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Abstract In this paper, we establish the compact embedding of p(x, t)-Sobolev
spaces into p(x, t)-Lebesgue spaces. Moreover, we prove some existence results for
nonlinear parabolic problems of the form

ou —diva(x,t, Du) = f —div (|F|p(’“’t)_2F) inQr,

where the vector-field a(x, ¢, -) satisfies certain p(x, t)-growth conditions.
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1 Introduction

The first main aim of this paper is to establish the compact embedding of nonstandard
p(x, t)-Sobolev spaces into nonstandard p(x, t)-Lebesgue spaces. This Aubin—Lions
type Theorem is important among others for our existence result to general nonlinear
parabolic equations with nonstandard p(x, 7)-growth of the type

duut — diva(x, 1, Du) = f — div (|F|/’("*’)_2F) in Qr. (1.1)
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Moreover, the results of this manuscript are also important to prove the existence of
solutions to parabolic obstacle problems with p(x, t)-growth, see [20].

The motivation of this paper and the study of problems with nonstandard growth is
on the one hand based on mathematical interest, on the other hand the consideration of
problems in the sense of (1.1) are motivated by issues of life sciences. In general, par-
abolic problems are often motivated by physical aspects. In particular, evolutionary
equations and systems can be used to model physical processes, e.g. heat conduc-
tion or diffusion processes. For example the basic equation of fluid mechanics is the
Navier—Stokes equation. Some properties of solutions to the system of a modified
Navier—Stokes equation describing electro-rheological fluids are studied in [5]. Such
fluids are recently of high technological interest, because of their ability to change
the mechanical properties under the influence of exterior electro-magnetic field, see
[23,27]. Many electro-rheological fluids are suspensions consisting of solid particles
and a carrier oil. These suspensions change their material properties dramatically if
they are exposed to an electric field, see [28].

Most of the known results concern the stationary models with p(x)-growth, see e.g.
[1-4]. In the context of parabolic problems with p(x, t)-growth applications are e.g.
the models for flows in porous media [11,25] or nonlinear parabolic obstacle problems
[19]. Moreover, in the last years parabolic problems with p(x, t)-growth arouse more
and more interest in mathematics, also in regularity theory, cf. [12-15,18-22,31] and
[32].

Finally, we want to highlight that in the case of certain parabolic equations with
nonstandard growth condition first existence results are available, i.e. by Antontsev
and Shmarev in [7-9], Alkutov and Zhikov in [6] and Diening et al. [17].

1.1 General assumptions

We consider a bounded domain 2 C R” of dimension n > 2 and we write Q7 =
Q x (0, T) for the space—time cylinder over 2 of height 7 > 0. Here, u; resp. d:u
denote the partial derivate with respect to the time variable ¢+ and Du denotes the one
with respect to the space variable x.

The setting First of all, we should mention that we denote by dpQr = (Q X
{0hH U (082 x (0, T)) the parabolic boundary of 27. Furthermore, we write z = (x, t)
for points in R*t!, We shall consider vector-fields a : Q7 x R" — R" which are
assumed to be Carathéodory functions—i.e. a(z, w) is measurable in the first argument
for every w € R” and continuous in the second one for a.e. z € Qr—and satisfy the
following nonstandard growth and monotonicity properties, for some growth exponent

p:Qr —> (%, 00) and structure constants 0 < v <1 < L and u € [0, 1]:

la(z, w)| < L(1 +w)P@~", (1.2)

(a(z, w) — az. wo)) - (w — wo) = v(? + [wl? + [wo) T [w — wol>  (1.3)

for all z € Qr and w, wg € R". Furthermore, the growth exponent p : Q7 —

(nzT", 00) satisfies the following conditions: There exist constants y;, y» < o0, such
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that

% <y =p@ =y and |p(z1) — p(22)| = w(dp(z1,22)) (1.4)
hold for any choice of z1, zo € Qr, where w : [0, o0) — [0, 1] denotes a modulus
of continuity. More precisely, we shall assume that w(-) is a concave, non-decreasing
function with lim, o @(p) = 0 = w(0). Moreover, the parabolic distance is given by
dp(z1, 22) := max{|x| — x|, /It = 2]} for z1 = (x1, 1), 22 = (x2,12) € R*" 1. In
addition, for the modulus of continuity w (-) we assume the following weak logarithmic
continuity condition:

1
lim sup w(p) log (—) < +o0. (1.5)
pl0 p

By virtue of (1.5) we may assume for a constant L > 0 depending on w(-) that

1
w(p)log (—) < Ly, forall p € (0,1]. (1.6)
0

Moreover, we denote by p; and p; the infimum resp. supremum of p(-) with respect
to the domain we are going to deal with, e.g. p1 := infq, p(-), p2 := supg, p().
Finally, we point out that (1.3) implies, by using (1.2) and Young’s inequality, the
coercivity property

v

> ——|wl”@ —c(yr,y2. v, L) VzeQrandweR".  (1.7)
c(¥1,v2)

a(z,w) - w

1.2 The function spaces

The spaces L (£2), whP(Q) and WO1 "P(Q) denote the usual Lebesgue and Sobolev
spaces.

Parabolic Lebesgue—Orlicz spaces We start by the definition of the nonstandard p(z)-
Lebesgue space. The space LP?) (Qr, R¥) is defined as the set of those measurable
functions v : Q7 — RX for k € N, which satisfy w|P® e LY(Qr, Rk), i.e.

LPD(Qp, RF) = {v : Q7 — R is measurable in Q7 :/ [v|P@dz < —l—oo] .
Q

T

The set L”@ (Q7, R¥) equipped with the Luxemburg norm

v |p©)
v 2 =inf {A >0 —’ dz<1
Il [ ‘LTA ‘< ]

becomes a Banach space. This space is separable and reflexive, see [6, 17]. For elements
of LP®)(Qr, R¥) the generalized Holder’s inequality holds in the following form: If
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f e LPDQr, RY), g € LV (Qr, RF), where p'(z) = ,,é()zll, we have

1 y — 1
fedz| = (— + ) I flLr@ @8l Lr e @py (1.8)
/szT vion Lre@nieiLro©n
see also [6]. Moreover, the norm || - ||, p) (g, can be estimated as follows:
Y v
-1+ “v”LlI’(Z)(QT) < /QT |U|P(z)dz < ”v”L21’<Z>(S'ZT) + 1. (1.9)

Finally, for the right-hand side of (1.1) we assume
F e LP@(Q7,R") and f e LY(0, T; W17 (Q)). (1.10)

Notice that we will use also the abbreviation p(-) for the exponent p(z).

