y €
C(0,1], X) : y(0) = 0,y (1) = e}. In particular, there exists some u; € X such
that J(#) = ¢1. By Lemma 3.5, J(u1) = ¢1 > o > 0. Thus, 0 # u; # uyp.
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