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Abstract We deal with the algebraicity of a formal Puiseux series in terms of the
properties of its coefficients. We show that the algebraicity of a Puiseux series for given
bounded degrees is determined by a finite number of explicit universal polynomial
formulas. Conversely, given a vanishing polynomial, there is a closed-form formula
for the coefficients of the series in terms of the coefficients of the polynomial and of
an initial part of the series.
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1 Introduction

Let K be a field, K its algebraic closure, and x an indeterminate. We consider K [[x]],
the domain of formal power series with coefficients in K, and its fraction field K ((x)).
We denote by K((x)) := Uﬁil K ((x'/™)) the field of formal Puiseux series (with
coefficients in K). If K is of characteristic zero, by the Newton—Puiseux theorem (see
e.g. [18, Theorem 3.1] and [13, p. 314, Proposition]), an algebraic closure of K ((x))
is given by P := | J; L((X)) where L ranges over the finite extensions of K in K.In
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particular, if K = K, then Px = K((%)). Among Puiseux series, we are interested in
algebraic ones, say the Puiseux series which verify a polynomial equation P(x, y) = 0
with coefficients which are themselves polynomials in x: P(x, y) € K[x][y]. In fact,
for the problems that we will investigate, it is sufficient to consider power series
without fractional exponents (see Sect. 2). Therefore our article will mainly deal with
algebraic power series.

Among the numerous works concerning algebraic Puiseux or power series [3,9,17],
we deal with the following questions:

e Reconstruction of a vanishing polynomial for a given algebraic Puiseux series.
Generically, a vanishing polynomial of a given algebraic power series can be com-
puted as a Hermite-Padé approximant [1, Chap. 7]. In fact, the algebraicity of a
Puiseux series can be encoded by the vanishing of certain determinants derived
from the coefficients of the series. We extend this approach by showing how to
reconstruct the coefficients of a vanishing polynomial by means of some minors of
these determinants (see Sect. 3). More precisely, we show that, for given bounded
degrees, there are finitely many universal polynomials allowing to check the alge-
braicity of a series and to perform this reconstruction (see Theorem 2). Note that
this result holds for K of arbitrary characteristic.

e Description of the coefficients of an algebraic Puiseux series in terms of the

coefficients of a vanishing polynomial. An approach consists in considering
that the series coefficients verify a linear recurrence relation, which allows an
asymptotic computation of the coefficients. This property follows classically from
the fact that an algebraic Puiseux series is differentiably finite (D-finite), that is, it
satisfies a linear differential equation with coefficients in K[x] [2,4-6,14-16].
Another approach consists in determining a closed-form expression in terms of the
coefficients of a vanishing polynomial. In this direction, P. Flajolet and M. Soria
(see the habilitation thesis of M. Soria (1990) and [8]) proposed a formula in the
case of a series satisfying a reduced Henselian equation (see Definition 2 for this
terminology) with complex coefficients. This formula extends to coefficients in an
arbitrary field of characteristic zero K via a work of Henrici [12].
Here we complete this approach to the case of a Puiseux series which satisfies
a general polynomial equation P(x, y) = 0, by showing that the coefficients of
such series can be computed applying Flajolet—Soria’s formula to a polynomial
naturally derived from P (see Sect. 4). In this section, the field K is required to be
of zero characteristic.

2 Preliminaries

Let us denote N := Zsq and N* := N\{0} = Z.. For any set £, we will write
|€| := Card(€). For any vector of natural numbers L = (Iy,...,1[,), we set L! :=
[T, LW ILl:=>"7  Liand ||L| := >, i l;. The floor function will be written | g ]
for g € Q. Let K be a (commutative) field.

We will need the following elementary lemma of linear algebra:
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On the algebraicity of Puiseux series 591

Lemma 1 Let Vi, ..., V), be a family of infinite vectors, V; = (v; j)ien+ € KN Let
M denote the matrix whose columns are the V;’s. The rank of V1, ...,V is less than
p if and only if all the minors of order p of M vanish.

Proof If M has rank less than p, then there is a nonzero vector (a;)j=1
such that:

,,,,,

p
ZajVj =0.
j=1

This implies that the same nontrivial linear combination vanishes for the columns of
any submatrix of size p x p of M. Hence, the determinant of any of such matrix has
to vanish.

Conversely, suppose that M has rank p. In particular, all the vectors V; are nonzero.
Let us consider the first nonzero coefficient of V. Up to a permutation of the rows
(which does not change the rank of M), we may assume for simplicity that vy ; # 0.
Then forany j = 2, ..., p, let us replace V; by V; — %Vl, which does not change
the rank of M either. We obtain a new matrix M; whose first row is the p-tuple
(v1,1,0,...,0), and whose columns are still all nonzero. The same process can be
done with the next column, with nonzero coefficient taken without loss of generality
at the second row etc. The process stops after p iterations and we obtain a matrix M,
with the p first lines consisting of a lower triangular matrix with nonzero coefficients
in the diagonal. The determinant of the latte—which is equal up to the sign to a minor
of order p of M—is nonzero.

Let yg = Z Eux"'P e K((2)), Cny # 0, be a Puiseux series. We denote

nzno

Jo = xo—D/p chx"/” = xM0=D/P3) with ¢ £0,

n>1

where ¢, = Cy—no+1 for n € N*. The series o is a root of a polynomial P(x, y) =
Zi’j &i,jxiyj € K[x, y] of degree dy in y if and only if the series yg = anl cpxis
aroot of x™ P (xP, x"0—1 ¥), the latter being a polynomial for m = max{0; (1—no)dy}.
The existence of a polynomial P cancelling J is equivalent to the one of a polynomial
P(x,y) =Y, ;a; jx'y/ cancelling yo, such that, for (i, j) belonging to the support
of P,onehasi = (np — 1)jmodp if np —1 > 0, and i = (1 — ng)(dy — j)modp
otherwise. Thus the algebraicity of yg is equivalent to that of yg but with constraints
on the support of P. This leads us to the following definition:

Definition 1 Let F and G be two strictly increasing finite sequences of ordered pairs
(i, j) € N? ordered anti-lexicographically:

(i1, j1) < (2, 2) & j1 < jpor (j1 = jpand iy <ip).

We suppose additionally that 7 > (0, 1) > G > (0, 0) (thus the elements of G are
ordered pairs of the form (i, 0), i € N*, and those of F are of the form (i, j), j > 1).
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592 M. Hickel, M. Matusinski

We say that a series yp = an 1cnx € K[[x]], c1 # 0, is algebraic relatively to
(F, G) if there exists a polynomial P(x,y) = Z(i,j)e]—'ug ai,jx"yj € K|[x, y] such
that P (x, yo) = O.

Flajolet and Soria (see the habilitation thesis of M. Soria (1990) and [8]) gave a
closed-form expression to compute the coefficients of a formal solution of a reduced
Henselian equation in the following sense:

Definition 2 We call reduced Henselian equation any equation of the following
type:

y=0(,y) with Q(x,y) € K[x, y],

such that Q(0, 0) = %(0, 0) = 0 and Q(x, 0)£0.

Theorem 1 (Flajolet-Soria’s formula) Ler y = Q(x,y) = Y, ; ai jx'y! be a
reduced Henselian equation. Then the coefficients of the unique solution an] cpx”
are given by:

1 m! ki
- _ ki, j
Cn = Zm Z H~~kij!1._.[a"‘l’
m=1 " |kl=m, [|klli=n, |[kllz=m—1 6] /" i j
where k = (ki j)ij |kl =Y ki [kl = Y i kij and |klla =Y j ki ).
Remark 1 Letus consider the particular case where the coefficients of Q verify ag ; =

ki j
O forall j. So, for any k such that |k| = m and ]_[l-)j a; }.’ # 0, we must have ||k||{ > m.
Thus, to have ||k||; = n, one needs to have m < n. Flajolet-Soria’s Formula can be
written:

| m! ki,

=) — ) =114

m ki ! 2
m=1" |kl=m, ||k|l\=n, ||k|l=m—1 [T jkij ij

3 Characterizing the algebraicity of a formal power series

Here we resume the remarks from [19]. The purpose of the following discussion is
to translate the vanishing of a polynomial P at a formal series yy in terms of the
vanishing of minors of an infinite matrix. Let us consider a series Yo = ), ; Cyx" €
K[(Cp)nen+1[[x]] where x and the C,’s are variables. We denote the multinomial
expansion of the jth power Y({ of Yy by:

Yd — Z C’S/)xn

n>1

where C,(,j) = C,gj)(Cl, .., Chjy1) € K[Cy, ..., Cy_jy1]. Of course, one has that
C,gj) = 0 forn < j and CJ(J) = C{. For j = 0, let Yé) := 1. We remark that for
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On the algebraicity of Puiseux series 593

any n and any j < n, C,<l] Visa homogeneous polynomial of degree j in the C,,’s for
m < n — j + 1, with natural number coefficients (indeed, each monomial occurring
inc!’ is of the form C;, ... C;; with iy > land iy +---+ij =n,s0ix <n—j+1
for any k).

