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Abstract

We study the pointwise convergence to the initial data in a cone region for the frac-
tional Schrédinger operator P/ .y with complex time. By stationary phase analysis, we
establish the maximal estimate for P, in a cone region. As a consequence of the
maximal estimate, the pointwise convergence holds through a standard argument. Our
results extend those obtained by Cho—Lee—Vargas (J Fourier Anal Appl 18:972-994,
2012) and Shiraki (arXiv:1903.02356v1) from the real value time to the complex value
time.
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1 Introduction

We define the Schrodinger type operator Pjyy as follows

Pl f =80 = /R F&)ei el =8 g, (L.1)
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where g(t) =t +it” witht >0,y > 0anda > 1.

For y =1, (1.1) coincides with the solution of the Ginzburg-Landau equation(see
[3D).

For g(¢) = t and a = 2, then (1.1) is the solution to the most basic and universal
form of the Schrédinger equation

idu—Au=0, (t,x)eRxR (1.2)

ulx,0) = f(x), xekR. '
For (1.2), Carleson [2] put forward a question about the range of exponent s for the
Sobolev space H*(R) such that for f € H*(R), there is

& f(x) = f(x) a.e. x eR",

as the time t tends to 0. He proved the almost everywhere convergence for the exponent
s > 4—1‘ in dimension one, which is sharp by the counterexamples given by Dahlberg
and Kenig [5].

For the operator Pfﬁ’y, Sjolin [11,12] together with Soria studied the pointwise
convergence in R for the classical Schrodinger operator with complex time in the case
a = 2,and y > 0. Later, using Kolmogrov—Selierstov—Plessner method, Bailey [1]
improved their results to the case a > 1.

This paper is devoted to the study of the pointwise convergence problem in R for
the operator P;’y along the non-tangential directions.

Let ® be a compact region in R. We define

I'y={x+1t0:re(,1),0 € O}, (1.3)

which is associated to the directions of the non-tangential convergence. And we study
the pointwise convergence to the initial data in the region I', for the Schrodinger type
operator P, ,, that is

lim Pat Vf(y) = f(x), fora.e. x eR. (1.4)
(y,t)—>r(‘x,0+) ’
Yelx

To do this, we first recall that the upper Minkowski dimension of ® is defined by

B(©) =inf{r > 0:limsup N(®, §)§" = 0},
=0

where N (®, §) is the minimal number of §-intervals which cover ©®.

In R, Cho-Lee—Vargas [4] considered the non-tangential convergence for the oper-
ator ¢/’ whose directions are determined by ©, and they proved that non-tangential
convergence holds for s > W. Shiraki [9] extended this result to the operator

e"=2? with a > 1. In R”, by Sobolev embedding, it is easy to see that the non-
tangential pointwise convergence for ¢!’ holds in the cone region I, which is defined
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Pointwise convergence in the Cone region with complex time 391

by (1.3), if s > 5, and Sogren and Sj6lin [10] proved that this result is sharp. They
showed that there exists a function f € H 3 (R™) such that

limsup |2 f(y)| = o0, forx eR",

.)—(x,0)
|y—x|<w(t),t>0

where w () is a strictly increasing function with w(0) = 0.
In a more general case, we consider the non-tangential pointwise convergence
problem for Pci,y defined by (1.1) with complex time. Our result is the following.

Theorem 1.1 Let ® C R be a compact set, then

1) lety > 1,if

® 1 (] 1
min{w(l_%),%}, a>1, (1.5)
s >

. ((BO)+1) 1

m1n{—2 (1—% ,5}, a=1 (1.6)
we have

sup |P£,yf(x +16) S fllgs, for fe H. (1.7)

(1,0)€(0,1)x© L2(BO.1))

() fora> 1,y € (0,1],and0 < a < 1, y € (0, al, the maximal estimate holds in
LP(R) for 1 < p < o0, that is,

sup [Py, flx +10)]
(1.6)€(0,1)x©

S ller@y. for fe LP(R). (1.8)
LP(R)

For p =1, we have

- C||f||L1 ’ (1.9)
(1,0)€(0,1)x O A

{XER: sup |Pa”yf(x+t9)|>)»}

for f € L'(R), » > 0.

