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Abstract In Nakamura and Hashimoto (Collect Math 65(3):407-416, 2014), the
authors showed that for every f € L} (R), the essential p-variation ess Vp(f, R)

loc
of f is given by
lim f
h—0 Jr

In this paper, more generally we treat the following convergence for a function f €
LI]OC (R) and a convex function ® : R — [0, c0);

lim | ® (M) dt,
R

p

foe+h) = f&))\"
e —— X.

h

h—0 h

and we show that the limit is equivalent to an essential ®-variation ess Vg (f). More-
over, we obtain a characterization of the class of functions f with ess Vg (f) < oo.
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394 G. Nakamura, K. Hashimoto

1 Introduction

Let (R, 901, m) be the usual Lebesgue measure space on the set R of real numbers. Let
1 < p < 4o00. The space L? (R) will denote the L? (R, 991, m), which are made up of
the Lebesgue measurable functions f, for which | f|? is integrable on R.

A function f € LEOC(R) is said to be locally integrable on R if f is integrable on
every bounded closed subinterval I of R.

A function f : R — Ris said to be locally absolutely continuous if it is absolutely
continuous on every bounded closed subinterval / of R. We denote by ACj,.(R) the
vector space of locally absolutely continuous functions on R.

Let W'P(R) be a Sobolev space, i.e, f € WP (R) if and only if f € L?(R) and
the derivative Df of f in the sense of distribution belongs to L” (R). In particular, if
f € L'(R) and Df is a Radon measure of bounded variation on R, then f is called
a function of bounded variation. The class of all such functions will be denoted by
BV (R). Thus, f € BV (R) if and only if there is a Radon measure p defined in R
such that |u|(R) < 400 and

Afw’dt: —/Rwdm ¢ € CP M),

where, | Df|(R) = |u|(R) means the total variation of w. It is obvious that a function
f onR is absolutely continuous and the derivative fisin L'(R), then f is of bounded
variation, i.e. W(R) ¢ BV (R) (see [2, p. 222]).
Let \V be denote the set of all convex functions ® : R — [0, co) such that ®(0) = 0
and @ is not identically zero. It is well-known that every ® € A is continous on R.
Given f € L} (R) and a subset D of R, we write

loc

f(ti). - f(til)) G — 1),

n
Vo (f, D) sgp;fb( p—
for the ®-variation on D of the function f in the sense of F. Riesz ([6]), where the
supremum is taken over all partitions w : 1) < 1 < --- < f < --- < t, and
tr € D.If D = R, we denote the Vg (f, D) simply by Vo(f). If ®(x) = |x|,
x € R, then it is obvious that ®(x), ®T(x) = x v 0, " (x) = (—x) V0 € A and
Vo (f) = Vo+ (f) + Vo-(f). In the case D = [a, b] (a subinterval of R), we refer to
[1] and [3], but they are treated under the additional assumption that @ is even on R.
We define a subset ess D(f) of R by

1 t+h
ess D(f) = {t € R : lim —/ f(s)ds converges} .
h—0h t

We shall call the set ess D(f) the essential domain of f. We should note that
m(R\ess D(f)) = 0 and ess D(f) does not depend on measurable functions equal
to f a.e. on R. We define
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On the essential bounded Riesz ®-variation 395

1 [rth
)= ““})gf f(s)ds, t € ess D(f)
- t

h
undefined, otherwise.

Then we should note that f = f (a.e.). Put

L(f)={reessD(f): f() = fD},

then it is obvious that m(R\L(f)) = 0.
For f € L] (R), define

ess Va(f) = sup {z o (£ i)
k=1

Tk — tk—1

X(ty —te—1) o <t <-++ <1y, ty €€SS D(f)}

In what follows, we call ess Vg (f) the essential ®-variation of f. In particular,
if ®(x) = |x|?, then we call this variation the essential p-variation instead of the
essential ®-variation, we write ess V), (f) in place of ess Vo (f). Moreover, for 2 # 0,

f@+h)— f@

we write f;,(t) =

In the case p = 1, in [4] we showed thatess Vi (f) < ooifandonlyif f € BV (R).
More generally, in [5], we have obtained that the following holds:

Theorem Let 1 < p < oo and f € L. (R). Then we have

loc

lim/ |fu@OIP dt = ess Vy(f).
h—0 JRr

In this paper, more generally we treat the following convergence for f € LlloC (R)
and ® € N:

Jim /R ® (1)) dt,

and we show that the limit is equivalent to an essential ®-variation ess Vo (f). More-
over, we obtain a characterization (Theorem 2.77) of the class of functions f with
ess Vo (f) < oo.

