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1 Introduction

Let §2 and £2’ be regions in C", n € N. A mapping g : 2 C C" — ' C C"
naturally defines an equivalence relation on any subset U of §2 by z ~ w if and only
if g(z) = g(w), z, w € U.If B(U) is an algebra of functions defined on a subset U
of £2, then we can consider the subalgebra of functions that are compatible with the
equivalence relation defined by g. We denote this subalgebra by

B,(U) ={f € B(U) : ifz, w € U with g(z) = g(w) then f(z) = f(w)}.

It is a common situation in mathematics that one needs to identify the abstract set
U/ ~ in terms of a more concrete set V, ideally by exhibiting a bijection between
them. In our particular case V = g(U).

The idea of studying the set of holomorphic functions compatible with the equiva-
lence relation defined by a proper holomorphic mapping has been explored in a number
of recent papers, including [13,22]. We continue this study here. Without going into
details right now, our interest is in the study of algebras of holomorphic functions f
(in one or several complex variables) having the property that for some fixed proper
holomorphic mapping g, whenever g(z) = g(w) then necessarily f(z) = f(w).

In Sect. 2 we study continuity properties of the inverse mapping of the proper
function g. These results will allow us to provide alternative representations of these
algebras B, (U) and study their spectra. We will study the algebras B,(U) by estab-
lishing an isomorphism between B, (U) and the algebras B(g(U)). We concentrate on
algebras of polynomials in Sect. 3 and applications to the algebra Ag(K) are given.
Section 4 is devoted to the study of the algebras of holomorphic functions H (U) and
H?(U). In the final section we focus on algebras of symmetric functions defined on
the polydisk. It turns out that these algebras coincide with the algebras of holomorphic
functions defined on the well studied symmetrized polydisk.

It is worth remarking that the approach that we use here can be used in two direc-
tions. On the one hand, we can transform functions satisfying a compatibility condition
to functions defined on a usually more complicated domain. In this way, we are trans-
forming a condition of the functions to a condition on the domain. On the other hand,
some holomorphic functions defined on abstract domains can be related to functions
defined on usually simpler domains under the condition that the functions satisfy
some kind of compatibility condition. In this case, we ameliorate the conditions on
the domain by adding conditions to the functions.

2 Proper holomorphic mappings

Given two regions £2 € C" and 2’  C¥, n, k € N, a continuous mapping g : £ —
2’ is said to be proper if for every compact set X C £2’, g~!(X) is compact in £2.
Most of the properties of proper mappings have been studied for the particular case
of g holomorphic and k = n. See [18, Chapter 15] for an introduction to the theory
of proper holomorphic mappings. Before we continue we present some properties of
proper holomorphic mappings that we will use in the rest of the paper.
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Naturally, 7 is less than or equal to k. Recall that for k = n any proper holomorphic
mapping is open, closed and onto. In this case, if we denote by J, the Jacobian of g,
an element z € §2 such that J,(z) # 0 is called a regular point of g and every z € 2
with Jg(z) = 01is called a critical point of g. The set of critical points of g is denoted
by M = J, 1(0) and every point in g(M) is called a critical value of g. Every point
in g(£2) \ g(M) is called a regular value of g. By [18, Theorem 15.1.9], there is an
integer m, called the multiplicity of g, such that for every regular value x of g, the
set g1 (x) has exactly m elements and for every critical value x of g, the set g~ !(x)
has less than m elements. Also, the set of regular points is dense in £2 and the set of
regular values is dense in £2’.

Definition 1 Let us consider a proper holomorphic mapping g : 2 C C" — ' C
C" of multiplicity m and a point z € £2. Denote by {z1, ..., zt} = g7 ' (g(z)) C Q.
Consider pairwise disjoint open sets U,; C £, fori = 1,...,k, such that z; € Uy,
and the restriction g|U U; — g(UZ ) is a proper holomorph1c mapping (see the
proof of [18, Theorem 15.1. 9] for a possible construction of the sets U;,i = 1, ..., k).
We define the multiplicity of z as the multiplicity of the proper holomorphic mapping
glu, and we denote it by mult(z).

Notice that the definition of the multiplicity of z is independent of the set U and the
mapping g |y, , and automatically every regular point has multiplicity one. Furthermore,
for every z € £2,

Z mult(z;) = m. (1)

zieg™1(g(2)

In the following proposition we will consider subsets of §2 of cardinality less than
or equal to a fixed natural number m. The set of subsets of £2 of cardinality less than
or equal to m is denoted by P_,,11($2). Naturally P_,,41(§2) can be considered as a
metric space when endowed with the Hausdorff distance between sets. Recall that the
Hausdorff distance between finite subsets X and Y of ametric space (M, d) is given by

du(X,Y) = max{max mind(x, y), max mind(x, y)}.
xeX yeY yeY xeX

For a point z in C" and a positive number &, B(z, ¢) will denote the open euclidean
ball centered at z with radius ¢.

The following proposition shows that the inverse of a proper holomorphic mapping
is a continuous mapping when considered as a multivalued mapping.

Proposition 1 Given a proper holomorphic mapping g : 2 C C" — ' c C" of
multiplicity m, the mapping

871 12— P<m+l(~Q)
x ~ {z€82:8(2)=x}

IS continuous.
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Proof Let us fix x € £2/. If x is a regular value of the mapping g, then the set
{z € £2 : g(z) = x} contains exactly m different elements that we denote by
{z1,...,zZm}. Then, fori = 1,...,m, Jg(z;) # 0. As a consequence of the inverse
function theorem for functions of several complex variables there exist pairwise
disjoint open neighborhoods Uy, ..., U, of zi,..., 2, respectively and an open
neighborhood V; of x such that the mapping g|y;:U; —> Vi has a continuous inverse
that we denote by gj_1 Ve — Uj, j=1,...,m. Then,if {x,}°° | is a sequence of
points in V, convergent to x, by continuity we have that { g (xi)};?i | converges to z;
for j =1, ..., m. Therefore, {g’l(xl)}l_l converges to g~ (x).

