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1 Introduction

In this short note, we calculate the Lebesgue constants associated with the 7-greedy, and
the Chebyshev z-greedy, algorithms in Banach spaces (thus measuring the efficiency
of these approximation methods, in the worst case).

Throughout this paper, X is a separable infinite dimensional Banach space. A family
(ei, €f)cen C X x X* is called a bounded biorthogonal system if:

1. X =spanfe; : i € N].
2. e;‘(e{) = 1'ifl' = j. e/ (ej) = 0 otherwise.
3. 0 < inf; min{[le;[l, e} [} < sup; max{fle; I, lef[l} < oo.

For brevity, we refer to (e;) as a basis. Note that Condition (3) is referred to as (e;)
being seminormalized. In this note, only seminormalized bases are considered.

It is easy to see that, for any x € X, lim; e} (x) = 0, and sup; |e(x)| > 0, unless
x =0.

Bases as above are quite common. It is known [7, Theorem 1.27] that, for any ¢ > 1
any separable Banach space has a bounded biorthogonal system (a Markushevitch
basis) with 1 < |l¢; |, [lef|| < ¢, and X* = spr*[ef 11 e N].

To consider the problem of approximating x € X by finite linear combinations of
e;’s, introduce some notation. For x € X setsuppx = {i € N : e/ (x) # 0}. For finite
A CN,set Pax =D ;4 ef (x)e;. If A = N\A is finite, write Pgx = x — Pycx.

The best n-term approximation for x € X is defined as

op(x) = _inf Jlx —y],
| supp y|<n

while the best n-term coordinate approximation is

on(x) = &?fn lx — Ppx].

It is easy to see that lim, 0;,(x) = 0, and

op(x)= inf |x—y| and &,(x)= inf |x — Ppx||
| supp y|=n |B|=n

(the second equality is due to the fact that lim; e;.k (x) =0).
We also consider the n term residual approximation

On(x) = llx — P x|l

We say that (¢;) is a Schauder basis if lim,, 6,,(x) = 0 for every x € X (in this case,
also lim, 6, (x) = 0). Many commonly used bases (such as the Haar basis or the
trigonometric basis in L, for 1 < p < 00) are, in fact, Schauder bases.

Note that calculating o,,(x) and 6, (x) is next to impossible, since all coordinates
of x are in play. Therefore, one can naively look for a good n-term approximant of
x by considering the n largest (or “nearly largest”) coefficients. This is done using
the weak greedy algorithm. To define this algorithm, fix the relaxation parameter
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t € (0, 1]. Consider a non-zero x € X. A set A C N is called t-greedy for x if
inf;eq |e?‘ (x)| > t sup; ¢A |e;‘ (x)| (by the above, A is finite). When there is no confusion
about x, we shorten this term to 7-greedy set. Suppose p = p, : N — Nis a t-greedy
ordering—that is, {p(1), ..., p(n)} is t-greedy for every n. In general, a 7-greedy
ordering is not unique. Note that {p(n) : n € N} = &, := {n € N : ¢} (x) # 0} if the
set G is infinite. On the other hand, if |&,| = m < oo, then {p(1),..., p(m)} = &,
while p(i) ¢ &, fori > m.

An n-term t-greedy approximant of x is defined as G, (X) = Pa,x, where A, =
{p(1), ..., p(n)}, and p is a t-greedy ordering for x. We define an n-term Chebyshev
t-greedy approximant CG!,(x) as y € span[e; : i € A,]sothat |x—y]| is minimal. We
stress that these approximants are not unique, and a fortiori, the operators x — G, (x)
and x — CG/,(x) are not linear.

For more information on greedy approximation algorithms, we refer the reader to
the survey papers [13,18], as well as to the recent monograph [14].

When ¢ = 1, we omit it, and use the terms “greedy set”, (“Chebyshev”) “greedy
approximant”, as well as notation G, (x) and CG,(x). A basis (e¢;) is called guasi-
greedy if its quasi-greedy constant is finite:

K= sup supsup||G,(x)| < oo,
Ixll=1neN

with the inner sup taken over all realizations of G, (x). In [17] it was shown that a basis
is quasi-greedy if and only if lim, G, (x) = x for any x € X, and any (equivalently,
some) choice of the sequence G, (x). By [9], for a quasi-greedy basis we also have
lim, G!,(x) = x for any x € X, and any choice of the sequence G/, (x).