Now suppose we are given a series yo = . cxx" € K[[x]] with ¢; # 0. For

any j € N, we denote the multinomial expansion of yé by:

yO _ZC(I) n

n>1

S05 C;S]) = Cfl])(cls DR Cn—j+l)-
Definition 3 (i) Given an ordered pair (i, j) € N x N, we call Wilczynski vector

V;,j the infinite vector with components:
— if j > 1, a sequence of i zeros followed by the coefficients of the multinomial

expansion y(]):
Vigim (0 0,60 el )
— otherwise, 1 in the ith position and O for the other coefficients
Vio:=1(0,...,1,0,0,...,0,...).

(ii) Let F and G be two sequences as in Definition 1. We associate to F and G the
(infinite) Wilczynski matrix whose columns are the corresponding vectors V; ;:

Mg g = (Vij)i jHeFug

F UG being ordered anti-lexicographically. We define also the reduced Wilczyn-
ski matrix, M7 red . it is the matrix obtained from M F.g by removing the columns
indexed in G, and also removing the corresponding rows (suppress the ith row
for any (i,0) € G). This amounts exactly to remove the rows containing the
coefficient 1 for some Wilczynski vector indexed in G.

Lemma 2 (Wilczynski) The series yq is algebraic relatively to (F, G) if and only if
all the minors of order |F U G| of the Wilczynski matrix M r g vanish, or also if and
only if all the minors of order |F| of the reduced Wilczynski matrix M’z ed FG vanish.
Proof Given a nontrivial polynomial P(x, y) = Y_; ;e rug @i, jX' y/, we compute:
P(x, yo) = Z ai,jxi Z x| + Z aj ox'.
i, ))eF n>1 (i,0)eG
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594 M. Hickel, M. Matusinski

The coefficients of the expansion of P(x, yg) with respect to the powers of x in
increasing order are exactly the components of the infinite vector resulting from the
following operation:

Mz g - (ai )i, j)eFug-

The series yy is a root of a nonzero polynomial with support included into F U G if
and only if there is a non zero solution (a;, ), j)eFug of the following equation:

Mg g - (aij)i jerug = 0.

This means that the rank of Mz g is less than |F U G|, the number of columns of
M £ . The latter condition is characterized as in finite dimension by the vanishing of
all the minors of maximal order (see Lemma 1).

Let us now remark that, in the infinite vector Mz g - (ai,j) i, j)eFug, if we remove
the components of number i for (i,0) € G, then we get exactly the infinite vector
M ed FG - (ai,j) ¢, jer- The vanishing of the latter means precisely that the rank of
M ;_fdg is less than | F|. Conversely, if the columns of M~ red F.g are dependent for certain
F and G, we denote by (a; ;) jyer a corresponding sequence of coefficients of a
nontrivial vanishing linear combination of the column vectors. Then it suffices to note
that the remaining coefficients ax ¢ for (k,0) € G are each uniquely determined as

follows:
ako = — Z a; ]c,(cj)l . (1)
(i.j)eF, i<k
We deal with the implicitization problem for algebraic power series: for fixed
bounded degrees in x and y, given the expression of an algebraic series, can we
reconstruct a vanishing polynomial? if yes, how?

Definition 4 Let us consider the abstract version Mz g and M’z ed Fg associated to the
abstract series Yy = an] Cpx" € K[(Cp)nen+]1[[x]]and to two sequences F and G of
ordered pairs (i, j) as in Definition 1, of the Wilczynski matrices. We call Wilczynski
polynomial any polynomial in the variables C,, obtained as a minor of M’ «d, We
denote such Wilczynski polynomial by Qy ;, where I := ((i1, j1), - (zl, ]1)) is
a subsequence of F indicating the / columns of M’}‘Edg, and k = (kq, kz, ..., k)a
strictly increasing sequence of natural numbers indicating the / rows of M’e FG used to
form the minor of Mredg One has that/ € N*,[ < |F], [ being the order of that minor,
that we will also call the order of the Wilczynski polynomial Qy ;. Note also that
a Wilczynski polynomial Qy ; is either homogeneous of Qegree equal to Z(l, el J

or identically O (indeed, the multinomial coefficients C,E’ ) in a column indexed by

@, j) of M’]_ﬁdg are either homogenous of degree j (case k > j) or identically O (case
k < j)). By convention, we call Wilczynski polynomial of order 0 any nonzero
constant polynomial.

By Lemma 2, the algebraicity of yg for certain F and G is equivalent to the vanishing
of all the Oy 7 of order I = |F|, at the specific values of the given coefficients ¢, of

Yo-
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On the algebraicity of Puiseux series 595

Example 1 Let yg = anl cpx™ € K[[x]] be a series with ¢; # 0. We consider the
conditions for yq to be a root of a polynomial of type:

P(x,y) = ag.ox* + az1x%y + (a0 2 + az2x%)y>.

Thus, F = {(2, 1), (0,2), (2,2)} and G = {(2, 0)}. The corresponding Wilczynski
matrix is:

0 0 0 0

10 c? 0

0 C1 2-Cl~6’2 0
M=1]0 c C%+2C1C3 c% .

0 c3 2ci1c4+2cpc3 2.-c1-¢2

0 ¢4 202C4+c§+201C5 C%+2C1C3

and the reduced matrix is:

0 0 0

cl 2.-c1-0 0

2 2

rod [65) ¢ +2crc3 cq
M = c3 2cic4+2cc3 2-c1-¢p

c4 262C4+C§+26‘1 cs c%+2c103

We give the four first nontrivial Wilczynski polynomials of maximal order 3, which
are equal to 3 x 3 minors of M"¢?. So one has that / = F as index for Ok.1:
OprF = —2C> (023 —2C3C1Co + 01204) fork = (2,3, 4),
O = —Ci (c24 3022 + 2C13C5) fork = (2,3, 5),
Q17 = =201 (—CaCr? = 2C1C4Cs + 205> +2.C1CCs) fork = (2,4,5),
Or.7 i=8C2C17C4C3 + C2*C3 — 2 C22C32C — 4 €12 022 Cs
—3C12C3* +2C3C°Cs —2C13¢4? fork = (3,4, 5).

The series yg is aroot of a polynomial P (x, y) as above if and only if all the Wilczynski
polynomials of order 3 vanish at the ¢,,’s. This implies in particular that:

c2 (C22 - 261C3) ot —3c¢1%c3?

c4g=—-———> and ¢5 = —
Clz 26‘13

Theorem 2 Let F and G be two finite sequences of ordered pairs as in Definition 1.
We set dy := max{j, (i, j) € F}, dy := max{i, (i, j) € FUG}and N := 2d.d,.
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596 M. Hickel, M. Matusinski

. . . . )
Then there exist a finite set A and a finite number of homogeneous polynomials a;’ ;€

ZICy,...,CN], G, j) € FUG, k € A, of total degree dega“) Ldy(dy + 1)(dy +

1) —1for (i, j) € F, anddega 0= 2dy(dy—}—l)(a'x—i-l)—l—l—lfor(l 0) €@,
such that, for any series yp = anl cpx™ € K[[x]] with c1 # 0 algebraic relatively
to (F, G), there is .. € A such that the polynomial.:

PP,y = Y aller,....enx’yl + Y alier, .. onx’ € Klx, y]
(i,))eF (i,00eG
)

is nonzero and vanishes at yy.
First, we give the reconstruction process. Then we will show its finiteness.