Parabolic Sobolev—Orlicz spaces First, we introduce nonstandard Sobolev spaces for
fixed t € (0, T). From assumption (1.4), we know that p(-, ¢) satisfy |p(x1,t) —
p(x2,1)] < w(]x; — x2|) for any choice of x;, x; € Q and for every t € (0, 7).
Next, we define for every fixed + € (0,7) the Banach space whrtn(Q) as
whrtD(Q) := {u € LPCD(Q,R) | Du € LPGD (2, R™)} equipped with the norm

.. 1,p(,

||u||W1,p(,_,)(Q) = ||u||Lp(A.;)(Q)+||Du||L,,<A,,>(Q).In addition, W, P t)(Q) = the closure
of C5°() in W17 (Q) and denote by W'»1) (Q)" its dual. Forevery ¢ € (0, T) the
inclusion W(}‘p ("t)(Q) C W(}’Vl (£2) holds. Now, we consider more general nonstan-

dard parabolic Sobolev spaces without fixed 7. By W; © (27) we denote the Banach
space

WiV @) i={u e lg + L0, T: Wy @)1 N L7O(@r) | Du e L7V (@, Y|

equipped by the norm |[ullyr0) (o) = lullpro o) + 1Dullpro (o). If ¢ = 0 we
write W O (Qr) instead of wy ©)(Qr). Here, it is worth to mention that the notion
u—g) e Wop(')(QT) respectively u € g + W(f(')(SZT) indicate that u agrees with g
on the lateral boundary of the cylinder Qr,i.e.u € Wé" © (27). Now, we are ready to
give the definition of a weak solution to the nonstandard parabolic equation (1.1):

Definition 1.1 We identify a function u € L'(Q27) as a weak solution of the parabolic
equation (1.1), if and only if u € C°([0, T]; L*>(£2)) N WP (Q7) and

[u~<pz—a(z,Du)~D¢]dz:—/ [f.¢+|F|P<'>*2F.D<p]dz (1.11)

Qr Qr

holds, whenever ¢ € C;°(27).
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Remark 1.2 In this paper we will consider certain initial value problems. Therefore,
we should mention the meaning when referring to an initial condition of the type
u(-,0) = g(-,0) a.e. on Q2. Here, we shall always mean

1 h
—/ /|u—g(~,0)|2dxdt—>0 ash | 0. (1.12)
hJo Ja

In particular, when u € C 0([0, T1; L*(R2)), then (1.12) is obviously equivalent with
saying u(-, 0) = g(-, 0). O

Our next aim is to introduce the dual space of Wé’ 0 (27). Therefore, we denote by
WP (Q7) the dual of the space Wé’(')(QT). Assume that v € WP (Q7)’. Then,
there exist functions v; € LP/(')(QT), i =0,1,...,n,such that

(v, w))g, :/ (vow +Zvl~D,~w)dz Vuwe wQr). (1.13)
Qr

i=1

Here and in the following, we will write ({-,-))q, for the dual pairing between
WrO(Qr) and W(f(')(QT). Furthermore, if v € WP (Q7)’, we define the norm

Illwro @y = suplitv. whg, w € W5 @r). wlyo g, < 1.

Notice, whenever (1.13) holds, we can write v = vg — Z:’: 1 Div;, where D;v; has to
be interpreted as a distributional derivate. By

we W(Qr) = [w e WPOQr)|w, € WP(')(QT)’}
we mean that there exists w, € WP (Q7)’, such that
(wr, o)), = —/Q w - ¢ dz forall ¢ € C°(Q27),
T
see also [17]. The previous equality makes sense due to the inclusions
WP(Qr) = LA(Qr) = (L3 (Qr)) = WP @r)

which allow us to identify w as an element of W”")(Q7)’. Finally, from the definition
of the norm || - [l y»() (2, /> We can conclude that the following holds: if f € W({’(') (Q7)
and g € WP (Q7) we have

(fr ey < et v F ooy I8 llwoo @y (1.14)

see [19]. Notice also that in the case p(-) = const., we deal with the standard
Lebesgue and Sobolev spaces. This means for example, if p(-) = y1, then we have
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WY (Qr) = LY (0, T; W1 (Q)). Consequently, the dual space of W1 (Q27) is given
by WY(Qr)' = LY1(0, T; W=171(Q)).

1.3 Statement of the result and plan of the paper

Here, we mention our main results and briefly describe the strategy of the proof to
these results and the technical novelties of the paper. We start with some useful and
important preliminary results, see Sect. 2, before we will prove the compact embedding
of nonstandard p(z)-Sobolev spaces into nonstandard p(z)-Lebesgue spaces, see Sect.
3. This will be our first main result, i.e. the compactness theorem in the sense of Aubin—
Lions and reads as follows.

Theorem 1.3 Let Q C R" an open, bounded Lipschitz domain with n > 2 and
p() > n2—+"2 satisfying (1.4), (1.5). Furthermore, define p(-) := max {2, p(-)}. Then,

the inclusion W(Q7) — Lﬁ(')(QT) is compact.

Theorem 1.3 is important for the strong convergence in p(z)-Lebesgue spaces and
therefore, for our existence results. In Sect. 4, we prove the existence of solutions to
the parabolic equation (1.1) under certain boundary and initial data conditions. First
of all, we establish the existence of a weak solution to the Dirichlet problem of (1.1),
ie.

du —diva(z, Du) = f —div(|FIPO72F) in Qr,
u =0 onaQ2 x (0,7), (1.15)
u(-,0) =g(,0) on x{0}.

The approach to prove the existence of solutions to the Dirichlet problem is to construct
a solution, which solve the problem (1.15). We start by constructing a sequence of the
Galerkin’s approximations, where the limit of this sequence is equal to the solution in
(1.15). Then, we show that this approximate solution converges to a general solution,
where we used some energy bounds, which derive by the proof and finally, the compact
embedding of Theorem 1.3 yields the desired convergence of the approximate solutions
to general solutions. This yields

Theorem 1.4 Let Q C R" be an open, bounded Lipschitz domain and p : Qr —
[v1, y21 satisfies (1.4), (1.5). Then, suppose that the vector-field a : Qr x R" — R" is
a Carathéodory function and satisfies, for a given function v € C°([0, T1; L>(2)) N
Wl (Qr) with 8,0 € LYI(0, T; W="71(Q)), the growth condition

laz w)l = (2, L) (4 + PO~ + p?0") (1.16)

and the monotonicity property
(-2
v + [w + v + |wo + v T Jw — wol? < (a(z, w) — alz, wo)) - (w — wo)
(1.17)
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for all z € Qr and w, wy € R™. Moreover, let (1.10) and g(-,0) € L*(Q) hold.
Furthermore, define

Mo ::/ 14 |F)PO + PYdz + || £ 1>1. (1.18)
Qr

! !’ +
L0, T; W™ (@)

Then, there exists an unique weak solution u € CcO(0, T1; L2()) N W(‘)D(')(QT) with
du € WPO(Qr) of (1.15) and this solution satisfies the following energy estimate

sup /|u(-,r>|2dx+/ |Du|"<'>dzsc(||g<~,0>||22(m+Mo) (1.19)
0<t<T JQ Qr

withu(-,0) = g(-, 0) and a constant ¢ = c(n, y1, y2, diam(2)).

