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Abstract

Let {h,} be a sequence in R? tending to infinity and let {T},} be the corresponding
sequence of shift operators given by (73, f)(x) = f(x—h,) forx € R¢. We prove that
{7}, } converges weakly to the zero operator as n — o0 on a separable rearrangement-
invariant Banach function space X (R?) if and only if its fundamental function ¢x
satisfies ¢x (t)/t — 0 as t — oo. On the other hand, we show that {7},,} does not
converge weakly to the zero operator as n — 0o on all Marcinkiewicz endpoint spaces
M, (Rd ) and on all non-separable Orlicz spaces L® (Rd). Finally, we prove that if {/,}
is an arithmetic progression: 4, = nh,n € N with an arbitrary h € Rd\{O}, then {7, }
does not converge weakly to the zero operator on any non-separable rearrangement-
invariant Banach function space X (R?) as n — oo.
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1 Introduction

One of the powerful methods for the study of Fredholm properties of convolution type
operators with oscillating symbols on Lebesgue spaces L? is the so-called method
of limit operators (see [5,15,21] and also [6]). It is based on the observation that
for a given bounded linear operator A and a cleverly chosen sequence of isometries
{V,.}, the strong limit of the sequence an1 AV, (if it exists) preserves some important
information about A and can be much simpler than the original operator A. This
strong limit is called the limit operator of the operator A with respect to the sequence
of isometries {V,,}. To give a simple example illustrating this idea, let us consider the
shift operator T;, on L” (R?) withd € Nand 1 < p < oo given for i € R? by

(Th ) (x) == f(x —h), xeR?, (1.1

It is clear that T}, is an isometry on L” (RY).

Lemma1 Let {h,} be a sequence in RY such that |h,| — +o0 as n — oo and
let {Ty,} be the corresponding sequence of shift operators on the Lebesgue space
LP(RY), 1 < p < oo. If K is a compact operator on LP (R?), then the strong limit of

the sequence {Th_,,l KTy, } as n — oo is the zero operator.

Thus the limit operators of a compact operator with respect to the sequences {Th,, }
with {£,} tending to infinity are all equal to the zero operator. The proof of the above
lemma is contained in [6, Lemma 18.9] for d = 1. For other values of d € N the proof
is essentially the same. It is reduced to the proof of the weak convergence of {Thn } to
the zero operator as n — oo.

Weak convergence of the sequence {7},,} to the zero operator (that is, convergence
to the zero operator in the weak operator topology) on more general rearrangement-
invariant Banach function spaces does not seem to have been studied before. Since
this is not an entirely trivial question, we address it in the present paper.

For definitions of a rearrangement-invariant Banach function space X (R?) and its
fundamental function ¢x we refer the reader to [3, Chap. 2] and Sect. 2.1 below (see
also [20, Chap. 7], [13, Chap. 2], and [23]). Let h € R? and f € X (R?). Since f and
Ty, f are equimeasurable, the shift operator defined by (1.1) is an isometry on X (RY).

Our first main result gives necessary and sufficient conditions for the weak
convergence of the sequence {7}, } to the zero operator as n — 00 on a rearrangement-
invariant Banach function space X (RY).

Theorem 1 Let {h,} be a sequence in R? such that |h,| — 400 as n — oo and let
{T},} be the corresponding sequence of shift operators on a rearrangement-invariant
Banach function space X (R%) with fundamental function ¢x.

(a) If the sequence {1}, } converges weakly to the zero operator as n — oo on the
space X (Rd), then

px()/t > 0 as t — oo. (1.2)
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(b) If the space X (R?) is separable and (1.2) is fulfilled, then the sequence {Th,}
converges weakly to the zero operator as n — 00 on the space X (R?).

Note that condition (1.2) is not fulfilled for the space L' (R?). Hence the sequence
{7}, } does not converge weakly to the zero operator on L'(R4). We will show that
condition (1.2) is fulfilled if the space X (R?) is reflexive (see Corollary 1) or its upper
Zippin index is non-trivial, that is, gx < 1 (see Lemma 3).

On the other hand, we will show that there are non-separable rearrangement-in-
variant Banach function spaces satisfying (1.2), in which the sequence {7, } fails
to converge weakly to the zero operator as n — oo. For instance, these are the
Marcinkiewicz endpoint spaces Mw(Rd) built upon quasi-concave functions ¢ :
[0, 0c0) — [0, 00) satisfying ¢(¢)/t — 0 as t — oo and non-separable Orlicz spaces
L?(RY) (see Sect. 2.2 below).

Our second main result is the following.

Theorem 2 Let {h,} be a sequence in R? such that |h,| — 400 as n — oo and let
{T},} be the corresponding sequence of shift operators on a rearrangement-invariant
Banach function space X (R?) with fundamental function ¢x. Then the sequence {Th,}
does not converge weakly to the zero operator as n — oo on the space X (R%) if one
of the following conditions is satisfied:

(@) lim;—0 @x (1) > 0 or lim;— o0 @x (1) < 00;

(b) the space X (R?) is the Marcinkiewicz endpoint space M, (R?) built upon a quasi-
concave function ¢;

(¢) X(RY) is a non-separable Orlicz space L® (R?) built upon a Young’s function .

Note that L (R?) satisfies both conditions in (a) in the above theorem. Hence the
sequence {7}, } does not converge weakly to the zero operator on L®(RY).

The above theorem suggests the following question, which we were unable to
answer.

Question 1 Let {h,} be a sequence in R¥ such that |h,| — 400 as n — oo. Is there
a non-separable rearrangement-invariant Banach function space X (R¢) on which the
sequence {7}, } converges weakly to the zero operator as n — 00?

Nevertheless, our last main result shows that the answer to the above question is
negative in the case when {/,} is an arithmetic progression: h, = nh, n € N with
an arbitrary h € R?\{0}. In this case, the sequence of shift operators {7},;,} does not
converge weakly to the zero operator on any non-separable rearrangement-invariant
Banach function space X (R as n — oo.

Theorem 3 Let X (R?) be a non-separable rearrangement-invariant Banach function
space and h € Rd\{O}. Then there exist f € X(RY and F € X*(R?) such that

inf |F(Tun £)| > O, (1.3)
neN

and hence the sequence {T,, } does not converge weakly to the zero operatorasn — o0
on the space X (R,
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The paper is organized as follows. In Sect. 2, we recall definitions of a
rearrangement-invariant Banach function space X (R) and its fundamental function
@x, as well as definitions of Marcinkiewicz endpoint spaces and Orlicz spaces, which
are prominent examples of rearrangement-invariant Banach function spaces. Then we
discuss the measure preserving transformation @ (x) = wg|x |4 of R? to R4, where
wg 18 the volume of the unit ball in RY. Further, we recall the definitions of the Boyd
and Zippin indices of a rearrangement-invariant Banach function space X (R?) and
state some sufficient conditions for (1.2) in terms of these indices. Finally, we present
a version of [13, Chap. II, Theorem 4.8]. In Sect. 3, we prove that, given a compact
set F' of positive measure, the condition ¢x(f) — oo as t — oo is equivalent to the
condition fh,1+F f(x)dx = o(1) asn — oo forevery function f € X (RY). Using this
auxiliary fact, we prove Theorem 1. In Sect. 4, we first state an extension of Lemma 1
to the setting of separable rearrangement-invariant Banach function spaces satisfying
(1.2). Further, we show that condition (1.2) is fulfilled if the space X (R9) is reflexive
or if its upper Zippin index satisfies gx < 1. We believe that these two cases will arise
more frequently in expected applications of our analogue of Lemma 1. Section 5 is
devoted to the proof of Theorem 2. We start it with the proof of part (a). Further, we
show that if the space X (R?) contains a function g, whose non-increasing rearrange-
ment cannot be approximated by the right truncations g* x[0, ], then the sequence of
shift operators {7},,} cannot converge weakly to the zero operator as n — oo on the
space X (RY). Using this result, we prove parts (b) and (c) of Theorem 2. In Sect. 6,
we give a proof of Theorem 3. In Sect. 7, we show that the closure X.(R%) of the
set of all compactly supported (not necessarily bounded) functions in a non-separable
rearrangement-invariant Banach function space X (R?) with respect to the norm of
X (R?) is a proper subspace of the space X (R?). We prove that if the upper Boyd
index satisfies By < 1, then the sequences {7}, f} converge weakly to the zero func-
tion as n — oo in the space X (R?) for all functions f € X.(R%).