2 Main results

Theorem 2.1 Let ® € N and f € LL (R). Then we have

loc

(i) 1imh—>o/R¢(fh(l)) dt = ess Vo (f).
(ii) essVo(f) = Vo (f).
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396 G. Nakamura, K. Hashimoto

(iii) If f € ACioc(R), we have ess Vo (f) = / O(f'(1))dt.
R
In particular, if ®(x) = |x|? for 1 < p < oo, then we have that

(iii)’ essz(f)=/ |f'®)1F dt.
R

Proof To prove (i), we first prove that lim infh_,o/ D (fr(t)) dt = ess Vo (f). Let

R
t) <ty < --- < t, be an arbitrary sequence in ess D(f). Then by Jensen’s inequality
we have

1 1
o (— / i) dr) <1 / ® (fy(1)) dt.
e — te—1 Jy_y Ik — te—1 Jyy_,

and so

tk 1 Tk
[ oG ar= @ -n-no (— [ e dr)
Th—1 Ik — Ik—1 fr—1

1 tx+h
= — 1P| —m—— d
(e = ) <h(tk—tk_1) (ft o

tk—1+h
- / () dt)) .
th—1

Thus for all & # 0, we have

Ik

/Rd)(fh(l)) dt > Z @ (fu(0)) dt
k=1

k-1

n 1 tx+h
= — )| —m d
2= ti-) (h(tk—tk_n (ft o

k=1

t—1+h
—/ f(@) dt>> .

It is obvious that the right-hand side of the above equation coverges to the following
value as h — O:

Ik — k-1

. f) — f(t-1)
E (e — tr—1)® (—) .
k=1

Thus we have

O () PR

Tk — tk—1

1i]r1riigf/Rq>(fh(z)) dt > ZCD(

k=1

@ Springer



On the essential bounded Riesz ®-variation 397

and so we see from the definition of ess Vg (f) that

liminff ® (f3(1)) di > ess Vo (f). @2.1)
h—0 Jr

To show the converse inequality:

limsupf D (fn(r)) dt <ess Vo(f),
h—0 JR

it suffices to show that

/ D (fn(t)) dt <ess Vo(f) forallh #O.
R

Without loss of generality, we can assume that & > 0.

kh

b dt = 0] d
A mm)rk2%44m<mm)z
o0 h _ _
_ Z / ® <f(t + kh) ];l(t + (k 1)/1)) dr
k=—00 0

h oo
_ f@+kh)— f(t+ (k—1h)
_/o k;wd>< - )dt.

On the other hand, since R\ L ( f) is anull set, and also m (U:i_oo{(R\L( ) — kh})
= 0. Moreover, since t ¢ Uli_oo{(R\L(f)) — kh} implies that r + kh € L(f) for

every integer k, we see that

Z ®<f(t+kh) — ft+ (k- l)h))h
h
k=—00
F(t+kh)— ft + (k — l)h))h

<ess Vo(f) a.e.on [0, k],

and so

h
/®uw»m51/e%wuwn
R h Jo
=ess Vo(f) forh > 0.
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398 G. Nakamura, K. Hashimoto

Hence we have
/ D (fn(r)) dt <ess Vo(f) forh #0. 2.2)
R

Thus we have

limsup/ D (fr(r)) dt <ess Vo(f).
h—0 R

Combining with (2.1), we have

lim / ® (f(1)) di = ess Vo (),
h—0 R

which completes the proof of (i).
Next we show (ii). The inequality ess Vo (f) < Vo (f) is obvious from (i) and the
following inequality:

o0 h _ B
/<I>(fh(t)) dt = Z / q><f(f+kh) fa+(k 1)h)> "
R 0

k=—00 h
|- t+kh) — f(t + (k= Dh
:_/ Z‘D<f(+ ) — £+ “)m
h Jo h
k=—00
1 h
< [ voar
h Jo
= Vo(f).
To prove (iii), we suppose that /' € ACic(R). Let tp < 1 < -+ < 1, with

tr € ess D(f) for 0 < k < n. Then we have from f(#;) = f(#) and Jensen’s
inequality that

1 Tk 1 Tk
—/ O(f' (1)) dt = ® (—/ 1@ dt>
Ik — tk—1 Jyy_ e — tk—1 Jy_y
o <f(zk> — f(rk_o)

Ik — tk—1
and so
n tr n iy . ~
[owmazy [ eqanazY e <M> (1 — 1),
R 1 Je =1 Ik — lk—1
Thus we have from the definition of ess Vg (f) that
[ ot @y = essvap). 23)
R
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On the essential bounded Riesz ®-variation 399

On the other hand, we have from Fatou’s lemma that
1 1
t+ ) — f(t r+5)—f@
/ lim inf ® (M) dt < lim inf/ ) <M) dt.
]R n—0o0o — n—o ]R =
n n

Thus we have from Theorem 2.1 that
/ S (1) dr < ess Vi (/). 2.4)
R

Combining this inequality with (2.3) completes the proof of (ii). O

Remark 2.1 In Theorem 2.1, we see easily from (2.2) that

SUP/ D (fu(r)) dt =ess Vo(f).
h#0 JR

Theorem 2.1(ii) has more refined results. To show this, we first prepare the following
two lemmas.

Lemma 2.1 Let ® € N. Then the following (i) or (ii) holds:

(i) There exist xo, a, b € R with xo > 0, a > 0 such that ®(xg) > 0 and ®(x) >
ax + b forall x € R.

(ii) There exist xo, a, b € R with xo < 0, a < 0 such that ®(x9) > 0 and ®(x) >
ax + b forall x € R.

Proof By the assumption, since ® is not constant, then there exists a xo # 0 such that
®(xp) > 0. We see from the convexity of ® that there exist a € R, b € R such that
®(x) > ax +bforall x € R and ®(xg) = axg + b.