Remark 1.1 For y > —“; witha > 1, notice that the dispersion effect is stronger than

the dissipation effect arising from the operator P;’y, then by the same argument as in
Shiraki [9] one can obtain that the pointwise convergence holds for the operator Pat,y
in the cone region for s > m, which is a better result than s > w 1- %).

Thus, for (1.5) in Theorem 1.1 (i), we just need to discuss the case for 1 <y < —45.
The sharpness of the results in Theorem 1.1 is remained to be solved.
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392 J.Yuan et al.

The proof of Theorem 1.1 (i) is based on some oscillatory estimates, the Littlewood—
Paley decomposition and the fact that the compact region ® can be covered by a finite
number of intervals (see Sect. 3). Theorem 1.1 (ii) is proved by showing that the
maximal estimate for the operator Pégy along non-tangential direction is bounded by
the Hardy-Littlewood maximal functions.

As a direct consequence of this theorem, by standard arguments, we obtain the
pointwise convergence result for the operator Ptf’y.

Corollary 1.2 Let ® C R be a compact set, then

(i) let y > 1 and s be as in Theorem 1.1 (i), then we have for f € H®,

lim P, f(y)=f(x), forae xeR. (1.10)
(y.D—>(x,00)
y—X€tO

(i) fora = 1 withy € (0,1], and 0 < a < 1 withy € (0,a], for f(x) € L?(R)
with 1 < p < oo, (1.10) holds.

Remark 1.2 (1) Fora > 1,0 < t < 1, if we set y = 00, then our results in Theo-
rem 1.1 and Corollary 1.2 coincide with those of Cho-Lee—Vargas [4] and Shiraki
[9].

(2) Fora > 1, y > 0, if we take ® = {0}, then B(®) = 0 and the pointwise
convergence results for the operator P , coincide with the results of Sjélin-Soria
[11,12] and Bailey [1].

(3) Fora=1,0 <t < 1, if we take y = oo and ® = {0}, then the corresponding
results in Theorem 1.1(i) and Corollary 1.2(i) coincide with those obtained by
Rogers and Villarroya via Littlewood—Paley decomposition and the Strichartz
inequality in [8], which are almost sharp up to the end point.

2 Preliminaries

In this section, we first give the proof of Theorem 1.1 (ii). Next we introduce some
useful tools for latter use.

2.1 Proof of Theorem 1.1 (ii)

For the proof of the Theorem 1.1 (ii), we need the kernel estimate for the operator
Pa”y with0 <y < 1.

Lemma 2.1 Fora > 0and0 < y <1, we have
24

/eixgeit\é\ae—ty\fla d| < ———— 2.1)
R (ta + fxet!

where x € Rand 0 <t < 1.
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Pointwise convergence in the Cone region with complex time 393

Proof Let
L(x,t) = /e"xgeitliylglae_lg‘a dg,

then
_r v
LHS of 2.1)=1t"a|L(t ax,1)|.
Hence, it suffices to prove that
|L(x,1)] < Cmin{l, x| 77"}, (2.2)

Since the finiteness of |L(x, t)| is trivial, we just consider the case |x| > 1. By
integration by parts, we have

IL(x,1)| = V o8 ol T HDIEN dg‘

1

lal
1 a

S @+ Dlg e
Xl Jig1<

1

|x|

/ (1177 + Dalg |42 Eel TN g ‘

/ (1177 i)l 2 E DI g
1£1> 1y
< Clx|7"™ 4 x| 7'z,

where

Y=

/ 1Y g2 DI g
1§1> oy

By integration by parts again, we can obtain

o0
T<— i +l.)|€|a72§eix§ei(tlfy+i)|g|“
x| 1l
s GG 1 )E[ £ [T 4 ) RIE[2A2) @ T HDIE g
(i( )NE| ( N7EIT) §
Il | Jig1>
= M; + M.
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394 J.Yuan et al.