Remark 1.5 We should mention the role of the function v of the preceding theorem.
We will need this function in (1.16), (1.17) or in (4.5), (4.6) later for the proof of
the next theorem. For the general existence result to the Dirichlet problem (1.15), we
would choose v equal to zero. But for the proof of the existence of weak solution
to the Cauchy—Dirichlet problem from below, we will re-write the Cauchy—Dirichlet
problem into an Dirichlet problem and v will play the role of the boundary value.
Then, this existence result derives immediately from Theorem 1.4 because of (1.16),
1.17). O

Finally, the existence of solutions to initial value problem (1.15) can be extend to
general boundary problems. Therefore, we consider the Cauchy—Dirichlet problem of
the parabolic problem (1.1):

du —div a(z, Du) = f—div (|F|?O72F) inQr,
u = g ond2x(0,7), (1.20)
u(-, 0) g(-,0) on K x {0},

where g denotes the boundary data and satisfies
g€ C0,T]; LX(Q) N WPO(Qr) and d,g € LM (0, T; W 1(Q)). (1.21)

We use the result of Theorem 1.4 to the Cauchy-Dirichlet problem (1.20) to get
existence of solutions to (1.1) with general boundary data. Therefore, we have to
change the problem (1.20) into a problem comparing to (1.15). Then, we can conclude
the existence of solution to the modified problem. Hence, we get the existence result
to the primal Cauchy—Dirichlet problem (1.20). This result is stated in the following
Theorem.

Theorem 1.6 Let Q C R" be an open, bounded Lipschitz domain and p : Qr —
[¥1, v2] satisfies (1.4), (1.5). Then, suppose that the vector-field a : Qr x R" — R" is
a Carathéodory function and satisfies the growth condition (1.2) and the monotonicity
condition (1.3). Moreover, let (1.10) fulfilled. Furthermore, the boundary data g satisfy
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(1.21). Then, there exists an unique weak solutionu € CY(0, T1: LA())N Wép(') (27)
with 3,u € WPO(Qr) of the parabolic Cauchy-Dirichlet problem (1.20) and this
solution satisfies the following energy estimate

sup /|u(-,t)|2dx+/ |Du|PVdz
0<t<T JQ Qr

< ¢ (I8¢ 02 gy + 181 0,720 + M) (1.22)

where ¢ = c(n, y1, 2, v, L, diam(2)) and My is defined as follows
) ) V/ }//
M, ::/Q L+ [FIPO +DglPVdz + 11 £l o,y + 1918 llyn @y + 1-
T

Remark 1.7 Here, we would like to mention that in [20] we need the existence theo-
rems 1.4 and 1.6. But we could also prove the existence of weak solutions to (1.15) and
(1.20), if we assume that a(-) satisfies the growth condition (1.2), coercivity condition
(1.7) and the monotonicity condition (a(z, w) — a(z, wp)) - (w — wp) > 0 for all
z € Qp and w, wo € R", see also [17]. O

2 Preliminaries
2.1 Convolution and smoothing

Here, we introduce tools that will allow us to build smooth approximations to given
functions. First, we will consider the so-called Friedrich’s mollifier. This mollifier can
be used to smooth a function in space and time. Therefore, let § € C*°(R"*!) be the
Friedrich’s mollifying kernel

if |z] > 1,

1 .
—_— f 1,
5(2) = [/c exp( 1—\1|2) if |z] < ond / 5()dz = 1.
0 Rn+l1

where k = const. and 6(z) > 0. Furthermore, we extend the given function v €
WP (Q7) by zero to the whole R”*! and define

N

1
v (z) == /RM V() = $)ds With 84(5) = 8 (+

h) h> 0.

The next two propositions are stated in [10] and show some properties of Friedrich’s
mollified functions.

Proposition 2.1 Ifu € W(f(') (27) with exponent function p(z) satisfying (1.4), (1.5),
then |lup — ullypro g,y —> Oash | 0and

”uh”WI’(‘)(QT) =c (”M”WI-I(QT) + ”M”WP(')(QT)) .
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Proposition 2.2 Ifu € Wé’ ('>(QT) with exponent function p(z) satisfying (1.4), (1.5)
and u; € WPO(QrY, then (uy); € WPO(Qr)', and for every ¢ € WO (Qr)

(@), @), — (U, @))g, ash ] 0.

Since, WOI'W(Q) is separable, it is a span of a countable set of linearly independent
functions {¢y} C WO1 "72(Q). Moreover, we have the dense embedding WO1 Q) C
L%(Q) for any y» > 712%’ see e.g. [29,30]. Therefore, without loss of generality, we
may assume that this system forms an orthonormal basis of L2(£2).

Moreover, since weak solutions u of parabolic equations possess only weak reg-
ularity properties with respect to the time variable ¢, i.e. they are not assumed to be
weakly differentiable, in principle it is not possible to use the solution u itself (also dis-
regarding boundary values) as a test-function in the weak formulation of the parabolic
equation. In order to be able to test the equation properly, we smooth the solution u
with respect to the time direction ¢ using the so-called Steklov averages. Hence, we
introduce the following: the Steklov averages of a function f € L'(Qr) are defined
as

t+h

1 _
et =17/, f(x,s)ds forte (0,T —h), @

0 fort e [T —h,T),

forx € Q,forallt € (0, T)and0 < h < T. Assuming thatu € C°([0, T]; L>(2)) N
WPO(Qr) is a weak solution to the parabolic equation (1.1) the Steklov average [u];,
satisfies the corresponding equation

/ 3 ([ulp) - ¢ + [a(-, Du)ly - Dpdx = / [f1n- @+ [FPOT2F], - Dodx
Qx{t} Qx{t}
(2.2)

fora.e.t € (0,T)and all ¢ € C;°(R2).

2.2 Poincaré type estimate

Our next problem is, that we need a Poincaré inequality. It is only possible to use
the elliptic Poincaré inequality slicewise for a.e. times ¢. For parabolic problems with
nonstandard growth, it is not allowed to apply such an estimate, not even slicewise.
There exists just a “Luxemburg-version”, see [7], i.e. ||u ||Lp(x>(9) < c||Du ||L,,<X)(Q) for

allu e W(;’p (x)(Q), where ¢ > 0. But we need a “classical” Poincaré type inequality.
The desired result is given by the following lemma, which is stated in [19].

Lemma 2.3 ([19], Lemma 3.9) Let Q@ C R" a bounded Lipschitz domain and
y» = supq, p(). Assume that u € CO([0, T1; LX) N WL(Qr) and the
exponent p(-) satisfies the conditions (1.4), (1.5). Then, there exists a constant
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c=c(n,y1, v, diam(2), w(-)), such that the two versions of the Poincaré type esti-
mate are valid:

4ry
owroaz < e (2 gy +1) ([ 00+ 1a:) @
Qr Qr

and
Y1 4L22 ()
n+! .
el gy < c(||u|LOO(O,T;L2(Q))+1) (/Q | Dul?O + ldz). 24

3 Proof of the compact embedding: compactness theorem

In this chapter, we will show some properties concerning distributional nonstandard
Sobolev spaces. For usual Sobolev spaces WP (), these results are given in [29,
Chapter III], [30, Chapter III]. Moreover, we would like to mention that in [17, The-
orem 7.1] the authors proved a very similar assertion to Lemma 3.1.

Since L%(2) is a Hilbert space which is identified with its dual L2(Q) = (L3(Q))
and in which L”("’)(Q) is dense and continuously embedded V¢ € [0, T'], where
p(, 1) > 2, see [16, Lemma 5.5], we have LP*)(Q) < L2(Q) — LP'¢:D(Q) for
all t € [0, T]. The fact that L>(€2) = (L?(R2))’ can be demonstrated by the Riesz
representation theorem. We denote the dual of Wé’p ("t)(Q) by wrCD(Q) and the
natural pairing between W'-?¢:0(Q)’ and Wol’p("t)(Q) by (-, -). Moreover, we have
the embeddings Wol’p("t)(Q) C L2(Q) and (L2(Q)) ¢ WLPCD(Q). Therefore, we
can conclude that Wy "0 (Q) — LA(Q) = (LA(Q)) — W'PC)(Q), where the
injections are compact. This also allows us to identify the duality product (-, -) with
the inner product between L%(Q) and Wol’p("t)(Q), ie.