In case of xg > 0;

D(xg) — PO) (axo+b)—>b
0< < =a
X0 X0

In case of x¢ < 0;

®(xg) — DO)  (axo+b) —b
> > =

0
X0 X0

Remark 2.2 For (i) and (ii) in Lemma 2.1. We should note that
(i) If both of (i) and (ii) hold, then lim, _, 40 ® (x) = 0.
(>ii) If (i) holds, but (ii) does not hold, then lim,_, 5o ®(x) = oo and ®(x) = O for
x < 0.
(iii) If (i) does not hold, but (ii) holds, then limy_, _ o, ®(x) = oo and ®(x) = 0 for
x > 0.
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400 G. Nakamura, K. Hashimoto

Let T = {to,11,...,1,} be a finite subset of R with at least two elements and
fo<ti <---<ty.Let f:R—> Rand ® € . We define Vo[ f, T] by

Volf,T1=) @ (M) (tk = tr1).

= Ik — k-1
Lemma 2.2 [fS C T C R, then we have

VCD[f’ S] < VCD[f’ T]

Proof Let S = {so,s1,...,8n} withsg < 51 < --- < sy and T = {to,t1,..., 1}
with g < t; < --- < t,. Without loss of generality, we can suppose n = m + 1 and
T\S = {#}. In cases of tx < sg or s, < tx, we see easily that Vo[ f, S] < Vo[ f, T].
So we suppose that 5o < #x < s, and s = min{s € S : #z < s}. Then we have

Volf. T1— Vol f, S] = & (M> (e — se-1)
Tk — Se—1

Lo <f(5e) - tf(tk)> (56 — 1)

Se — Ik
_ (f(Sz) — fse-1)

) (s¢ —s¢-1)
S¢ — Se—1

= (s¢ —s¢—1) {d> (f(tk) — f(5£—1)> Tk — Se—1

Ik — Se—1 S¢ — S¢—1

+ <f(SZ) — ﬂtk)) S } —(s¢g —s¢—1)

S¢ — Ik S¢ — Se—1
S¢— Se—1
(s¢ — s¢_1)® (f(tk) — f(e-1) = Se
Ip — S¢—1 S¢— Se—1
+f(sﬁ) —f@)  se—i )

Sg — Ik Sg — Se—1

v

fse) — fse—1)
S¢ — Se—1

= (s¢ —s¢-1)P <M> — (¢ — 8¢-1)
S¢ — Se—1

< ® (f(Se) — f(Sel)>

S¢ — Se—1

—(s¢ — s¢—1)P ( ) (By convexity of ®)

= 0.

Thus we have Vo[ f, S] < Vol f, T). =

Theorem 2.2 If f € LIIOC(R) with ess Vo (f) < oo, then the following properties
hold:
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On the essential bounded Riesz ®-variation 401

(i) Foreacht € R there exist

at)y= lim f(G+h)and B(t)= lim f(t+h) inR.
t+heess D(f) t+heess D(f)
h—0t h—0—

(ii) t € essD(f) ifand only if a(t) = B(t). Then f(t) = «(t) = B(t) holds.
(iii) Vo (f) = essVo(f) ifand only if a(t) < f(t) < B() or B(t) < f(t) < a(t)
holds.

Proof Proof of (i): We first show that lim,,_, » f (t,) exists in R for every r € R and
{ta} CessD(f)withty <t)j <th <--- <ty >t(n—> o0).Leta e Randb e R
satisfy the condition (i) or (ii) of Lemma 2.1. Let ¥ (x) = ®(x) —ax — b > 0 for

1
x € R,andsox = —(P(x) — ¥(x) — b). Then for each n € N, we have that
a

Fiow = + 3, L0y
k=1

Ik — Tk—1
_ 7 ~ 1 fw) = fa)
—f(to)+1§a{<b< e

_w (f(tk) - f(tk1)> —b} (e — o)
Tk — tk—1
xS (fw - Facoy,
_f(t0)+a{kz;®< P )(tk fk—1)
b
Zw (M) (0 — tk_l)} — = (ta — 10).
te — th—1 a

By the assumption ess Vo (f) < 0o, we have

ni‘%ozq’ <f(tk) - f(tk—1)> (e — te1)
=1

Tk — lk—1

converges in [0, 00). For ¥ > O and t;y — #x—1 > 0,

i 3w (T =Ty o,
k=1

Tk — tk—1
and lim,,_, o t, = t. Thus we have
lim f(t,) € [—00, o0].
n—oo
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402 G. Nakamura, K. Hashimoto

Since {t,,} is arbitrary, we have

lim f(t+h)e[ 00, 00].
h10,t+heess D(f)

We suppose that

F(t+h) = +o0

lim
h10,t+heess D(f)

We take any ¢, d € ess D(f) so that c <t < d. By the definition of ess Vo (f),

fa+h - fo fd) — ft+h
q)( [ th—c )(Hh_CH(D( d—(+h
<essVop(f) < o0,

)(d—(t+h))

forc <t+h <dwitht 4+ h € ess D(f). On the other hand, by Remark 2.2,

lim { (f(t+h)—f(6))(t+h_c)+q)<f(d)—f(t+h))
h10,t+heess D(f) t+h—c d— (t+h)

x(d—(t+ h))}
— B (+00) (7 — ¢) + D(Foo)(d — 1)