2 Preliminaries
2.1 Rearrangement-invariant Banach function spaces

By my and 7 denote the Lebesgue measure on R? and R, := [0, 00), respectively.
Let (S, u) be one of the measure spaces (R?, my) or (Ry,m). The set of all u-
measurable extended complex-valued functions on S is denoted by M(S, ). Let
MT(S, ) be the subset of all functions in M(S, i) whose values lie in [0, 0o].
The measure and the characteristic (indicator) function of a measurable set E C S
are denoted by w(E) and xg, respectively. Following [3, Chap. 1, Definition 1.1], a
mapping p : M (S, u) — [0, colis called a Banach function normif, for all functions
f. g, fn (n € N)in MT(S, ), for all constants a > 0, and for all measurable subsets
E of S, the following axioms hold:

(Al) p(f)=0<% f=0 ae, plaf)=ap(f), p(f+8) <p(f)+pr(),
(A2) 0<g<f ae = p(g) <p(f) (thelattice property),
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(A3) 0< fut f ae. = p(fu) 1 p(f) (the Fatou property),
(Ad) u(E) <00 = plx) < oo,

mwmm<m:ﬁﬂmMSQMﬁ

with Cg € (0, co), which may depend on E and p but is independent of f. When
functions differing only on a set of measure zero are identified, the set X (S) of all
functions f € M(S, w) for which p(| f|) < oo is called a Banach function space. For
each f € X(S), the norm of f is defined by || flx) := p(|f]). Under the natural
linear space operations and under this norm, the set X (S) becomes a Banach space
(see [3, Chap. 1, Theorems 1.4 and 1.6]). If p is a Banach function norm, its associate
norm o’ is defined on M™ (S, ) by

p'(g) := sup {/;f(x)g(X)dx L feMTS ), p(f) < 1}, g e MF S, .

It is a Banach function norm itself [3, Chap. 1, Theorem 2.2]. The Banach function
space X' (S) determined by the Banach function norm o’ is called the associate space
(Kothe dual) of X (S). The associate space X' (S) is naturally identified with a subspace
of the (Banach) dual space X*(S).

Let Mo(S, ) and ./\/lg (S, ) be the classes of a.e. finite functions in M (S, 1) and
M (S, w), respectively. The distribution function s of f € Mo(S, ) is given by

pp@) =pfx €S:|f(x)|>al, A=0.
The non-increasing rearrangement of f € Mg(S, w) is the function defined by
fr@) :=inf{r:purd) <t}, r>0.

We use here the standard convention that inf = +o00. Now let (S, u), (T,v) €
(R, my), (Ry, m)}. Two functions f € M(S, u) and g € Mo(T, v) are said to be
equimeasurable if 1 (L) = vg(A) forall A > 0.

A Banach function norm p : M™(S, u) — [0, o] is called rearrangement-in-
variant if for every pair of equimeasurable functions f, g € /\/lar (S, n), the equality
p(f) = p(g) holds. In that case, the Banach function space X (S) generated by p is said
to be a rearrangement-invariant Banach function space (or simply a rearrangement-
invariant space). Lebesgue spaces L”(S), 1 < p < oo, Orlicz spaces L‘p(S), and
Lorentz spaces L?-9(S) are classical examples of rearrangement-invariant Banach
function spaces (see, e.g., [3] and the references therein). By [3, Chap. 2, Proposi-
tion 4.2], if a Banach function space X (S) is rearrangement-invariant, then its associate
space X'(S) is also rearrangement-invariant.

Following [3, Chap. 2, Definition 5.1], for each finite value ¢, let E C S be such
that w(E) = t and let

ox () = xellxes)-
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The function ¢y so defined is called the fundamental function of the rearrangement-
invariant Banach function space X (S).

2.2 Marcinkiewicz endpoint spaces and Orlicz spaces

Let us recall the definition of Marcinkiewicz endpoin spaces M, (R4). Following [3,
Chap. 2, Definition 5.6], [13, Chap. II, Definition 1.1], and [20, Definition 7.9.10],
a non-decreasing function ¢ : [0, c0) — [0, 0c0) is said to be quasi-concave if (i)
¢(0) = 0; (il) ¢(¢) > 0 for ¢+ > 0; (iii) t/¢(¢) is non-decreasing on (0, co). For
a given quasi-concave function ¢ : [0, co) — [0, 00), the Marcinkiewicz endpoint
space M, (R%) consists of all functions f € Mo(R?, my) such that

1y ey = sup () f* ()

O<t<oo

is finite, where

1 t
£ = - / Fo)dx
t Jo

(see [3, Chap. 2, Definition 5.7], [20, Definition 7.10.1] and also [13, Chap. II,
§ 5]). It is well known that if ¢ : [0,00) — [0, 00) is quasi-concave, then the
Marcinkiewicz endpoint space M, (R9) is a rearrangement-invariant Banach function
space, whose fundamental function is ¢ (see [3, Chap. 2, Proposition 5.8] and [20,
Proposition 7.10.2]). Note that if 1 < p < oo, then the function ¢(t) = t1/P s
concave and M, (R?) is nothing but the weak L”-space LP-°(R?), also known as
the Marcinkiewicz space. It is well known that the Marcinkiewicz endpoint space is
separable if and only if it coincides with L' (R?) up to equivalence of the norms (see,
e.g., [9, p. 256], [12]), i.e. if and only if ¢ () < t. As it was communicated to us by F.
Sukochey, this fact can be obtained from [13, Chap. II, Theorem 4.8 and Lemma 5.4]
(see also [20, Theorem 7.10.23]).

We will also need Orlicz spaces. Let ¢ : [0, c0) — [0, co] be a non-decreasing
and left-continuous function such that ¢ (0) = 0. Suppose that ¢ is neither identically
zero nor identically infinite on (0, 0o). Then the function

t
D(1) ::/ ¢(s)ds
0

is said to be a Young’s function (see, e.g., [3, Chap. 4, Definition 8.1]). The Orlicz
space L? (R?) is the set of all measurable function f : R? — C such that

Mo (f/k) == /Rddj (Uf]({—x)'>dx < 00
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for some k = k(f) > 0. It is well known that L? (R%) is a rearrangement-invariant
Banach function space with respect to the norm

1Nl o ey = inf (k> 0: Mo (f/k) < 1)

(see, e.g., [3, Chap. 4, Theorem 8.9] or [17, Chap. II, §2, Theorem 1]).

2.3 A measure preserving transformation from R? to R

Throughout the paper, we assume that R? and R, are equipped with the standard
metrics and the measures m, and m, respectively.

Recall that a mapping o : RY — R, is said to be a measure preserving transfor-
mation if, whenever E is an m-measurable subset of R, the set

O’_I(E) ={x e RY o(x) € E}

is an mg-measurable subset of R? and my (o~ (E)) = m(E) (see [3, Chap. 2, Defi-
nition 7.1]).

Let
dj2
Wy ::md{xeRd:M < 1}:71—
rd/p+1)
be the volume of the unit ball in R¥.
Lemma 2 The mapping © : RY — R, given by
O(x) = wglx|?, x eR?, (2.1

is a measure preserving transformation from R? to R_.

