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Abstract

Let . be a von Neumann algebra with a normal semifinite faithful trace 7. We prove
that every continuous m-homogeneous polynomial P from L? (.#, 7), with0 < p <
00, into each topological linear space X with the property that P(x+y) = P(x)+P(y)
whenever x and y are mutually orthogonal positive elements of L?(.#, t) can be
represented in the form P(x) = @ (x™) (x € LP (4, t)) for some continuous linear
map &: LP/" (., T) — X.

Keywords Non-commutative L”-space - Schatten classes - Orthogonally additive
polynomial
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1 Introduction

In [16], the author succeeded in providing a useful representation of the orthogonally
additive homogeneous polynomials on the spaces L” ([0, 1]) and £” with 1 < p < oo.
In [12] (see also [6]), the authors obtained a similar representation for the space
C(K), for a compact Hausdorff space K. These results were generalized to Banach
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lattices [4] and Riesz spaces [9]. Further, the problem of representing the orthogonally
additive homogeneous polynomials has been also considered in the context of Banach
function algebras [1,19] and non-commutative Banach algebras [2,3,11]. Notably, [11]
can be thought of as the natural non-commutative analogue of the representation of
orthogonally additive polynomials on C (K )-spaces, and the purpose to this paper is to
extend the results of [16] on the representation of orthogonally additive homogeneous
polynomials on LP-spaces to the non-commutative L?-spaces.

The non-commutative L?-spaces that we consider are those associated with a von
Neumann algebra .# equipped with a normal semifinite faithful trace t. From now
on, S(., ) stands for the linear span of the positive elements x of .# such that
r(supp(x)) < 00; here supp(x) stands for the support of x. Then S(.#, 7) is a *-
subalgebra of .# with the property that |x|” € S(.#,t) for each x € S(A, 1)
and each 0 < p < oo. For 0 < p < oo, we define || - ||,: S(#,7) — R by
lxll, = (|x|?)V/P (x € S(#,7)). Then || - |, is a norm or a p-norm according
tol < p <ooor0 < p < 1, and the space L”(#, t) can be defined as the
completion of S(.#, T) with respect to || - || ,. Nevertheless, for our purposes here, it is
important to realize the elements of L”(.#, t) as measurable operators. Specifically,
the set L(.#, 7) of measurable closed densely defined operators affiliated to .7 is a
topological x-algebra with respect to the strong sum, the strong product, the adjoint
operation, and the topology of the convergence in measure. The algebra .# is a dense
x-subalgebra of LO(#, 1), the trace T extends to the positive cone of Lo, t)ina
natural way, and we can define

Ixll, = 7 (x1?)” (x € Lo, v)),
LP(# 7)) = {x e L, v) : |Ix]l, < o0).

Also we set L°(#,t) = A (with || - |leo := || - ||, the operator norm). Operators
x,y € LY, ) are mutually orthogonal, written x L y, if xy* = y*x = 0. This
condition is equivalent to requiring that x and y have mutually orthogonal left, and
right, supports. Further, for x, y € L? (.4, ) with 0 < p < 00, the condition x L y
implies that [|x + y||5 = [lx||5 + |ly]I5, and conversely, if |lx £ y[I5 = |x]I5 + [y[5
and p # 2, then x L y (see [14, Fact 1.3]). The orthogonal additivity considered in
[16] for the spaces L? ([0, 1]) and £7 can of course equally well be considered for the
space L”(.#, t). Let P be a map from L? (., t) into a linear space X. Then P is:

(1) orthogonally additive on a subset . of LP (., 1) if
x,ye, xLy=0= P(x+y) =Pkx)+ P@y);

(i) anm-homogeneous polynomial if there exists an m-linear map ¢ from L? (.#, )™
into X such that

Px)y=¢(x,...,x) (xe€LP(A, 1)).

Here and subsequently, m € Nis fixed withm > 2 and the superscript m stands for
the m-fold Cartesian product. Such amap is unique if it is required to be symmetric.
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Further, in the case where X is a topological linear space, the polynomial P is
continuous if and only if the symmetric m-linear map ¢ associated with P is
continuous.

Given a continuous linear map ®: LP/" (.#, ) — X, where X is an arbitrary topo-
logical linear space, the map Pp: L?(.#, v) — X defined by

Po(x) =@(x™) (x € LP( A, 1))

is a natural example of a continuous m-homogeneous polynomial which is orthogo-
nally additive on L? (., T)s, (Theorem 4), and we will prove that every continuous
m-homogeneous polynomial which is orthogonally additive on L? (#, 7)s, is actually
of this special form (Theorem 5). Here and subsequently, the subscripts “sa” and + are
used to denote the self-adjoint and the positive parts of a given subset of LO(.Z, 1),
respectively.

We require a few remarks about the setting of our present work. Throughout the
paper we are concerned with m-homogeneous polynomials on the space L? (., t)
with 0 < p, and thus one might wish to consider polynomials with values in the
space L9( , ), especially with ¢ < p. Further, in the case case where p/m < 1
and the von Neumann algebra .# has no minimal projections, there are no non-zero
continuous linear functionals on LP/™(.# , 1); since one should like to have non-
trivial “orthogonally additive” polynomials on L”(.#, t), some weakening of the
normability must be allowed to the range space (see Corollary 2). For these reasons,
throughout the paper, X will be a (complex and Hausdorff) topological linear space.
In the case where the von Neumann algebra .# is commutative, the prototypical
polynomials Py mentioned above are easily seen to be orthogonally additive on the
whole domain. In contrast, we will point out in Propositions 1 and 3 that this is not the
case for the von Neumann algebra 9 (H) of all bounded operators on a Hilbert space
H whenever dim H > 2.

We assume a basic knowledge of C*-algebras and von Neumann algebras, tracial
non-commutative L?-spaces, and polynomials on topological linear spaces. For the
relevant background material concerning these topics, see [5,7,8,10,13,17,18].

2 C*-algebras and von Neumann algebras

Our approach to the problem of representing the orthogonally additive homogeneous
polynomials on the non-commutative L?-spaces relies on the representation of those
polynomials on the von Neumann algebras.