Proof Let yo = ), cux" € K[[x]] with c1 # O be algebraic relatively to (F, G).
We show how to reconstruct a nonzero vanishing polynomial P (x, y) of y.

We consider a minimal family 7' C F such that y is algebraic relatively to (F/, G).
Let Q(x,y) = Y jyer bijix' v/ + Y 0)eg biox' be a nonzero polynomial that
vanishes at yg. Let m := |F'|. If m = 1, Q(x, y) is of the form:

Qx,y) =bix'y/ + Y biox',
(i,00eG

with b; ; # 0. So we must have b, o = 0 forn < i + j, and the series yq verifies:

Z bnox" = —b; jx' y0 = Z —b; jc(/)

(n,0)eG n>i
By Lemma 2, the minors of order 1 of M (’l.e;.’) g» being equal to c,(lj ) ; for (n,0) ¢ G,
are all zero. We fix the coefficient a; ; arbitrarily in Z\{0}: it is a constant Wilczynski
polynomial. Then the other coefficients are uniquely determined in accordance with
Relation (1) by the equation:

ano(crsca,..) = —ai e (n,0)€g.

Thus a, o is a polynomial of degree j in the Cx, k < n —i — j + 1, which verifies
indeed that j < dy < 1d,(dy + 1)(dy + 1) < 1dy(dy + D(dy + 1) — 1 +n.

Suppose now that m = |F'| > 2. By Lemma 2, the minors of order m of M g_f,f’g
all vanish, and, because F’ is minimal, there exists a nonzero minor of order m — 1 of
this matrix, i.e. a Wilczynski polynomial evaluated at the ¢,,’s

Qky.1p(c1,€2,...) #0. 3

Let (ig, jo) € F' be such that 7' = I, U {(io, jo)} and pg be the position of (ig, jo) in
F’. Denote by My, 1, the square matrix whose determinant is Qk,.1,(c1, €2, . ..), and
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On the algebraicity of Puiseux series 597

Wky.(o. jo) the truncated po-th column that has been removed from M g_f,dg to form this
minor. We get a system of equations with a non-vanishing determinant and b;, j, # 0:

Myy.1y - (i )i jy#Go.jo) = —Pio. jo Wie. (0. jo)- “4)

Let us build polynomials a; ; verifying:
My, 1, - (@i j(c1, 2, - D) j)#£Go.jo) = —ig.jo (€15 €25 -+ I Wiy (g, jo)s (5)
by taking a;,_jy(c1, 2, ...) = (=1)P° Ok, 1,(c1, c2,...) # 0 and by computing the

other a; j(c1, c2,...) by Cramer’s rule. Thus the a; j(c1, ¢z, ...) are all minors of
orderm — 1 of M ;_f’,dg, and so, up to the sign, evaluations at the c¢,’s of Wilczynski

polynomials Qkoi of order m — 1. Ifky=(ko, ..., kom—1), we set:
Ny, :=kom—1. (6)
The a; ; are homogeneous polynomials of Z[Cy, ..., C Ny, ]. The degree of a Wilczyn-

ski polynomial Qs verifies:

deg Ok,.1 = Z J
@, )L, c; )30

IA
L
+
'M
.

IA

14+ DY j

j=1

1
= Edy(dy + 1Dy +1)—1.
The coefficients a, o(c1, c2, . ..) for (n, 0) € G are obtained via relations (1):

ano(ct, c2,...) = — Z ai j(cr, e, )¢ ;(1]): 0

(i,))eF' ,n>i

Note that the coefficients b, o for (1, 0) € G of Q also satisfy:

buo=— . bl ®)

(i, )eF n>i

Let us set a; ; := 0 for (i, j) € F\F'. Knowing that cf/),.—}éo = n—1i > j,and

in this case deg C,(Zj_)l. = j, we deduce that dega, 0 < n + max( jer(dega; ;) as
desired. As the right-hand sides of Systems (4) and (5) are proportional, there is u :=
@iy, jo(c1, €2, .. 2)

5 € K\{0} such that a; j(c1,c2,...) = ub; ; for any (i, j) € F'.

io, jo
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598 M. Hickel, M. Matusinski

By Systems (7) and (8), one has also a, o(c1, ¢2,...) = by for (n,0) € G. The
polynomial

P(x,y) = Z a; j(c1, c2, ...)xiyj
(i,))eF'UG

is proportional to Q (i.e. P = uQ), so it is nonzero and vanishes at yj.

To obtain Theorem 2, it suffices now to show that there exists a uniform bound
Ny, 4, for the depth in M e‘é to which we get the reconstruction process, that is,
the depth at which we find a first nonzero minor. We reach this in the two following
lemmas.

Lemma3 Let dy, dy € N*. For any series yo = Y ,.,cax" € K[[x]] with
c1 # 0, verifying an equation P(x,yo) = 0 where P(x,y) € Klx,y]\{0},
deg, P < d,, degy P < dy, and for any polynomial Q(x,y) € K[x, y], deg, O <
dy, degy 0O <dy, such that Q(x, yo) # 0, one has that ord, Q(x, yo) < 2d.d,.

Proof Let yo be a series as in the statement of Lemma 3. We consider the ideal
Iy := {R(x,y) € K[x,y] | R(x,yp) = 0}. By assumption, it is a nontrivial prime
ideal, so its height is one or two. If it were equal to 2, then it would be a maximal
ideal. But [ is included into the ideal {R(x, y) € K[x, y] | R(0, 0) = 0}, so

Ip ={R(x,y) € K[x, y]| R(0,0) =0} = (x, y)

which is absurd because x ¢ Iy. So, Ij is a height one prime ideal of the factorial
ring K[x, y]. It is generated by an irreducible polynomial Py(x, y) € K[x, y]. We set
do,, :=deg, Ppanddp,y := degy Po. Note also that, by factoriality of K[x, y], Py is
also irreducible as an element of K (x)[y].

Let P be as in the statement of Lemma 3. One has that P = S Py for some S €
K[x,y].Hencedy y < d;anddpy < dy.Let Q € K[x, y] be such that Q(x, yo) # 0
withdeg, Q < dy,deg, Q < d,.So Pyand Q are coprime in K (x)[y]. Their resultant
r(x) is nonzero. One has the following Bézout relation in K [x][y]:

A(x, y)Po(x,y) + B(x, ) Q(x, y) = r(x).

We evaluate at y = yp:

0+ B(x, yo) Q(x, yo) = r(x).

Soordy Q(x, yo) < deg, r(x). But, the resultant is a determinant of order at most d, +
do,y < 2d, whose entries are polynomials in K[x] of degree at most max{d,, do <} =
dy. So, deg, r(x) < 2ddy. Hence, one has that: ord, Q(x, yo) < 2d,d,.

Lemmad Let F’' C F. If yo is not algebraic relatively to (F', G), we denote | :=
|F"| and g := min {k; | Qr,7r(ct,c2,...) #0, k= (ki, .. k1)} We denote by p
the index in M r» g of the q’h row of M }fﬁl G Then, for any polynomml
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On the algebraicity of Puiseux series 599

Q)= Y bijx'yl
(i,))eF"UG

with b; j # 0 for some (i, j) € F", we have:
ordy Q(x, yo) < p < 2dxdy,

and the value p is reached for a certain polynomial Qy of this type.

Proof By the definition of ¢, for any k = (k1,...,k) with k; < ¢, we have
QO Fr(c1,c2,...) = 0. This means that the rank of the column vectors V; j ;-1
that are the restrictions of those of M 5_5,‘,ig up to the row g — 1, is less than [ = |F”|.