Proof Since @ is continuous, @~ (B) is a Borel set in R? for every Borel set B in
R . Hence, we can define a Borel measure v on R by

W(B) = my (@—1(3))
for every Borel set B C R (see [25, Theorem 3.21]). If 0 < o < B, then

mg (@*%[a, ,3])) = my {x eR? : o < wglxld < ,8}

1/d 1/d
:md{xeRd:<i) §|x|§<£) }
wq Wy
1/d
=md{xeRd:|x|§ <£> }
w4
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98 A. Karlovich, E. Shargorodsky

1/d
—md{xeRd:|x| < <i) }
wq

=f—a. (2.2)

So, v([a, B]) = B — o = m([«, B]). Then, for every Borel set B C R,
v(B) = m(B) 2.3)

(see [4, Theorem 1.5.6 and Corollary 1.5.9]; note that [4, Corollary 1.5.9] deals with
the case of R, but the proof is essentially the same in the case of R ).

Let Z C R be a measurable set such that m(Z) = 0. Then there exists a Borel set
H C R4 suchthat Z € H and m(H) = 0 (see [25, Theorem 3.8 and (3.11)]). Then
©~1(z) € ©~1(H), and my (0~ (H)) = 0 according to (2.3). Hence ©®~1(Z) is
measurable and m (@_1 (Z)) = 0 (see [25, Sect. 3.2, Example 2]).

For any measurable set E C R, there exist a Borel set B C R and a measurable
set Z C Ry suchthat E = BUZ and m(Z) = 0 (see, [25, Theorem 3.28]). It follows
from the above that ® "1(E) = ©~1(B) U ®~1(Z) is measurable and

mg (@)‘1(E)) = my (@—1(3)) — 7(B) = 7 (E).
This completes the proof. O

2.4 Submultiplicative functions and their indices

A measurable function ¢ : (0,00) — (0, 00) is said to be submultiplicative if
o(x1x2) < o(x1)o(xp) for all x1, xp € (0, 00). The behavior of a measurable sub-
multiplicative function o in neighborhoods of zero and infinity is described by the
quantities

logo() _ . loge®)

a(g) = x€(0,1) IOgX x—0 IOgX
1 1
B(o) = inf logo) _ ., loget)
xe(l,00) logx x—oo logx

where —oo < a(0) < B(0) < oo (see[13, Chap.II, Theorem 1.3]). The numbers « (o)
and f(p) are called the lower and upper indices of the measurable submultiplicative
function g.

2.5 Zippin indices
Following [26, p. 271] (see also [18, p. 28]), for a given rearrangement-invariant

Banach function space X (R?) with fundamental function ¢y, let us consider the
function
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M(t, X) := sup ¢x (1)

, te€(0,00).
O<x<oo Px(X)

It is easy to check that this function is nondecreasing (and hence, measurable) and
submultiplicative on (0, oo). The indices of M (-, X) are called the Zippin (or funda-
mental) indices of the rearrangement-invariant Banach function space X (R?) and are
denoted by

px =aM(. X)), qx :=BMC(, X)).

They satisfy the inequalities 0 < px < gx < 1 (see [18, formula (4.14)]).

Lemma3 If X(RY) is a rearrangement-invariant Banach function space with the
upper Zippin index satisfying gx < 1, then condition (1.2) is fulfilled.

Proof 1t is clear that for r > 0,

ox() _ex()oexGn _ o M@ X) @.4)
t I O<s<oco Px(5) !

Since gx < 1, there exists ¢ > 0 such that gx + & < 1. Then in view of [13, Chap. II,
Theorem 1.3], there exists o = fg(¢) > 1 such that

M(t, X) <t9XTe 1> q. (2.5)

Now condition (1.2) immediately follows from (2.4)—(2.5) and gx + ¢ < 1. O

2.6 Dilation operators on the Luxemburg representation and Boyd indices

Let X(R?) be a rearrangement-invariant Banach function space generated by a
rearrangement-invariant Banach function norm p over (R?, m4). By the Luxemburg
representation theorem (see [3, Chap. 2, Theorem 4.10] or [20, Theorem 7.8.3]), there
exists a unique rearrangement-invariant Banach function norm p over (R4, m) such
that

p(f) =p(f"), feMER ma).

The rearrangement-invariant Banach function space over (R, m) generated by p is
denoted by X (R ) and is called the Luxemburg representation of X (R¢). For t > 0,
let E, be the dilation operator defined on the set Mo(R, m) by

(E:p)(s) = p(ts), 0<s < o0. (2.6)
It follows from [3, Chap. 3, Proposition 5.11] that the operators E; are bounded on
X(Ry) for all + > 0. The operator norm of the operator E1;, on the Luxemburg
representation X (R, ) will be denoted by

h(t, X) = ||E1/t||3(Y(R+)), t>0.
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100 A. Karlovich, E. Shargorodsky

By [3, Chap. 3, Proposition 5.11], the function % (-, X) is nondecreasing (and hence,
measurable) and submultiplicative on (0, 0o). The indices of h(-, X) are called the
Boyd indices [7] of the rearrangement-invariant Banach function space X (R?) and are
denoted by

ax :=a(h(-, X)), Px = Bh(,X)).
The Boyd and Zippin indices of X (R?) satisfy
O<ax <px=<gx<Bx =1

(see [18, formula (4.14)]). We refer to the survey paper [18] and the monographs
[3,13] for the properties of the Zippin indices px, gx and the Boyd indices oy, Bx of
rearrangement-invariant Banach function spaces. The following statement is a conse-
quence of [13, Chap. II, Theorem 1.3 and Corollary 2].

Lemma4 Let X(RY) be a rearrangement-invariant Banach function space. Then its
upper Boyd index satisfies Bx < 1 if and only if

Th_r)% T||E; ”3(}(]}{”) =0.

2.7 Separability of a rearrangement-invariant Banach function space

The results in this subsection are probably well known, but we could not find suitable
references for them. We provide details here for the sake of completeness.

Let X(Ry) be a rearrangement-invariant Banach function space. For a function
we X(Ry)and N > 0, let

Ey =Eyn i={s e R} : |w(s)| > N}

and

w(?), if € Ry \Ey,
wh (1) := N w(t)
lw(r)|’

if t € Ey.

Lemma 5 Forarearrangement-invariant Banach function space X (R.), the following
statements are equivalent:

li =0, i H - NH, - XR,), (7
tgr(l)(py(t) 0 Nl_r)noo w—w TR 0 forall we X(Ry) 2.7

and
rh_r)r%) ||w*X<0‘r1||y<R+)=0 forall we X(Ry). (2.8)
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Proof Suppose (2.7) holds. Take any w € X (R). For any & > 0, there exists N > 0
such that

&
o=z, <3
X(Ry) 2

For this N, there exists ty > 0 such that
£
) < —
vx(t) <55
for all r € (0, ty). Since |w| < |w - wN| + N, we have
N * N)*
w*g(‘w—w ‘+N> =<w—w ) + N forall N > 0.

Then for all T € (0, ty),

+ [N xonlxe,)

*
[w*x0a g, = H (w - wN) X0z,

-

& &
Nex —4+N—=g¢
[ FNex(D) <5+ N =e

XR4

which proves (2.8).
Suppose now (2.8) holds. Applying it to w = x(o,1], We get

lim ¢y () = lim | xo.1 %, = lim | xonx0n]x@,)

X®Ry)

= lim |0

It is easy to see that, for any w € X (R,),

|w—w®| = (wl = Nxey < lwley [0l = Ny 2.9)
Let

t(N) :=m(Ey), t0:= lim t(N).
N—o0
If o > 0, then the second inequality in (2.9) implies
Wiz, = |Nxey 5@, = Nex(@(N) = Nox(r) — 00 as N — oo,

which contradicts w € X(R,). Hence 9 = 0, i.e. ©(N) — 0as N — oo. Then it
follows from the inequality (Jw|xg, )" < w*x(0,z(v). the first inequality in (2.9), and
equality (2.8) that
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102 A. Karlovich, E. Shargorodsky

dim fu =< im ol = im0l T,
= ngnoo ||W*X(0,r(N)] ”Y(Rg = rhg}) HW*X(O,H HY(RQ =0,
which completes the proof. O

The following result is a reformulation of [13, Chap. II, Theorem 4.8]. A similar
result is stated in [23, Note 6.5.4] without proof. For the reader’s convenience, we give
a proof here.