Let us assume now that x is a critical value of the mapping g and the set g~ ! (x)
is {z1,...,zs} with 1 < s < m. To show that g_1 is continuous at x we proceed by
contradiction. Assume that g~! is not continuous at x. Then, there exists a sequence
{x; }l | convergent to x such that {g_l(x,)}"o] is not convergent to g_l(x) Since
{g -1 (xl)}l"i1 is not convergent to g_l (x) there exist a positive number ¢ and a strictly
increasing sequence of natural numbers {i,}7> | with

du(g™' ), g7 (xi)) > e

Without loss of generality, we can assume that & < 1/2minj<j<x< |lzj — 2k and

B(zj, &) C Uy for j = 1,...,s, where Uy, are the disjoint open sets that appear in
Definition 1. ' .
For each i = i, we denote by {z, ..., 2}, .} the set g (xp).

Note that max1<j<5 m1n1<,<m, d(z,,zt) cannot be bigger than ¢ since m =
ijmult(zj) = 1mult(z,) So we can assume without lost of general-
ity that maxj<;<mu, minj<;< <s d(zj, z; ) > ¢ for all natural number i. Then, since
max|<;<m, Minj< j<s d(z;, zt) > ¢, for each natural number i there exists i with
m1n1</<C d(zj,z;) > e. Therefore, we can find a sequence of points in £2, {z[ el
with z,l, € {zl, R Zm,-} such that

,1111111 llzj — z;, Il > e. (2)

......

Put N = g( ﬂ‘;zl (£2\ B(z;, s))). Since g is proper and holomorphic, g is a closed
mapping. Hence, N is closed in £2’ and does not contain x. Let § > 0 be such that
B(x,8) C 2'\ N.

Since the sequence {x;}7, converges to the point x, for i big enough the point x;
belongs to B(x, §). As x; does not belong to N, we have that g’1 (xi)N ( /:1 (£2\
B(zj, ))) = . Therefore g~ (x;) C US_1B(z;, &). In particular, z € US_1 Bz, €)
1

}OO
for i big enough. But this contradicts Eq. (2). Therefore, g~ is continuous at x. O

Corollary 1 Let g : 2 C C" — 2" C C" be a proper holomorphic mapping and
K =U C 2 where U is a bounded non-empty open subset of 2. If for every regular
point z in K the set g~ (g(2)) is contained in K, then g~ (g(K)) = K
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Proof The inclusion K C g_1 (g(K)) is trivial. Let us show the other inclusion. Let
zbe apointin K. Since K = U there exists a sequence of regular points {z; 2, cvu
convergent to z. By the continuity of the mappings g and g~! we have that g~ (g(z;))
is convergent to g_l(g(z)). Since g_l(g(z,-)) C K then g_l(g(z)) C K.

3 Banach algebras of polynomials

Given a proper holomorphic mapping g : 2 € C* — £’ € C* and a compact set
K C £2, we denote by

Po(K) ={Plk : P € P(C") andif z, w € K with g(z) = g(w) then P(z) = P(w)},

where P (C") stands for the algebra of all polynomials defined on C".

Roughly speaking P (K) is the set of polynomials in C" that are compatible with
the equivalence relation defined by the mapping g on the set K.

We denote by 2, (K) the Banach algebra defined as the closure of P, (K) with the
topology of uniform convergence on K.

Notice, that if g is the identity mapping form C" to C", then the algebra &7, (K)
is the classical algebra &?(K) defined as the closure in C(K) of P(C") with the
topology of uniform convergence on K. More examples of algebras &7,(K) will be
seen in Sect. 5.

If K is a compact subset of C”, the polynomially convex hull of K is the set

={ze€C":|P(z)| < | P| for every polynomial P € P(C")}.

A compact set K of C" is said polynomially convex if K =K.
We denote by

K¢ = {z € C": |P(2)| < ||Pllk for every polynomial P € Py (K)}.

A mapping g : 2 € C" — Q' € CFisaproper polynomial mapping whenever g
is a polynomial from C” to C¥ that is also a proper mapping when restricted to £2. This
is equivalent to saying that g is a proper mapping that can be written as (g1, . .., gk)
with g; € P(C*) fori =1, ..., k.

The following result establishes the relation between the sets K and K.

Proposition 2 For any proper polynomial mapping g : C" — C" and any compact
set K C C" with g_l(g(K)) = K we have that

K¢ =K.

Proof Clearly K < K¢ so we will check the other inclusion. Let consider z ¢ K.
Then, since K is polynomially convex, g 1(g(l()) = K and g is a proper holomor-
phic mapping from C" to C", by [21, Theorem 1.6.24] the set g(K ) is polynomially
convex and g(z) ¢ g(I? ). Consequently, there exists a polynomial Q € P(C") with

10@@)] > 10142,
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Then the polynomial P = Q o g is an element of Py (K) with
I[P > IPlg =Pk,

soz ¢ Ks.
As a consequence we obtain the following extension of [1, Theorem 3.1].

Corollary 2 Let g : C" —> C" be a proper polynomial mapping and let K C C" be
a polynomially convex set with g 1(g(K ) = K. Then, for every z ¢ K there exists a
polynomial P € Py (K) with

|P(2)| > sup |P(w)].

wek

Definition 2 Given a subset K of C”, consider an algebra of polynomials B(K) C
P(C™). 1t is said that {g,}k | C B(K) is algebraically independent in B(K) if the
only polynomial Q € P((Ck) that satisfies Q (g1, ..., g) = 0is Q = 0. We recall that
{gi}f‘zl C B(K) is a basis of B(K) if for every polynomial P € B(K) there exists a
unique polynomial Q € P(CK) such that P(z) = Q(g1(2), ..., gk(z)) forall z € K.

Remark I Given a proper polynomial mapping g : 2 € C" — Q' € CK, g =
(g1, -- -, 8k), and a compact subset K of £2, the polynomials {g,-}f“zl are not always a
basis of the algebra Py (K), even if K has nonempty interior. Indeed, g : c?—C
defined by g(x, y) = (x2, y2, xy) is a proper polynomial mapping. However, for any
compact subset K of C2, the polynomial P (x, y) = x?y? cannot be written in a unique
way as an algebraic combination of g1 (x, y) = x2, g2(x, y) = y? and g3(x, y) = xy.