Recall that two elements x and y of a C*-algebra /' are mutually orthogonal if
xy* = y*x = 0, in which case the identity ||x 4+ y|| = max{||x||, ||y||} holds. The
reader should be aware that we have chosen the standard definition of orthogonality
in the setting of non-commutative L”-spaces. This definition is slightly different from
the one used in [11], which is the standard one in the setting of Banach algebras. In
[11] the orthogonality of two elements x and y is defined by the relation xy = yx = 0,
and, further, the orthogonally additive polynomials on the self-adjoint part of a C*-
algebra are automatically orthogonally additive on the whole algebra. The important
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point to note here is that both the definitions of orthogonality agree on the self-adjoint
part of the C*-algebra. Thus, for a polynomial on a C*-algebra, the property of being
orthogonally additive on the self-adjoint part according to our definition is the same as
being orthogonally additive according to [11]. Nevertheless, in contrast to [11], there
are no non-zero orthogonally additive polynomials from the von Neumann algebra
A(H) into any topological Banach space according to our definition (Proposition 1).

Suppose that <7 is a linear space with an involution *. Recall that for a linear
functional @: &/ — C, the map @*: o — C defined by &*(x) = d(x*) (x €
&) is a linear functional, and @ is said to be hermitian if @* = @. Similarly, for
an m-homogeneous polynomial P: &/ — C, the map P*: o/ — C defined by
P*(x) = P(x*) (x € &) is an m-homogeneous polynomial, and we call P hermitian
if P*=P.

Lemma1 Let X and Y be linear spaces, and let P: X — Y be an m-homogeneous
polynomial. Suppose that P vanishes on a convex set C C X. Then P vanishes on the
linear span of C.

Proof Set x,xp,x3,x4 € C.Let n: Y — C be a linear functional, and define
f:C* > Chby

flar, az, 03, 04) = n(P(a1x) + azx2 + a3x3 +axy)) (o1, 02, 03,04 € C).

Then f is a complex polynomial function in four complex variables that vanishes on
the set

{(o1. P2, 03, pa) € R*: 0 < p1, p2, 03, P2, p1 + P2+ 03+ ps = 1}.
This implies that f is identically equal to 0 on C*, and, in particular,

n(P(p1x1 — pax2 +ip3x3 —ipaxs)) = f(p1, —p2,ip3, —ips) =0

for all p1, p2, p3, pa > 0. Since this identity holds for each linear functional 5, it may
be concluded that P(p1x; — paxp + ip3x3 — ipaxge) = O for all py, p2, 03, p4 > 0.
Thus P vanishes on the set

{pixi — paxa +ipsxs —ipaxs 1 pj =0, xj € C(j=1,2,3,4)},

which is exactly the linear span of the set C. O

Theorem 1 Let &/ be a C*-algebra, let X be a topological linear space, and let
@ : o/ — X be a continuous linear map. Then:

(i) the map Py : o — X defined by Pp(x) = ®(x™) (x € &) is a continuous
m-homogeneous polynomial which is orthogonally additive on <g,;
(ii) the polynomial Pg is uniquely specified by the map ®.

Suppose, further, that X is a g-normed space, 0 < q < 1. Then:
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(i) 27 Y9 @| < |Po|l < D]
Moreover, in the case where X = C,

(iv) the functional @ is hermitian if and only if the polynomial Pg is hermitian, in
which case || Pg || = | @]

Proof (i) It is clear that the map Pg is continuous and that Pg is the m-homogeneous
polynomial associated with the symmetric m-linear map ¢: &/ — X defined by

1
Px1s s Xm) = > P (o) Xowm) (Kis...Xm € )

oeB,
here and subsequently, we write G,,, for the symmetric group of order m.
Suppose that x,y € %, are such that x L y. Then xy = yx = 0, and so
(x + y)™ = x™ 4+ y™, which gives
Po(x +y) = @((x +3)") = (x" +y") = @ (x") + ®(3") = Po(x) + Po(y).

(ii) Assume that W: o/ — X is a linear map with the property that Py = Pgp. If
x € @4, then

d(x) = (/™™ = P(x!/™) = W ((x™™) = w(x).

By linearity we also get W (x) = @ (x) foreach x € &7
(iii) Next, assume that X is a g-normed space. For each x € o7, we have

1Po )l = 12 "™ < 12 [Hlx™ | < 1P lllxl™,

which implies that | Pg|| < ||@]||. Now take x € <7, and let v € C with ™ = —1.
Then x = Nx + iJx, where

| .
dx = J(* +x), x = %(x* —X) € ),

and, further, ||Mx||, ||Sx]| < ||x||. Moreover, ix = x; — x» and JIx = x3 — x4, where
X1, X2, X3, X4 € JZer, x1 L xp,and x3 L x4. Since x; L xp and x3 L x4, it follows

that x;”" 1 x)/™ and x3/™ L x,’™. Consequently,
9] = max{flx1]l, llx2ll}, 0
I3[ = max{[lx3 ], x4l },
and
™+ wxy™ | = max{ | ™ [}, 5
1/m I/m _ 1/m 1/m @
5™ + wxy™ | = max{ 3™, x|}

@ Springer
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Since

ed™ = e ™ | =t ™ | = sl g™ | = teal,

it follows, from (1) and (2), that
™+ wxy ™" = max{llxtl, 2]} = 19, o)
3™+ x| " = max{llxsll, llxall} = 131

On the other hand, we have
(x, 1/m +a)xl/ )" =x1—x=%x, (x 1/m +a)xl/ )" = x3 — x4 = 3x,
and so

D (x) = DOx) +iD(x) = D((x," + 0xy)") +id((x3"" + wx,/™)")
1

= Pq;(xll/m —}—a)le/m) + iP<p()C3/ + wxy'").

Hence, by (3),

1PN < | Po (6™ + wxs™) |9 + || Po (™ + wx)/™) |
< P9 x)"™ + wx)™ | + | Po |9 | xs™
=[P |7 (INx[? + [|¥x]|7)
< IPa||92]lx]|.

+onf/"|

This clearly forces || @ < 214 Py ||, as claimed.

(iv) It is straightforward to check that Pj = Pg+. Consequently, if @ is hermitian,
then P;’; = Pg+ = Pg so that Py is hermitian. Conversely, if P is hermitian, then
Pg+ = P} = Pg and (ii) implies that ®* = @. Finally, assume that @ is a hermitian
functional. For the calculation of || Py || it suffices to check that | @] < || P ||. For this
purpose, let ¢ € R™, and choose x € & such that || x| = 1 and ||®| — ¢ < |®(x)|.
We take @ € C with |o| = 1 and |® (x)| = a P (x), so that

] —& < [®(x)] = P(ax) = P(ax) = D ((ax)¥).
Note that ||i(ax)|| < land || @] —e < @ (N(ax)). Now we consider the decomposi-

tion N(ax) = x1 — xp with x1, xp € &7 and x| L x; and take w € C with o™ = —1.
As in (3), we see that ||x11/m + a)xé/m | = 119 (@)l I/m < 1. Moreover, we have

Po (el xd) = @((/7 1 0l ")) = @ 1),

which gives ||| — ¢ < || Py ]|l O
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Orthogonally additive polynomials 841

Lemma 2 Let .o/ bea C*-algebra, let Z# be a x-subalgebra of <7, let X be a topological
linear space, and let @ : # — X be a linear map. Suppose that the polynomial
P: % — X defined by P(x) = @ (x™) (x € X) is continuous and that X satisfies
the following conditions:

(1) |x| € Z for each x € Ky,
(i) x'/™ € % for each x € R

Then @ is continuous.