Since0 <7 < land0 < y <1, then

1Y+ 1 <2,
|7 + D) =i+ — 1 < C.

Also note that |§|2“e_|§|a < C. Then we have M < |x|™%, and

g1 4 1gP e dg < fx

My S
X1 >4

In conclusion, we have
LG, )] S x4

The proof is completed.

(]
Next we show that how we can prove Theorem 1.1 (ii) by Lemma 2.1.
Proof of Theorem 1.1 (ii) Since ® C R is a compact set, then we have
sup |PLfI< sup |PL (). (2.3)
O<t<l O<t<l1
y—x€tO ly—x|<Ct

For a fixed x € R, set

F;:{(y,t):0<t<1,|y—x| < Ct};
Ff:{(y,t):0<t<1,|y—x|<Ct%}.

Since y € (0, 1] witha > 1,and y € (0,a] with 0 < a < 1, we have I‘i C F%.
Then by (2.3) and

sup| Py, £ ()| < sup Py, F (). 2.4)
FX FX

it is reduced to consider the maximal estimate for the operator P; ,, on the region r2,

By Lemma 2.1, if 0 < y < min{a, 1}, then % < 1, and for |y — x| < Ct% with
0 <t <1, wehave

1Py, fO)] < / ‘ / el T g | £ (2)] dz

24
< / . £ (D)]dz
(5 + Iy — 2ot
| : :
< £ ()l dz
lx—z|<2tt (l‘% + |y —z])et!
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Pointwise convergence in the Cone region with complex time 395

14

+Z/ t F@ld

kt,,<|x Z‘<2k+1m (ta +|y—z|)“+1

2k+1 1
=< . T f@)ldz +
/Ix —z|<2ta ; Z 20e=Dla+1D) 2k+1t%

X/| L1 ()] dz

x—z|<2ktlta

SME)@) +4) 27 E M) (x)

k=1
S M) (x),

where M is the Hardy-Littlewood maximal operator.
Then fora > 0and 0 < y < min{a, 1},if 1 < p < oo, we have

sup [Py, f() SIMPO O erw) S I Lrm): (2.5)

O<t<l

ly—x|<ta LP(R)

if p =1, we have

xeR: sup [P, f() >4

O<t<l

Il
== (2.6)

Y
ly—x|<ta

where A > 0.

Combining the estimates (2.3), (2.5) and (2.6), we obtain the result in Theorem 1.1
(i1) in this case.

The proof of Theorem 1.1 (ii) is finished. O

Remark 2.1 For y € (a,1] with 0 < a < 1 we have F2 Fl In this case, we
cannot bound the maximal function Supr1 | P} f (y)| by Supr2 | f ()|, then it
seems that the estimates (2.5) and (2.6) cannot be used to obtain the max1mal estimate
in Theorem 1.1 for y € (a, 1] with0 < a < 1.

2.2 Necessary tool

In order to prove Theorem 1.1 (i) in next section, we introduce the following two
useful lemmas.

The following lemma is crucial for the oscillatory integral estimate in the proof of
Theorem 1.1 (i) in Section 3.
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396 J.Yuan et al.

Lemma 2.2 (Van der Corput lemma, [13]) Suppose ¢ is real-valued and smooth in
(a,b), ¥ is complex-valued and smooth, and that | (x)| = 1 for all x € (a, b).
Then

b | ’
/ MWy (1) dx‘ §Ckk7[|1/f(b)l+f W'l dx] @0

a

holds when
(1) k>2or
(i1) k = 1 and ¢'(x) is monotonic.
The bound cy. is independent of ¢ and A.
Next we introduce another useful lemma, which is associated to the maximal esti-

mate for the operator Pa”y. It is easy to see that the lemma below is a result of the
Hardy-Littlewood—Sobolev inequality, which can be found in [7].