Before we continue, let us relate the algebra :@g (K), that we have just defined, to
the classical algebra of group invariant polynomials. Let us denote by G L (n, C) the
general linear group of degree n consisting of the set of all n x n complex invertible
matrices. We consider the natural group action of GL(n, C) on C". For a subgroup
G <GL(n,C)and aset K C C" we denote by

(G,K)={gw:2€G,we K}

the action of the group G on the set K and it is said that K is invariant under the
action of G if (G, K) = K. Given a finite subgroup G < G L(n, C) and a polynomial
P € P(C"), we recall that P is an invariant polynomial under the group G or G-
invariant if P(w) = P(gw) for all g € G and all w € C". For more details about the
theory of invariant polynomials under the action of finite groups we recommend [10,
Chapter 7]. Given a set K that is invariant under the action of a group G < GL(n, C)
we denote by

Po(K)={P € P(C"):Poo =PonK forallo € G}

and by & (K) the Banach algebra defined as the closure in C(K) of Pg(K) with the
topology of uniform convergence on K.
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This setting will be discussed in a more general scenario at the beginning of Sect. 4.

Recall that a finite unitary reflection group G is a finite subgroup of GL(n, C")
of unitary transformations that is generated by the reflections that it contains. By
reflection we understand a linear transformation 7 : C" — C” that fixes pointwise
only a hyperplane of dimension n — 1. For example, T (x, y, z) = (x, y, 2z) is such
a T. The finite unitary groups were studied and classified by Shephard and Todd [20]
and Flatto [12]. Hilbert proved that for any finite unitary reflection group G there exist
finitely many polynomials pq, ..., p, that are G-invariant and form a basis of the
algebra P (C"). Chevalley showed that in fact this basis can be chosen to be exactly
n homogeneous G-invariant polynomials. See [10, § 2.5 Theorem 4] and [9, Theorem
(A)] for the details.

Here we show that for finite unitary reflection groups the algebras &7, (K) and
P (K) coincide.

Proposition 3 Let G C GL(n, C) be a finite unitary reflection group, let{g1, . .., gn}
be a basis of homogeneous polynomials of Pg(C") and put g = (g1, ..., &n)- Then
for any compact set K containing zero as an interior point that is invariant under the
action of the group G, the set {g;};_, is a basis of the algebra Py (K) and

P6(K) = Po(K).

Proof Firstwe show that {g;}?_, is abasis of the algebra Pg (K). Let P be a polynomial
in’Pg (K).By[10, §7.2 Proposition 10] P is G-invariant if and only if its homogeneous
parts are G-invariant. Thus, we can assume that P is homogeneous. Since zero is an
interior point of K, by homogeneity, P is an element of P (C"). Therefore, Pg(K) C
P (C™). Clearly the other inclusion holds, hence PG (K) = Pg(C") and {g1, ..., gn}
is a basis of polynomials of P (K).

To see that P (K) = P, (K) it is enough to show that Pg(K) = Pg(K). If P
is a polynomial in Pg (K) then P can be written as P = Q o g for some polynomial
Q € P(C"). Thus P € Py(K). Therefore Pg(K) C Pg(K). Let us assume now
that P is a polynomial in P, (K). Let us also assume that z € K and o € G. Since
the mappings g;, i = 1,...,n, are G-invariant, g;(0(z)) = g;(z) for all i. Thus
g(0(2)) = g(zr)forall z € K and all 0 € G. Hence, P(o(z)) = P(z) forallz € K
andallo € Gso P € Pg(K).

For a complex Banach algebra B, M () stands for the spectrum of 3, which is
the set of complex non-zero homomorphisms. In what follows, we give a complete
description of the spectrum of the algebras &, (K).

Letg: 2 € C" — ' C CF be a proper polynomial mapping, g = (g1, ..., gk)
with g; € P(C") and K be a compact subset of §2. Assume that the polynomials
{gi}f.‘:l are a basis of the algebra P, (K). We define

T M(Z4(K)) — Ck

U~ (Y81, Y (gK))- 3)

Notice that the mapping 7 is well defined since the polynomials g1, . .., g belong
automatically to the algebra Py (K) C &, (K).
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If we consider g to be the identity mapping, then the mappings g1, ..., g, are
the projection mappings pi, ..., p, that are a basis of the algebra of polynomials
P(C™). Alsoin this particular case the mapping 7 coincides with the classical mapping
7 M(P(K)) —> C" defined as () = (Y (p1), ..., ¥(py)) for any compact
subset K of C". As usual, for z € C", we denote by M, (Z(K)) the fiber of the
spectrum of the algebra &2(K) at the point z defined as

MAP(K) =¥ € P(K) :n(y) =z} =7 ' (2).

Itis a clas,s\ical result that every character of &(K) is the evaluation at a unique
point z € K, §; (see for instance [21, Theorem 1.2.9]). The following theorem is a
generalization of this result.

Theorem2 Let g : 2 € C" — ' € CK be a proper polynomial mapping,
g = (g1,-..,8k)- Let K be a compact subset of §2. Assume that the polynomials
{gi }fle are a basis of the algebra Pg(K). Then,

T(M(P(K))) = g(K).
Furthermore, for every x € g/(\K) N g(£2),
M (P(K)) = {80 1w € g~ ()} )

In particular, if k = n, then (4) holds for every x € g/(—K\) N

Proof First we show that m (M (Z,(K))) C g(/K\) Let us fix a homomorphism v €
M(Z4(K)) and consider z := 7 () = (Y (g1), ..., ¥ (g)) € C*. By hypothesis,
every polynomial P € Py(K) can be uniquely written as P = Q o g for some
polynomial Q € P(C¥). Since 1 is linear and multiplicative,

v(P) =y (Qog)= QW) ... ¥(gr) = Q).

Now, for every polynomial § € P(C), we have that R = Sog € Pq(K).
Therefore,

[S@I = ¥R < IRk = [ISllgx)

where the above inequality follows from the fact that the norm of the character is
bounded by 1. Hence, 7 (¥) = z € g(K).
To see the other inclusion, take x € g(K). Consider the function

Y Pg(K) — C
P~ Q)

where Q is the unique polynomial in P(C¥) with P = Q og. This function 1/ is clearly
a continuous homomorphism as x € g(K). By the density of P,(K) in &, (K), ¥
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can be extended to a homomorphism in M (% (K)) that we denote in the same way.
Obviously, 7 (¢) = x and the inclusion follows.