Proof Let U be a neighbourhood of 0 in X. Let V be a balanced neighbourhood of
0in X with V +V 4+ V + V C U. The set P~1(V) is a neighbourhood of 0 in %,
which implies that there exists r € R such that P(x) € V whenever x € % and
lx|| < r. Take x € Z with ||x|| < r™. Since Z is a x-subalgebra of &7, we see
that Nx, Jx € Hsy. We write Rx = x; — xp and Ix = x3 — x4, as in the proof of
Theorem 1, where, on account of the condition (i),

xp = 5(INx| + Nx) € %y, Xy =

x3 = 5(I9x[ +3x) € Z4, x4 = $(19x| — 3x) € Z+.
For each j € {1,2, 3,4}, condition (ii) gives le. " e R, and, further, we have

1/m
||xj/ ” = |lx;[I'/™ < ||Ix||'/™ < r. Hence

D) = &((5")" = ()" +i (™) =i (™))
= o ((x)")") = (")) +i@((4")") — i@ (("™)")
= P(xll/m) _ P(x;/m) + l.P(x31/m) _ ip(xi/m) CVAIVAVAVCU.

which establishes the continuity of @. O

Theorem 2 Let o/ be a C*-algebra, let X be a locally convex space, and let P : o/ —
X be a continuous m-homogeneous polynomial. Then the following conditions are
equivalent:

(i) there exists a continuous linear map ®: &/ — X such that P(x) = ® (™)
(x € &),
(ii) the polynomial P is orthogonally additive on o/g,;
(iii) the polynomial P is orthogonally additive on <7

If the conditions are satisfied, then the map @ is unique.

Proof Theorem 1 gives (i)=(ii), and obviously (ii)=(iii). The task is now to prove
that (iii)=-(i).

Suppose that (iii) holds. For each continuous linear functional n: X — C, set
P, = no P.Then P, is a complex-valued continuous m-homogeneous polynomial.
We claim that P, is orthogonally additive on 2%;. Take x, y € %, with x L y. Then
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we can write x = x4y —x_andy = yy — y_ withxy, x_, yy, y_ € &/ mutually
orthogonal. Define f: C> — C by

fla, By=Py(xs +ax_+ys + By_)— Pyxy+ax_)—Py(y++By-) (a, B € C?).

Then f is a complex polynomial function in two complex variables. If , B € RT,
then x4 + ax_, y; + By— € <7/ are mutually orthogonal, and so, by hypothesis,
Pxy +ax_ +y;r + By-) = P(xy + ax_) + P(y4+ + By—). This shows that
f(a, B) = 0. Since f vanishes on Rt x R, it follows that f vanishes on C2, which,
in particular, implies

Py(x +y) = Py(x) — Py(y) = f(=1,-1) =0.

Having proved that P, is orthogonally additive on %%, we can apply [11, Theorem 2.8]
to obtain a unique continuous linear functional @, on .2 such that

n(P(x) = @,(x™) (x € o). “

Each x € .o/ can be written in the form x{" + - - -—l—x,’{” for suitable xi, ..., x; € &,
and we define

k
D(x) =Y Plxj).
j=1

Our next goal is to show that @ is well-defined. Suppose that xq, ..., x; € &7 are such
that x{" 4 --- + x,i" = 0. For each continuous linear functional n on X, (4) gives

k k
N[ Pep | =Y nPan) = o0 =, | Y x| =0
/ ' j=1 j=1

Jj=l1 j=1

Since X is locally convex, we conclude that Z];-:] P(xj)=0.

It is a simple matter to check that @ is linear and, by definition, P(x) = @ (x™)
(x € ). The continuity of @ then follows from Lemma 2.

The uniqueness of the map @ follows from Theorem 1(ii). O

The assumption that the space X be locally convex can be removed by requiring
that the C*-algebra .«# be sufficiently rich in projections. The real rank zero is the most
important existence of projections property in the theory of C*-algebras. We refer the
reader to [5, Section V.3.2] and [7, Section V.7] for the basic properties and examples
of C*-algebras of real rank zero. This class of C*-algebras contains the von Neumann
algebras and the C*-algebras .7 (H) of all compact operators on any Hilbert space
H. Let us remark that every C*-algebra of real rank zero has an approximate unit of
projections (but not necessarily increasing).
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Theorem 3 Let o7 be a C*-algebra of real rank zero, let X be a topological linear
space, andlet P: o/ — X be a continuous m-homogeneous polynomial. Suppose that
< has an increasing approximate unit of projections. Then the following conditions
are equivalent:

(i) there exists a continuous linear map ®: o/ — X such that P(x) = ® (™)
(x € ),
(ii) the polynomial P is orthogonally additive on ofg,;
(iii) the polynomial P is orthogonally additive on </, .

If the conditions are satisfied, then the map @ is unique.
Proof Theorem 1 gives (i)=(ii), and it is clear that (ii))=(iii). We will henceforth
prove that (iii)=(1).

We first note that such a map @ is necessarily unique, because of Theorem 1(ii).

Suppose that (iii) holds and that <7 is unital. Let ¢ : &/™ — X be the symmetric
m-linear map associated with P and define @ : &/ — X by

P(x) =, 1,....1) (x €.
Let Q: o/ — X be the m-homogeneous polynomial defined by
Ox) =™ (x € ).

We will prove that P = Q. On account of Lemma 1, it suffices to show that P(x) =
Q(x) for each x € .%,.