FO) = (fov) = (f0) 200 = /Q f - vdx

whenever f € L2(©) ¢ WhrGD(Q) and v € Wé’p("t)(Q) and ¢ € [0, T]. Next, we
consider the Banach space

Wo(Qr) = {w e WO @p)lw, e W”(')(QT)’}.

Leta < 0 < T < b. We shall construct an extension of each u € Wy(Q27) to
u € Wo(2y), where I := (a, b). Firstextend u to (a, 0) and (7', b) (e.g. by symmetry).
Let ® € Ci°(a,b) with ® = 1 on (0, T'). We define it = u - ©® and note that ii €
Wo(2y) and & = u on (0, T). Therefore, |lullw @) < lillwe,) < C@Oulwer,
where C(®) depends only on ® and # = 0 in a neighborhood of a and b. Next, we
regularize i by the mollifier u; (1) = [p @(s)8x(t — s)ds, where 8;,(s) = ,]—18 (3).8¢€
C3°(—=1,1),6 > 0 and fR(S(s)ds = 1. It follows that u;, € C*°(2;) and u, (-, a) =
0 = uy (-, b) for sufficiently small 2z > 0. Moreover, we have u;, — u in Wy(€2y) with
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lunllwe,) < llillw,), cf. Propositions 2.1 and 2.2. By the preceding identification
of spaces we have

d 1d

and this yields %””h(', t)||%2(9) < [|0run(-, )l WPCD(Qx(a,t)) loer, (- )l WPCD(Q2x(a,1))
< ||uh||%v(91) foralla <t < b. Since {uy,} is a Cauchy sequence in Wy(£27), such an

estimate on differences uj, — uy from the sequence shows that it converges (uniformly)
to i in CY([0, T1; L3(2)). Thus, we obtain the following:

Lemma 3.1 Let n > 2. Assume that p : Qr — [y1, v2] satisfies (1.4), (1.5). Then
W(Q27) is contained in C°([0, T1; L>(2). Moreover, if u € Wo(Q2r) then t >
llu(, t)||i2(9) is absolutely continuous on [0, T,

i/ lu(-, t)|2dx =2(0u(-,t),u(-,t)), forae tel0,T],
dt Jo

where (-, -) denotes the duality pairing between W1-PC-1) (Q) and W(}’p("t)(Q). More-
over, there is a constant ¢ such that |lullcoqo r1.02() = cllullw,) for every
u € Wo(27).

The proof of the compactness theorem will be based on the following interpolation
lemma, which is established in [19]. Here, we consider p > 2n/(n + 2) and we
will utilize the fact that we have open, bounded Lipschitz domains 2 € R”, the
dense embeddings whr(Q) ¢ L*(Q) and (L*(RQ)) C W’I’P/(Q). Moreover, the
injection of W1-P(Q) into L4(Q) is compact, provided the exponents satisfy 1 <
q < p*if% < p <nand g > 1if p > n, where p* := np/(n — p) is
the Sobolev exponent of p. Further, we want to infer from the Interpolation Lemma
3.2 a Gagliardo—Nirenberg inequality. This Gagliardo-Nirenberg inequality we use
to conclude the desired compact embedding between W (Q27) and LPO) () with
p(-) ;= max {2, p(-)}, see the Aubin-Lions type Theorem 1.3.

Lemma 3.2 ([19], Lemma 3.6) Let p,r > 1 and Q C R" be an open, bounded
Lipschitz domain with n > 2. Moreover, suppose that the exponent q satisfies the
following conditions q € [1,p*) ifl < p <norq € [l,00)ifn < p <
with the Sobolev exponent p* = n"f’p, if p < n. Then, for each n > 0, there exists
some constant Cyy depending onn, p, q, r and 2, such that the following interpolation
inequality holds:

”U”LQ(Q) < 77||U||Wl.p(Q) + Cn”U”W—l,r(Q) Yve Wl'p(Q) N W_I’V(SZ). (31)

Our next aim is to conclude a needed version of (3.1). Therefore, we consider a
bounded Lipschitz domain A C R” and suppose that, v € W17 (A) N W17 (A) for

some p > % and r > 1. Notice that, the Sobolev’s embedding implies v € L?(A).
Next, we consider ¢ and s, such that 2 < s < ¢ < p* with p* = n"_pp if p < nand
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p* = any number > 1 if p > n. Now, we apply Holder’s inequality with exponents

q—s -2 P
=) and ;Tz to [Jv]l$ s(g- This yields

q=s s=2
) q=s _294=s q-2 q-2
1l =/ P o 2R dx < (/ |v|2dx) (/ |v|‘1dx) .
Q Q Q

At this stage, we apply (3.1) to the last term on the right-hand side of the previous
estimate. Hence, we have

q=s

@ =

a2 s=21
lvllLs @) < (/ |v|2dx> (77||U||W1~p(g2) + Cn||v||wfl,r(gz))qq72 : (3.2)
Q
Moreover, in the case p < 2, we have again by Lemma 3.2
=t §
Il 2y = ( / |v|2dx) ( / |v|2dx)
A A
2—p
2 * %
<\ [ i) (lviiwirg + Collvlw-1rg)? - (33)
A

Now, we are in the situation to prove our compactness theorem 1.3 in the sense of
Aubin and Lions.

Proof of Theorem 1.3 Let {uy} be abounded sequence in W (27). W(27) is reflexive.
This is obvious, since W”)(Q7) and W”") (Q7)’ are reflexive Banach spaces. Hence,
there is a subsequence, which we denote again by {u}, such that u;y — u weakly in
W (7). Therefore, we have uy — u weakly in WP (Q7) and 8,ux — 9;u weakly in
WP (7). We shall show that, up to a subsequence, uy — u strongly in L?O)(Q7).
For this aim, we first have to conclude the strong convergence in L?®) on subdomains
of Q7 with some restriction on the diameter of these subdomains and then, we observe
the strong convergence in LPO on Qr by a covering argument. This is necessary, since
in the nonstandard case with p(z)-growth, there do not exist such global arguments
respectively estimates as in the standard case. For this reason, we have to bound the
maximal oscillation of the exponent p(-) and use this bound to restrict the diameter of
the subdomains of 27. Therefore, we fix Ry € (0, 1], such that w (Ry) < ﬁ and we
consider an open, bounded Lipschitz domain A C Q and 0 < #; < r, < T, such that
diam(A) < Rpand, — 1] < R%. Next, we set p; :=infg p(-) and p; := supg p(-),
where Q := A X (11, t). Then, we define

{ A if p1 <n,

n=3p1 (3.4)
2py if p1 > n.