Lemma 2.3 For % < a < 1, we have

‘// // fx, g, D)x—x|"* dxdxdrdf
B(0,1)xB(0,1) J J[0,11x[0,1]

,S”f”L%L} ”g”L%L}

(2.8)

Proof Let F(x) = | f(x, ~)||L[1 and G(X) = ||g(x, -)||L[1. Then, it is easy to see that

’// // fx,Hg, Dlx — %% dxdxdrdf
B(0,1)xB(0,1) [0,1]1x[0,1]

1 pl
< / / F(x)G(X)|x — %% dxdx.
—1J-1

By Holder’s inequality and Hardy-Littlewood—Sobolev inequality (see [6]), we have

1 1 1
/1/1 F(X)G(f)|_x—f|7a dxdx < ||F||L§(B(O,l)) “/IG(£)|X—£|°‘ dx

L2(B(0,1))

S IFN2BonlIGH 2
(O 7 p0.1y)

S I 20,10 1G I L2(8(0.1))

< I fllg2prlglpzpr-

The proof is completed. O

3 Proof of Theorem 1.1 (i)
Take a function ¥ (§) € C2°(R) such that

supp ¥(§) C{£ eR: § < |&] <2}, y(R) C [0, 1].
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Pointwise convergence in the Cone region with complex time 397

Let Y (§) = lﬁ(zf—,l), and use ¥ (£) to obtain the Littlewood—Paley decomposition,
that is

Q&)+ Y Y@ =1,

k>1

where ¢ (§) € C°(R) satisfies that
supp ¢o(§) C [—1, 11, @o(R) C [0, 11, ¢o(€) =1 on [—3, 3].

We define the operator Ay by

Aof (&) = po(&) &),
AL f(E) = Y (E) F(&), fork > 1.

Let Mg f(x) = sup{|P£yyf(x +10):t€(0,1),6 € B}.
With the Littlewood—Paley decomposition, we have

1Mo fll 2.1 < 1Moo f 2oy + ) IMoAkfll2mory G-
k>1

For the first term in RHS above, it is easy to see that

Moo fll2po,1) S /¢0|f|dff SN2 (3.2)

Then we just need to deal with these terms || Mo Ak f | 2(p(0,1)), kK = 1.

Leto = 5(1— 1y Later we will see that this parameter is associated to the structure
of the phase function ¢ (£) in (3.16) below and the corresponding oscillatory integral
estimate.

Since ® is a compact set in R, without loss of generality, we can assume ® C
[—1,1].

Let N(©®,A77) denote the smallest numeber of A~ “-intervals Q;(A) with
[€2; (M| < A7 which cover ©. Then for each A > 0, we have

N(®©,.7%)

0= U Q; ().

j=1
For a fixed k and x € B(0, 1), we have by [Z < [*®
N(©®,27%)
IMoArfMIP < > Mg Acf @)%,

j=1
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398 J.Yuan et al.

where Q. j = ©;(2%). Therefore we have

D=

N(®,27F)
2 2 : 2 2
“M@)Akf”[,z(B(O)l)) = ”MQk, Akf”LZ(B(O,l)) . (33)
k>1 k>1 j=1

In order to estimate (3.3), we just need the following estimates.

Lemma 3.1 Assumea > 1 and y > 1. Let Q be an interval with || < 2%, then we
have

(1) fora>1,y e, ;%)

kea-1y+
IMa Ak fll 2500y S 247 £l (3.4)

forall f € L?> and 0 < € < 1.
(2) fora=1,y € (1, 00),

kia=1
IMaAkfll280.0) S 2274 £, (3.5)

forall f € L?> and 0 < € < 1.

We postpone the proof of the above lemma, and first look at that how we get our
results in Theorem 1.1 (i) by Lemma 3.1.