There are coefficients (a;, ;) j e~ not all zero such that } ; ;e 7 ai,j Vi, jq—1 = 0.
By computing the coefficients a, ¢ for (n,0) € G via relations (1):
_ ) 9
an,0 = Z ai, jCp_i» 9
(i, ))eF" ,n>i

we obtain the vanishing of the p — 1 first terms of Qg(x, yp) = Z(i,j)e]—"’ug a;,j
xi(yo)j. Thus, ord, Qo(x, y0) > p, and so p < 2d,dy. On the other hand, again by
the definition of g, the column vectors V; ; 4, (i, j) € F ", up to the row ¢ are, in turn,
of rank [ = |F”|. This means that the rank of the matrix M ;_f/, g4 consisting of the ¢

first rows of M ;_f,flg is [. Thus, for any nonzero vector (b;, ;) jyeF”, we have:

M_;-gﬁi (bl ])(! JEF" i 0.

But the components of this nonzero vector, up to a change of indexes, are exactly the
coefficients e, (k,0) ¢ G and k < p, of the expansion of Z(i,j)e]—'” b;,j x' (yo)f..
Now, these terms of the latter series do not overlap with the terms of }_; 5)cg bio x'.
Therefore, for a given polynomial Q(x, y) = Z(i,j)e]—‘”ug b,-,jx’.yj with b; ; # 0 for
some (i, j) € F”, the series Q(x, yo) has a nonzero term e; with k < p, (k,0) ¢ G.
Hence, ord, Q(x, yo) < p.

We achieve the proof of Theorem 2 via Lemmas 3 and 4 by considering for a
given algebraic series yp a family 7 C F minimal among the families such that
yo is algebraic relatively to (F’, G). We consider an associated nonzero Wilczynski
polynomial Qg s, as in (3) with Ny, as defined in Formula (6) minimal. Taking
F" = I, Lemma 4 applies and Ny, = q. So Ny, < p < N = 2d.d,.

Recall that the coefficients a; ; constructed in the first part of the proof are homoge-
nous polynomials in Z[Cy, ..., CN.vo] C Z[Cy, ..., Cy]. To complete the proof of
Theorem 2, let us describe a finite set A which enumerates all possible reconstruction
formulas. Let My be the matrix obtained from M~ red by taking its first N = 2d,d,
rows. So My isa N x | F|-matrix. Let v be the number of minors of order less or equal
to min{N; |F| — 1} of My. We fix a finite set A of cardinality |F| 4 v. Its first | F|
elements are the indexes of reconstruction formulas (2) as built in the first part of the
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600 M. Hickel, M. Matusinski

proof of Theorem 2 (case m = |F’| = 1). The other v elements are used to enumerate
reconstruction formulas (2) in the case described in the second part of the proof (case
m=|F'| > 2).

Construction of the coefficients a( )(cl ¢, . ..) for a given yq.

Let yo be algebraic relatively to (]—' G) as in Definition 1. Let N = 2d.d, as in
Theorem 2. Recall that My denotes the matrix consisting in the N first rows of M ’Ed
Let r be the rank of My, and m := r + 1. The minors of My of order m are all zéro
and there exists a minor of order m — 1 = r which is nonzero. There are two cases.
If r = 0, we choose (i, j) € F and we fix the coefficients a; ; := 1 and a;,, = 0
for (I,m) € F, (I, m) # (i, j). Then we derive the coefficients a; o(c1, c2, ...) for
(i, 0) € G from Relations (1). The polynomials P thus obtained are all annihilators of
yo. If r > 1, we consider all the Wilczynski polynomials Qy ; of order » that do not
vanish when evaluated at cq, ..., cy. Each of them allows to reconstruct coefficients
al.(’)‘j) (c1,c2,...), (i, j) € F, and subsequently coefficients a; o(c1, 2, .. .), (i,0) € G,
via Relations (1). The corresponding polynomials P are annihilators of yq if and
only if ord, P») (x, Z,Icvzl ckxk) > N.

Remark 2 With the hypothesis and notations of Theorem 2 and its proof, let us denote
f = 1F| < (dy + 1)dy and g := min{N, f — 1}. Then |A] is bounded by f +
¢ (D)(Y), which is itself roughly bounded by f + 2/ — )2V —1).

Example 2 We resume Example 1, and note that, for I = ((2, 1), (2,2)) and k =
(2, 3), we have that:

=C3 #£0.

C; 0
Qk,,:‘ !

C 3

which does not vanish at ¢; # 0. So we set ap 2 = (_1)2C13 = Cl3 and, applying
Cramer’s rule:

2-C1-Cy 0
C3+2C1C5 ¢}~
C; 2-C1-Cy
Cy C3+2CC3

ary = (1! —2C3C

ars = (—1)?

‘ =C; (C3 —2CC3).
We deduce from formulas (1) that:
_ _ 2 _ 5
ax o = —azl -0 a()’g-cl 612,2-0— Cl'

A vanishing polynomial of a series yp = Zn>1 cpx"™ € K[[x]], c1 # 0, algebraic
relatively to F = ((2, 1), (0,2), (2,2)) and G = (2, 0) is:

P(x,y) = 2clczx y—i—cly + ¢y (02 2()16‘3) xzy2

=c1 [—c?xz —23cxy +cyr 4 (c2 2C1€3> x7y ]
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Remark 3 (i) Let yg be an algebraic series with vanishing polynomial of degree dy
in x and dy in y. According to [1, Chap. 7], the method of reconstruction of
equation based on Hermite-Padé approximants provides a priori only polynomials
P(x,y) = Zigdx, i=d, a,;jxiyj such that P(x, yg) = 0[x?] with 0 = (dy +
1)(dy + 1) — 1. Subsequently, one has to check whether P(x, yp) = 0 actually.
By our Lemma 3, one can always certify that P(x, yp) = 0 just by verifying
that P(x, yo) = O[x*] with T = 2d,d,. Hence this reconstruction method as
implemented in the GFUN package in Maple software holds for any equation of
degree less than d, in x and dy in y, not for only irreducible ones as in [1, Theorem
8, p. 110].

(i) Theorem 2 provides an alternative to the Hermite-Padé reconstruction process.
However, its algorithmic interest may be limited by the a priori big size of the
finite set A. But, for a given (F, G), generically, any minor of My of order
min{|F|—1, 2dydy} is nonzero. So any reconstruction formula (2) corresponding
to such nonzero minor holds true.

(iii) Let us consider the case where yy is a rational fraction:

—ao(x) —a1,0x — -+ — agy,0x 0
ai(x)  1+apx+--+ag x4

= chx" with ¢y # 0.

n>1

Yo =

Thus, yg is algebraic relatively to F = {(0, 1), ..., (d;, 1)}and G = {(1,0), ...,
(dp, 0)}. The Wilczynski polynomials of order |F| = d 4 1 evaluated at the ¢;,’s
are all zero. The evaluation of the Wilczynski polynomial Qy 1, of order d; with
Iy = ((1,1),...,(d, 1)) and ky = (1,...,dy) is equal, up to the sign, to the
resultant of ag(x) and aj(x), by [11, Chap. 12 (1.15), p. 401].

(iv) In the present section, the field K can be of any characteristic.

4 Closed-form expression of an algebraic series

Let us assume from now on that K has characteristic zero. Our purpose is to deter-
mine the coefficients of an algebraic series in terms of the coefficients of a vanishing
polynomial. We consider the following polynomial of degrees bounded by d, in x and
dyiny:

¥

dx d}’

P(x,y) =Y aijx'y/, with P(x,y) € K[x, y]
i—0 j=0

dx

=Y 7’ ('
i=0
dy

=Y a;(x)y’,
j=0
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602 M. Hickel, M. Matusinski

and a formal power series:

yo = chx”, with yg € K[[x]], ¢ # 0.

n>1
The field K ((x)) is endowed with the x-adic valuation ord,.

Notation 1 For any k € N and for Q(x,y) = Z?:O aj(x)yj e K((x)[yl, we
denote:

— ordy Q :=min{ord,a;(x), j =0,...,d};
—z0:=0andfork > 1, z; := Zﬁ:l Ccux";
- Yk ‘= Y0 — 3k = ank+1 cnx"t;

Qi (x,y) = O(x, zx +xFtly) = Zfiik n,gi (y)x! where iy = ordy Qy and dj, :
deg, Q. Note that the sequence (ix)ieN is nondecreasing since Qi41(x,y) =
Qrk(x, ck+1 + xy).