First, consider the case where x € @, has finite spectrum, say {p1, ..., or} C R.
This implies that x can be written in the form

k
x = piej.
j=1

whereey, ..., e; € o/ are mutually orthogonal projections (specifically, the projection
ej is defined by using the continuous functional calculus for x by e; = x{,;}(x) for
each j € {I,...,k}). Wealsosetey = 1 — (e; + --- + ex), so that the projections
eo, €1, . . ., ¢, are mutually orthogonal, and p9p = 0. We claim that if ji, ..., j, €
{0,...,k}and j; # jy forsomel,l’ € {l,..., m}, then

e, ...,ej,)=0. 5)
Let Ay ={n el{l,...,m}: j, = jl} and A, ={n el{l,...,m}: j, # jl}.For

eachay, ..., a, € RY, theelements ), .4 anej, and Y_, 4 e, are positive and
mutually orthogonal, so that the orthogonal additivity of P on <7, gives

m
P (Zanejn> =P Z agej, | + P Z agej,
n=1

neA; neAy
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This implies that, for each linear functional n: X — C, the function f: C" — C
defined by

m
flor,...,om) =1 P(Zanejn)—P Z“nejn — P Zanejn ,

n=1 neA neAy
for all @y, ...,a, € C, is a complex polynomial function in m complex variables
vanishing in (R*)". Therefore f vanishes on C™. Moreover, we observe that the
coefficient of the monomial o - - - oy, is given by n!n((p €jisenes ejm)), because both
A1 and Aj are different from {1, ..., m}. We thus get
n!n((p(ejl, e ejm)) =0.

Since this identity holds for each linear functional 7, our claim follows. Property (5)
now leads to

k

k
piej | = D pipine (e e)
i o=

k
Px)=9¢ Z'Ojej""’
—rt

j
k
=Zp§”g0(ej,...,ej)
Jj=1

and

k "o k k k
0x)=¢ ijej ,Zej,...,Zej =¢ Zp;”ej,Zej,...,Zej
j=0 j=0 j=0 =0 j=0

J=0

k k
= Z p;"/ll(p(ejl""’ejm)zzp7¢(6j9'-~sej)'
j=1

Jlsmens Jm=0

We thus get P(x) = Q(x).

Now suppose that x € 2%, is an arbitrary element. Since ./ has real rank zero, it
follows that there exists a sequence (x,) in 2%, such that each x, has finite spectrum
and lim x;,, = x. On account of the above case, we have P(x,) = Q(x;) (n € N), and
the continuity of both P and Q now yields P(x) = lim P(x,) = lim Q(x;) = Q(x),
as required.

We are now in a position to prove the non-unital case. By hypothesis, there exists an
increasing approximate unit of projections (e; ) c 4. Foreach A € A, set o) = e) e,
Then 7, is a unital C*-algebra (with identity e ) and has real rank zero (because .7, is
a hereditary C*-subalgebra of 7). From what has previously been proved, it follows
that there exists a unique continuous linear map @, : .o/5 — X such that

P(x) = @,(x") (x € #). (6)
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Orthogonally additive polynomials 845

Define
#2 =]
red
and, for each x € %, set
P (x) = Py(x),

where A € A is such that x € . We will show that @ is well-defined. Suppose
A, i € A are such that x € o7 N 27,. Then there exists v € A with A, u < v. Since
the net (e))1c 4 isincreasing, we see thate;, e, < e, and therefore ), %7, C 47,. The
uniqueness of the representation of P on both %%, and <7, implies that @, |, = P,
and @, Wﬂ: ®,,, which implies that @, (x) = @, (x) = @, (x). We now show that
Z is a x-subalgebra of .« and that @ is linear. Take x, y € Z and «, B € C. We take
A, € Asuchthatx € @ and y € «7,. Then x* € & C %. Now set v € A with
A, i < v.Hence x, y € &, so that ax + By, xy € &, C %, which shows that % is
a subalgebra of <. Further, we have

D (ax + By) = Py(ax + By) = a®,(x) + D, (y) = aP@(x) + BD(Y),

which shows that @ is linear.

From (6) we deduce that P(x) = @ (x™) for each x € Z.

Our next goal is to show that Z satisfies the conditions of Lemma 2. If x € %,
(x € %), then there exists A € A such that x € (&), (x € () .- respectively)
and therefore |x| € @4, C Z (x'/" € af C R, respectively). Since the polynomial
P |4 is continuous, Lemma 2 shows that the map @ is continuous.

Since (e;) e 4 is an approximate unit, it follows that % is dense in <7, and hence that
the map @ extends uniquely to a continuous linear map from .7 into the completion
of X. By abuse of notation we continue to write @ for this extension. Since both P
and @ are continuous, it may be concluded that P(x) = @ (x™) for each x € &/. We
next prove that the image of @ is actually contained in X. Of course, it suffices to
show that @ takes <7 into X. If x € 7, , then

o(x) = o((x"™)") = P(x'/") e X,
as required. O

Since every von Neumann algebra is unital and has real rank zero, Theorem 3
applies in this setting and gives the following.

Corollary 1 Let .4 be a von Neumann algebra, let X be a topological linear space,
andlet P: .# — X be a continuous m-homogeneous polynomial. Then the following
conditions are equivalent:

(i) there exists a continuous linear map @ : .# — X such that P(x) = &™)

(x € H);
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846 J. Alaminos et al.

(ii) the polynomial P is orthogonally additive on Ms,;
(iii) the polynomial P is orthogonally additive on M.

If the conditions are satisfied, then the map @ is unique.

Proposition 1 Let H be a Hilbert space withdim H > 2, let X be a topological linear
space, and let P: B(H) — X be a continuous m-homogeneous polynomial. Suppose
that P is orthogonally additive in Z8(H). Then P = 0.

Proof For each unitary v € A(H), the map P,: (H) — X defined by
P,(x) = P(vx) (x € A(H))

is easily seen to be a continuous m-homogeneous polynomial that is orthogonally addi-
tive on Z(H). In particular, P, is orthogonally additive on (H )s,, and Corollary 1
then gives a unique continuous linear map @, : #(H) — X such that

P(vx) = @,(x™) (x € B(H)).

We claim that, if e, ¢’ € ZB(H) are equivalent projections with e L ¢’, then P(e) =
P(e') = 0. Let u € %(H) be a partial isometry such that u*u = e and uu* = ¢’.
Then
4

2

? = H((uz)*uz)zﬂ = |u*ee’eu| =0,

which gives u? = 0. From this we see that u | u*, and therefore
P(vu +vu*) = Py(u +u*) = Py(u) + P,(u™) = @, (um) + @, ((u*)'") =0. (7)
We now take w € C with ™ = —1, and define

v=14u4+u*—e—~¢,

Vp=14+ou+u*—e—¢.

It is immediately seen that both v and v, are unitary, and so applying (7) (and using
the orthogonal additivity of P and that e L ¢’), we see that

0= Pu+vu*)=Ple+¢)= P(e) + P(e),
0 = P(vyut + vpu®) = P(e + we') = P(e) + P(we') = P(e) — P(e').

By comparing both identities, we conclude that P(e) = P(¢’) = 0, as claimed.