Theorem 4 A rearrangement-invariant Banach function space X (R.) is separable if
and only if for all w € X(Ry),

. * _ . * —
rhE}) Hw X(0,7] HY(RJ,) =0= Nh_r)noo lw™ X[V .00) I m - (2.10)

Proof Suppose X (R ) is separable. Then it follows from [13, Chap. II, Theorem 4.8]
(and Lemma 5) that (2.10) holds.

Suppose now (2.10) holds. Take any non-negative function w € X (R,)and ¢ > 0.
There exist 0 < T < N such that

& &
[w*xonlxe., <3 Wy lxe,) < 3

The second equality in (2.10) implies also that lim;_, oo w*(¢) = 0. Indeed, if ws :=
lim;_, oo w*(¢) > 0, then

”w)kX[N,oo)”Y(RJr) = U)oo”X[N,oo)”Y(RJr) = woo@f(l) 70 as N — oo,

which contradicts (2.10). Since lim;_, o, w*(#) = 0, there exists a measure preserving
transformation o from the support of w onto the support of w* such that w = w* oo
(see [3, Chap. 2, Corollary 7.6]).

Let

Geyi=0"! ((z, N) N supp w™)).
Then
m(Gen) <m((t.N)) =N -1, wxc,y = (Wx@wn) oo,
and wx¢, y is a bounded function supported in a set of finite measure. Hence
W= wxg,y = (W = wxewm) oo,

which implies that the functions w — w g, y and w* — w* x(¢, ) are equimeasurable
(see [3, Chap. 2, Proposition 7.2]), and
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R e e (L
&

&
= [wxoalze,) + 1" XN .o lxe,) < 5 +5 =¢

Let X, (R,) denote the closure in X (R,.) of the set of bounded functions supported
in sets of finite measure. The above inequality implies that w € X,(R.) for every
non-negative w € X (R, ). Since every complex-valued function w € X(R,) is a
linear combination of four non-negative functions from X (R,), we conclude that
X(Ry) = Xp(Ry). It follows from the first equality in (2.10) and Lemma 5 that
lim; g ¢ (¢) = 0. Then [3, Chap. 2, Theorem 5.5; Chap. 1, Corollary 5.6] imply that
the space X (R.) is separable. O

3 Proof of the result about the weak convergence

3.1 Integrals over translations of a compact set

Let 1 be the constant function identically equal to 1. In order to prove Theorem 1, we
will need the following auxiliary result.

Lemma 6 Let {h,} be a sequence in R¢ such that |h,| — oo asn — oo and F C R¢
be a compact set of positive measure. Suppose X (R?) is a rearrangement-invariant
Banach function space with fundamental function ¢x. Then

/ f(x)dx - 0 as n— oo forevery f € X(Rd) (3.1
hy+F

if and only if px (t) — oo ast — o0.

Proof Necessity. Suppose (3.1) holds and

k= lim px(t) < oo.
—00

Let { B} be the sequence of the closed balls of radii n € N centered at 0 € R?. Since
xB, T Lasn — oo and ”XBn X(RY) < ox(mg(By)) < k for all n € N, by Fatou’s

lemma for X (R?) (see [3, Chap. I, Lemma 1.5]), we have 1 € X (R9). Tt is clear that

f 1(x)dx =myg(F) >0 forall neN,
hy+F

and (3.1) does not hold, so we arrive at a contradiction.
Sufficiency. Suppose ¢x (t) — oo ast — oo and (3.1) does not hold. Then there
exist a function f € X(R?), a number § > 0, and a strictly increasing sequence of
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natural numbers {7} such that

/ f(x)dx
hu;+F

Extracting a subsequence if necessary, we can assume that the sets £, ; + F are pairwise
disjoint. Let

>4 forall jeN. 3.2)

= 1
g:=) ( f(x)dx> X +F-
j=1

mq(F) ha,+F

By [3, Chap. 2, Theorem 4.8], [gllxraey < I/l x®es) < ©0. On the other hand, it
follows from (3.2) that for all N € N,

N
gl > i (F) XEN where Ey = H(hnj + F).
Hence
N (F)) = _ ma(F)
ex(Nmq(F)) = ||XEN ”X(Rd) = T”g”X(Rd) < 00,
which contradicts the condition gy (f) — oo ast — 0. O

3.2 Proof of Theorem 1
(a) Necessity. By [3, Chap. 1, Theorem 2.9], the associate space X'(R?) is canonically
isometrically isomorphic to a closed subspace of the Banach space dual X*(R?) of

X (RY). This implies that if the sequence {T}, } converges weakly to the zero operator
as n — oo on the space X (R9), then

/Rd f(x—hypgx)dx - 0 as n— o0 3.3)

forevery f € X (R?) and geX '(R%). Assume that (1.2) does not hold. Then

i ox (1)
m

—00 t

>0 (3.4)

(note that the above limit exists because the function ¢y (¢)/t is nonincreasing in view
of [3, Chap. 2, Corollary 5.3]). It follows from (3.4) and [3, Chap. 2, Theorem 5.2]
that

lim ¢x/(t) = lim < 00
11— 00

=00 @x (1)
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Then one can prove as in the proof of the necessity portion of Lemma 6 that 1 €
X'(RY). Let F C R be a measurable set of finite positive measure and f := xr.
Then f € X(R?) and

/ f(x —hy)l(x)dx =mg(F) >0 forall neN.
R4

Hence (3.3) does not hold and the sequence {7},} does not converge weakly to the
zero operator. The obtained contradiction completes the proof of part (a).

(b) Sufficiency. Since X (RY) is separable, its Banach space dual is canonically
isometrically isomorphic to its associate space X "(RY) (see [3, Chap. 1, Corollaries 4.3
and 5.6]). Hence it is enough to prove that (1.2) implies that (3.3) is fulfilled for all
[ € XRH\{0} and g € X"(R)\{0}.

It follows from [3, Chap. 1, Propositions 3.6 and 3.10, Theorem 3.11, and Corol-
lary 5.6] that the set Lfo(Rd) of all bounded compactly supported functions is dense
in the separable rearrangement-invariant Banach function space X (RY).

Take any ¢ > 0. There exists fy € LSO(Rd) such that

&
ILf = follxwey < 577
2[1gll x (ray

Then it follows from Holder’s inequality for X (Rd) (see [3, Chap. 1, Theorem 2.4]),
the fact that 7j,, is an isometry on X (R9), and the above inequality that

‘ f Fx — h)g(x) dx| < / Folx — ha)g(x) dx
R4 R4
+ 1 Th, (f — f)llx ey 81l x(ra)

= /]Rd Jox —hp)g(x)dx| + |If — foll xra gl x/ra)

< / folx — hp)g(x) dx| + =. (3.5)
R4 2

Let F be the support of fy. Since ¢x/(t) = t/px(t) — coast — o0, it follows from
Lemma 6 applied to |g| € X’ (R?) that there exists ng € N such that

/ lg(x)|dx < & for all n > ng. 3.6)
hn+F 2|l foll oo may
Inequalities (3.5)—(3.6) imply that

<

’/ fx —hy)gx)dx
Rd

/ Solx —hy)g(x)dx
]Rd

+s
2

+8
2

- ' / folx — hn)g(x) dx
hp+F
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I
< IIfollLoo(Rd)/ lg(x)dx + =
I+ F 2

in
8+8
< = - =&
22

for all n > ng. So, (3.3) holds for all f € X(Rd)\{O} and g € X’(Rd)\{O}. This
completes the proof. O

4 Some corollaries of the result about the weak convergence

4.1 On the strong convergence of the sequence {T;"1 KT}, } to zero for a compact
operator K

Now we are in a position to extend Lemma 1 to the setting of separable rearrangement-
invariant Banach function spaces.