Classically (e.g. [18]), reducing to the case where yy is a simple root, the resolution
of P = 0 with the Newton—Puiseux method is algorithmic, with two stages:

(1) afirst stage of separation of the branches solutions, which illustrates the following
fact: yo may share a principal part with other roots of P. This is equivalent to the
fact that this principal part is also the principal part of a root of 9 P/9dy.

(i1) asecond stage of unique “automatic” resolution: once the branches are separated,
the remaining part of yp is a root of an equation called Henselian in the formal
valued context (yg seen as an algebraic formal power series), and called of implicit
function type in the context of differentiable functions (yg seen as the convergent
Taylor’s expansion of an algebraic function).

We give here a version of the algebraic content of this algorithmic resolution.

Lemma 5 (i) The series yg is a root of P(x,y) if and only if the sequence (iy)ieN+
is strictly increasing where iy = ordy Py.

(ii) The series yo is a simple root of P(x,y) if and only if the sequence (iy)reN* IS
strictly increasing and there exists a lowest index ko such that ix,41 = ix, + 1. In
that case, one has that iy+1 = ix + 1 for any k > k.

Proof (1) Note that for any k, iy < ordy Px(x,0) = ordy P(x, zx). Hence, if the

sequence (ix)xeN+ 1S strictly increasing, it tends to +o00, and so does ord, P (x, zx). The

series yg is indeed a root of P (x, y). Reciprocally, suppose that there exist 1 < k </

such that iy > i;. Since the sequence (i, ),eN is nondecreasing, one has that i; > i,

so i; = ix. We apply Taylor’s formula to P;(x, y) for j > k:

Pj(x,¥) = Pe(x, cks1 + crqax + - +x7Fy)

P ' Py P i+1
= i, (Crp)x™ + [(”k,ik) (ck+1)ck+42 + ﬂk,ik+1(0k+1)] xh

(10)
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For j = [, we deduce that n,fik (ck+1) # 0. This implies for any j > k, thati; = i
and ord, Pj(x, 0) = ordy P(x, z;) = ix. Hence ord, P(x, yo) = i} # +00.

(ii) The series y is a double root of P if and only if it is a root of P and d P/dy. We
apply Taylor’s formula for certain k € N*:

Pry1(x, y) = Pr(x, cp1 + xy)
= 70 Cr)x™ + [ Gl )y + 70 o (e | !

. [(n,f,-g”(ckm )

Y+l ) () y + n{,’im(ckm} xlit2

2
T (11)
Note that:
P, 9P i
K — k12 _ P\ i
gy ) == (ay )k (. y) =Y (@) (x

=iy

One has that n,fik =0 and ”lf,)ik (ck+1) = 0 (see the point (i) above), so (nk}?ik)/(y)géo.
Thus ord, (%—i)k = iy —k — 1. We perform the Taylor’s expansion of (Q)k =
+

dy
P
— | (1 +xy):
a0y /i

P o k—
(—) (x,y) = () (cra)x™ !
9y J k41

@) oy + ) (]

P
By the point (i) applied to F if yg is adouble root of P, we must have (”15 e Y (cra1) =
y .

0. Moreover, if nklfik“ (ck+1) # 0, by formula (11) we would have iy = ix + 1 and
even iy = ix + 1 for every j according to formula (10): yo could not be a root of
P. So, T[k},)ik+1(ck+1) = 0, and, accordingly, ix4+1 > ix + 2.

opP
If yg is a simple root of P, from the point (i) and its proof applied to 3"
y

there exists a lowest natural number ko such that the sequence (ix — k — 1)gen+

is no longer strictly increasing, or equivalently i1 = iy + 1, that is, such that

(nk’; i ) (cko+1) # 0. For any k > ko, we consider the Taylor’s expansion of
Y

9P _ (ap e
(W)k“‘l (x7 y)_ (W)ko (x, Ck0+1 +...+x ()+ y)-
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604 M. Hickel, M. Matusinski

apP

— | ) =@f ) g xR
<8y )k—H k0-Tig 0

P 7
+ [(”ko,iko) (Cro+1)Cho+2

Gl g ) ) 60780 4 (12)

and we get that:

0P 0P 0P
ordy — (x, zk+1) = ordy (—) (x,0) = ord, (—) =ix, —ko—1. (13)
dy 3y J k41 9y Jiy1

As (7T;{P+17,~k+1)’(y)§_60, we obtain that i; | = ordy Py = ord, (%) =k+2+

ord, (%—C)k | = iy, +k — ko + 1. Hence, the sequence (iy)x>x, increases one by one.
J + -

Resuming the notations of Lemma 5, the natural number k¢ represents the length of
the principal part in the stage of separation of the branches. In the following lemma,
we bound it using Lemma 3 or the discriminant A p of P.

Lemma 6 Let yg = anl cnx, ¢c1 £ 0, be a simple root of a polynomial P(x,y)
with deg, (P) < dy and degy(P) < dy. The natural number ko of Lemma 5 verifies
that:

ko < 2d.d,.
In particular, if P has only simple roots:

ko < dy(2dy — 1).

oP
Proof By Lemma 3, since P(x, yp) = 0 and 8—(x, yo) # 0, one has that:
y

oP
ord, —(x, yo) < dedy~
dy
But, by definition of ko and by formula (13), we obtain:

oP oP .
ordy — (x, Zk41) = ordy — (X, Zgg41) =gy — ko — 1
dy dy

@ Springer



On the algebraicity of Puiseux series 605

opP
for any k > ko. So, ord (x Yo) = x5 — (X, Zky+1). Moreover, by minimality
dy Yy

of ko, the sequence (iy — k — 1) is strictly increasing up to kg, so:

oP P
ord, —(x, yo) = ordy —(x, Zgy+1)
dy dy

oP oP
= ord, <—) (x,0) > ord, (—) > ko.
Y / kot 1 Y / kot 1

Hence we obtain as desired that:

ko < 2d.d,.

oP
In the case where P has only simple roots, as in the proof of Lemma 3, ord, rm (x, yo)
y

oP
is bounded by the degree of the resultant of P and e say the discriminant Ap of
Yy
P, which is bounded by d, (2dy — 1).

Notation 2 Resuming Notation 1 and the content of Lemma 5, we set:
. P
wy = (”ko,iko)/(ckoﬁ)'

By formula (12), we note that:
apP ;
<_> (xs yO) = woxlkoik()il + Tt
dy

Thus, wy is the initial coefficient of (a—P) (x, ¥0), hence woy # 0.

Theorem 3 Consider the following polynomial in K|[x, y] of given degrees d in x
anddyiny:

P(x,y) = ZZa, Xy = Zn”(y)x

i=0 j=0

and a formal power series which is a simple root:

Yo=Y cnx" € K[[x]] ¢ #0.

n>1

Resuming Notations 1 and 2, and the content of Lemma 5, we recall that
wp = (”/f;,iko ) (cko+1) # O. Then, for any k > ko:
k+1

— either the polynomial zjy1 = ) , 7 cyx" is a solution of P(x,y) =0;
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— or the polynomial  R(x, y) := W = —y + Q(x, y) defines a reduced
— w0
Henselian equation:

y = kQx,y)
with  Q(0, y) = 0 and satisfied by:

Y0 — Zk+1 2
Tkt1 1= T = Ck42X + Cp3X" A+ -

Proof We show by induction on k > kg that yR(x,y) = —y + xT(x,y) with
«T(x,y) € Kl[x,y]. The initial step of the induction is for k = ko + 1. Let us
apply Formula (11) with parameter k = kq. Since ix,+1 = iy, + 1, we have that
nk’; Jikg (cky+1) = 0 and accordingly:

Pigt1 (0 3) = [w0y 700 (ergen) | 0T

Since ixy+2 = ik, + 2, ”ko+1,ik0+1(y) = wyy + nko’ik0+l(Ck0+]) vanishes at
P
L iy iy +1 (Cho+1) .
Cko+2, Which implies that cx 42 = S — Computing 4,41 R(x,y) =
0
Pro+1(x, y + cky+2)

i , it follows that:
—woX

ko1 R(x, y) = =y + k11 0(x, y),

with 11 Q(x, y) being equal to:

o [l e :
—wo ) (y + Ck0+2)