Our next objective is to prove that P(e) = 0 for each projection e € A(H).
Suppose that e € Z(H) is a rank-one projection. Since dim H > 2, it follows that
there exists an equivalent projection ¢’ such thate’ L e. Then it follows from the above
claim that P(e) = 0. Let e € Z#(H) be a finite projection. Then there exist mutually
orthogonal projections ey, ..., e, such that e; + --- + ¢, = e. Using the preceding

@ Springer



Orthogonally additive polynomials 847

observation and the orthogonal additivity of P we get P(e) = P(ej)+---+P(e,) = 0.
We now assume that e € Z(H) is an infinite projection. Then there exist mutually
orthogonal, equivalent projections e and e» such that e; 4+ e¢p = e. By the claim, we
have P(e) = P(e1) + P(e2) =0.

We finally proceed to show that P = 0. By Lemma 1, it suffices to show that
P(x) = 0foreach x € Z(H)+. Suppose that x € H(H ) can be written in the form
X = Zl;zl pjej, where ey, ..., ex € Z(H) are mutually orthogonal projections and

o1, ..., px € RT.Then we have P (x) = Zl;:l pj"P(ej) =0.Nowletx € Z(H)y
be an arbitrary element. From the spectral decomposition we deduce that there exists a
sequence (x,) in Z(H )+ such that each x,, is a positive linear combination of mutually
orthogonal projections and limx, = x. On account of the preceding observation,
P(x,) = 0 (n € N), and the continuity of P implies that P(x) = lim P(x,) = 0, as
required. O

3 Non-commutative LP-spaces

Before giving the next results we make the following preliminary remarks.
A fundamental fact for us is the behaviour of the product of LO(#, t) when
restricted to the L”-spaces. Specifically, if 0 < p, ¢, r < oo are such that % + % = %

then the Holder inequality states that
x €LV(AM ), ye LU, 7) = xye L' (A, v)and |xyl, < llxlplyllg. (8)

Suppose that x, y € LP(#, 1)+, 0 < p < o0, are mutually orthogonal and that

w € Cwith |w| = 1. Then it is immediately seen that |x +wy| = x + y, and it follows,

by considering the spectral resolutions of x, y, and x + y, that (x + y)” = x? + y?.
Hence

llx +wylly = lxl5 + Iyl ©)

Each x € LP (., t) can be written in the form

x =x1 —x2+i(x3 —x4), wWithxi,x2,x3,x4 € LP (A, 7)4,
x1 L xo, x3 L x4,

10)
p p p p (
Ixillp + lx2llp = llxr — x2llp < llxllp,
I3l + llxally = llxs — xallhy < llxlb.
Indeed, first we write x = Rx + iJx, where
Rx = E(x +x), Sx = E(x —x) € LP( M, T)sa,
and, since ||x*||, = |lx]l, it follows that ||Rx] ,, [Sx|, < llx|l,. Further, we take

the positive operators
x1=12 (I0x| +Rx), xo=1 (1Nx] — Nx), x3=1 (130 + 30, xa=73 (|3x| — ).
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Then x1, xp, x3, x4 € LP (A, T), Rx = x1 — xp with x; L xp, so that (9) gives
91} = llxtlp + llx2llp.

and Jx = x3 — x4 with x3 L x4, so that (9) gives
I13x 115 = llxally + llxall -

Theorem 4 Let ./ be a von Neumann algebra with a normal semifinite faithful trace
1, let X be a topological linear space, and let @ : LP/™ (.4, t) — X be a continuous
linear map with 0 < p < oo. Then:

(i) the map Pgp: LP(M,Tt) — X defined by Pp(x) = @ (x™") (x € LP(A, 1))
is a continuous m-homogeneous polynomial which is orthogonally additive on
LP (A, T)sa;

(ii) the polynomial Py is uniquely specified by the map ®.

Suppose, further, that X is a qg-normed space, 0 < q < 1. Then:
(i) 27|l < | Po | < (||
Moreover, in the case where X = C,

(iv) the functional @ is hermitian if and only if the polynomial Pg is hermitian, in
which case || Pp || = ||D@].

Proof The proof of this result is similar to that establishing Theorem 1.
(1) It follows immediately from (8) that, for each x{, ..., x,, € LP (A, 1),

Xt € LPIM (1) and lxt - Xl pgm < xtllp - ol (1)

On the one hand, this clearly implies that the map Pg is well-defined, on the other
hand, the map x +— x" from L?”(.#, t) into Lr/m (., t) is continuous, and so
Py is continuous. Further, Pg is the m-homogeneous polynomial associated with the
symmetric m-linear map ¢: L?(.#, t)" — X defined by

1

go('xla -~-’xm) = % Z @ (xa(])"'xa(m)) (-x]7"'5-xm € LP(%’ f)).

T oeB,

Suppose that x, y € LP(#, t)sa are such that x L y. Then xy = yx = 0, and so
(x + y)™ = x"™ 4+ y™, which gives

Po(x+y)=@((x+ ") =d(x" +y") = (x") + @(y") = Po(x) + Po(y).

(ii) Suppose that W: LP/™ (.4, t) — X is a linear map such that Py = Pg. For
each x € LP/™(.#, t),, we have x'/™ € LP(.#, T) and
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@) = @((x")") = P(e") = w((x'")") = w (0.
By linearity we obtain @ = W.

(iii) Next, assume that X is a g-normed space. For each x € L?(.#, t), by (11),
we have
| Po ()l = 2™ < I@Ix" I pym < 11X,

which clearly implies that || Pp || < ||®||. Now take x € LP/™(.#, t), and take w € C
with @ = —1. Write

X =Nx +iJx =x1 —x2+1(x3 — x4)

as in (10) (with p/m instead of p). Since x; L xp and x3 L x4, it follows that

xll/m 1 le/m and x l/m 1 xl/m so that (9) gives
p/m _ p/m p/m
19l D = e I+ a2 )
ISl = lxsl2m + llxall .
and

R A e A P

(13)
o™ + xy™ |7 = |x3™ |0+ "™ |12,
Further, we have xll/ x;/m,xl/m Vm o Lp(#, t) and
led™ 1, = el "™ | =12l s 63" 1=l s ea™ = Wl
so that (12) and (13) give
||xl/m +a)x2/m “p _ ||‘hx||§%, 14
|x3"" + wxy™" | = 132

On the other hand, we have
m m
(xll/m +a)x;/m> =x1 —x3 = Nx, (x;/m + a)xi/m) = X3 — x4 = Jx,
whence

B (x) = D(hx) +idSx) = &((x," + wxy™)") +id((xa"" + wx,™)")

:Pq)( 1/m+wx21/m)+qu>( 1/m +wx1/m).
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Hence, by (14),

121 < [ Po (6" + wxy™) |* + [ Po (x5 + wx,™) [
= 1Po i/ + 0™ [+ 1Po 1 5™ + x|
= 1 Poll® (I ] + 1 3x])
< 1Py 92]1x .