=00,

which is a contradlctlon Thus we have that im0,/ 1heess D(f) f(t + h) # £o0, and
$0 limp40,14heess D(f) f(t + h) coverges in R.
Similarly, we can show that for any ¢ € R, limp, |0,r{heess D(f) f (t + h) converges
in R.
B In fact, put D(x) = d(—x), f(t) = f(—t) for x, t € R. Then we see that
: R — [0, 00) is a convex, continuous and nonconstant function with ®(0) = 0,

and f € LIOC(R), essD(f) = —ess D(f), f(t) = f(—t) for t € essD(f) and
ess Vd,(f) =ess Vo (f) < oco. Hence, we see that

fa+h = lim f(~=t—h)= lim _f(=t+h)
h0, t+hee€%D(f) hl0,—t—heess D(f) h10,—t+heess D(f)

converges in R.

Proof of (ii) By f € LIOC(R), f@ = f(t) a.e.t, combining with the result (i) above,
we have that for every ¢ € R,

/ f(s)ds = hm —/ f(s)ds_(x(t)

hOh

im L / fyds = tim 1 f Fsyds =
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On the essential bounded Riesz ®-variation 403

On the other hand, by the definition of ess D(f), t € essD(f) if and only if
t+h
limy,_, ¢ ;A f(s)ds exits in R. Thus we see that (ii) holds.
t

Proof of (iii) We first assume that «(z) < f(r) < B(¢t) or B(¢t) < f(t) < «a(r)
forallt € R. Forany set T = {to,t1,t2,...,tp} withtg < 1 < --- < t,, we put
= {0, 1}{0-1.2.-.n} ‘Foreach A € A, we denote the function g; : R — R as follows:

a(t), ift=1,A0) = <i<n
a)=18E), ift=4,1i)=1,0<i=<n
0, ifr¢T

For every A € A, g,(t;)) = a(t;) or B(#;) (0 <i < n), and so there exists {#;;}; C
ess D(f) foreach 0 <i <nsuchthatlim; . t; =, lim; f(tl]) = g (t).

For sufficiently large j, we have that to; < t1; < f; < -+ < t;. Let T; =
{toj. 11j,t2j, ..., tnj}. Then we have that

Volf, Tj] < ess Vo(f). lim Volf, Tjl1 = Volg, T,

and so
Volgy, T]1 < ess Vo(f) fork € A.

According to our assumption that « () < f(t) < B(¢) or B(t) < f(t) < a(t) for all
t e R,wecantake 0 < 6; <1 foreach O <i < n such that

ft) =0;a(t;) + (1 —0)BE).
Moreover, for each A € A we set

o _ |6 ifA() =0
METN =6, ifAG) =1,

and@,\zl_[? Ori Then 6, = 0,y ZMA]_[IOA,Z-—]_[_O(GJF

(1-26;)) =1. Foreach0<j <n, wehavethat

PRAADEDD (HQA z) gr(tj)

reA reA
n
> <]‘[9M-) g+ Y. (l_[ex,l) 8(17)
reA i=0 reA i=0
A(j)=0 (=1
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0<i<n

i#]j

[T@ +a—one)

< | [T@+a—00pa)

+(1-6))

05:5;1
=0ja(t;) + (1 —0;)B(t;)
= f(lj)
Vol f,T] = Z@ (f(t’), —
i1

j=1

- Zcp (;e g’\(tf
2%
- Z 3 6.0 <g*(tf

j=1xreA

=Y 6 Z@ (gk(tf

reA =

= Zexmgh T

reA

< > bress Vo(f)

reA
=-ess Vo (f).

Ze @ (gk(t]

—gk(tj_1)>> (tj —1j-1)
_t] 1

ﬂ) (tj — tj—l)

tp—tj_1

gm’ 1)) (tj = tj-1)

gm’ 1)) (tj = 1j-1)

Since T is arbitrary, we have that Vo (f) < ess Vg (f). Thus it follows from (ii) of

Theorem 2.1 that Vo (f) = ess Vo (f).

To show the converse, assume that «(s), S(s) < f(s) for some s € R. Let g
be g(t) = f(¢t) fort # s and «a(s), B(s) < g(s) < f(s). Then it is obvious that
ess Vo (f) = ess Vo (g) < Va(g). For every n, there exists a finite subset {7,,} C R

such that

1
ess Vo (f) — i Volg, Tnl-

2.5)

From Lemma 2.2, by adding more points in 7, if necessary, we can assume that
s € T, and there exist sy, s, € T, N L(f) such that s, = max{(s — 1/n,s) N T,} and
s/, = min{(s, s + 1/n) N T,,}. Then we have that
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On the essential bounded Riesz ®-variation 405

Volf. Tl — Volg, Tu] = {@ (@) (s = 50)

q><f(5/) f(S))( )}
sl —s
_ {q; (g(s) - f(Sn)> 5 — 5,)
s —Sn
<f(s)—g(s))( S)}
sh—s
_ {q; (f(S) —f(Sn)) _® <g(s) —f(Sn)>} 5 — 5,)
s — Sy s — S,
+{q; (f(S,/,/) —f(S)> —® (f(sy/,/) —g(s))}
s) — s s) —s
X (s — 8). (2.6)

Since limy— o0 Sy = 5, liMy— 00 £ (s4) = limy—os f(sp) = B(s) and lim,—. o0 5, = 5,
lim,— 00 f(s,) = limy,—00 f(s,) = c(s), we have from the assumption that

i 86— ) _ i L6 —86) _ oo, 27

n—oo  §—s, n—oo s, —s
and so for sufficiently large n we have that

8() = flsn) _ f(5) = flsn) fls) = f() - J(sp) — 8(9)

b
s — Sy s — Sp sy =S sy =S

0< < 0.