To finish, let x € @ N g(£2) and ¥ € M(P¢(K)) with m(y) = x. Fix
w € g~!(x). For every P € Py(K),

V(P)=vy(Qog)= 0 =(Qog)(w) = Pw),

where Q is the unique polynomial in P(C¥) with P = Q o g. Hence, ¥ = §&,.
Therefore,

M (P4(K)) = (80w € g7 (1))

for any x € @ﬁg(ﬂ). O

By [21, Theorem 1.6.24] if g : C" — C" is a proper mapping then g(K) is
a polynomially convex compact subset of C" for any polynomially convex compact
subset K of C". Hence we have the following corollary of Theorem 2.

Corollary 3 Let g : C* — C" be a proper polynomial mapping, g = (g1, - ., &n)-
Let K be a polynomially convex compact subset of C". Assume that the polynomials
{gi}i_, are a basis of the algebra Pg(K). Then,

T(M(Z4(K))) = g(K).
Moreover, for every x € g(K),
M (Zg(K)) = {80 1w € g7 (D).

Given a compact set K C C" with non-empty interior we denote by A(K) the
algebra of functions from K into C that are continuous on K and holomorphic in the
interior of K. For a fixed proper polynomial mapping g : 2 € C* — £’ C Ck, if
K C £2 is a compact set with non-empty interior we denote by

A (K) ={f € A(K) : if z, w € K with g(z) = g(w) then f(z) = f(w)}.

Remark 3 Let K be a compact balanced set with 0 € int(K), K C 2 € C". The
following are equivalent:

1. for every function f € A,4(K), its Taylor polynomials at the origin, Py, f, m =
0,1,2,..., belong to Ag(K),

2. if g(x) = g(y) withx, y € K then f(Ax) = f(Ay) for every complex number A
with [A| = 1 and every f € Ag(K),

3. if g(x) = g(y) with x, y € K then g(Ax) = g(Ay) for every complex number A
with |A] = 1.

It is said that a mapping g is circular if it satisfies any of the conditions in the
remark above.
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Remark 4 1f K is a compact balanced set in C" which coincides with the closure of
its interior and 0 € int(K), then A(K) = Z(K). Indeed, given f € A(K), since
the interior of K is balanced f(x) = Z;’f:o P, f (x) for every x in the interior of K,
where P, f are the Taylor polynomials of f at the origin. Hence, since f is uniformly
continuous on K, given € > 0 there exists 0 < » < 1 such that | f(x) — f(rx)| < €
for all x € K. Thus, |f(x) — anozo r"™ Py, f(x)| < € for all x € K. Therefore, there
exists a natural number m( such that | f(x) — ZZO:O r" Py f(x)] <2eforallx € K.

If we want to know the relation between Ag(K) and &, (K) where g is a proper
polynomial mapping, by Remark 4 we would need that for any f € A,(K) all the
Taylor polynomials of f at the origin are elements in Py (K'). This happens when g is
circular.

Corollary 4 Let g : 2 € C" —> Q' C CF be a circular and proper polynomial
mapping, g = (g1, ..., k). Let K be a compact balanced subset of $2 which coincides
with the closure of its interior and 0 € int(K). Assume that the polynomials {g,-}i.‘:1
are a basis of the algebra Py (K). Then,

T(M(Ag(K))) = g(K).
Moreover, for every x € @ Ng($2),
M (Ag(K)) = {8, : w € g7 (1)) Q)

In particular, if k = n, then (5) holds for every x € @ N’

4 Algebras of holomorphic functions

Given a proper mapping g : 2 € C" — 2’ € CK, an open subset U C £2 and a
subalgebra B(U) of H(U), we define the algebra

B,(U) ={f € BWU) : ifz, w € U with g(z) = g(w) then f(z) = f(w)}.

Naturally the mapping g defines an equivalence relation on U by z ~ w if and
only if g(z) = g(w) for z, w € U. Roughly speaking the algebra B, (U) is the set of
holomorphic functions on B(U) that are compatible with respect to the equivalence
relation defined by g.

Recently, several authors have studied algebras of holomorphic functions that are
invariant under the action of a given group or semigroup of operators. A lot of attention
has been devoted to the study of algebras of symmetric functions (see, e.g., [2,3] and
the references therein). In particular, if U is an open subset of §2 and G is a subgroup
of GL(n, C) leaving U fixed, i.e. U is invariant under the action of G, we can consider
the action of G on H(U) defined by

G xHWU) — HU)

. f) ~ foolu. ©
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To simplify the notation, from now on, we will write f o o instead of f oo |y.
We can then consider the subalgebra of H(U) consisting of all the G-invariant
holomorphic functions, i.e.,

HeU)={f eHWU): foo = fforalloc € G}.

Naturally the definition of Hg(U) can be extended to any subalgebra B(U) of
‘H(U) whenever the mapping (6) is well defined, i.e. for every o € G and every
f € B(U) then f oo € B(U). We define

BoU)={feBU): foo = fforalo € G}.
Recall that for a group G acting on a set X, the orbit of a point z € X is the set
orb(z) ={oz:0 € G}.

The following result extends Proposition 3 to algebras of holomorphic functions.

Proposition 4 Let G < GL(n, C) be a finite unitary reflection group, {g1, ..., gn} a
basis of G-invariant polynomials and g = (g1, ..., gn). Let U be an open set that is
invariant under the action of G and B(U) a subalgebra of H(U). If f oo € B(U)
for every o € G and every f € B(U), then we have that

By (U) = Ba(U).

Proof The fact that the polynomials g1, ..., g, are homogeneous and a combination
of [19, Proposition 2.1] and [19, Theorem 5.1] show that the mapping g : C* — C" is
a proper polynomial mapping. To prove the result it is enough to show that for every
point z € U we have that orb(z) = g~ ' (g(z)). This equality is a direct consequence of
[19, Proposition 2.2 (i)] where it is proved that w € orb(z) if and only if g(z) = g(w).