This clearly forces || @ || < 214 Py |, as claimed.

(iv) It is straightforward to check that P; = Pg+. From this deduce that @ is
hermitian if and only if Pg is hermitian as in the proof of Theorem 1(iv). Suppose
that @ is a hermitian functional. By direct calculation, we see that Py is hermitian,
and it remains to prove that || P || = ||@||. We only need to show that | @ || < || Pg]|.
To this end, let ¢ € RT, and choose x € LP/™(.#, t) such that lxll pym = 1 and
@] —e < |D(x)|. We take @ € C with || = 1 and |@ (x)| = a P (x), so that

2] —& < [®(x)] = P(ax) = P(ax) = D ((ax)¥).

We see that Bt(ax) € L/ (A, T)sa, [R(@x)| pym < 1, and @] — & < & (R(ax)).

Now we consider the decomposition (ax) = x; — x3 as in (10) (with p/m instead

of p), and take w € C with o™ = —1. As in (14), we see that ||x11/m + wle/m || =
[M(ax)||'/™ < 1. Moreover, we have

Po (x}"" + ox,™) = @ ((x"" + wx,/™)") = @ (M(ax)),
and so |@|| — & < || Po|l. O

Theorem 5 Let .4 be a von Neumann algebra with a normal semifinite faithful trace
T, let X be a topological linear space, and let P: LP(# ,t) — X be a continuous
m-homogeneous polynomial with 0 < p < oo. Then the following conditions are
equivalent:

(i) there exists a continuous linear map ®: LP/™(#, 1) — X such that P(x) =
S(x™) (x € LP (M, T));
(ii) the polynomial P is orthogonally additive on LP (M, T)sa;
(iii) the polynomial P is orthogonally additive on S(A , T) .

If the conditions are satisfied, then the map ® is unique.
Proof Theorem 4 shows that (i)=>(ii), and it is obvious that (ii)=(iii). We proceed to
prove that (iii)=>(i).

Suppose that (iii) holds. Let ¢ € .# be a projection such that t(e) < oo, and

consider the von Neumann algebra .#, = e.# e¢. We claim that .#, C S(.#, t) and
that there exists a unique continuous linear map @, : .#, — X such that

P(x) = P (x™) (x € M) 15)
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Set x € M, and write x = (x| — x2) + i (x3 — x4) with x1, x2, x3, x4 € A, +. Then
supp(x;) < e and therefore r(supp(xj)) <1(e) <00 (j€{l,2,3,4}). This shows
thatx; € S(#, 1) (j € {1,2,3,4}), whence x € S(.#, 7). Our next goal is to show
that the restriction P | 4, is continuous (with respect to the norm that ./, inherits as
a closed subspace of .#Z). Let x € .#,, and let U C X be a neighbourhood of P (x).
Since P is continuous, the set P~ (U) is a neighbourhood of x in L?(.#, T), which
implies that there exists » € R such that P(y) € U whenever y € L?(.#, 1) and
ly —xll, <r.Ify e . issuchthat ||y — x|l <r/|ell,, then, from (8), we obtain

Iy =xllp =lle(y =)l < llellplly — x| <7

and therefore P(y) € U. Hence P | 4, is continuous. Since, by hypothesis, the
polynomial P | 4 is orthogonally additive on .#, ,, Corollary 1 states that there
exists a unique continuous linear map &, : .#, — X such that (15) holds.

For each x € S(#, 1), define

D (x) = Pe(x),
where e € . is any projection such that
ex =xe=x and t(e) < o0. (16)

We will show that @ is well-defined. For this purpose we first check that, if
x € S(#, 1), then there exists a projection e such that (16) holds. Indeed, we write
X = Z];=1 ajxjwithay,...,ar € Cand x1,...,x, € S(#, T)4, and define e =
supp(x1) V - - - V supp(xx). Then ex = xe = x and 7(e) < Z?:] 7 (supp(x;)) < o0,
as required. Suppose that x € S(.#, t) and that e, ep € .# are projections satisfy-
ing (16). Then the projection e = e V e; satisfies (16) and .#,,, #,, C M,. The
uniqueness of the representation (15) on both .#,, and .#,, gives &, |///e1 = &,, and
D, |///€2= ®,,, which implies that @, (x) = P, (x) = D, (x).

We now show that @ is linear. Take x1, xp € S(#, t)and«, B € C.Letey, er € A
be projections such that ejx; = xje; = x; and t(e;) < 0o (j € {1,2}). Then the
projection e = e V ej satisfies

exj=xje=x; (je{l,2}),
e(ax) + Bxz) = (ax) + Bxa)e = ax) + Bxz,

and
7(e) < t(e1) + 1(e2) < 00.
Thus
P(xj) = Pe(xj) (j€{1,2})
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and
®(ax) + Bx2) = Pe(ax) + Bx2) = a®,(x1) + BP.(x2) = a® (x1) + BP(x2).
We see from the definition of & that
P(x)=d(x™) (x €S, 7). (17)

Our next concern will be the continuity of @ with respect to the norm || - || /.. Let
U be a neighbourhood of 0 in X. Let V be a balanced neighbourhood of 0 in X with
V4+V+V+V CU.Theset P~1(V)isa neighbourhood of 0 in L? (.#, t), which
implies that there exists » € R™ such that P(x) € V whenever x € L?(.#, t) and
lx|l, <r.Take x € S(A, 1) with ||x||p/m < ™, and write x = (x1 — x2) +i(x3 —
x4) as in (10) (with p/m instead of p). Then it is immediate to check that actually
X1, X2, X3, X4 € S(A, v)1 and, further, |x;llp/m < lxllpm (j € {1,2,3,4}). For
each j € {1, 2, 3, 4}, we have

“le'/m Hp — T(x;)/m)l/P _ (_L,(xj?/m)m/P)l/m _ ||xj”p/ml/m

1/m
p/m

IA

Xl <7

whence
@) = @ ()" — (Y (e ()