Since o = F(1 — %), by the definition of the upper Minkowski dimension 8(®),
for each € > 0, there exists C, such that for each k > 1,

N(©®,27%) < c 2ko(BO)+e) (3.6)
Let
. 1, ifi<jg <2,
lﬂ(f;') - . 2 1
0, if |§] < 7 or |§] > 4,

and set &k &) = 1/7(2,5—_1) and the operator Ak such that

Auf = Be® F©). fork > 1. 3.7)
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Pointwise convergence in the Cone region with complex time 399

For a > 1, by the estimate (3.4) in Lemma 3.1 and (3.6), we have

N(©,27%0)
2 5 2
IMe Ak fliz2p0.1y) < Z 1My ; AkAkfll72(p0.1y)
j=1
N(©®,27F0) 1
k(Ea-1y+e) %
< Y 2CUApE,
j=1
S2UAIR opnag 1, (3.8)
H 4 Y77
then
D IMoAf 2o S IFI ey (3.9)
k>1
For a = 1, by the same argument as in (3.8), we obtain
> IMoAkfllamony SIFI ey, (3.10)

k>1

Combining the estimates (3.1), (3.2), (3.3), (3.8) and (3.10), we obtain the results
of Theorem 1.1 (i).
Now we turn to the proof of Lemma 3.1.

Proofof Lemma 3.1 Let A = 2~. Set
Tf = x(x,t, 9)/Rei(x+t€)§eit\é\“e—ﬂlél“w(é).f@)dg’

where x (x,t,0) = xB©,1)x[0,1]xx- 1t suffices to show

ITfll2roerge S A*“V*N Fl 2, (3.11)
where
a1 — 1y, ifa>1,y e, %);
atayy= |10 T v et (3.12)
7(1—;), ifa=1, y € (1, 00).

Indeed, with (3.11) in hand, we get
IMaALfll 2o, S IT Flpziere S AV flle = 2@ £,
By duality, it is reduced to prove

IT*Fllp2 S 2T a0, (3.13)

~
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400 J.Yuan et al.

where
T*F = w<§>/// e THOHOE =t = B (1, 0) x (x, 1, 0) dxddb.

Nextwe turntolook at (3.13). Wedenoteu = (x,¢,0)andU = B(0, 1)x (0, 1) x <.
By direct computation, we have

IT*FII3,

_ A/ V(&) /// /// P ME—FHO—TO)E A (1=D)IEN" =2 (17 +T7)E|

x(x, 1,0 x (%, 7,0)F(x,t,0)F (X, 1,0)dxdrdodididode

=A/ /NX(u)x(ﬁ)f(u)F(ﬁ)KA(u,ﬁ)dudft, (3.14)
vJU
where
K, = /ei¢()»$)e—/\”(ty+57)\$\a1/,(5)2dé’ (3.15)
PE) = (x —X+10 —10)E + (r — D)|E|°. (3.16)

3.1 Proof of Lemma 3.1 inthe casea > 1

Split the integral (3.14) into three parts as follows

3 3
ITFR, =2 Y / /V %) x GF () F @)Ky (. @) dudii 2 Y Ep,
m=1 m m=1

where

~ ~ _a_$
Vi={u,d)eUxU:t+i>r 77}

~ [1—2-1 ~ _a, 38
Vo={(w,u) e U xU:|x—Xx|<Xx (=30 V)]+€,t,t<k J’+V},
~ [1—-2q-1 ~ a8
Vi={(u,u)eU xU:|x—Xx|>Ax =3 V)]+E,t,t<k V+V},
with0 < § < €. The decomposition of the integral region is associated to the structure

of the phase function ¢ (§) in (3.16) and the corresponding oscillatory integral estimate.
To obtain the estimate (3.13), we just need to prove that

a1
205 )2 for m = 1,2, 3. (3.17)

En 32 iy

@ Springer



Pointwise convergence in the Cone region with complex time 401

~ _ay s
Step 1. Estimate for E;. Since t +¢ > A 777, then for & € supp(§) C {&: % <
€] < 2}, we have

THWHIDIETY o (PR < Gy )TN
a 1
< AN =30 (3.18)

where we choose N € N such that SN > 1 — 5(1 — %).
By (3.18), we have

e / W (§)2]dg - e~ <5 S1=8A=)]
Then
1211 ~ ~ ~ Q(lfl)
By = //v X @) x @F @) F @ dudic S22V N F I 00
f x ™t
(3.19)