Proposition 5 Given a proper holomorphic mapping g : 2 € C" — Q' € C" of
multiplicity m, and an open set U C 2 with g~ (g(U)) = U, the linear operator

pg : H(U) —> Hg(U),
o~ fg

1
where fo(z) = — > f(zi)mult(z;) for every z € U, is well defined. More-

zieg™1(g(2)
over,

(a) the mapping pg is continuous,

(b) if f € Hy(U) then py(f) = f,

(©) if f € Hy(U) and h € H(U) then pg(fh) = fpg(h),

(d) if f is bounded by a positive constant M then so is pg(f).
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Proof First we show that f, is continuous. Let us fix z € U. Put {z1,...,z} =
¢~ '(g(z)) C U. For simplicity we assume that z = z;. We show now that f, is
continuous at zj.

Following the idea of the proof of [18, Theorem 15.1.9], we can find neighborhoods
Uz ,...,Uy CUand Vg C g(U) of the points zy, ..., zx and g(z1) respectively
such that the mappings

G = 8|Uz,. Uz — Ve

are proper holomorphic mappings with multiplicity m;,i = 1, ..., k. Without loss of
generality, we can assume that U, C B(z;, r/2), with r = minj<;<j<¢ llzi — zjlI.

Since f is continuous at z1, ..., Zk, given ¢ > 0 there exists a positive number
8 < r/2 such that if w € U and ||lw — z;|| < 6 then |f(w) — f(z;)| < &, for
i = 1,..., k. By Proposition 1, the set-valued mapping g~' is continuous on £2’
so g~ ! o g is continuous at z;. Thus, there exists y > 0 such that if w € U, and
lw —z1ll <y then dp (g~ (8(w)). g~ (g(z1))) < 8. , .

For any w € U, with [[w — zi|| < y, we denote by {wj, ..., w, } the set
¢~ '(g(w)) N U, where we are repeating the points according to their multiplicity.
Then, foreachi = 1,...,kandeach j = 1, ..., m; we have that

,,,,,

Since r/2 > 6, w; € U, C B(zi,r/2) and z; € U, C B(zs,r/2) we obtain
j.—zsn = ||w§. — zi|l. Hence, for j = 1,....m;,i = 1,...,k,

||wj. —zill <6, s0 |f(wi/.) — f(zi)| < e. By the triangle inequality, fori =1, ..., k,

that ming—;

.....

(3 swi) - som
j=1

= Z If(w;) — f@)| < mje.
j=1

Therefore

k  m; k

| fe(w) = fe(z1)] \% DY fwh) - %Zf(a)rmj
i=1 j=1 i=1

1 k m; -

—> f) - fam| <e.

i=1 j=

IA

Thus, f, is continuous at z = z;.

Now we are going to show that f, is holomorphic. If z is a regular point of g in U,
then g~ '(g(2)) = {z1,..., zm} and Jg(z) # 0. To simplify our notation we assume
that z = z;. Notice that g(z7) is a regular value of the mapping g and every point
71, ..., Zm 1s aregular point of g in U. By the inverse function theorem and using that
g is holomorphic at z; there exist pairwise disjoint neighborhoods U, ..., U;, C U
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and Vg(;;) C g(U) of the points zi, ..., 2, and g(z1) respectively such that the
mappings

G = g|Uz,- (U — Ve

are biholomorphic fori =1, ..., m.
Fori =1, ..., m, put,

Fi:f|UZ[oGi_loG1:Uz1—>(C.

Then, each function F; is the composition of holomorphic functions on the neighbor-
hood Uy, of the point z;. Since

1 m
fglUZl = ZZE:
i=1

the function f; is holomorphic on U,,, whenever z; is a regular point of g in U.

Letus now fix acritical pointz € J,- 1{0}NU . Consider U, a bounded neighborhood
of z with U, C U. Since [ is continuous on U, then fg is bounded on U..

As fg is holomorphic on U\ J,° 110} and bounded on a neighborhood of every point
of Jg’ 1{O} NU, by [15, Theorem 7.3.3] there exists a holomorphic extension F of f,
to U. By the density of the set U \ J,~ 140} in U, the functions F and f¢ coincide in
U. Thus, f, is holomorphic in U.

To continue we see that f; is compatible with the equivalence relation defined by g.
Let us consider z, w € U with g(z) = g(w). Then, g~ '(g(w)) = g~'(g(z)). Thus,

fo=— Y feomudin = Y feomuli) = f.

zi€g1(g(2) zieg~ (g(w))

Therefore, the linear operator pg is well defined.
Let us show that p, is continuous. For a compact set K C U and z € K,

1
g (N@I=1— > fmult(z)

zi€g™1(g(2)

1

<— ) IfGlmult ()
zi€g™1(g(2)

< > 1 g iy mult (i)
zi€g™1(g(2)

= I fllg-1 gk (by (D).
Therefore [|pg(f)llx = Il fllg-1¢4(k)- Hence pg is continuous. Properties (b) and

(d) follow from the definition of f,. To prove (c), let us consider f € H,(U) and
h € H(U). Then, for every z € U,
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pg(f)(z) = % Y (FGDRE))mult z:)

zieg 1 (g(2)

1
=— ) (f@hG)mult@) (since f € Hew))

zieg 1 (g(2)

1
=f@— > hGomult(z)
zieg 1 (g(2)

= f(2)pg(h)(2).
Remark 5 An alternative version of Proposition 5 can be done without giving the
explicit definition of the function f, at every point in U. For this, we can define the

1

function f, only at the regular points as fg(z) = — > c.-1(4(;)) f(zi) and then use

the density of the regular points and [15, Theorem 7.3.3] to extend the function f,
to U. However, the version provided here has the advantage that it gives us a precise
description of the function f, at the singular points of the mapping g.

Proposition 6 Let g : 2 € C" — 2’ € C" be a proper holomorphic mapping of
multiplicity m and let U be an open subset of 2 with g~ (g(U)) = U. If B(U) is a
Banach subalgebra of H(U) such that that py (f) € Bg(U) for every f € B(U), then
the mapping
P, : M(B(U)) — M(B,(U))
Vo~ YlB,w)

is surjective.