Lemma7 Let {h,} be a sequence in R such that |h,| — +0c as n — 0o and let
{Th, } be the corresponding sequence of shift operators on a separable rearrangement-
invariant Banach function space X (RY) such that ox (1)/t — Oast — oo. If K is a
compact operator on X (R?), then the sequence {Th_nl KT, } converges strongly to the

zero operator as n — oo on the space X (R?).

Proof Since the sequence {7}, } converges weakly to the zero operator as n — o0 in
view of Theorem 1 and the operator K is compact, it follows from [22, Lemma 1.4.6]
that the sequence {K T}, } converges strongly to the zero operator as n — oo. Now
taking into account that || Thzl || = 1forall n € N, the desired result follows from [22,
Lemma 1.4.4]. O

4.2 Condition (1.2) is fulfilled if X (Rd) is reflexive

In the following two subsections, we give some sufficient conditions for (1.2). We start
with the following result, which follows easily from the known ones. Since we were
not able to provide a suitable reference, we give its proof below.

Lemma 8 Let X (R?) be a separable rearrangement-invariant Banach function space.
Then @x(t) — o0 ast — oQ.

Proof If X (R¥) is separable, then its Luxemburg representation X (R, ) is also sep-
arable. If lim;_, o, ¢x (f) < 00, then one can show as in the proof of Lemma 6 that
1 € X(R,). For every N > 0, the functions 1 and 1 — X(0,n) 1 are equimeasurable.
Therefore,

Jim 11— xom Uz, = 1LIxe,) > 0.

which contradicts [13, Chap. II, Theorem 4.8(2)]. O
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Corollary 1 If X(R?) is a reflexive rearrangement-invariant Banach function space,
then (1.2) holds.

Proof Since the space X (RY) is reflexive, both X (RY) and X’(R?) are separable (see
[3, Chap. 1, Corollaries 4.4 and 5.6]). It follows from Lemma 8 that px (#) — oo and
px(t) - ocoast — oo. Then px(¢)/t = 1/px/(t) — 0ast — oo. O

Theorem 1 and Corollary 1 yield the following.

Corollary 2 Let {h,} be a sequence in R? such that |h,| — +00 as n — oo and let
{T},,} be the corresponding sequence of shift operators on a rearrangement-invariant
Banach function space X (R?). If the space X (R?) is reflexive, then the sequence {Th,}
converges weakly to the zero operator as n — 00.

4.3 The case when the upper Zippin index of X(RY) satisfies qx < 1

Theorem 1 and Lemma 3 immediately imply the following.

Corollary 3 Let {h,} be a sequence in R? such that |h,| — 400 as n — oo and let
{T},} be the corresponding sequence of shift operators on a separable rearrangement-
invariant Banach function space X (R?). If the upper Zippin index of X (R?) satisfies
qx < 1, then the sequence {T}, } converges weakly to the zero operator as n — oo.

Note that there exist reflexive rearrangement-invariant Banach function spaces
X (R%) with both Zippin indices being trivial, that is, py = 0 and gx = 1 (see
[11]). On the other hand, the Lorentz space LP’I(Rd) is a separable and non-
reflexive rearrangement-invariant Banach function space with the Zippin indices
prrt = qrp1 = 1/p < 1 (see [3, Chap. 4, Theorem 4.6], [8, p. 83], and [18,
formula (4.14)]). So, neither of Corollaries 2 and 3 implies the other one.

5 Proofs of the results about the absence of the weak convergence
5.1 Proof of Theorem 2(a)
If lim;— o0 @x () < 00, then 1 € X(R?) (see the proof of the necessity portion of

Lemma 6). Let B be the unit ball in R?. Then x5 € X'(R?). It follows from Holder’s
inequality (see [3, Chap. 1, Theorem 2.4]) that

G(r)i= [ Femsrdn £ <X,
is a bounded linear functional on X (R¥). Since
inf |G(T,1)| :/dx > 0,
heRd B

the functions 7, 1 cannot converge weakly to the zero function as n — oo.
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Now suppose that lim,_,¢ ¢x () > 0. Let X (Rd ) be the linear subspace of X (Rd)
consisting of all functions f € X (R?) that are continuous in a neighborhood of the
origin (which may depend on f). Consider the linear functional Fy : Xo(R?) — C
defined by Fo(f) = f(0) for all f € Xo(Rd). The condition lim;_.q¢x () > 0
implies that X (R?) € L>®(RY) (see, e.g., [24, Lemma 4(d)]). Then

|Fo(F) = £ O < | fll jooggaty < const || fllxgey. f € Xo@®?.

By the Hahn—Banach theorem, Fjy admits an extension F € X *(R?). Let

o
Bn::{xeRd: |x+hn|<2_”}, n €N, B::UB,,. 5.1

n=1

Since B has finite measure, xg € X (R9). It is easy to see that 7j,, xp € Xo(RY) for
alln € N. Since foralln € N,

F (Th, x8) = Fo (Tn,x8) = (Tn,x8) (0) = x8(—hn) =1,

the sequence {T},, x g} does not converge weakly to 0 as n — 0. O

5.2 A sufficient condition for the absence of the weak convergence of shift
operators to the zero operator

Theorem 5 Ler X (R?) be a rearrangement-invariant Banach function space and let
X(Ry) be its Luxemburg representation. Suppose that there exists g € X(RY) such
that

— | * —
(9) = lm llg"xw.c0llxq,) > O-

Then there exists a functional F € X*(R?) such that
hienﬂgd |[F(Th f)| >0,
where f 1= g* o © and O is given by (2.1).
Proof Let § be the closed convex hull of the set
{f—Thf:heRd} C X(RY).

Let us show that f ¢ §. Take any Ay, ..., h, € R4 and any c1, ..., c, € [0, 1] such
that )y, cx = 1. If

|x| 2 R = max{|h1|7"'5 |hn|}9
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then
|x —hi| <2|x|, k=1,...,n.

Since f(x) = g*(wq|x|?) and g* is non-negative and non-increasing, we have for
lx| > R,

) =) e (f@) = (Th f) ()
k=1

= ‘f(x) — F@)+ > (T f) (x)

k=1

=> a (T f) @ =) ag (wdlx - hk|d)
k=1

k=1
> > ag” (wal2xt)
k=1
=¢" (2'0) = (Exg") O,

where the dilation operator E; is defined by (2.6). Let r := wyR?. Then

> Xperdx|=R) (E2a8¥) 0 ©

= e (f = Tu f)
k=1
= (Xir.00) (E2ag™)) 0 ©. (5.2)

By Lemma 2, ® is a measure preserving transformation. Then, in view of [3, Chap. 2,
Proposition 7.2], we obtain f* = g* and

((X[r,oo) (Ezdg*)) o @)* = (X[r,oo) (Ezdg*))* . (5.3)

Taking into account (5.2), (5.3), and the following equalities that hold for every non-
increasing function u : (0, oo) — [0, 00),

W@ =u®), (Xproou) @) =u+r), t,r>0, (5.4)

one gets for ¢ > 0,

<f =Y a(f- Thkf)) () = (Xir.o0) (E208%))" (1) = (E2ag®)" (t + 1)
k=1

= (Ezdg*) (t+r)> X[r,oo)(t) (Eng*) (t+r)
> Xir.00) (1) (Eag™) (21)

= (Baon (x201.00087) ) - (5.5)
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Since the operator £,—w-+1) is bounded on the space Y(RJr), we see that

” X[2d+1,’oo)g* H = H Ey—@+1) Eqa+i (X[2d+lr’oo)g*) H

Y(R+) Y(RJr)
k
< | Eamien g,y | B2t (xpzoir08 >HY<R+> '
Therefore
Hx[zdﬂ )g* H
r,00 54
” Esati (X[2d+]r oo)g*> Hf > X(Ry)
s XR4) H E2_(d+1) ||B(Y(]R+))
. *||_
Jim Ixv.08* %, B K(g)
I Ey—asn ”B@(RQ) | Ey-@a+1) ||B(Y(R+))
> 0. 5.6)

Combining (5.5) and (5.6), we see that

K(g)
T ErwmlipEe,))

> 0.