Step 2. Estimate for £>. Leto = 1 — 5(1 — %). Since | K, (u, )| < C, by the
definition of the set V> and Young’s inequality, then we have

Ey S A f X (u)x(ﬁ)F(u)F(ﬁ))([_rﬂe’)r&ﬁ](x — x) dudu
\%)

S A / IF QUL g NF G X gosve josveg (¢ — F) drd
1-6 2

SATTTUF N
a l_l +

SN

Step 3. Estimate for E. Since d:¢p = (x — % +10 —76) +a(t —)|&| 2, in order
to bound |x — ¥ + 16 — 70| from below and use Van der Corput lemma to estimate
K., we further split the region V3 into several parts as follows

Var ={(u, ) € V3: |x — X| < 4|t —1|};
Vap = {(u, 1) € V3 : 4t — 1| < |x — X|}.

Let
E;3; = k// x ) x (@) F(u)F (@)K (u, @t) dudii, for j =1,2.
V3

Then E3 = E3; + E3p.
For the region V31, by the support of ¥ (£), we have

1926 01| = la(a — DIA%|r — Fl|E[*" 2 2%)x — &I,
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402 J.Yuan et al.

then by Lemma 2.2 (i) and the inequality t” + 77 > |t — 7|, we can get

IKul S G x — %)) 2 ( / (e T HIEN 2 ()| ds+||e—”’(”+”>'f"’wz(é,-')umo)
< (A% x — )M WA
< (fx — &) 2ABl — 7P
= A5y — 5|72,

We take g = % — €, then by Lemma 2.3

E3 sx“%*“ﬂ/|F(u)|x(u>|F(ﬁ)|x(ﬁ)|x—f|*%*ﬂ’dudﬁ

a

ﬂ“*%”“/|F<u>|x(u)|F<ﬁ>|x(ﬁ)|x—ir”yé du dii

N

4(1-L)+ae 2
ST FIL,

For the region V35, since

then
~ 1 _a, s 1 i aq_1 1
[t 10 —8] < A 7 TrA0 < 7120w o Dy g,
4 4 4
and

- - 1 1 1
06 — 701 < 11110 — 01 + It = F116] < Zlx — & + 7 lx = F| < Slx =5, (3.20)

where 0 < § < €.
These inequalities yield

o o 1
|x—i—|—t9—t9|2|x—i|—|t9—t9|>§|x—i|.

Through a direct computation, we have the first order derivative for the phase
function for

dlp(AE)] = A(x — & +10 — 10) + ar®(r — 1)|E|“%¢.
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Pointwise convergence in the Cone region with complex time 403

By stationary phase analysis, we split the integral K (u, &) into two parts as follows

Ky (u, ii) = / ei¢(ké)g—}»“(t"+t~y)|§|"w(g)z dg
W)

n / PP ) =R W . (602
Wa

=J1+ /2,

where

Wi ={eR:|x —%+10—1i0] > 2alt — 7||r&|*" Y,
Wr={£eR:|x —%+10—10| < 2alt —7||r&|*7 ).

For Ji, since

9[> Alx — F + 10 — 78] — airlt — F||rg|"!
1 N s -

> §A|x—x+t9—t9|Zk|x—x|
a1

> )Lj(lfy)Jré <1

and 9 [¢ (A£)] is monotonic with respect to § on W5, then by Lemma 2.2 (ii), we have

a 1
1711 S Glx =371 < G —zp R0 (3.21)

Notice that in (3.21), in order to keep % <1-501- %) <l,weneedl <y < %
fora > 1.