Proof We need to show that every non-zero complex homomorphism

¥ B, (U) — C
extends to a non-zero complex homomorphism W : B(U) — C. Naturally, the
kernel of ¢, Ker(¥), is a subset of B(U). Let I be the ideal of B(U) generated by
Ker(yr). We show that [ is a proper ideal of B(U). Indeed, if this were not the case,

then 1 would be an element of /, so we could find elements fi, ..., fi, € Ker(y)
and hy, ..., h, € B(U) with

1:f1h1+"’+fmhm«

Therefore, by Proposition 5,

=9 (pg(1) =¥ (pg(frh1+ -+ fmhm))
=Y (fipg(h) + -+ fmpg(hm))
=YDV (pgh) + -+ Y (f)¥ (pg(hm))
= 0y (pg(h1)) + -+ + 0¥ (pg (hm)) =0,

a contradiction.
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Thus 7 is a proper ideal. Since B(U) is a Banach algebra, I C Ker (VW) for some
non-trivial complex homomorphism W : B(U) — C. Thus, W is an extension of
and the proof is completed.

Theorem 6 Let g : 2 C C" — 2/ C C" bea proper holomorphic mapping of
multiplicity m. Let U be an open bounded subset of 2 withU C 2 and g~ (g(U)) =
U. Then there is an algebra isomorphism between Hq(U) and H(g(U))

n:HEgW)) — HgU)
h ~ nh)y=hog

when both algebras are endowed with the compact-open topology.

Proof Consider the mapping 1 from H(g(U)) to Hg(U) defined by n(h) = ho g =
h. The mapping & is holomorphic since it is the composition of two holomorphic
functions. Also if z, w are two elements of U with g(z) = g(w), then ﬁ(z) = fz(w).
Hence h € ‘Hg(U). Clearly, the mapping 7 is linear, multiplicative and continuous
when both algebras are endowed with the compact-open topology.

Let us show that this mapping 7 is a bijection from H(g(U)) onto H, (U). First we
show that the mapping is one-to-one. If hj o g = hpo g, then (hj0g)(z) = (ha0g)(2)
for every z in U. Hence, h1(x) = ha(x) for every x € g(U). Therefore, h1 = h».
Now we need to show that the mapping 7 is onto, i.e. given f € Hg(U) there exists
a holomorphic function / in H(g(U)) such that h= f. Define the function

h:gU)y— C e
x o~ h(x) = f(2),

where z is some point in U such that x = g(z). Notice that since f € Hg(U) the
definition of the function / is independent of the point x in the set g~!(z). Hence, the
function £ is well defined.

We show that the function / is continuous. Let {x;}72, C g(U) be a sequence
convergenttoapointx € g(U).Foreachnatural numberi, letus fixapointz; € U such
that x; = g(z;). Let us fix also a point z € g~!(x). Notice that since g~ ! (g(U)) = U,
zis an element of U. We claim that the sequence { f (z;)}{2, is convergent to the point
f(z). If this were not the case, we could find a positive number ¢ and a subsequence
{f(zip) 22, of the sequence { f (z;)}%°, with | £ (z;,) — f(2)| > . Since U is compact
there would exist a subsequence of the sequence {z;, }; ;, that we denote in the same
way, and a point zo € U, such that {z;, 15, — 20 € U. By the continuity of the the
function f,

{(fG@it2 = f(zo)

which is different from f(z), since | f(z;,) — f(z)| > ¢ for all natural numbers k.
By the continuity of the mapping g we have that

x = lim x, = lim g(z;,) = g(z0).
k—o00 k— 00
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Since g(zo) = x = g(z) and f € H,(U) we have that f(z9) = f(z) which is a
contradiction. Hence, the sequence { f(z;)}72, is convergent to the point f(z). But,
h(x;) = f(z;) for all natural numbers i and h(x) = h(z). Therefore, {h(x;)}2; —
h(x) and h is continuous.

Finally, let us show that the function 4 is holomorphic. For every regular value
x € g(U), letus fix apoint z € U so that g(z) = x. Since 7 is a regular point of g and
g 1s holomorphic at z, there exist neighborhoods U, and V, of z and x respectively
such that the mapping g|y, : U; —> V is biholomorphic. Since &7 = f o g !onthe
set Vy, h is holomorphic at the point x. Thus /4 is holomorphic on the set of regular
values of the mapping g. For every singular value x € g(U), consider V, a bounded
neighborhood of x with V., C g(U). Since h is continuous on V., h is bounded on
V,. By [15, Theorem 7.3.3] there exists a holomorphic extension H of k to g(U) that
coincides with /4 on a dense subset of g(U). Thus, A is holomorphic on g(U).

Since 7 is a linear, multiplicative, continuous and bijective mapping between two
Fréchet algebras, 7 is an algebra isomorphism between H (U) and H(g(U)).

In Theorem 2 and Corollary 4 we have a proper polynomial mapping g : £2 C
C" — 2" < C" g =(g1,...,8n) and we assume the hypothesis that {g;}"_, is
a basis of Py (K). Now we are going to provide some cases where this hypothesis is
fulfilled.

Corollary 5 Ifg: 2 CC" — 2' < C", g = (g1, ..., gn), is a proper polynomial
mapping and K is a compact subset of §2 with non-empty interior, then {g;}!_, is
algebraically independent in the algebra Py (K). Moreover if the polynomials {g;}7_,
are homogeneous then it is a basis of Py (K).

Proof Let O € P(C") such that Q(g1, ..., gn) = 0. Let U be the interior of K.
By Theorem 6 we have an isomorphism 7 between M, (U) and H(g(U)) defined by
n(h) =hog,where g = (g1, ..., 8n). Since Q(g1, ..., &) € Hg(U), there exists a
unique F € H(g(U)) such that Q(g1, ..., &) () = F(g1,...,8n)(z) forallz € U.
But7(0) = 0, hence F = 0. As the restriction Q| ) isin H(g(U)), then Ql,w) = 0.
If we now apply the Identity Principle to a non-empty connected component of g(U)
we obtain that Q = 0 on C". Therefore {g;}7_, is algebraically independent in the
algebra P, (K).