Hf—i:czc (f = Tu f)

k=1

X(R4)
Then

Kk(g)
wllx gy =
IE>-w l pE®,))

If— >0 forall weSFg.

Since § is closed and convex, and f ¢ §, the Hahn—Banach separation theorem implies
the existence of a functional F € X *(Rd) and numbers y1, 2 € R such that

Re F(f) > y1 > y2» > Re F(w) forall we3g.
Hence, forall h € R,
Re F(T f) =Re F(f) —Re F(f =Ty f) > y1 —y2> 0
and
hien]Igd |F(Th )] = hienﬂnge F(Thf)zvi—y2>0,
which completes the proof. O
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5.3 Proof of Theorem 2(b)
Let

. @(t)
Koo := lim ——.
f—oo f

If koo > 0, then it follows from Theorem 1(a) that the sequence {7}, } does not converge
to the zero operator as n — 00 on the space M, (RY).
Let us show that if koo = 0, then there exists g € M, (R?) such that

k()= lim sup (1) (8" xN.00)) ™ () = 1> 0. (5.7)

— X 0<t<o0
Let v be the quasi-concave function given by

V() = —— for >0, W(0)=0. (5.8)
@(1)

Then there exists a smallest concave function 1/~/, which dominates v. The function J
is called the least concave majorant of . It satisfies

1~ ~
Elﬁ(t) =Y@) =y(@), 1e[0,00). (5.9

(see [3, Chap. 2, Proposition 5.10], [13, Chap. II, inequalities (1.7)], or [20, Propo-
sition 7.10.10]). Fix ¢ > 0 and take ¢ € (0, ). Since the least concave majorant 1;
of i is concave and positive for ¢+ > 0 in view of (5.9), its right derivative 1;; is
right-continuous, non-negative, non-increasing and

t
() — Y(e) =/ Yi(s)ds, 0<e<t (5.10)

(see [19, Theorems 1.4.2 and 1.5.2]), where these facts are proved for convex func-
ti~0ns). By [3, Chap. 2, Corollary 7.8], there exists g € Mo(Rd,md) such that
wjr(s) = g*(s) for s > 0. It follows from this observation and (5.8)—(5.10) that

t
/ gr(s)ds <2y (t) —¥(e) <29 (1) = i, 0<ex<t.
& @(1)

Passing to the limit as ¢ — 0+ and multiplying by ¢(z)/t, we get ¢ (t)g**(¢) < 2 for

0 < t < oo, which implies that g € M(p(Rd).
If N > 0, then

(8" XN.00) () = g* (s + N), s>0
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(see (5.4)). Then, similarly to (5.10), we get for ¢ > 0,

t+N

t t
| & xvm) ©ds= [ amas= [ gwas
0 0 N

t+N - - -
=/N V. (s)ds = Y (t + N) — F(N). (5.11)

It follows from (5.8), (5.9), and (5.11) that forr > O and N € N,

« ok Yye+N) 2yN) Y@ 2¢y(N) 1 2¢\N)
(& xv.o0)™ () = ; I =o0 1

Taking into account that ko, = 0, we deduce from the later inequality that for N > 0,

sup (@) (8 x(v.00)) (1)) = 1 =29/ (N) 11320@ —1,

O<t<oo t

which immediately implies (5.7).
It follows from (5.7) and Theorem 5 that there exists a functional F' € M;j (RY)
such that

inf |F(Tyf)| >0, (5.12)
heRd

where f = g* o ® and O is given by (2.1). In view of Lemma 2 and [3, Chap. 2,
Proposition 7.2], we see that f € M, (Rd). Therefore, (5.12) implies that {7},, f} does
not converge weakly to the zero function as n — oo in M, (RY). O

5.4 Proof of Theorem 2(c)

Following [17, Chap. I, §3, Definition 3], let L{ (RY) be the closure in L? (RY) of
the set of all bounded functions ¢ € Mo(Rd , mg) with compact support. Further, let
L(‘f (Rd) be the set of all finite elements of L? (Rd), that is, the set of all functions ¢ €
L¢(Rd) such that Mg (¢/k) < oo for all k > 0 (see [17, Chap. II, §3, Definition 1]).
Since L? (R?) is non-separable, by [17, Chap. I, §3, Theorem 7], L? (R?)\L? (R?) #
#. On the other hand, L(‘f (R?) is a closed linear subspace of L? (R?) and L(‘)p (R =
LZ) (Rd) (see [17, Chap. II, §3, Lemma 1 and Theorem 1]). Thus, there exists g €
L®RH\LT (RY).

Let f := g* o ®, where O is defined by (2.1). It follows from Lemma 2 and [3,
Chap. 2, Proposition 7.2] that f* = g*. Since

/ ‘P(Iw(x)l)d)c:/ D(p*(t))dt, ¢ € Mo(RY, my) (5.13)
R4 R,

@ Springer



On the weak convergence of shift operators to zero on... 113

(s_ee, e.g., [3, Chap. 2, Exercise 3]), we observe that the Luxemburg representation
L?(R,) of L? (]Rd ) is generated by the Banach function norm

_ . . @ (1) + _
p(p) =inf{k > 0: [e2] Z dy <1;, ¢eMyIRy, m).
Ry
If
I : * I
#(g) = lim " xv .00 | 7o, > 0 (5.14)

then it follows from Theorem 5 that there exists a functional F € (L?(R%))* such
that

inf |F(Ty, f)| > 0.
neN

Thus, the sequence {7}, f} does not converge weakly to the zero function as n — o0
in the Orlicz space L? (R?).
Now assume that (5.14) does not hold. It follows from (5.13) and f* = g* that for

k>0,
/ @('g(x)|>dx=f <D<|f(x)|>dx.
Rd k RY k

Therefore f € L¢(Rd)\L8) (R?) and

§:= inf || f —glpegd >0. (5.15)
peL§ RY)

Since (5.14) does not hold, there exists N € N such that

" 1)
18" xv.c0) ||LT>(R+) <35
Put

In = (g"xp.n7) © O.

Then f— fn = (8% x(N.00)) ©© and g* x(n,o0) are equimeasurable in view of Lemma 2
and [3, Chap. 2, Proposition 7.2]. Hence

1)
If = fulize@a = [ xov.00 7o g, < 5 (5.16)

It follows from (5.15) and (5.16) that fy € L®(RY)\LE (RY). The support of fy
lies in the closed ball By C RY centered at the origin and such that my(By) = N.
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Therefore, the radius of By is equal to

1 d l/d
re L (vr(41))” s

Since fy € L?(R?), there exists & > 0 such that fy := fy/c satisfies

Mo (fo) = /R D (fol)) dx = / O (fo(x)) dx < oc. (5.18)

By

On the other hand, fn ¢ Lg> (RY) implies that there exists § > 0 such that
Mo (fy/B) = oo, which yields Mg (fo/y) = oo for y = B/a > 0. Thus
fo¢ LY RY) = LERD.