(1)

For simplicity of notation we write <I>(t) = - (t # 0). Hence we have from the

monotonicity of CID(t) on (0, c0) that

{q> (f(s) - f(sn)> e (g(s) - f(sn)>} 65
S — S, S — S,

={<i><f(s)_f(s")> ) = flsa) ((S) f(sn)>g(S)—f(Sn)}

S — Sp S — Sp S —Sn S = Sn
X (s — sp)
. {&) (g(s) — f(sn)> )= fGsa) ( g(s) — (sn)) g(s) —f(sn)}
s — Sy s — S, s — Sy s — Sy
X (s — sp)
=& (F0L0) () - gon, 28)
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406 G. Nakamura, K. Hashimoto

On the other hand, we have from the monotonicity of ﬁ>(t) on (—o0, 0) that

{CD (f(s;) - f(s)> e (f(s;,> —g(s))} )

s, —s s, —s

_ {&) (f(sr/z) - f(5)> fls) —fls) & (f(S,/z) —g(s)) fsp) —g(s)}
B sy =S s, =S s, =S s, =S

X (s, — )
- {&) (f(sr/,/) —g(s)> f(sr/z/) AP <f(S,§/) —g(S)> f(S,/q/) —g(s)}

sp—s s —s ) —S sy —§

X (s, — )

=-d (f(”—:sg(”> (f(s) = g(s). 2.9)

For sufficiently large n, combining those inequalities with (2.6) gives

Volf, Tn] — Volg, Tn] > {&) (M) _ &,(M)}
S —Sp sn_s

x(f(s) — g(5))-

t
We see from (2.7) and the monotonicity of ) on (—o0, 0) and (0, co) that

lim {&)(g(S)—f(S,ﬁ)) _(i)(f(s;;)_g(s)>} — lim ci>(r)
n— 00 s —s;l S;L —_— t—00
— lim (1) € (0, o0].

Thus we have from assumption f(s) — g(s) > O that liminf,_, (Vo[ f, Tn] —

Volg, Tu]) > 0.
On the other hand, from (2.5) we have that lim inf,,— » Volg, T,,] > ess Vo (f).

Hence we have that
liminf Vo[ f, T,] > liminf (Vo[ f, T,] — Volg, T,]) + liminf Ve (g, T, ]
n—oo n—>oo n—>0oo

> ess Vo (f).

Thus it follows from Vo (f) > Vel f, T,] that Vo (f) > ess Vo (f).
For the case of f(s) < «a(s), B(s) for some s € R, in a similar procedure for

®(x) = d(—x), we obtain that Vo(f) = Va(—f) > ess Vg(—=f) = ess Vo (f).
Thus we see that the converse holds. O

Corollary 2.1 Forall f € L. (R), we have

essVo(f) =inf{Vo(g): f =ga.el}.
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Proof Thus for g € Llloc(R) with f = g a.e., from Theorem 2.1(ii) the following
holds:

essVo(f) =essVo(g) < Vol(g),

and hence we have that

essVo(f) <inf{Vep(g): f=ga.e}.

To show the converse inequality, since it is obvious if ess Vo (f) = 00, we suppose
that ess Vg (f) < oo. Put g(r) = a(r) or g(t) = B(¢) for every t € R, where « and S
are obtained in Theorem 2.2, Then we easily that f = ga.eand Vo (g) = ess Vo (g) =
ess Vo (f). O

Set
Ko@) i={f € Li®) : ®o f(= /() e L'R)}.
Then we see easily that g (R) is a convex subset in LllOC (R). Moreover, we define

D(x) = X[0,00)(X) P (X) = X(—00,0](X) P (x), x € R,

where x; is the characteristic function of a subset / C R.
For f, g € Ko (R), we define

do(f,8) = |Po f—Dogl.

Then it is easily checked that the following hold

(1) do(f, 8) =do(g, f) = 0andde(f, f) =0.
(2) do(f, g) <do(f, h)+do(h,g). ~

Moreover, if ®(x) > 0 for all x # 0, then ® is strictly increasing and we have
3) do(f,g) =0ifandonlyif f =ga.e..

Then we have the following result.

Theorem 2.3 Let ® € N with ®(x) > 0 for all x # 0. Then (Ko (R), do) is a
complete metric space.

Proof We see easily from the properties of ® that @ is continuous and strictly monoton-
ically decreasing on (—o0, 0] and is continuous and strictly monotonically increasing
on [0, 00) and limy_, +oo ®(x) = o0. Therefore, a) ®-! : R — R is continu-
ous, strictly monotonically increasing and onto on R. From this it easily follows that
do(f, g) = 0implies f = g a.e., so we see that (K¢ (R), do) is a metric space.