In the following, we will show that in the case p; < n, there holds

p2<q <pj. (3.5
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The second inequality is obvious from the definition of ¢, while the first one follows
from (1.4) and the choice of Ry:

1 1 11
npi n(p2 — p1) —3p1p2 _ nw(Ro) — 5 i~ 7
pP2—q=p2— = — = < <0
n—3pi n—s3pi n—s3pi n—s3pi

Next, we prove that in the case py > 2, there holds

q(p2 —2)

—— <1 (3.6)

q—2

In the case p; > n, this follows immediately from (1.4) and the fact that w (Rp) < 1,
since

(p2 —2) 20(Ro)p2 —4p2+2p1 _ 2w(Ro)p2 —2p2
g——— —p1 = < <
qg—2 2py =2 2pr—2

In the case p; < n, we first observe that ¢ > 2, which is a consequence of (1.4), the
choice of Ry, the fact that pp > 2 and the following chain of inequalities:

2og=2- npi _ 2n—pi—np 2n — npy + nw(Ro) — p1
n—%pi n—%pi - n—%pi
_no®R)—pi _ g=p_
= 1 = 7 < 0.
3 D1 n—s5pi

Again from (1.4) and the choice of R(, we obtain

(=2 _ rpo®R)—pi G —pi
q—2 ~ np1—2n+p1 T npy—2n+p;

which proves (3.6) also in the case p; < n. Therefore, we consider the exponent g
from (3.4), which satisfies (3.5) and 2 < p(-) < ¢ on Q. Notice that we are allowed
to assume that 2 < p(-) < g on Q, since pr < ¢ in the case p; < n by (3.5) and
2p> = g in the case p; > n by (3.4). Finally, we assume without loss of generality
that u = 0.

First, we want to show that ug(-,¢) — 0 in W‘l’f’é(A) for each r € [1, tp]. This
will be done for ¢ = 1, with any other case being similar. For ¢ € [#1, 2] we have that

t

up (-, 1) = up (-, 1) —/ druk (-, 7) dr.

n
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Integration over [#1, s] with respect to ¢ yields for any s € [#1, t2] the following

u (-, tl)——/ uy (-, t)dt——/ / oruy (-, ) drdt
1

= / ur(-, t)dr — —/ (s — 1)oug (-, t)dt = ay + by.
13l

s — 1

Since duy is bounded in WP (Q) and WP (Q) C L'(11, t; W—1-P2(A)), for any
& > 0, we can choose s close to 1, such that

s €
N6kl 1.4 4, S/tl 13ell 1.5y A < 5

Next, we conclude from u; — 0 weakly in W”®)(Q) thata; — 0 weaklyin W71 (A),
as k — oo. Therefore, ay — 0 strongly in L9(A) for all g < p} in the case p < n
and q < oo in the case n < p, as k — oo by compactness. Since 2 < p} = n"f’;)l
for p; < n by (3.5), we can conclude from the fact that az — 0 strongly in LI(A),
also ay — 0 strongly in L2(A), as k — oo. Next, we can infer from the continuous
embedding L2(A) <> W~!P2(A) and the strong convergence of a; in L%(A), that
ary — 0in wLp (A), i.e. we have for sufficiently large k that ||ax|| 4

W—],pé (A) =
Finally, we have also shown that uy(-,#1) — 0 in w—L.p (A), as k — oo. Second,
observe that the continuity of

W(Q) = C(ln1, nl; W2 (A))

shows that {]|ug]| } is bounded, i.e. |jugl|

Clln,nl; W2 (A)) Cn,nl w2 (a))
< cllukllw(g)- Since uy is bounded, we can obtain by the Dominated Convergence
Theorem, see [24, Theorem 5, p. 648] respectively [29, Theorem 1.4, Chapter III],

that
up — 0in LY (11, t; WP2(A)), ask — oo.

Our next aim is to prove, that uy — 0 in LP)(Q), as k — oo. This will be a
consequence of the fact, that uy — 0 in L™{P2.2}( (). We start with the case p) > 2.
Here, we recall the definition of ¢ from (3.4). Due to (3.5), we are allowed to apply
(3.2) with (p1, p2, p/z) instead of (p, s, r). This yields, for n > 0 that

q=r

n q—2
/Iuklpzdzi/ (/ |uk('»f)|2dx)
] 1 A

x (G Dl ay + Callue G011

1 5] (7 q<p2 2)
< 29— q q 2
_2 A n ”Mk( t)”Wll’l(A)

(p2—2)
q-—2

72(4)
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(pz 2) (.Dz 2) 2 *172
+Cy 7 w0l de x sup [l 0l 5 -

—] p
n<t<ty

Now, we recall (3.6), which allows us to apply Holder’s inequality and thus obtain,
that

o) g ‘qu 2 n ZYE;:Z;
[ 0l e < e SO )
q(pp—2)
< c(/ lPO + [ Dug PO + 1dz)”””>
0
<c

p q(pzfi)
p1(q—2)
el iy + 1) = e (luel ) + 1)

with a constant ¢ = c¢(p1, p2, q), where we also used (1.9), (3.6) and that t, — #; <
R(% < land|A| < a,Rj < c. Plugging this into the previous estimate, we gain

Hn<t<ty

(pz 2) (Pz 2)
T Yon / k(- 0l ar .
a1

—P2 P22
~/Q|uk|p2dZ < sup [lug(, f)”wAz) [C(pl’pz’qmq " (”uk”W”“(Q)+ 1)

_1p 2 (A)

Further, since uy, is bounded in W) (Q7) and by Lemma 3.1, we can infer that

-2 n (P2=2)
|lug?? dz < ¢y - n? o4 02/ e 0l 72 dr, 3.7
0 1

w2 ()

where ¢ = c1(n, y1, y2, SUPgeN ||'4k||L00(;1,;2;L2(A))’ SUPreN ||uk||wp(-)(Q)) and ¢c3 =
c2(n, n, Y1, Y2, SUPken Ukl Loory 1y:12¢4)))- Since, the dependencies on py, p2 and g
is continuous, it can be replaced by a dependencies on y; and y». Next, we consider
the case p» < 2. Here, we use (3.3) applied with (p, r) replaced by (p1, p’z) to infer

that
1) 1_1’71
/|uk|2dzs/ (/ |uk(-,t)|2dx)
0] 1 A

p1
x ()7||Mk(’7t)||W1-P1(A)+C g (-, 1)l —l.p/z(A)) dr

< 221 sup g, t)“LZ(A) (||“k| u;P(')(Q) + 1)

n<t<ty
+ cCP'osup Jug(- t)ll 2 || ks /
T h<i<ty L <A> L1 (1,1; W P2 (A))
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with a constant ¢ = ¢(p1, p2), where we utilized |uglly1.0 (o) = cllukllwro o)
by the compact embedding W”")(Q) — WLP1(Q). Here, we have also used that
t —t; < R} < land |A| <, R} < c. Thus, since uy is bounded in W”®)(Qr) and
by Lemma 3.1, we can infer that

/ ul> dz < 1 0P + collug]” s (3.8)
0 LPY (11,0, W™ P2 (A))
where ¢ = c1(n, y1, 2, SUpgen il ooy 10:22(A)) > SUPken Ik lwro (o)) and the

constant ¢ depends on n, n, y1, ¥2, SUP;eN ”Mk”Loo(ll’tz;LZ(A))). Since, u; — 0 in

LP'(t1, 1 W_l"’/Z(A)) and the last term on the right-hand side of (3.7) and (3.8)
converges to zero, so