=@ ((xll/m)m) _® ((x2l/m)m) +id ((x3l/m)m) _id ((xi/m)m)
— Psl) - P
+iP()™) —iP(x)/™) eV4+VHV+V CU,

which establishes the continuity of @. Since S(.#, t) isdensein L? Im(#, 1), the map
@ extends uniquely to a continuous linear map from L?/™ (.# , t) into the completion
of X. By abuse of notation we continue to write @ for this extension. Since both P and
@ are continuous, (17) gives P(x) = @ (x™) for each x € LP(.#). The task is now
to show that the image of @ is actually contained in X. Of course, it suffices to show
that @ takes LP/™ (.4, t)4 into X. Letx € LP/"(.#,t),. Thenx'/™ e LP (., T)4
and

o) =o((x"™)") = P(x"") e x,

as required.
The uniqueness of the map @ is given by Theorem 4(ii). O

Let us note that the space of all continuous m-homogeneous polynomials from
LP(#, ) into any topological linear space X which are orthogonally additive on
S(A , )4 is sufficiently rich in the case where p/m > 1, because of the existence of
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continuous linear functionals on L?/™ (., v). However, some restriction on the space
X must be imposed when we consider the case p/m < 1 and the von Neumann algebra
./ has no minimal projections, because in this case the dual of L?/" (.# , T) is trivial
([15]). In fact, there are no non-zero continuous linear maps from L? (., T) into any
g-normed space X with ¢ > p. We think that this property is probably well-known,
but we have not been able to find any reference, so that we next present a proof of this
result for completeness.

Proposition 2 Let .# be a von Neumann algebra with a normal semifinite faithful
trace T and with no minimal projections, let X be a g-normed space, 0 < g < 1, and
let @: LP (M, 1) — X be a continuous linear map with 0 < p < q. Then @ = 0.

Proof The proof will be divided in a number of steps.
Our first step is to show that for each projection ey € .# with t(ep) < oo and each
0 < p < t(ep), there exists a projection e € .# such that e < eg and t(e) = p. Set

P = {e € M : eis aprojection, e < ¢y, T(e) > ,0}.

Note that ¢y € £2;, so that &2 is non-empty. Let € be a chain in &}, and let
€' = Ae.cpe. Then €' is a projection and e’ < eq. For each e € €, since 7(ep) < 00, it
follows that t(eg) — t(e) = 7(eg — €). From the normality of T we now deduce that

t(eo) — inf T(e) = sup(r(ep) — t(e)) = sup t(ep — €)
€€t ect ect

T (Vee(eo — €)) = t(ep — €).

Hence t(e’) = inf,c4 T(e) > p, which shows that ¢’ is a lower bound of %, and so,
by Zorn’s lemma, £7| has a minimal element, say e;. We now consider the set

Py = e € M :eisaprojection, e < e1, T(e) < p}.

Note that 0 € %%, so that &%, is non-empty. Let € be a chain in £, and let ¢’ =
Veewe. Then ¢’ < eq, and the normality of T yields

T(e) =sup t(e) < p.
ect

This implies that ¢’ is an upper bound of ¢, and so, by Zorn’s lemma, 4?2, has a
maximal element, say e>. Assume towards a contradiction that e; # e». Since, by
hypothesis, .# has no minimal projections, it follows that there exists a non-zero
projection e < e] — e3. Since e L ey, we see that e; + e is a projection. Further, we
have e» < ey + e < e;. The maximality of e, implies that T(ex + ¢) > p, which
implies that e, + e € 71, contradicting the minimality of ¢;. Thus e; = e, and this
clearly implies that t(e1) = t(ez) = p.

Our next goal is to show that @ (ep) = 0 for each projection ey with 7(ep) < oco.
From the previous step, it follows that there exists a projection e < eg with t(e) =
17(e0). Sete’ = eg — e. Then 7(e') = (). Further,
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[P (en)lI? = [P (e) + @ (N < [P + [P (),

and therefore either ||® (e)]|? > % | D (ep)||4 or |P (|4 > %ch(eo) |9. We define ¢;
to be any of the projections e, ¢’ for which the inequality holds. We thus get e; < ey,
(e1) = %r(eo), and ||®(e1)| = 24| ®(ep)|. By repeating the process, we get a
decreasing sequence of projections (e,) such that

T(en) =27"1(e0) and [ @(en)] = 27D (eo)|l (n €N).
Then
”2’1/46” ”p = 2Ma¢(e,)V/P = 2"W/a=1/P) g (g)1/P,

which converges to zero, because p < ¢g. Since @ is continuous and ||® (ep)|| <
|®(2"4ey,) Hp (n € N), it may be concluded that @ (eg) = 0, as claimed.

Our next concern is to show that @ vanishes on S(.#, t). Of course, it suffices to
show that @ vanishes on S(.#, 7). Take x € S(.#, 1)+, and let e = supp(x), so
that 7(e) < oo. The spectral decomposition implies that there exists a sequence (x,)
in .# such that lim x,, = x with respect to the operator norm and each x,, is of the
form x, = Z];=] pjej, where p1, ..., ox € Rt and ey, ..., e; € .# are mutually
orthogonal projections witheje = ee; = e; (j € {1, ..., k}). From the previous step,
we conclude that @ (x,) = 0 (n € N). Further, from (8) we deduce that

X = xallp = lle(x = x)llp < llellpllx = xnll = O,

and the continuity of @ implies that @ (x) = 0, as required.
Finally, since S(.#, 1) is dense in L?(.#,t) and @ is continuous, it may be
concluded that @ = 0. O

Corollary 2 Let .4 be a von Neumann algebra with a normal semifinite faithful trace
T and with no minimal projections, let X be a q-normed space, 0 < q < 1, and let
P: LP (A, 1) — X beacontinuous m-homogeneous polynomial withO < p/m < q.
Suppose that P is orthogonally additive on S(# , t)+. Then P = 0.

Proof This is a straightforward consequence of Theorem 5 and Proposition 2. O

We now turn our attention to the complex-valued polynomials. In this setting the
representation given in Theorem 5 has a particularly significant integral form, because
of the well-known representation of the dual of the L?-spaces. The trace gives rise to
a distinguished contractive positive linear functional on L 1 (A, 1), still denoted by .
By (8), if% + % =1, foreach ¢ € LI(.#, ), the formula

Dr(x) =1(x) (x € LP (A, 1)) (18)

defines a continuous linear functional on L? (.#, t). Further, in the case where 1 <
p < 00, the map ¢ +— @, is an isometric isomorphism from LY (.# , 7) onto the dual
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space of LP(.#, t). It is immediate to see that db;‘ = P+, 50 that @, is hermitian if
and only if ¢ is self-adjoint.