Moreover, assume now that g; is homogeneous of degree deg(g;) = mj, j =
1,...,n.Let P € Py(K). Thus P is also an element of Hg (U). By Theorem 6 there
exists a unique F € H(g(U)) such that P(x) = F(g1,...,8n)(x) forallx € U.
Without loss of generality we may assume 0 € U and O € g(U). So there are r, s > 0
such that Bo(0,7) C U, Bso(0,5) C g(U) and Boo(0,5) C g(Boo(0, r)), where
Boo(0, t) denotes the closed polydisk centered at the origin with radius # = r, s. Let
us denote

F) =) ca(F)Z"

n
aeNj

the monomial expansion of F, which is absolutely and uniformly convergent on
B (0, r). Thus we can make the following rearrangement F'(z) = R(z) + S(z) with
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R@)= Y cF)z* ad S@= Y calF)",
aeNg aeNg
deg(g®)<k deg(g®)>k

for all z € Boo(0, 1), where k = deg(P) and g% = [T, gl.a" . Therefore

P(x)=RE@)+SEx) =Y )M+ Y calF)g*x). (8)
aeN! aeN!
deg(g")osk deg(g"‘)0>k

for all x € B (0, ).
The first summand R(g) of Eg. (8) is a polynomial since the set {o € Nj :
deg(g®) < k} is finite, and it belongs to P,(K). Indeed, if we denote |o| =

o+ ... +a, fora = (a1,...,a,) € NI, we have that aj = “Z—l for some j,
so deg(g®) = deg(g‘l)” gy = aimy + ...+ aymy, > ajmj > %m, where
m = min{my,...,m,} > 1and %m > k if and only if |«| > ’Zn—k So

k
{aeNgzdeg(ga)Sk}c{aeNgz|a|g%},

The second summand S(g) of Eq. (8) is a holomorphic function on some open set
containing Buo (0, ). Clearly | ., iz(fl) dx = 0 for all |¢| < k < deg(g®), where T
stands forthe torusand1 = (1, ..., 1). Hence, by the Cauchy integral formula, we have
that ¢4 (S(g)) = O for all |o| < k. As a consequence, ¢, (P — R(g)) = ¢4 (S(g)) =0
for all |¢| < k, and since deg(P — R(g)) < k we obtain that P = R(g) = n(R) (and

S(g) = 0). This completes the proof. O

By [19, Theorem 5.1], every mapping g = (g1, . . . , &), where g ; isahomogeneous
polynomial, j = 1,...,n, and g~!(0) = {0} is a proper polynomial mapping from
C" to C". Hence these mappings are examples of proper polynomial mappings g
satisfying the hypothesis in above corollary, i.e., {g1, ..., gx} is a basis of P, (K).

Theorem 7 Let g : 2 € C" — 2’ C C" be a proper holomorphic mapping of
multiplicity m. Let U be an open bounded subset of 2 withU C 2 and g~ (g(U)) =
U. Then there is an algebra isometric isomorphism between the Banach algebras
HZ*(U) and H* (g(U)).

Proof Let 1 be the algebra isomorphism from H(g(U)) onto H, (U) used in the proof
of Theorem 6. To prove the result we show that if 7 € H(g(U)) is bounded then so is
n(h) and ||hllgw) = lIn(h)|ly. For fixed h € H*(g(U)),

Al = sup [h(x)] = sup|(hog)(@)]=sup|(n)@)I|=lnh)l

xeg(U) zeU zeU
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Let g : 2 € C" — £’ < C" be a proper holomorphic mapping, g =

(g1,--.,8n) and U be an open subset of £2. We define
7 M(Hg(U)) — C" ©)
W ~ (w(gl% R w(gl‘l))
Notice that the mapping 7 is well defined since the mappings g1, ..., g, belong

automatically to the algebra Hg (U).

If we consider g to be the identity mapping, then the mapping 7 coincides with the
classical mapping 7 : M(H(U)) — C" defined as 7 () = (¥ (p1), ..., ¥ (pn))
for any open subset U of C", where pj, ..., p, are the projection mappings. Also, if
g is a proper polynomial mapping and U is bounded, the mapping 7 restricted to the
Banach algebra &, (U) coincides with the mapping 7 introduced in Eq. (3).

In the following theorem we will need open sets that solve Gleason’s problem,
which we now review. Let B(U) be some class of holomorphic functions on an open
set U C C". Gleason’s problem is to determine the open sets U such that for each

w € U and f € B(U) there exist functions A1, ..., h, € B(U) such that
n
@) = fw) =Y (% — whi(2) (10)
k=1
forallz e U.

In [18, Section 6.6.1] Gleason’s problem is solved for the Euclidean unit ball B,
of C" and several algebras of holomorphic functions such as, for example, H*(B,,).
References to the solution in strictly pseudo-convex domains is given in [18, Section
6.6]. This problem has been studied by many authors (see, e.g., [5,16,17]).

Theorem 8 Let g : C" — C" be a proper polynomial mapping ¢ = (g1, ..., &n)-
Let U C C" be an open bounded set with U polynomially convex and g~' (g(U)) = U.
Assume that Gleason’s problem is solved for H*° (U ) and that the polynomials {g;}}_,
are a basis of the algebra Py (U). Then,

T(MHE(U))) = g(U).
Moreover, for every x € g(U),
MHE W) = {80 :w € g7 ().

Proof For the first part, note that g(U) C N(M(H;O(U))). Indeed, for x € g(U),

consider the mapping 5y € M(H(U)) defined for every h € H(U) as Sy(h) =
8x(f) =_f(x) where f is the unique function in H*®(g(U))) with f o g = h.
Then, 7 (§,) = x. On the other hand, every ¢ € M(H;O(U )) can be considered as

¢ € M(@g(ﬁ)) and by Corollary 3,

T(MHZU))) C 1 (M(Z(U))) = g(U) C gU).
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Since JT(M(H:,O(U))) is compact and g(U) C n(M(HZO(U))) c g(U), it follows
that 7 (M(HP(U))) = g(U).

Now we show that for every x € g(U), M (HZ°(U)) = {éu : w € g 1)) Let
¢ € My(H(U)). By Proposition 6, there exists ¥ € M(H>(U)) with W(f) =
¢(f) forall f € HZO(U ). Therefore, since g; is a polynomial and W is linear and
multiplicative we have that

gV (P, ..., ¥(pw) = (§1(¥ (P, .-, Y (Pn),s -y ga(¥ (D), ..., ¥(pp)))
= (gD, ..., V(gn) = (P& ... ¢(gn)) = x,

where p1, ..., p, are the projection mappings.