. max{2,ps} 417272
limsup [ |ugl Pdz < eymax {n? a2, pPl Y,
0

k— 00

where we also used the fact LP! (¢, t; w—1p (A)) — Lq% (t1, t2; w—1p (A)) by
(3.6). Since, n > 0ischosen arbitrary, this upper limitis 0. This shows u; — 0 strongly
in LM{2.P2}(0) as k — oo for every open, bounded Lipschitz domain Q = A x
(t1, 1), provided the condition diam(A) < Ry = Ro(n, w(-)) and tp — 1] < R(% holds.
Moreover, the compact embedding of L2 into L”") implies that u; — 0 strongly in
Lﬁ(')(Q), as k — oo for every open, bounded Lipschitz domain Q = A x (1, t2),
provided the condition diam(A) < Ry = Ro(n, w(-)) and tp — #] < R(z) holds. Since,
we have shown the desired strong convergence in L?®) on subdomains Q of Q7
with the restriction on the diameter of these Q, our next goal is to deduce the strong
convergence in L) on Q7. This will be done by a covering argument. Therefore,
we choose a family of dyadic cuboids {Ci}?i | such that U,Oi 1Ci = R"*+! where C;
denotes the cuboid

2

1 1
CRO (Ro)z(zl-) =1xeR"seR||xi—x| < =Ry, |t; —s| <ZR%, 1<i<n
7o\

with center in z; = (x;, t;), side length %Ro and height (%Ro)z. These cuboids, we
use to partition the R+ into dyadic cuboids C;, where 1 <i < oco. Since, Q C Q7
was arbitrary, we can consider Q; = @i NQr € Qr, i = 1,..., M, such that
Qr = Ulﬁil Q;, where Ci = CRo.(Ry)2(zi)- Since, every cuboid in R" has a Lipschitz
boundary, C; respectively C; are open, bounded domains and the intersection of two
open, bounded domains yields again an open, bounded domain, it follows that Q; are
open, bounded Lipschitz domains. Therefore, we can conclude that u; — u strongly

in LPO(Q;), as k — oo, for alli € {1,..., M}. Moreover, the covering of Q7 yields
that uy — u strongly in L?®)(Qr) and thus, W(Q7) — LPV(Qr) compact as
desired. This completes the proof. O

@ Springer



Compact embedding for p(x, t)-Sobolev spaces and existence theory 51

4 Proof of Theorems 1.4 and 1.6

We start with the

Proof of Theorem 1.4 First of all, we construct a sequence of the Galerkin’s approxi-
mations, where the limit of this sequence is equal to the solution in (1.15). Therefore,
{o: (x)}j'i1 C WS’VZ(Q) is an orthonormal basis in LZ($2). Now, we fix a positive
integer m and define the approximate solution to (1.15) as follows

m

W™ () =D ™ (1) (x),

i=1

where the coefficients ci(m) (t) are defined via the identity

/Q ("¢ @) + (ate.r. Du™) = [FIPCO72F) Dyx) = foi(x)) dx =0,
4.1)

fori =0,...,mandt € (0, T) with the initial condition

cfm)(O):/g(-,O)qﬁidx, i=1,....m.
Q

Then, the equation (4.1) together with the initial boundary condition generates a system
of m ordinary differential equations:

<Y 0y = F (™0, 1),
(") 0 =ri( )

4.2)
ci(m)(O):/g(-,O)@dx, i=1....m,
Q

where we abbreviated
Fi(t,) = — / @, t, Du™) — |F (-, 0)|PCD72F (-, 1)) Dehi (x) — f (-, )pi (x)dx,
Q

since {¢; (x)} is orthonormal in L?(£2). From this starting point, we will conclude the
existence result to the Dirichlet problem (1.15). By [26, Theorem 1.44, p. 25]—see
also [26, p. 240 ff.]—we know that, there is for every finite system (4.2) a solution
cl(m) (t),i = 1,...,m on the interval (0, T,,,) for some 7,,, > 0. First, we multiply
the equation (4.1) by the coefficients cfm)(t), i = 1,...,m. Then, we need a priori
estimates that permit us to extend the solution to the whole domain (0, 7;,,). Therefore,
we integrate the equation over (0, ) for an arbitrarily T € (0, T,). Next, we sum the
resulting equation over i = 1, ..., m. Therefore, it follows

/ u™ .y 4 (a(z, Du™) — |F|”(')’2F) CDu™ — fumaz =0 (4.3)
Qo
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for a.e. T € (0, T,,). Next, we convert the first term on the left-hand side of (4.3) as

follows
1
/ du™ - u™dz = —/ 3 [u™1%dz
Q, 2

= /|u<’")< o)Pdx — —/| (-, 0)dx
_ (m) ¢, 2dx — — .
5 e opar =3 [ g0k

fora.e. T € (0, T}), since g(-, 0) € L*(), {#i}72, C L?(R) and

v

(. 0y[2d =/ UG (oPa
/Qw (-, 0)*dx Q|§Cl (0)¢ (x)| "dx
= / > / g(-, 0 ()dxgh; () *dlx
Q i=1 Q
s/ IZ/ g<~,0)¢i(x>dx¢i(x)|2dx=/ 18(-, 0)2dx,
SR Q

cf. [19]. Therefore, it holds
1 1
(m) . (m) (m) 2 2
/QT ™z = 5 [ P = Slg Ol
fora.e. t € (0, T;;). Now, we have from (4.3) that

1
-/ |u(m)(-,r)|2dx+/ a(z, Du™) - Du"™dz

Q¢

(-2 (m) (m)
Eng( 02,0 + /Q [FIPO2F - Du™ + fu™dz  (44)
fora.e. T € (0, T;,). Using the coercivity condition (1.7) on left-hand side of (4.4) and
estimating the right-hand side of (4.4) by the absolute value and (1.14), then we get
the following estimate

1
-/ ™ (., 7)[Pdx + ——— / |Du(’")|”(')dz—c/ (1+ [v[P“)dz
2 Ja c(yi, v2) Ja, Q

1 2
(-1 (m) (m)
= 5l Oliz2 ) +/ |[FIP2 7 [ Du™ ldz +cllfll 0 I "Nwn (4.5

where ¢ = c(y1, y2, v, L). Now, we adopt Young’s inequality t0 the second term on

the right-hand side of (4.5) with the exponents p(-) and where we use the

p() 1’
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11
factors e PO g0 =lande " -en = 1,¢ € (0, 1) and get the following estimate

1
-/ ™ (., 7)[2dx + ——— / IDu(’")lp(')dz—c/ 1+ [vPYdz
c(y1, y2) Q

pC) — O (m) 1 p()
—|| -, 0)]? / PO~ =50 |[F|PO 4 ——g| Du™ PO dz
8 e fo p() ()

\S]

_L 1
S i R — m»”‘ 1™ N 1 0.2 w 1

1 V2 — 1 1 / bt
- 0 el-n F 48 )dZ + ! /
2 ”g( )||L2(Q) Vi ( o | | ”f"Ly 10,7 W 1, B2t (Q))

1
+—e¢ (/ |Du<'">|l’<'>dz+/ Iu('")lyl+|Du(’”)|y1dz) (4.6)
n g, 2

for ae. v € (0,T,) with a constant ¢ = c(y1, 2, v, L), where we used Young’s
estimate with exponents 7 + = — =1 for the last estimate. Next, we apply the
standard Poincaré inequality shcew1se to get the following estimate

1
-/ ™ (., 7)[Pdx + ——— / |Du<’">|l’<'>dz—c/ 1+ [v[PVdz
c(y1,v2) Ja, Q&

1 -1 1 Y
_ -y FIPO4 1 ,
< 5180 Olagy + 76T /QT| POdz + I £ .