For J,, by supp ¥ (§) C {% < |&| < 2} and the definition of the set W», it is easy
to see that

lt—7| > A x —%4+10 —10] > 2179 x — X|. (3.22)
Since

102l (AO)]| = a(a — DA%t — F|§]°72 2 Ax — &
and

Y+ >+ DY > -1,
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then by Lemma 2.2 (i) and the inequality (3.22), we can obtain

l _ha by a
|2l < Glx — D722 E)e ™ THIEN oy
+/ (W2 E)e X @+ g
W>
< (Mx = F]) 2 @R

l ~
S Olx —F) 7 2a P —777F

< pmTaBHa VYB3 B

where 0 < = —217/ — €, S0
a1 yarg—(a— -
|| < a5 Ha—(a 1)Vk|x — x| e, (3.23)

From (3.21) and (3.23), we have by Lemma 2.3

e 1 B
Ey <28079)% /V X 0% G F () F (@)
22

a 1
(|x _ i|*[1*§(1*7)] + |x _ )z|71+)/€) dudii

1

L(1—=)+e 2
<A v F .
< IF12, 0,y

Then by the estimates of E3; and E3,, we have

41—1)te 2
E3 SA oy IIFIILELgLé.

In conclusion, (3.17) has been proved.

3.2 Proof of Lemma 3.1 in the casea = 1
For a = 1, notice that |3z ¢ (§)| does not depend on the value of & but its direction,

which is different from the the case a > 1, thus we consider the case a = 1 alone.
In this case, rewrite the equalities (3.15) and (3.16) as follows

K, :/eid)(ké)efk(tVJrfy)lﬂw(g:)z dt, (3.24)

PE) = (x — X +10 —10)E + (1 — D)|E|. (3.25)
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Split the integral (3.14) into three parts as follows

3 3
7P =2 Y [ 0@ @F 0 F @ K i dudii = 3 En,
m=1 m m=1

where

~ ~ 148
Vi={(u,u) e U xU:t+t>Axr y+y},

m 7 ~ —lie - _1.5
Vo={(u,2) eUxU:|x—X| <A 7 ", t,f <A 777}
0 7 ~ —lie - _148
Vi={(u,a) eUxU:|x—X|>A7"",r,f <A 777}

with 0 < § < €. The decomposition of the integral region is based on the fact that
8§¢ (£) = 0. We just need to prove that

1
En < Al_?+€||F||2LzL}L;, form = 1,2, 3. (3.26)

We will see that the estimate for £| and E; is similar to the corresponding terms
for a > 1, and the only different term we need to consider is E3, which shows the
difference of the property of the phase function for the casesa > 1 and a = 1.

- _1l.s
Step 1. Estimate for E£. Since r +¢ > A V+V, then for & € supp ¢ (§) C (£ :
% < |&] < 2}, we have

oM _ @ <y 4y N

1
<27 ATy, (3.27)

where we choose N € N such that 6N > % This implies that

~. _ 1
Ky (u, it) < / W (E)2] g - e M HT < 7y
Then

E| < AT // ¥ () x (@) F (u) F (it) dudii
Vi

1
]__
SAVIFNL - (3.28)

Step 2. Estimate for E». Since K, (u, u) < C, by the definition of the set V; and
Young’s inequality, then we have
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Ey <o / KX @F@WF@x 1. 1, (x ) dudi
Vs (-7 AT

)

< /\/ IE Ly IIF()?)IIL;L;_X[_A_%H A_%E](x — X)dxdx

SATTRNFIL, -
Step 3. Estimate for E3. By the definition of the set V3, for (u, u) € V3, we have
lx — &> (It + 17D,
then
x —X+10 —10] > |x —X| — [t0 — 10| > |x —X| — (|t]| + |7]) = |x — X|.

Since

196 [ (AE)]| = Alx — X + 10 — 0] — Alt — 7|
> Ax —X4+10 —10] > Alx — X

by Lemma 2.2 (ii), we have
1 1 €
1Ky S Olx — 2D~ < 0 e — &)1y = a7 Y e — 5171, (329)

where € > 0 is small enough such that y > 1 + €. By this inequality, we have

Ey <aay / x ) x () F ) F(id)|x — %' dudi
V2

X |=

IF|?

1—
<
~ iy

In conclusion, (3.26) has been proved. O
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