It follows from (5.18) that for every n € N there exists a ball B, C By centered at
0 such that

f @ (fo(x))dx <27 (5.19)

By

Since |h,| — +00 asn — 00, we can extract a subsequence {h,(,l)} of {h,} such that

1
A

min > 2Ry, inf ’hf}) — h,‘{“‘ ~ 2Ry, (5.20)

where Ry is given by (5.17).
Set

= fo+ Z T 0 (foxs,)-
n=1

The support of T,h“) (fo XB,,) lies in —hﬁll) + B, C —hg,l) + By. It follows from

(5.20) that —hf,l) + By are pairwise disjoint and disjoint form By . Therefore, taking
into account (5.19), we see that

[0 (Few) dx= [ o+ > L@ ((p Gors) ) dx
= /B P (fo(x)dx+ Y fR @ ((foxs,)@) dx
N n=1
— [ othwar+ Y. [ oo ds
By n=1"Bn
< [ ouendr+ Y27 = [ otpwydr+1 <o
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Hence f € L?(RY).
Let Ll‘f N(Rd) be the closure of the set of all functions in L% (R) that are bounded
on the ball By . It is easy to see that for all m € N,

(fo— foxB,) XBy = f0 XBN\By

1

=~ (("x0.31) © ©) XBy B,

<f~— T,,)(ﬂl)f) XBy

Hence the function f— Th<|>fis bounded on By. Thus f— Thu)f S L,fN(Rd) for
allm e N. _ B
We claim that f ¢ Ll(f, N(Rd).Indeed, if fe Ll(f, N(Rd),then there exists a sequence
{f;} of functions in L? (RY) such that f; x5, € L>°(R?) and
||f_fj||L¢(Rd) —0 as j— oo.

Since J?XBN = foxsy = fo, we obtain

||f0 - ijBN ||L¢(Rd> = ||XBN(f_ f”)||L¢(R‘1)

< Hf— fj||L¢(Rd) — 0 as j — oo.

Hence fy € LZ) (R?), which is not the case. Thus, f € Lq)(Rd)\Ll‘iN(Rd).
By the Hahn—Banach theorem, there exists a functional G € (L® (RY))* such that

G(f):l and G(w) =0 forall weLfN(Rd).

Then forall m € N,
6 (1w 7) =6 (F~(F-T,pP) =6 -6 (F-T9F)=1-0=1

So, the sequence {Thn f } does not converge weakly to the zero function as n — oo in

the non-separable Orlicz space L? (R), which completes the proof in the case when
(5.14) does not hold. m]

6 Proof of Theorem 3
Since X(RY) is non-separable, its Luxemburg representation X (R, ) is also non-
separable. Therefore, at least one equality in (2.10) does not hold. If the second equality

there does not hold, then (1.3) follows from Theorem 5. Suppose now the first equality
in (2.10) does not hold, i.e. there exists g € X (R?), for which

ko(g) == Th_IH) l&* x0.0 ”Y(ﬂh) > 0.
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Then E4g* € X(R.) and for every T > 0,

k0(g) < || g% x.411 ||Y(R+) = HEiE“ (g*X(OAr])H

X(Ry)
* —

< | B 154 € x0s) 3,

— * —

= HE% BE®.) | (Eag )X(O,r]”X(ﬂh)'
So,

Kko(g)
” (E4g )X(Ofl”x(R = e S 0 forall > 0. 6.1)
H 1 IB(X®)
Let
> 1
Sm = wglh|?27¢ Z = = [g"(m), g¥Gms1)], meN. (6.2
Note that
_ wqlh|!
Sm — Sm+1 = 2dm2 .
Let
(4 smat) iFO <1t < walh|?
gm(t) = d
. wqlh|
0 ift > W,

and

S =Tomn @no0®), 1= fu

It follows from Lemma 2 and [3, Chap. 2, Proposition 7.2] that the functions f;, and g,

are equimeasurable. By construction, f;, is supported in the ball B,,, of volume “;‘él’l:lf ,
i.e. of radius %, centred at —mh, and its nonzero values belong to A, (see (6.2)).
Since the supports of the functions f,,, m € N are pairwise disjoint, the functions f
and g* x(0.s,] are equimeasurable. In particular, f € X (RY).

Applying the same procedure as above to E4g*, one gets a function f e X(RY),

which is equimeasurable with (E4g™) x(0,s, /4], is supported in the union of the balls
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wq|h|!
2‘1(2m)2
balls belong to the corresponding A,,.

Take any n € N. It is easy to see that the values of the function 7}, f on the ball
wg|h|!
N 24 (m+-n)?
then B, , 2 B,,, and it follows from min A,,4, > max A,, that

Em of volume centred at —mh, m € N, and whose values on each of these

By, ., of volume

centred at —mh belong to A, 4. If m > n,iem+n < 2m,

(T f) () = f(x), x € By
Hence
Tnhf = fX{XERd:\HZ(n—%)H’t\}- (63)

The remaining part of the proof is similar to the argument used in the proof of
Theorem 5. Let § be the closed convex hull of the set

{f —Tunf :neN}C XR)).

Let us show that f ¢ §. Take any ny,...,n; € Nand any ¢y, ..., c¢ € [0, 1] such
that 3¢, ¢ = 1. Let

N :=max {ny,...,ng}.

Using (6.3), one gets
¢ ¢ ¢
f=> al(f- Tnkhf)‘ = ‘f —F+ Y aTunf| =Y cxTunf
k=1 k=1 k=1

4
> ];Ckfx{xeRd:\xIZ<N_%)‘h|]
= fX{XE]Rd:\xIZ(N_%)‘hl].

It is easy to see that the functions fX[xE]Rd:le N—%)Ihl} and (E4g") X(0,sy /4]

equimeasurable. Then it follows from (6.1) that

4
Hf — ch (f - Tnkhf) = HfX[xeRd:|x|z<N—é)|h|}
k=1

X(Rd) X(]Rd)

k0(8)
= [ (Esg*) x0usn /a1 |3, = H =

1 —
1IB(X®,))
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So,

Ko(g)

If —wllxmgdy = H >0 forall weg.

1 —
TIB(X®R))

Since § is closed and convex, and f ¢ §, the Hahn—Banach separation theorem
implies the existence of a functional F € X *(R?) and numbers ¥1, ¥2 € R such that

Re F(f) > y1 >y >Re F(w) forall weg.
Hence, foralln € N,
Re F(Tynf) =Re F(f) =Re F(f = Tun f) > y1 — v2 > 0.

So, (1.3) holds. O

7 Weak convergence of shifts of compactly supported functions to
zero

7.1 Compactly supported functions are not dense in non-separable
rearrangement-invariant spaces

Let X (RY) be a rearrangement-invariant Banach function space. By X, (R9) denote
the closure with respect to the norm of X (R?) of the set of all compactly supported
(not necessarily bounded) functions in X (R?). Let {h,} be a sequence in R4 such that
|h,| — 400 asn — oo. In this section, we will find some conditions guaranteeing
that the sequences {7}, f} converge weakly to the zero function as n — oo for all
functions f € X.(R?) even if the sequence {T},} does not converge weakly to the
zero operator as n — oo on the whole space X (R?).

We start with the following result, which shows that the set of compactly supported
functions is not dense in a non-separable rearrangement-invariant Banach function
space X (RY), that is, X.(R?) # X (R?).