To show the completeness of (Kq(R), dp), we should note from convexity of &
with ®(0) = 0 that ®(x)/x is monotonically increasing. And hence we have that
d(x) > &(1)x for all x > 1 and ®(x) > —d(—1)x for all x < —1, and so
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®(x) > min{dP (1), D(—1)}|x]| forall |x| > 1. Leta be min{d (1), d(—1)},s0a > 0.
Put b = inf, cr{®P(x) — alx|}, then b € R, and so ®(x) > a|x| + b for all x € R.
From this we have that

|®(x)| > alx|+b forall x € Rand |[® ' (x)| < |x|/a+|b|/a forall x € R. (2.10)

Let { f,} be a Cauchy’s sequence in K¢ (R). Then {<I> o f,,} is a Cauchy’s sequence in
L'(R) and so there exists g € L'(R) such that lim,_, o fn = g in L'(R). Let
f (x) = 1(g(x)) then we see from (2.10) that f is in LloL (R). Thus we have that
@of_geL (R) and so f € K¢ (R) and lim,,—, oo do (f, ) = O. O

Put ®(x) = |x|” for 1 < p < oo, then we see easily that Lo (R) = LP(R).
Moreover we have the following result.

Theorem 2.4 Let ®(x) = |x|P for 1 < p < oo. Then (L?(R), dg) is isomorphic to
(L), - 1Ip)-

Proof Let us see that:

|D(x) — ()| < (x| + |y —x])? — [x|” forx,y eR. (2.11)
Assume first that xy > 0. Then it is obvious that |® (x) — ®(y)| = ||x|” — |y|”| holds.
Furthermore, we show that |[x|” — |y[P| < (Jx| + |y —x])? — |x|P. If |x| < |y]|, then

itis obvious that [|x|? — [y[P| = [y — [x]|? = (|x] + [y — x])? — [x|P. If [y] < |x],
then

[1x1? = Iy17| = |xI” = [y1” = Iyl + |y — xD? — [y]”.

Putu(t) = (t + |y — x|)? —t? (¢ € [0, 00)), then u(r) is monotone increasing with
respect to ¢, and so u(|y|) < u(|x|). Thus we have

Uyl + 1y =xD? = |yI” < (x| + 1y —xD? — |x|?,
and so
|lx1” = IyI?| < (xl+ 1y — xD? — |x]”.
Thus if xy > 0, then we have that (2.11) holds.
On the other hand, if xy < 0, then we have from Jensen’s inequality and the
monotonicity of u that
1B(x) — @) = IxI” + 17 < (Ix] + Iy = |y — x|? < (x| + |y — x])P — |x|”.

Thus we see that (2.11) holds.
Let f, g € LP(R). From (2.11) we have:

do(f, ¢) = /% B — B(g(1)| dr
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5A%(If(t)l+lf(t)—g(t)l)"dt—/le(t)lf’dt

= fFI+1f—gllh—1r15
< (Ifllp+1f—gl)? —Iflh. 2.12)

On the other hand, if xy > 0, since

u(lx)) if x| < [yl

4 _~ — P _ p =
|®(x) — 2()| = |IxI” — [y]7| {u(|y|) if [y| < |x],

we have that

[B00) = ®| 2 u(0) = |y —xI7 = o lx — I,
If xy < 0, we have that
~ ~ 1
@) = @] = IxI” + 917 = = (xl + IYDF = 5= v = y17
Hence we have that
~ ~ 1
B0) = | = 5 —;lx =yl forx,y eR. (2.13)

Thus we have that

do(f, §) = /R B — Bg1)| dr

> %/ﬂ{{mn—g(mpdr
1 P
= Fﬂf—gﬂp- (2.14)

Combining this inequality with (2.12) gives

1 p p p
F”f_g”p <do(f, ) =USfllp+ IS —glp? =Sl

We conclude the proof. O
Theorem 2.5 Let f € ACioc(R) and f' € K¢ (R). Then we have that

fn € Ko(R) for every h 0 and }lin})dq) (fa, f') =0.
In particular, if ®(x) = |x|? for 1 < p <ooand f" € L,(R), then we have that

tim | 7~ /'], = 0.
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Proof Let f € Ko(R) and f € ACjoc(R). Then from Theorem 2.1 (iii) we see that
ess Vo (f) < 0o. Moreover, we see from Remark 2.1 that

/ D (fn(r)) dt <essVap(f) < oo forevery h # 0,
R
which implies that
Jn € Ko R) for every h # 0.
Let ®1(x) = x[0,00)(*)P(x) and P2(x) = x(—00,01(x) P (x), then these fu~nctions
from R to [0, 0o) are also convex functions with ®;(0) = 0 (i = 1,2) and ®(x) =

D1 (x) — Pa(x).
Then 0 < ®; < &, ®(f;) € L'(R) implies ®; (f) € L'(R). We put §;, =

1 (fi) — P18 = (@1 (f) — D187 = {1 (i) — D1 ()
If 82‘ () > 0, we have that
57(1) = @1 (1) — ®1(F/(1)
1 h
=%<E/f%+ww>—%dhn
0
1 h
554 O1(f(t +5)) ds — D11 (1))
1 h
=ZA(®U%+mrnmfm»w
1 h
szﬁ|m0ﬁ+wrnwfmnw.