2 O,7; W™
1
+ (_ +C*) £ (/ |Du(m)|[’(-) + ldz)
V1 Q;

with a constant ¢ = c(y1, y2, v, L) and the constant c,, which depends on n, y1, y»
and diam(£2), where we used

/ |Du(m)|y' dz < C()/z)/ |Du(m)|17(') + 1dz.
Qr Q

This inequality can be converted as follows

1
/ lu™ (-, ©)]2dx +2 (K - (— + c*) 8)/ |Du™ P dz — c/ 14"V dz
Q ¢ Y1 Q Q

T

-1 L O "
gl [FIPYdz + | £ A L +cye,
szf L1 00w (@)

where ¢ = c¢(y1, y2, v, L) and ¢, = c(n, y1, y2, diam(£2)). Next, we choose ¢, such

that
(o Gre)) =
—_— | —+c)e) e —.
cyir) \n c(y1, 12)

V2
< llgC, 0172y +2

@ Springer



54 A. H. Erhardt

Hence, we have:

/|u(m)(-,t)|2dx+/ | Du™ PO dg
Q

o

<clgC 0ll2 g +c¢ (/ |FIPY 4 ]P0 + 1dz||f||2;1, . 1) :
Q - '

where ¢ = c¢(n, y1, y2, v, L, diam(2)). This estimate holds for a.e. T € (0, T;;).
Therefore, we have that ™ is uniformly bounded in L>°(0, T;,; L*($2)) and Du™
is uniformly bounded in L7 (R27,,). Now, we can estimate the right-hand side from
above by the bound My introduced in (1.18). This yields

sup / ™ (-, v)*dx + / 1Du™ PV dz < cllg(-, 0)l172q) + ¢ - Mo, 4.7)
Qr,,

0=t=Tn

where ¢ = c¢(n, y1, y2, v, L, diam(£2)). Next, we apply the Poincaré type inequality
(2.4) to get an uniform L?)-bound for ™ in the following way:

”“(m”uom )= (”“(’")”Zif(o TiL2@) T 1) (/Q |Du™|PO 4 ldz)
Tm

where ¢ = c(n, i1, y2, diam(R2), w(-)). Using (4.7) then we have the following esti-
mate

1
Y1
14l @y, < c[(nwm)uzzfm . 1) (||g(-,0>||iz(m+Mo)}

where ¢ = c(n, y1, 2, v, L, diam(2), w(-)). Applying again (4.7), we get the follow-
ing L”)-bound for 1 ™:

2r
n+2 + 1) Y1

12 sy, < € (||g<~, Ol720) + Mo)(

with a constant ¢ = c(n, y1, y2, v, L, diam(£2), w(-)), where we finally used Young’s
inequality. Therefore, we have shown that ™ is uniformly bounded in W”(')(QTm)
and L0, T,,; L2(Q)) independently of m. Thus, the solution of system (4.2) can be
continued to the maximal interval (0, T').

Next, we want to derive an uniform bound for 9,1 in Wr®) (227)'. Therefore, we
define a subspace of the set of admissible test functions

Win(Qr) = In = digi. di € C'([0, T])] c Wy @r).

i=1
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Then, we choose a test function

9(x) = > di(t)pi(x) € Wy (Qr) with d;(0) = d;(T) =0,

i=1

Note that d,¢ exists, since the coefficients d;(¢) lie in C ([0, T1). Moreover, we
know that C'([0, T, WOI’VZ(QT)) C W(f(')(QT) and therefore, we have also ¢ €
W(f 0 (27). Thus, we can conclude by the definition of u™ and (4.1) that

_/ u™edz = / uMpdz =~ | la(z, Du™)
Qr Qr Qr

— [FIPY72F]- Dodz + ({f. ¢)) e, -
Then, we derive from the growth condition (1.16), the generalized Holder’s inequality

(1.8), (1.14) and the fact that L¥1(0, T; W—1"(Q)) ¢ WPO(Qr) implies f e
WPO(Qr), the following

/ 1 g dz
Qr

< [ (e a1+ 1FIPOY) Dtz + (1. oD
Qr

< [ (latc. Du™) 1+ 17071 - (gl + ol iz
Qr
+ e, YIS llweo @y 1@ lwro (@0
< ¢ [0+ Du PO
+ Ivlp(')fl + |F|p(‘)7l)||Lp’(‘)(QT) + ||f||wp(->(QT)/]
X [||¢||WP(')(QT)] s

where ¢ = c¢(y1, y2, L). Next, we consider the term

(1 + |Du(m)|l7(')—1 + |U|P(-)—1 + |F|p(.)_1)”LP’('>(QT)

and use (1.9) to get the following bound

1+ (DU PO PO 4 | FPOTY g

1
/ Iz
< (/ I(1 + |Du(m)|P(~)—1 + |U|P(-)—1 + |F|IJ(-)—1)|P(-)dZ + 1)
Qr

1

< (/ a+ |Du(m)|17(‘) + |U|P(-) + |F|p('))dz + 1)}/l
Qr

1
<c(y1, )Mo < c(y1, y2, Mo).
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Summarized, we have for every ¢ € W,,(Q21) C Wé’ (')(QT) and an arbitrary m that

/ 1 g dz
Qr

with a constant ¢ = c(y1, y2, L, ||f||W,,(.)(QT)/, M), where ¢ is independent of m.
This shows that u§’"> € WPO(Qr) with the estimate

= cllellwro @y

el ror gy < €t v2, Lo I F oo @y Mo)-

Therefore, we have an uniform bound of uﬁm) in WPO(Qr) and it follows that

u™ e WO Q) L0, T: Wy (<)
W™ e WPO(Qr) C L0, T; W-73(Q))

are bounded. This imply the following weak convergences for the sequence {u(m)}
(up to a subsequence):

u™ —~* i weakly* in L>(0, T; L*(2)),
Du™ — Du weakly in LPO (Qr, R"),
u™ — u, weakly in WP (Qr)'.