Theorem 6 If X(R?) is a non-separable rearrangement-invariant Banach function
space, then there exists f € X(RY) such that

Rh—r>noo “ X{xeRd:|x\>R}f||X(Rd) > 0. (71)

Proof Since X (R?) is non-separable, its Luxemburg representation X(R,) is non-
separable. Therefore there exists g € X (R) such that

wo(g) = lim [g"x0.01 |z, > 0 (72)
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or
. % -
Jim g .0 e,y > O (1.3)
(see Theorem 4). Then there exists go € Y(RJr) such that
im g0 xin.00) I r,) > 0- (7.4)

Indeed, there is nothing to prove if (7.3) holds as one can simply take go = g* in this
case. So, suppose that (7.2) holds. Let 7 := 1. Since g* x(1/,1] 1 &*X(0,1] a8 — 00,
we have

lg*xamnlze, 1 18" x0nl%e,, = *o®
as n — oo. Hence there exists 7 € (0, 1) such that

k0(8)
le"x@nlze,, =2 =5

Arguing similarly, we can construct a sequence {t,} such that t, | 0 asn — oo and

ko(g)

||g*X(Tn+l»Tn]HY(]R+) > Ty n e N,

The supports of the functions

gn(x) = (g*x(,nﬂ,tn]) (x—n), xeRy, neN,

lie in (n, n + 1], and hence are pairwise disjoint. It is easy to see that the functions
80 = Y 2 gn and g*x(0.1] are equimeasurable. So, go € X(R4). Forany N > 0,
we have

Kko(g)
lgox(N.00) I r,) = N8N+ xR, ) = T

Hence (7.4) holds.
Let f := go o ®, where ® is given by (2.1). It follows from Lemma 2 and [3,
Chap. 2, Proposition 7.2] that f* = g; and

*
*
(X{XGRd:Iwadl/dN'/d}f) = ((80° O)Xpxert:0(x)=))

= ((20xwv.000) ©©)" = (20xw.00)) " -
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Hence f € X(R?) and

Rli_)moo ”X{xERd:\x|>R}f||X(Rd) = ngnoo HX{XER":|X|>wdl/dN'/d}f

X(RY)
= Nh_r)noO | goxw.00) ||Y<R+) >0

(see (7.4)), which completes the proof of (7.1). ]

Remark 1 One can prove the above theorem with the help of an argument used in
the proof of [1, Theorem 1]. If (7.2) holds, then X(0, 1) is non-separable and hence
contains a subspace that is order isomorphic to £*°(N) according to a theorem by
G.Ja. Lozanovskii and A.A. Mekler ([16], see also [2, Theorem 4.51] or [14, Vol.
II, Proposition 1.a.7]). Moreover, the images of the standard unit vectors of £*°(N)
under this isomorphism have pairwise disjoint supports. Taking their shifts, one gets
analogues of the functions g, used in the proof of Theorem 6. Their sum is an analogue
of the function go constructed above and is equimeasurable with the image of the
element (1,1, 1,...) € £2°(N).

Remark 2 Condition (7.1) plays an important role in the proof of [10, Theorem 1.4]
saying that a certain algebra A; ».1 (R) of convolution type operators with continuous
data on the separable non-reflexive Lorentz space L” ’I(R), 1 < p < oo, does not
contain all rank one operators. In that proof, we constructed a function f, lying in
the non-separable Marcinkiewicz space LP/"’O(R), where 1/p + 1/p’ = 1, such
that (7.1) holds for the norm || - || LV o (R)" Theorem 6 allows one to improve [10,
Theorem 1.4], replacing the separable non-reflexive Lorentz space L”>! (R), 1 < p <
00, by an arbitrary separable non-reflexive rearrangement-invariant Banach function
space X (R) with the Boyd indices satisfying ax, Bx € (0, 1). This follows from the
Lorentz-Shimogaki theorem [3, Chap. 3, Theorem 5.17], the fact that the associate
space X’ (R?) of X (RY) is non-separable (see [3, Chap. 1, Corollaries 4.4 and 5.6]),
our result [10, Theorem 4.3], and Theorem 6 applied to the space X’ (RY).

7.2 Sufficient condition for the weak convergence of {7}, f} to the zero function for
f e X.(RY)
We are now in a position to prove the main result of this section.

Theorem 7 Let {h,} be a sequence in R? such that |h,| — 400 as n — 0o and let
{T},} be the corresponding sequence of shift operators on a rearrangement-invariant
Banach function space X (RY). If the space X (R?) is non-separable and its upper
Boyd index satisfies By < 1, then the sequence {Tj, f} converges weakly to the zero
function as n — oo in the space X (RY) for every function f € X.(R?).

Proof By Lemma 4,
lim 7| Ex (e, ) = O (1.5)
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Let us prove by contradiction that if g € X(R¢) is compactly supported, then the
sequence {7}, g} converges weakly to the zero function as n — oo in the space X (RY).
Suppose that there exists a functional G € X* (R9Y such that the sequence {G (T, f )}

does not converge to 0 as n — oo. Then there exist § > 0 and a subsequence {hf,l)}
of {h,} such that

G (T,08)| =8 forall nen.

Clearly, there exists a subsequence {h( )} of {h(l)} such that the numbers G ( h® g) s
n € N, belong to the same quadrant of C. Then the closed convex hull € of the set
{G (Thﬁf) g) ‘n e N} lies outside the triangle with the vertices at O and the two points
where the circle {¢ € C: || = 8} meets the sides of the quadrant. Hence

1nf [Z] > (7.6)

f

Let B be a ball containing the support of g and let R be the radius of B. Since
|h,(12)| — 400 as n — 00, there is a subsequence {h,(f)} of {h,(lz)} such that

1nf ‘ha) ,(3)‘ > 2R.

Then the supports of the functions Th(s) g.n € N, are pairwise disjoint. Therefore, we
n

have for all N € Nand A > 0,
N
Z( hmg) x)| > K}

d (CJ ix € supp Thf)g : ‘(Thf)g> (x)‘ > A])
n=1

mgy {x € supp Th513>g : ‘(Thg)g) (x)‘ > A}

mq {x eRY:

I
M=

n=1

Nmy {x eR?: lg(x)| > A}.

So,

N k
<ZThff>g> (t) =g*(t/N), t>0,
n=1
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and

1 N
N Z T8
n=1

1 1
=N |\E1/N8*||§<R+> =N | E1jn HB(Y(RJ,)) l&* Hmzq)'

X(RY)

It follows from this inequality and (7.5) that

=0. (7.7)

On the other hand, since % Zr]lvzl G (Thff)g) e ¢ for all N € N, inequality (7.6)
implies that for all N € N,

>

1G Il x+®a)

1 N
G (ﬁ Z Thi,S)g>

n=

N
Z G (Thils)g)

n=

|

—ZT OF
hin

N n=1

—

X(R4)

Z_

7

=z~

—

which contradicts (7.7). Thus, we have proved that the sequence {7}, g} converges
weakly to the zero function as n — oo in the space X (R¢) for every compactly
supported function g € X (R?).

Let f € X, (Rd) and F € X* (Rd). Take any ¢ > 0. Then there exists a compactly
supported function g € X (R?) such that

e
If = glixwe < . (7.8)
KED T2 Fll ey + D
By what has been already proved, there exists ng € N such that for all n > ng,
€
|F(Th, &) < 5 (7.9)

It follows from (7.8) and (7.9) that for all n > ny,

A

|F (T, P < |F(Th, )| + 1 F(Th, (f = &)l

&
= Il 1T, (f = &) ey

A

L IF ey f — gl £4e
= - — <-+-==
B X*(R9) 8l x(r) )

Thus, the sequence {7}, f} converges weakly to the zero function as n — oo in the
space X (RY) for every function f € X.(R?). m|
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The above theorem is meaningful only if the space X (R?) is non-separable because

if the space X (RY) is separable, then Theorem 7 follows from Theorem 1(b), Lemma 3
and the inequality gx < Bx < 1.
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