Corollary 3 Let .4 be a von Neumann algebra with a normal semifinite faithful trace
T, and let P: LP(#,t) — C be a continuous m-homogeneous polynomial with
m < p < oo. Then the following conditions are equivalent:

() there exists £ € L" (A, t) such that P(x) = t(Zx™) (x € LP( A, 1)), where
r = p/(p — m) (with the convention that p/0 = 00);
(ii) the polynomial P is orthogonally additive on LP (M, T)g,;
(iii) the polynomial P is orthogonally additive on S(A , 7).

If the conditions are satisfied, then ¢ is unique and | P|| < |||, < 2|| P||; moreover,
if P is hermitian, then ¢ is self-adjoint and || ¢ ||, = || P]||.

Proof This follows from Theorems 4 and 5. O

Let H be a Hilbert space. We denote by Tr the usual trace on the von Neumann
algebra A(H). Then L? (A(H), Tr), with 0 < p < oo, is the Schatten class S? (H).
In the case where 0 < p < ¢, we have SP(H) C S9(H) C J#(H) and |x| <
lxlly < llxllp (x € SP(H)). It is clear that S(ZA(H), Tr) = #(H), the two-sided
ideal of Z(H) consisting of the finite-rank operators. Thus, the following result is an
immediate consequence of Corollary 3.

Corollary 4 Let H be a Hilbert space, and let P: SP(H) — C be a continuous
m-homogeneous polynomial with m < p < oo. Then the following conditions are
equivalent:

() there exists ¢ € S"(H) such that P(x) = Tr(¢x™) (x € SP(H)), where r =
p/(p —m);
(ii) the polynomial P is orthogonally additive on SP (H )g,;
(iii) the polynomial P is orthogonally additive on % (H) 4.
If the conditions are satisfied, then ¢ is unique and ||P|| < ||¢|lr < 2|| P||; moreover,
if P is hermitian, then ¢ is self-adjoint and || ||, = || P||.

Corollary5 Let H be a Hilbert space, and let P: # (H) — C be a continuous
m-homogeneous polynomial. Then the following conditions are equivalent:

() there exists ¢ € S'(H) such that P(x) = Tr(¢x™) (x € # (H));

(ii) the polynomial P is orthogonally additive on ¢ (H )gy;
(iii) the polynomial P is orthogonally additive on % (H ).

If the conditions are satisfied, then ¢ is unique and || P|| < ||¢|l1 < 2|| P||; moreover,
if P is hermitian, then ¢ is self-adjoint and ¢ |1 = || P]|-

Proof In order to prove the equivalence of the conditions we are reduced to prove that
(iii)=(i). Suppose that (iii) holds. Let x, y € J# (H)+ such that x L y. From the
spectral decomposition of both x and y we deduce that there exist sequences (x,) and
(yn) in F (H)4 such that limx,, = x, limy, = y, and x,,, L y, (m,n € N). Then

P(x +y) = 1lim P(x, + y,) = im(P (x,) + P(yn)) = P(x) + P ().
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This shows that P is orthogonally additive on J# (H ). Since the C*-algebra JZ (H)
has real rank zero and the net consisting of all finite-rank projections is an increasing
approximate unit, Theorem 3 applies and gives a continuous linear functional @ on
¢ (H) suchthat P(x) = @ (x"™) (x € 2 (H)).Itis well-known thatthemap ¢ — P,
as defined in (18), gives an isometric isomorphism from S'(H) onto the dual of
¢ (H), so that there exists ¢ € S'(H) such that @ (x) = Tr(¢x) (x € #(H)) and
1< = ||@]]. Thus we obtain (i). The additional properties of the result follow from
Theorem 1. O

Corollary 6 Let H be a Hilbert space, and let P: SP(H) — C be a continuous
m-homogeneous polynomial with 0 < p < m. Then the following conditions are
equivalent:

(1) there exists { € B(H) such that P(x) = Tr(¢x™) (x € SP(H)),

(ii) the polynomial P is orthogonally additive on SP (H )gy;
(iii) the polynomial P is orthogonally additive on % (H ).
If the conditions are satisfied, then ¢ is unique and ||P|| < ||¢|| < 2|| P||; moreover, if
P is hermitian, then ¢ is self-adjoint and || || = || P]|.

Proof By Theorems 4 and 5, it suffices to show that the map ¢ — &, as defined
in (18), gives isometric isomorphism from Z(H) onto the dual of S/ (H). This is
probably well-known, but we are not aware of any reference. Consequently, it may be
helpful to include a proof of this fact. If { € Z(H) and x € SP/™(H), then, by (8),
Cx € SP/™(H), so that ¢ x € S'(H) and

I Trco | < ngxl < glixiie < 11l p/m,

which shows that @, is a continuous linear functional on SP/m(H) with @0 <l
Conversely, assume that @ is a continuous linear functional on S?/”(H). For each
&, ne H,leté ® n € F(H) defined by

E®n)W) = (WIng (€ H),

and define ¢: H x H — C by

&, nN=d2E®n &, ne H).

It is easily checked that ¢ is a continuous sesquilinear functional with ||¢|| < [|®||.
Therefore there exists ¢ € A(H) such that (¢(&)|n) = (&, n) forall £, n € H and
IZ]l < ||@]|. The former condition implies that

D (@) =Tr(cE ®@n) = (£ =eE nN=PE N

forall&, n € H,whichgives @, (x) = @ (x) foreachx € % (H). Since .7 (H)is dense
in SP/™(H), it follows that @, = @. Further, we have [|¢]| < |2] = D] < Il
Finally, it is immediate to see that CD;‘ = @+, so that @, is hermitian if and only if ¢
is self-adjoint. O
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Proposition 3 Let H be a Hilbert space withdim H > 2, let X be a topological linear
space, and let P: SP(H) — X be a continuous m-homogeneous polynomial with
0 < p < oo. Suppose that P is orthogonally additive on SP (H). Then P = 0.

Proof Since .7 (H) is dense in SP(H) and P is continuous, it suffices to prove that
P vanishes on .% (H). On account of Lemma 1, we are also reduced to prove that P
vanishes on .% (H)s,. We continue to use the notation £ ® 1 which was introduced in
the proof of Corollary 6.

Letx € Z(H)s. Then x = Y5_  aj&; ® &, where k > 2, 1, ... € R, and
{&1, ..., &} is an orthonormal subset of H. It is clear that the subalgebra .# of Z(H)
generated by {fi ®&;j i, jell,..., k}} is contained in .% (H) and it is *-isomorphic

to the von Neumann algebra #(K), where K is the linear span of the set {&, ..., &}.
By Proposition 1, P | 4= 0, and therefore P(x) = 0. We thus get P | zy),= 0, as
required. O
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