2
X
+ (T iy 1) o) (3 + Cio2) + nk’;,ik0+2(ck0+1)] + bl

S0 k+10(0,y) =0.
Suppose that the property holds true at a rank k > ko + 1, which means

Pr(x, c -
that ¢ R(x,y) = % = —y 4+ x;T(x,y). Therefore, for ;T :=

—wo T (x,y —crt+1) € K[x, y], we can write:

Pe(x, y) = wo(y — cppn)x™ + x* 1 T(x, y)
= 1l O+l X
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In particular, 7/, (v) = @o(y — cxr1). Since Pry1(x,y) = Pe(x, cp1 + xy), we
have:

Piyi(x,y) = [wo y+ T(,fikH (Ck+1)] PR n{+1’ik+2(y)xik+2 R

Now, 7T1f+1,ik+1(y) =woy + JT,fik+1(ck+1). Butiy +2 = ig42 > iky1 =i + 1. So

P
=T i 41 (Cht1)
kyig+1
we must have ”kil,ik—H (ck+2) = 0. So, ck42 = — 2 " Tt follows that:

2]

Prer1(x,y) = 0oy — cpq2) x4 ”{+1,ik+2(y)xik+2 +--e

Hence:
Pry1(x,y + ck42)
k+1R(x,y) = ;
—woX k+1
P
Tt iv2 (Y + Crt2)
= —y—x kt1ix+2 +x2[]+
o)
= _y+x k+1T(x1y)’ k—HTGK[X»y],
as desired.

0
In particular, rQ(0,0) = ak—Q(O, 0) = 0. So the equation y = ;Q(x,y) is

reduced Henselian if and only if x O (x, 0)£0, which is equivalent to zx| not being a
root of P.

We will need the following lemma:

Lemma 7 Let yy be a simple root of a nonzero polynomial P(x,y) of degrees
deg, (P) < dy and degy(P) < dy. For y1 # yo any other root of P, one has that:

ordy (yo — y1) < 2d.d,.

Proof Note that the hypothesis imply that dy, > 2. Let us write y; — yo = xk 81,0
where k := ord,(y; — yo) and 81,9 € K[[x]]\{0}. By Taylor’s Formula, we have:

P(x,yo +x*810) =0
ady

dy! 9y

1) ody—1
)

kdy ¢4
(x, yo)x ’V51’y0

aP ;
= P(x, yo) + E(x, yo)x 810+ -+

b p
dy! 8yd>'

=x"81,0 3—(x,YO)+~-~+
y

oP
Since xk81,0 # 0 and a—(x, yo) # 0, one has that:
y

BP( ) ks 132P( T dy
—_— X, = —X —_—— x’ e
dy Yo 10| 5 9y? Yo

P oy ody—2
k(dy—=2) g

— X, X

dy! ayd_“ ( )’O) 1’0 )
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The order of the right hand side being at least k, we obtain that:

P
ord, <—(x, yo)) >k
dy

oP
But, by Lemma 3, we must have ord, <B—(x, yo)) < 2dydy.So k < 2d,d,.
y

For the courageous reader, in the case where y is a series which is not a polyno-
mial, we deduce from Theorem 3 and from Flajolet—Soria’s Formula 1 a closed-form
expression for the coefficients of yg in terms of the coefficients a; ; of P and of the
coefficients of an initial part z; of yo sufficiently large. For any k > 2dd,, + 1, recall
that iy = ord, Pg.

Corollary 1 For any k > 2d,dy + 1, for any p > 1, one has that:

14
1 /-1\1
T 361 ) ND SR > e
q=1 1 0 [SI=¢, ISll2=g—1 [Ts|=IISIl2—g+1
ITsll=p+qix—(@—D*k+D—S

Si, j k+1
where S = (si,j), AS = _ I1 ) aifj.’, Ts = (ts.:), CTs = []i2, c , and

ers € Nis of the form:

= Y q!
" [1 [1 |
() L’
i I=1,...,(k+1)dy+dy—ig i=0,...,dx |Ll=j—m
m=0,....m J=meody || Ll|=l4ig —m (k+1)—i

Jlo\tiiL
I1 I1 I1 O :
=1,....(k+1)dy+dy —ir i=0,...,dx |L|=j—m
m=0,..., my j=m,...,dy||L||:l+ik—m(k+1)—i

where m; := min { [HJJ ,dy}, L= Lf;" = (ll mo b

=) i z/k+1) and where the sum

. I,m
is taken over the set of sequences niL I=1,....(k+V)dy+dy—ig, m=0,....m,
i=0,....dy, j=m,...dy, |L|=j—m, ||L|=l+ix—mk+1)—i
such that:
2D i =i ZZZ%L =g and ZZZ% jul
Ibm L Im i, Im i,j
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Remark 4 Note that the coefficients er, are indeed natural numbers, since they are

I,m

sums of products of multinomial coefficients because }_; ,, > ; >°; n;";'; = ¢ and

m+|L| = j.

Proof We get started by computing the coefficients of wox'* ; R, in order to get those
of 1 O:

—wox® kR = Pe(x, y + cit1)

k+1y)

. J
k+1
= E ai,jxl (Zk+1 + Xt )’)

= P(x, 241 +x

_ —m m(k+l) m
- Z ai,jx' va(] m)vZkH Y

i=0,....dy , j=0,....dy

For L = (I1, ..., lxs1), we denote CL := cll1 k"j;i One has that:

j—m __ (j —m)! L _IL
A Z TC P
IL|=j—m '

So:

j!
—a)()x’k «R = Z Z ai Z m,L,CL \|L|\+m(k+1)+zym
m=0 i=0,. |L|l=j—m

j=m, d y

We set [ = IL|| + m(k + 1) + i, which ranges between m(k + 1) and (k + 1)(dy —
m) +m(k + 1) + d, = (k + 1)d, + dy. Thus:

. i ]
o R= Y Y oas Y ok
m=0,...,dy i=0.....d, IL|=j—m o
F=mt 1), et Dy dy T =y || L=T—m k1) —i

Since R(x,y) = —y + ¢ Q(x,y) with  Q(0, y) = 0, the coefficients of ;O are
obtained for/ = ir+1,..., (k+1)dy+d,. Wesetl := i—ik,ml = min { Ujﬁj R dy}
and we obtain:

(O(x, y) = > brmx'y",
..... (k+1)d +dy—ik
m=0,.
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with:

1 it

by =— aj, j ——C".
’ >, @ > L
0 i20,..d Licjm  ME

J=mndy | Ll|=l+ig—m(k+1)—i

According to Lemmas 6, 7 and Theorem 3, we are in position to apply the version in

Remark 1 of Flajolet—Soria’s Formula in order to compute the coefficients of 741 =
Ck+2X —I—ck+3x2+- --. Thus, denoting B := (b; ), Q := (q1,m) and B9 .= ]_[,’m bzl,;;"

forl=1,...,(k+1dy+dy —ixandm =0, ..., my, we obtain:

p
Ck+l+p:ZClI Z Z—!!BQ

q=1 " 1Q|=q. |1 Qlh=p. 1 Ql2=g—1

Let us compute:
ql,m

_1 ql,m '
b?lr"’: = — E aij E —J CL
’ wo ’ m!L!
i=0,...,dy |L|l=j—m
j=m,....dy IL||=l+ix—m(k+1)—i

— __1 o Z ql,m! AM/,m
M !

o
‘Ml,mlqu,m

I.m
ij

IT D e
m!L!

i=0,....dy |L|=j—m

j=m,...dy \||L|=l+it—m(k+1)—i

where M, = (mf;") fori =0,...,dy, j=0,...,dyand

my" = 0for j < m. (14)
L,m

Let us expand the expression [ | i=o.....4, (Z \Ll=j—m #!L!CL s . For

J=m..dy N ||L||=l4ig—m(k+1)—i
each (I, m, i, j), we enumerate the terms {!L'CL withu = 1,..., af;” Subse-

quently: "
mi;" Im
. ar "
Z ]—!CL = Z J_’CL??’,L,
|L|=j—m m!L! u=1 m!ngT,u!