Thus we have that

h
057w =y [ 1@ @+ 5= (] ds forae.
0

and so we have by Fubini’s Theorem that

1 o) h
HWME—/ A|mu%+nrnmfmﬂwm

h
1 [h e
- ;7/0 / | @1 (f'(t +5)) — Di(f(1)] dt ds
1 h
= ,;/0 [ @1(f'(-+5) = @1(f' ()], ds.
Since ®;(f' (")) € L](]R), we have

lim |8 ; = 0. 2.15
hlg})IIhlll (2.15)
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On the other hand, if §, (¢) > 0,

8, (1) = @1(f'(1) — @1 (fu(®) < P1(f'(1)).
Hence 0 < §, (1) < ®1(f'(1)) a.e..
limj—o 1 (f5(1)) = D1 (f'(1))a.e. implies limy, .o 8 (1) = Oa.c..
Thus we have from ®(f’) € L' (R) that

lim ||, ||1 = 0. 2.16
lim 1811 (2.16)

[@1 (f) — @10/, = /R (@1 (fo(0)) — ®1(f'(1)] di

= / &5 () +8;, (1)) dt
R

= 187111 + 118, l11.
From (2.15) and (2.16)
Jim |@1 (fa) — @1(f)], = 0.
In the same way, we have that
lim [|®3 (f) = 2(£H]; = 0.
o (fin f) = /R & () — B (0] di
- /R (@1 (fa(1)) — D1/ (0)] d

+ /R 1 (i) — Pa(F'(1))] di
= || @1 (fi) — 21|, + [ @2 (fw) — D20/, -

T'hus we have that
lim do (f, f') = 0.
et (fi f)
O

Let I C R be a closed interval. A function f € L (R) is said to be essentially

loc
absolutely continuous on [ if for every € > 0 there exists § > 0 such that
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D 1f) = fla) < e
k=1

for every finite number of nonoverlapping interval (ag, br), k = 1, ..., n with a,
br €essD(f) NI and

n
D bk —al 6.
k=1

Note that a function f € Lloc (R) is locally essentially absolutely continuous on R
if and only if there exists a locally absolutely continuous (and therefore continuous)
g€ L}OC(R) such that f = g a.e. Inthiscaseess D(f) = Randess Vo (f) = Vo (f).

Theorem 2.6 Let us suppose that ®(—a) > 0, ®(b) > 0 for some a, b > 0 and
fe Lk,C (R). Then the following are equivalent:
(i) fn € Ko@) for h # 0 sufficiently small and there exists g € Ko (R) such that

limy—0do (fr,8) = 0.

(ii) fn € Ko@) for all h # 0 and there exists g € Kgo(R) such that
limy—odo (f, 8) = 0. -

(iii) f is locally essentially absolutely continuous and ()" € Ko (R).

Then limy—.o do (fr, ()') = 0 holds.

Remark 2.3 In this theorem, if ® satisfies an additional property with ®(x) > 0 for
x # 0, from Theorem 2.3, since (Ko (R), dq>) is a metric space, we see that limy,_.¢ f;
converges to (fY on (Ko(R), do) and (f) = g a.e..

Lemma 2.3 Let us suppose that ®(—a) > 0, <I>~(b) > Qfor some a, b > 0. Then
there exist p, g € (0, 00) such that |x — y| < p|®(x) — ®(y)| + g forallx, y € R.

Proof There exists m > 0 such that

Q(—a) (D)
, T >m > 0.

a
Define the function
5(x) = 5(x) —mx, x € R,
Let V_(a, I) be the negative variation of ® on an interval I.
(1) For any x; < x < a,

b)) — b)) | b)) —0G) 2O = P(—a) _ P(-a)

X2 — X1 o X2 — X1 - 0—(—a) a -

Hence 5(x2) —mxy > E)(xl) —mx1, and so 6(x1) < 6(x2). Thus we have that
V7(®, (—o0, —a]) = 0.
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(i) Forany b < x3 < x4 < 00,

b)) = bry) _ Plrg) — P(x) _ (D) = DO) _ @) _
X4 — X3 - X4 — X3 - b—0 b~

Hence <I~>(X3) —mx3 < 5(}64) — mxy, and so 6(}53) < 6()64). Thus we have that
V=(®, [b, 0)) = 0.

(iii) For any —a < x5 < x¢ < 00, ®(xg) — ®(xs5) = (D(xg) — mxg) — (P(xs) —
mxs) = (®(x6)— B(xs5))—m(x6—xs) = —m(x6—xs),andso V" (®, [a, b]) <
m(a + b).

From (i), (ii) and (iii) we have that

V7 (®, (—00,00)) = V7 (D, (=00, —a]) + V™ (D, [—a, b]) + V™ (D, [b, 0))
< m(a + b).