Moreover, by Theorem 1.3 we can conclude that the sequence {u(”’)} (up to a subse-
quence) converges strongly in LP O(Qr) with p(-) := max {2, p(-)} to some function
u € W(2r). Thus, we get the desired convergences

u™ — y strongly in LPO(Qr)
u™ — yae. in Qr

for the sequence {u(’")} (up to a subsequence). Further, the growth assumption of
a(z,-) and the energy estimate (4.7) imply that the sequence {a(z, Du(’"))}meN is

bounded in LP ) (Q7, R™). Consequently, after passing to a subsequence once more,
we can find a limit map Ag € L” O (Q7, R") with

a(z, Du™) —> Ay asm — oo. (4.8)
Our next aim is to show that Ay = a(z, Du) for almost every z € Qr. First of all,
we should mention that each of u™ satisfies the identity (4.1) with a test function

@ € Wy, (7). This follows by the method of construction, see [7]. Then, we fix an
arbitrary m € N. Thus, we have for every s < m

—/ u™ g + [a(z, Du™) + |FIPO2F|Dg — fodz =0
Qr
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for all test functions ¢ € Ws(27). Passing to the limit m — oo, we can conclude that
for all test functions ¢ € W, (27)

_/ urg + [Ag + |FIPO2F1Dp — fodz = 0 (4.9)
Qr

with an arbitrary s € N, by the convergence from above. Therefore, it follows that the

identity (4.9) holds for every ¢ € W(f 0 (£27). According to monotonicity assumption
(1.3), we know that for every w € W (Q2r),s <m

la(z, Du"™) — a(z, Dw)]D "™ — w)dz > 0. (4.10)
Qr

Moreover, it follows from (4.1), the conclusion from above and a test function ¢ =
u™ — w with w € Wy (Qr) that

—/ ™ + [a(z, Du"™) + |FIPO2F1Dg — fedz = 0. “4.11)
Qr
Adding (4.10) and (4.11), we have

_/ u™ @ + laz, Du™) + |FIPO72F1Dg — fedz
Qr

+ [ la(z, Du'™) — a(z, Dw)]Dedz > 0
Qr

with a test function ¢ = u™ — w. This yields
‘/ u™¢ + la(z, Dw) + |F|PO?F1Dg — fedz = 0.
Qr

Then, we test (4.9) with ¢ = u™ — w and subtract the resulting equation from the
last estimate. Passing to the limit m — oo, we arrive at

- [Ao — a(z, Dw)]D(u — w)dz > 0
Qr

forallw € W, (27). Since, W (Q27) C Wé'(') (27) is dense, we are allowed to choose

w e W£<')(QT). Hence, we choose w = u & ¢¢ with an arbitrary ¢ € W(f(')(QT)
This yields

—& [Ag —a(z, D(u £ €¢))]1D¢dz > 0.
Qr
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Finally, passing to the limit ¢ | 0, we can conclude that

[Ao —a(z, Du)]D¢dz =0
Qr

forall ¢ € Wg(')(QT). This shows that
Ao = a(z, Du) for almost every z € Q7.

Moreover we have to show, that u(-, 0) = g(-, 0). First of all, we should mention that
we get from (4.9) and integration by parts the following

/ ug; — la(z, Du) + |FIPO2F1Dy + fodz = / (u - 9)(-, 0)dx
Qr Q

for all ¢ € W(f(')(QT) with ¢(-, T) = 0. Moreover, we can conclude (similar to
(4.11)) that

/ u™q, — la(z, Du™) + |FIPO72F Do + fodz = / @™ - 9)(-, 0)dx
Qr Q

forall ¢ € Wé’('>(QT) with ¢ (-, T) = 0. Passing to the limit m — oo and using the
convergences from above we get

/ ug, — la(z, Du)+|F|"<')‘2F]D<o+f¢dz=/g(-,O)-¢<~,O)dx,
Qr Q

where (-, 0) — g(-, 0) as m — o0, since

m

u™ (00 =" /" (0)¢i (x)

i=1

=> /Q g(-. 0)¢; (0)dxepi(x) = D /Q g (-, 0); (x)dxi (x) = g(-, 0)
i=1 i=1

asm — oo. Furthermore, ¢ (-, 0) is arbitrary. Therefore, we can conclude thatu (-, 0) =
g, 0).

Finally, we show the uniqueness of the weak solution. Therefore, we assume that
there exist two weak solution u and u, € CO([O, T1; LZ(Q)) N W(f(')(QT) with
o, ity € WP(')(QT)/ of the Dirichlet Problem (1.15). Thus, we have the following
weak formulations

[u - ¢ —a(z, Du) - Dpldz = _/

[f~go+ |FIPO-2F . Dgo] dz
Qr

Qr
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and

| g —at.ow) - Dotaz == [ [£-0+1FIPO2F Dy]a:
Qr Qr

with the admissible test function ¢ = u — u, € Wé’(')(QT), since W(f(')(QT)’ is the
dual of Wé’ 0 (27). Hence, we can conclude that

[ —uy) - (u —us)r — (a(z, Du) — a(z, Duy)) - D(u — uy)]dz = 0.
Qr

Using the monotonicity condition (1.3), we derive at

1
0> (U —uy) - (u—uy)dz = —/ 0r(u — u*)zdz.
Qr 2 Qr

Finally, we have that 0 > %Ilu(t) — u*(t)||iz(g) > 0 for every ¢t € (0, T], since
u(-,0) = uy(-,0) = g(-, 0). This shows the conclusion of the Theorem. O

The proof of Theorem 1.6 is very short and the conlusion of Theorem 1.6 derives
immediately from Theorem 1.4 as follows.

Proof of Theorem 1.6 First, we define a modified vector-field a(z, w) := a(z, w +
Dg(z)) for all z € Q7 and w € R™. Moreover, we let v € L>®(0, T; L>(R)) N
Wé’ 0 (27) be a solution to the following initial value problem

v —div a(z, Dv) = f —div (FIPO72F)—9,g inQr
v 0 ona2 x (0,7) 4.12)
v = g(-,0) — g onQ x {0}.

The existence of the solution is guaranteed by Lemma 1.4, since we have f — 9;g €
LY 0, T, W_I*Vf(Q)). It is easy to show, that u = v + g is the desired solution to the
boundary value problem (1.20). From the energy estimate (1.19) with u replaced by
v, we get the following energy estimate

sup /|v(-,r>|2dx+/ |Dv|PVdz < clv(-, 0)ll 2q) + ¢ - Mo,
Q Qr

0<t<T

where My is introduced in (1.18) with v replaced by g and f replaced by f — 9;g.
Using the fact that v = u — g, we get the energy estimate (1.22). Therefore, we can
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conclude that

sup /Q (- )Pdx —2 sup /g2 lg( 1) P2dx + /S2 1DulP® — c(y)|DglPdz
T

0<t<T 0<t<T

IA

c(y) | sup /|v(-,t)|2dx+/ |Dv|POdz
Q Qr

0<t<T

IA

cllgC 0)l17aq) + ¢ - Mo,

since [DulP® < 2727'[|D(u — g)|PY + |Dg|PV] and therefore, |Du|P®) —
2= pg|PO) < 272~ D(u — g)|PY and |u|> — 2|g|> < 2|u — g|?. This yields the
energy estimate (1.22). Finally, we show the uniqueness of the weak solution. There-
fore, we assume that there exist two weak solution u and u, € C 0([0, TI; Lz(Q)) N
Wl (Qr) with du, du, € WPO(Qr) of the Cauchy-Dirichlet Problem (1.20).
Thus, we consider again the difference of the weak formulations with the admissible
test function ¢ = u — u, € W(f(')(QT), since Wé’(')(QT)’ is the dual of Wé’(')(QT).
Hence, we can conclude that

[(u —uy) - (u—uy) — (a(z, Du) —a(z, Duy)) - D(u — uy)]dz = 0.
Qr

Using the monotonicity condition (1.3), we derive at

1
0> / (u —uy) - (u—uy)dz = _/ 0 (u — M*)2d2~
Qr 2 Qr

Finally, we have that 0 > %llu(l) — “*(t)”i%sz) > 0 for every t € (0, T], since
u(-,0) = uy(-,0) = g(-, 0). This completes the proof. O
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