Hence, (\Il(pl), ...,\Il(p,,)) € g7 '(x) € U. Therefore, the classical mapping
7w M(H®U)) —> C" defined as n(®) = (®(p1), ..., D(pyn)) for every ® €
M(H®(U)) satisfies that 7(W) € U. Thus, since Gleason’s problem is solved for
HZ(U), W = 80w(py)....w(pa))> hence ¢ = Swpy).... w(pn))-

To finish, notice that for every w € g~ (x) and every f HEO(U ), we have that

Sw(f) = fw) = f(¥(PD), ..., Y(Pw) = dw(p))....w(p) ().

Hence,
MHE W) = {80 : w € g7 ().

5 Algebras of symmetric holomorphic functions

During the last few years the study of algebras of symmetric holomorphic functions
has received a lot of attention, see [2,3,6-8,14]. We present in this section the results
obtained in Sects. 3 and 4 for the particular case of algebras of symmetric functions.

The symmetric group of order n, consisting of the group of all permutations of the
set {1, ..., n} and denoted by §, is the classical example of a finite unitary reflection
group. S, can be naturally considered as a subgroup of GL(n, C) with the natural
action of a permutation ¢ € S, onapoint (wy, ..., w,) € C"beingo (wy, ..., w,) =
(Wo (1) - - - » Wo(n))- For this group, a basis of §,-invariant polynomials is given by the
set of polynomials

gi(wy, ..., wy) = Z Wi+ Wi, j=1...,n. (11

1<iy <..<ij<n

Another basis of S, -invariant polynomials is given by the set of polynomials
n .
gi(wi, .. wy) =Y w.
i=1

Let us consider the mapping ¢ = (g1, ..., g») Where g; are the mappings defined
in Eq. (11). The symmetrized polydisk is the image of the polydisk of center zero and
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radius one under the mapping g, usually denoted by G, = g(ID"). The properties of
the set G, have been intensively studied during the last years. For instance for n = 2
an implicit representation of the symmetrized bidisk is as follows

Ga=1{(s,p) €C*:|s — 5Pl + Ipl* < 1.

The symmetrized bidisk can be naturally identified with the quotient space of the bidisk
D? under the obvious action of the group of two elements S,. However the geometries
of the sets D? and G, are very different. For instance, the symmetrized bidisk is not
convex though it is polynomially convex, hypoconvex and starlike about (0, 0). It also
has as distinguished boundary the symmetrized torus, which is topologically a Mobius
band. For a complete description of the geometrical properties of the set G, see, e.g.,
[4] and [11].

Here we study the algebras of symmetric functions on D" and relate these algebras
with the respective algebras of functions on G,,. Let us fix an open set U C C" with
(Wo 1)y -+ -» Won)) € U forall (wy,...,w,) € U and all 0 € S, and an algebra
B(U) of functions defined on U. We denote by

Bs(U)={feBWU): f(wi,...,wy) = f(Wo(1), ..., W) forallo €S,
and all (wy,...,w,) € U}

the subalgebra of B(U) consisting of all the symmetric functions of B(U).

As a consequence of Propositions 3 and 4 we obtain that the algebra B, coincides
with the algebra B,.

Proposition 7 If g = (g1, ..., gn) where g; is defined as in Eq. (11), then
Z[D") = P5,D") = Z,D")

and for any subalgebra B(D") of H(D"),
Bs(D") = Bs, (D") = Bo(D").

By Corollary 3 and using that the polydisk is polynomially convex and G, = g(ﬁn)
we obtain the following description of the spectrum of M (2, (]D)n)).

Theorem 9 If g = (g1, ..., gn) where g; is defined as in Eq. (11), then
T(M(Z5[@")) = G
Moreover, for every x € Gy,
Mu(Z,D") = (uw: w e g~ @),

By using the results obtained in Sect. 4 we obtain a description of the algebras of
holomorphic symmetric functions on D".
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Theorem 10 If g = (g1, ..., gn) where g; is defined as in Eq. (11), then Hy(D") is
algebra isomorphic to H(G,) and H°(D") is algebra isometrically isomorphic to
H>(Gy).

Moreover,

T(MHF D)) =G,
and, for every x € G,
Ma(HPDM) = (8w w e g™ ().
For the particular case of n = 2, if we denote by (x, y) an element of @2, then

{xzz—i—u) (12)

y =zw.

=2 . . .
for some (z, w) € D". Therefore, by solving the system of equations with respect to
the variables z and w we obtain that

Bew @ w) eg™ @y} = 5<x+m _m)‘S(_m +m>
2 ’ 2 2 ’ 2

To finish it is worth remarking that the techniques used here can be applied to study
subalgebras of these Banach algebras. In the following example we study a proper
subalgebra of & (En). This example also answers in the negative the following natural
question: Given a proper holomorphic mapping g, does the algebra &, (D") coincide

with P (ﬁn) for some subgroup G of S,?

Example 1 Let g = (g1, ..., &) where g; is defined as in Eq. (11). We consider the
mapping g%(z) = (glz(z), s g,zl(z)), where gi2 (z) stands for the composition of the
mapping g; and the squaring mapping, fori = 1,...,n. As a consequence of [19,
Theorem 5.1] and Corollary 5, g% : C* — C"isa proper holomorphic mapping
such that {g%, cee g%} is a basis of the algebra &, (D"). This algebra is a proper
subalgebra of &, (ﬁ") = Ps, (ﬁn) since g1 € Py (ﬁn) \ ﬁgz (ﬁn). Furthermore, for
n = 2, the only subgroups of S are the trivial subgroup /d, consisting of the identity
permutation, and the whole group S,. Therefore, the algebra &> (ﬁz) associated to
the mapping gz(z) = ((z14+22)%, (z122)%) does not coincide with the algebra Zg (ﬁz)
for any subgroup G of S,. Indeed,

2o D) S 25,0 S Z21®) = 2D).

Acknowledgements The authors would like to thank the referee for remarks that lead to a clarification of
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