Consequently, for any x < y, we have that
—m(a+b) < =V (D, (—00,00)) < B(y) — B(x) = (B(y) — B(x)) — m(y — x),
and so
m(y —x) —m(a +b) < d(y) — d(x),

that is,

mlx — y| —m(a +b) < |®(x) — B(y)| forx, y € R.
Thus we have that

lx —yl < %@(x) —®(y)|+(a+b)forx,yeR,

and hence the proof is complete. O

Proof of Theorem 2.6 First, to show that (i) implies (iii), take p, g > Osothat|x—y| <
p|®(x) — ®(y)| + g as in Lemma 2.3. For any #, t, € ess D(f) with | < 12,

- - 1 t+h 1 t1+h
F) - Fan) = ,}imo{z/ Fydi Z/ f(t)dt}
- 123 4

R
ZAL‘%E/,] (F(+h) — f))d.
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4]
/ fu(t)dt
a1

123 5]
/ {fh(r>—g<r>}dr+/ g () dt
t 1

1

< liminf
h—0 Jy
%)

- li}?l)igf/ (P | (/i) — B(g(t)] +q) dr

1

n
+ / () di
1
n

=pliinjgfd¢ (fh,g)+q(t2—l‘1)+/ lg(r)|dt

141

|f() = f()] = Jim

= lim
h—0

n 5]

| fn (1) — g(@)] dt+f lg()] dt

141

4]

=Q(l2—l1)+/ lg(®)|dt.

1

Thus we see easily from g € LllOC (R) that f is locally essentially absolutely continuous
on R. Therefore, as mentioned before Theorem 2.6, f is extended uniquely from
ess D(f) to R in such a way that the extended function is still locally absolutely
continous on R.

/ CID(f’(t)) dt =essVo(f) (by Theorem 2.1)
R
=1l
h—0
= lim | (/)]

<tliminf [ (fi) — ()], + @],

=@, < oo

m / ® (fr(t))dt (by Theorem 2.1)
R

Thus we have shown that (iii) holds.

Next, we show that (iii) implies (ii). Assume that f is locally essentially absolutely
continuous and f’ € K¢ (R). Then we see from Temorem 2.5 that (ii) holds. It is
obvious that (ii) implies (i), which completes the proof. O

. D(x) 1
Theorem 2.7 Let lim|y| .00 —— = o0 and f € L

] (R). Then the following are
X

loc

equivalent:

(i) frn € Ko@) for h # O sufficiently small and there exists g € Ko (R) such that
limj 0 do (f1, g) = 0.

(ii) fn € Ko R) for all h # 0 and there exists g € Ko (R) such that
limp—odo (fr, 8) = 0.
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(iii) f is locally essentially absolutely continuous and f’ € Ko (R).
(iv) ess Vo (f) < o0

Then limy—o do (fn, ) = 0 holds.

Proof 1Itis obvious from Theorem 2.6 that the properties (i), (ii) and (iii) are equivalent.
Hence it suffices to show that properties (iii) and (iv) are equivalent.

Suppose that (iii) holds, then it follows from the immediate description before
Theorems 2.6 and 2.1(iii) that the property (iv) holds.

To prove the converse implication, we first consider the case ess Vo (f) = 0. For
any s <t with s, t € essD(f),

0§d><f(t)_f(s)

r—s

)(t—s) <essVo(f) =0.

Fo 7
Thus we have that M € CID_I(O) for every s < t with s, 1 € ess D(f).
—s
Since ®~1(0) is bounded in R form the hypothesis of @, there exists C > 0 such that
®~1(0) c [—-C, C], and so we have that | f (s) — f ()| < C|s —t|fors,t € ess D(f).
Thus we see that f is locally essentially absolutely continuous on R.
In case of ess Vo (f) > 0: Fix ¢ > 0, then we have from the hypothesis of & that

there exists M > 0 such that
2
—ess Vo (f)lx| < ®(x) forall x| > M. (2.17)
£

Let {Ix : 1 < k < n} be any finite number of nonoverlapping intervals with
n &
I = [ax, by), a, by € ess D(f) and Zk:l(bk — @) < oo Let I :1<k<¢
and {I}’ : 1 < k < m} be families of I such that

Fo) = @) _

by — ax

Fb) — fla)

< M,
br — ax

respectively, and so we denote that I} = [a;, b)(1 <k <0), ' =[a},b)(1 <k <
m). Thus we have from (2.17) and the definition of I,é that

b /
ess Vo (f) > ZCD (W) (b, — ;)

(b — ap)

. Z 2 s Vaf) ‘ Fop) - f(ak)

2 ~ ~
= ZessVa(f) Z |f (B = fap)l.

k=1

14 ~ ~
Since 0 < ess Vo (f) < oo, we have that Zkil |f(by) — flap)] < €/2.
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On the other hand, we have from the definition of /;’ that

mo N m | Fy — Fla! m
DIFW) = Fapi=y AU b AC by —al) <Y M®; —ap)
k=1

4
k=1 k=1 by — ay

<MY (b —a)
k=1
<¢€/2.

Thus we have

n 4 m
DI = Flapl =Y 1F ) — Fapl+ Y 1F ) — Fla)l < e/2+e/2=¢.
k=1 k=1 k=1

By the arbitrariness of ¢ > 0, we see that f is essentially absolutely continuous.
Moreover, we have from Theorem 2.1(iii) that ® o (f)" € LY(R), and hence ( f) e
Ko (R). This concludes the proof. O
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