[+ig—m(k+1)—i
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N Im
Lmy [ g
] ij .
_ Z m[’/ 1_[ ]' L J,u
- l,m I,m
my ! |
T S A Ve Lilju
al.’ i i
1
CZu—/ i ’jnu l’]'"u s
! I o
_ m my ij o Lm o : ——
where Nz] = (ni’j’u)u= o Ni’j! = [[,2n; iyl Denoting Upm =
£ l i
ol
> i=0,....dy Zu' ’1 nf ;"uLf ;"u, one computes:
_m ,dy
Im
l m
U= Y YA
i=0,....d;y u=1
j=m »~~sdy
lm
a
= 2 Z"z | G =m)
i=0""’d"j=m,..‘,dy
Im, .
= 2 mij (G —m)
i=0>~~~’de=m,...,dy
= ”Ml,m”Z —mqim- (15)
Likewise, one computes:
lm
WUimll = > Z L
i=0,....d, u=1
j:m,...,dy
lm
0[
= > Znuu (+ix —mk+1)—1i)
i=0,....dy
Jj=m,....dy
I,m . .
= Z m "+ i —mk 4 1) — i)
i=0,...,d,
Jj=m,....dy
=qmll +ix —mk + D] — My ml1. (16)

So, according to formula (14) and the new way of writing the expression

lm

m
! n .
Hl— (Z |L|=j—m —m{L!CL> , we obtain:
=m, dy

[L||=l4ix—m(k+1)—i
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q _1 ql,m " U

1,

e =(2)" x ame > Ui
|Ml,m‘:ql,m |Ul.m‘:HMl,m”27mql,m

NULm lI=q1,mI+ix—mk+D]= M1

lm Im
ith d J! v
witndy,, = Y M)
o ]‘[ N’ m mi LY
(N»l".”) i,j *i=0,. i,j,u
W wydy j=m,. dy
j_m,...,dy

where the sum is taken over

1 m

l,m l,m lm lm
(Nlj)suchthat|N | =m;". and Z Z ni lM:U;ym

i=0,...,dy i=0,...,d, u=l1
j=m,....dy Jj=m,....dy

(Note that, if the latter set is empty, then dy, ,, = 0.)
We deduce that:

BC = [ b
I=1,.

=1, (k- Dy +dy —ig, m=0,...,m

_ q
B <w_;) [T > A > duy,, C

I,m |Ml‘m‘:q/.m U/.mlanl,mHQ_m ql,m
WU mll=q1,mI+ik—m(k+D]= M m I

Now, in order to expand the latter product of sums, we consider the corresponding
sets:

So ZMlm/Vlm |Mim| = q1,m and m? " =0forj <m

l,m
and, for any S € Sp,

Ug.s = {(Uin) / 3(Mim) st Ml = quw and mf} =0

for j <m, Y Mim=S.\Upn| = Miml2 —mqmand [Upnll

I,m

= qunll +ix = mk + D] = Ml |
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and
TQ,S = ZUl,m / (Ul,m) GUQ,S
l,m
We have:
Be < ) Z A Z Z l_[dUl,m crs
SESQ TseTQ,s (Ul,m) eUp. s, I,m
ZimUim =Ts
< ) Z AS Z e0.1,CTS. (17)

SeSp  TseTps

where:

I, L
l_[q m:- n.mu

. I,m e
€Q.Ts - (zl;’)l—[HNlm'}_m[ll_j[l:[< 'Lf’]nu')

Im i,j

and where the previous sum is taken over:

. I,m
Eo15 = (Nij ) /
o (k+D)dy+dy—ix, m=0,.
i=0,....dy, j=m,....dy

1 m

Zznl]u_sl/’ Vl’mv Z|Nlm|—q1m,
iJ

I[,m u=1

andzzznlju z/u_TS

Im i,j u=l1

where § = (s; ;).
Note that, for any Q and for any S € Sp, S| = >, ,,q1m = g and |[S]2 >
Zl,m mgim = ||Qll2 = g — 1. Moreover, for any Ts € g s:

|TS| = Z ”Ml,m”Z —MmMdqim

I,m
= [Sll2 = 122
=Sl —g+1
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and:

ITsll = qumll + ix — m(k + D] = [ Myl

I,m

= [1Qllh +1Qlix = [1Qll2(k + 1) — [IS 11
=p+qik—(q—Dk+1D—|[S].

Now, let us show that:

Z q_!BQ_ __1 ! Z AS
ol \w

1Q1=4, 12lIh=p, 1 Qll2=q—1 [S1=q, ISll2=¢—1

> er,CT5 | (18)
[Ts|=|Sll2—q+1
1Tsl=p+qix—(g—1)(k+1)—| S|

I.m

nl,_],u
— q!
where er, 1= lm‘ [l T (m'L”” '> and where

= (vi7) [T, T1,,~

the sum is taken over

l m

l,m lm
T D > > T )y
=1,..., (k+1)dy+dy—ix, m=0,...,m; Lim u=1 Lm i,j
i=0,....dyx, j=m,....dy

Im

andZZ f};nll l[M:TS

Ibm i,j u=l1

(Note that, if the latter set is empty, then ez; = 0.)

Recall that N l]m = ]_[u | nl ", ! and that the Ll;" ’s enumerate the L’s such that
|L| = j—mand | L] —l+lk—m(k+l)—zforglvenl m,i, j.

Let us consider S and Ts such that |[S| = ¢, Sl > g — 1, |[Ts| = ||S]2 —
qg+1, ||Tsll = p+qir—(@q— Dk + 1) — |IS|l1 and such that &7 # . Take an

element (n ) € &r1y. Define m = Zu lnf ']"u for each i, j, I, m with j > m,
and ml o= 0 if j < m. Set Mlym = (mi’j )i,j for each I, m. So, 3, miyj =

1

i, 1,
Dim Zu ’1 nl = i and S = Y7, ,, My . Define gy = Zi’j ml;" = |Mj |
for each [, m, and Q := (q1,m)- Let us show that |Q| = g, ||Q|l1 = p and ||Q]2 =
q — 1. By definition of &£z,

@ Springer



On the algebraicity of Puiseux series

615

Im

14 —Zqzm—ZZZm—

Im i,j u=l1

Recall that | Q|2 := Y, ,, mqi.m- We have:

|Ts| = ZZZ’%” S =Sl — g + 1

Im i,j u=l

¢>ZZZ l/u lju _sti,j_Q'i']

Im i,j u=1 i,j

1 m

@ZZZI@,M(J—M) > sij—q+1
Im i,j u=1 i,j

Im

(i}z Zznwu Z Z l]u_sti,j_q+1

i,j I,m u=1 l,m i,j u=l1 i,j
&Y Jsii— ) mam =y jsij—q+]1
i.j l,m i,j

<1Ql2=qg — 1.
Recall that || Qlly := ), 1q1,m- We have:

Im

iTsh = [ " L= p 4 qix — (g — Dk + 1) — IS,
Im i,j u=1
lm

@ZZZn,,u Ly" = p+qic — (g — Dk+1) — S|

Im i,j u=l

I m

@ZZZ " U+ i —mk 1) = i)

Im i,j u=1

=p+qik—(q—Dk+1D =[S

lm lm

S XIE YA e LYY,

Im i,j u=l ILm i,j u=1
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N 1,m

o Q@
—h+ DY Y YAl =Sy Al

I,m i,j u=l1 i,j I,m u=l1
=p+qik—(q—DE+D—|SIh
&Y lgm+ic-q

I,m

—(k+ 1)) marm — Y isij=p+qix—(q— Dk +1) =S|

I,m i,j

< 1Qllt + qix = 1Qll2tk + 1) = [ISllt = p + qix — (¢ — Dk + 1) — [IS]1.

Since | Q|l> = g — 1, we deduce that || Q]|; = p as desired. So, § € Sp for Q as in
the left-hand side of (18).

I,m
Now, set Upm = ); ; ZZ’:’l nf;"MLf;"u, 50 3 Urm = Ts. Let us show that
(Ui,m) € Ug,s, which implies that Ts € 7¢ s as desired. The existence of (M)
such that |M; .| = q; m and mf;" = 0for j < m and Zl’m M; , = S follows by
construction. Conditions |U; ;| = |[Mym|l2—m g1 and U m || = qim[I+ix—m(k+
1)]—11M; m |1 are obtained exactly as in (15) and (16). This shows that (ni:;'fu) € &o,1%5
so:

‘STS - U SQ,T5~
[101=¢, 1QlIh=p, 1Qll2=g—1

The reverse inclusion holds trivially since |Q| = ¢, so:

Ery = ) Eo.15-
[01=¢, 1Qll=p. I1Qll2=q—1

We deduce that:

q!
€1y = Z @eQ,TS.
101=q. 1211=p. 1Qlla=¢g—1 =~

We conclude that any term occuring in the right-hand side of (18) comes from a term
from the left-hand side.

Conversely, for any Q as in the left-hand side of Formula (18), S € Sp and
Ts € Tg,s verify the following conditions:

ISI=4q, ISl2=qg—1, |Ts|=Sll2—¢q+1,
ITsll = p+ qix — (g — Dk + 1) = [IS]h

!

q!
&ry = U o1, €15 = § aerTS'
[101=¢, 12llh=p. I1Ql2=g—1 10l=¢. 12Ih=p, 1Ql2=¢g—1 =~
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Hence, any term occuring in the expansion of B contributes to the right hand side of

formula (18).
Thus we obtain formula (18) from which the statement of Corollary 1 follows.

Remark 5 We have seen in Theorem 3 and its proof (see Formula (11) with k =
ko) that wg = (nk‘z i ) (cko+1) is the coefficient of the monomial x”‘0+1y in the
ko

expansion of Py, +1(x, y) = P(x, c1x +- - -+ cgor 1 x0T 4 x%0F2y) “and that ¢yy0 =
P
_nko,ik +1(Cko+l)

+1 :
o where nko it +1 (cky+1) i the coefficient of x* 1 in the expansion
of Pk0+1(x v). Expanding Pjy,+1(x, y), having done the whole computations, we

deduce that:

j!
wy = i CL
L .]
i=0,..., dy, j=1,...dy |L|=j—1, |Lll=igy—i—ko—1

Cko+2 = __1 Z Z 2_‘.511 ]CL

i=0,....dx, j=0,....dy |L|=], |ILll=ix,—i+1

Example 3 In order to illustrate Corollary 1 and its proof, we resume the polynomial
of Example 1 with ap 2 # 0:

P(x,y) = ap2y” + (az,o +az1y+ az,zyz) x?

Py(x,y) = (az,o + ao,zyz) X+ a1y’ +appyxt

Pi(x,y) = (2a02c1y +az1c1) x° + (do,2y2 +az1y+ a2,26%) xt

+ 2az,261yx5 + a2,2y2x6

—az,0

with ao+ ao,zc% =0 c == .
ap,2

Thus, ip = 2,i1 =3 =ip+1,s0ky = 0, wp = 2ap > ci. The coefficient ¢, must

. —as,1 .
verify 2ap2ci1c2 +az1c1 =0 & ¢ = 2— We obtain that:
' aop,2

Pi(x,y +c2)
3
= woy + (02,2012 +ax 102 +ap202” + (az,1 4+ 2a02c2) y + ao,zyz) X

—wo 1R =

+(2azpc12 + 2 a2 201y) X2 + <a2,2022 +2ax20y + az,zyz) X3
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So the coefficients of the corresponding reduced Henselian equation y = 1 Q(x, y)
are:

bio=— (02,2012 +az 10+ ao,zsz) Jwo, b1)1 = — (az,l + 2a0,262) Jwo =0,
bip = —ap2/wy, bro=—2axscic2/wo, ba1 = —2azrc1/wo,
b3 = —ax2c2% wo, by = —2axzc2/wo,  bip = —azs/wo,

But, by version 1 of Flajolet—Soria’s Formula 1, one has that:

2 2
—daz,2C1" —az,102 —ap, 202"

)

c3=b1p=
2ap2c1
—2axcic2

c4 =bro+b1ob11 =bro= T anac
0,2 C1

2 2 2
¢s = b3 0+ b1,0b2,1 + by ob12 + b1,0b7 | + b2,0b1,1 = b30 + b1,ob2,1 + by gbi2
2 2 2
_—mpc? | 2aaancicr +2a0pa 00107 + 2ax %’

2a0’2 C1 (2610,2 C1)2

2.2 2 3 2 3.4
ap2a2,1°¢c2° +2ap2az 1¢2” +2appaz1a2 2¢1°¢ + app’c2

3
(Zao,zcl)

2 2,2 2, 4
_2app"axac1"er” +appaznter”

(2 ap,2 C1)3

’

Remark 6 Classically, aseries yo = Y, cnX" € K[[x]]is algebraic if and only if its
coefficients ¢, are the diagonal coefficients of the power series expansion of a bivariate
rational fraction [7,10]. In particular, in the reduced Henselian case y = Q(x, y) (see
Definition 2), the rational fraction can be written:

00
yz—yza—(xy,y)
y

yo = Diag
y—Qxy,y)

With the computations in the proof of Corollary 1, we can deduce in the general case
P(x,y) = 0 aformula for the rational fraction having the ¢, as diagonal coefficients
of its expansion.

As a consequence of Theorem 2 and Corollary 1, we get the following result. Let
dy, dy be some fixed degrees, and an integer n > 2d,dy + 2. There is a finite number
of universal polynomial formulas which compute the coefficient ¢, of any algebraic
series yo of degrees at most dy, dy. These formulas are evaluated at the first 2d. dy +2
first coefficients of yg, and their number is independent of n. More precisely:
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Corollary 2 Let dy,d, € N*. We set M := %dy(dy +Ddy +1) +dy —2 and
n = N +2 = 2d,d, + 2. There exists a finite set A and for any . € A, there
exist a polynomial Q()‘)(Cl, ., Cy) € ZICy, ..., Cyl, deg QW < M, and for
every p € N* a polynomial w,ﬁ“(cl, ..o, Cuy1) € ZICy, ..., Cpy1], deg LUIS)‘) <
p(M +d.)+1, such that forevery yo =Y, cpx", c1 # 0, algebraic with vanishing
polynomial of degrees bounded by d in x and dy in 'y, there exists . € A such that
for every p € N*:

A
c _ lI/]g )(C17~"5C[L+])
pltp = W (er, ..., )P

Proof Letyy = anl cpx™, c1 # 0, be algebraic with vanishing polynomial of degree
bounded by d; in x and dy in y. According to Theorem 2, there is a finite set A and

for every A € A, polynomials al.(’)‘j)(Cl, ...,Cy) € Z|Cy,...,Cy] such that:

P =3 aer, ... en)xty

i<dy,j<dy

is a vanishing polynomial for yy for a certain A € A. Enlarging the finite set A by
akp®

indices corresponding to the various Fa
y

k=1,...,d, — 1, we can assume that

there is A such that yg is a simple root of P*). So the coefficients of y( can be computed
as in Corollary 1. More precisely, for any p € N*:

p
mS,T _
e =X X s )
q=1Sel, Tsels ©0
where I, = {(si /) | IS| = ¢, ISI2 = ¢ — 1},
Js = {(s) |1 Ts| = ISl —g + 1, | Tsll = p+ qin — (g — D+ 1) — [S]1}

and mg 1, € Z.Note that C = (cy, ..., cuy1) and A = (a; j(c1, ..., cn)). It suffices
to bound the degrees of the numerator and denominator in the terms of formula (19).

By Theorem 2, deg afﬁ) < M+d;+1—dy.Soby Remark 5 and Theorem 2, we deduce
that ey is the evaluation of a polynomial 2™ (Cy, ..., C,) such that deg 2* < M.
The degree d;;, s corresponding to a term a)g “1A5CTs is bounded by:

(p—g@)M + |S|(M +dy + 1 —dy) +|Ts|
=(p-@M+qM+dy +1—dy)+|[Sll2—g+ 1.

But, | S]2 < ¢gdy and 1 < ¢ < p. So we get that:

dgs<(p—@M+qM+dc+1—-dy)+qdy —q+1=<pM+dy)+1
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