The goal of this paper is to estimate the efficiency of the ¢-greedy and t-Chebyshev
greedy methods (in the worst case), by comparing ||x — G/, (x)| and ||x — CG/,(x) ||
with the best n-term approximation oy, (x), and similar quantities. This is done through
estimating the Lebesgue constants and its relatives:

-G
The Lebesgue constant L(n,t) = sup M
xeX,on(0)£0  On(X)
- CG!
The Chebyshevian Lebesgue constant Lcy(n, t) = sup w
XEX 00 (x)7£0 on(x)
L)
The residual Lebesgue constant Ly (n,t) = sup M

veX.6n(0)£0  On(X)

We stress that the suprema in the above inequalities are taken over all x € X, and all
possible realizations of the (Chebyshev) weakly greedy algorithm. A basis is called
greedy if sup,, L(n, 1) < oo, and partially greedy if sup, L (n, 1) < oc.

To estimate the Lebesgue constants, we quantify some properties of (e;). We use
the left and right democracy functions ¢(k) = infjq1=¢ | D ;c4 aill and ¢, (k) =
sup A= D ica aill (sometimes, ¢, is also referred to as the fundamental function).
We define the democracy parameter
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¢r (k) I 2icaeill

Mr(n) = max su .
k<n ¢1(k)  a1=Bl<n | 2 icpeill

Following [12], define the disjoint democracy parameter

12 icaeill
ILd(n) — Sup @
|Al=IB|<n,AnB=0 || 2 icp €ill

Clearly, pg(n) < p(n). By [10, Lemma 13], u(n) < 28p4(n). Related to the democ-
racy parameter of a basis (e;) is its conservative parameter:

I 2 icacil
2 icpeill

Clearly ¢(n) < pg(n). The norms of coordinate projections in a basis (e;) are
quantified by the unconditionality parameter and complemented unconditionality
parameter: K(n) = supj s <, [[Pall, resp. Ke(n) = sup4 <, Il — Pall (clearly
k() —Kke(n)| < 1).

The investigation of Lebesgue constants for greedy algorithms dates back to the
earliest works on greedy algorithms, with some relevant ideas appearing already in
[8]. In [12], the Lebesgue constants of the Haar basis in the BMO, and the dyadic
BMO, were computed. More recently, in [15,16], the Lebesgue constants for tensor
product bases in L ,-spaces (in particular, for the multi-Haar basis) were calculated.
The Lebesgue constants for the trigonometric basis L, (which is not quasi-greedy)
are also known, see e.g. [13, Section 1.7]. The recent paper [4] estimates the Lebesgue
constants for bases in L, spaces with specific properties (such as being uniformly
bounded). Lebesgue constants for redundant dictionaries are studied in [14, Section
2.6].

This paper is structured as follows: in Sect. 2, we gather some preliminary facts
about quasi-greedy bases. In Sect. 3, we estimate L(n, t) in terms of &, uq(n), k(n),
and ¢. For t = 1, related results were obtained in [5]. However, the Lebesgue constant
was not explicitly calculated there. Retracing the computations, one obtains worse
constants than those given by Theorem 3.1. Corollary 3.5 gives an upper estimate
for the Lebesgue constant of quasi-greedy bases in Hilbert spaces, by combining
Theorem 3.1 with the recent results of Garrigos and Wojtaszczyk [6]. Further, we
estimate the Lebesgue constant for general (not necessarily quasi-greedy) systems in
Proposition 3.6.

In Sect. 4, we estimate L¢ (2, 7). The estimates involve only ¢, K, and pg(n).
Finally, in Sect. 5, we provide upper and lower bounds for L. (7, t), involving ¢, K,
and c(n). The main results are given in Theorems 4.1 and 5.1, respectively.

Most of the work in this paper is done in the real case. In Sect. 5, we indicate that
the complex versions of the results of this paper also hold, albeit perhaps with different
numerical constants.

c(n):sup[ :maxA§n<minB,|A|=|B|].

Remark 1.1 After the first version of this article was circulated, the referee brought
the recent paper [10] to the attention of the authors. There, order-of-magnitude esti-
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mates for the Lebesgue constant, and the Chebyshevian Lebesgue constant (similar to
our Theorems 3.1, 4.1) are given. Our results have the advantage of establishing the
dependence of the Lebesgue constants not only of u,(n) and k(n), but also of R and ¢.

2 Preliminary results

In this section we prove two lemmas, which will be needed throughout the paper, and
may be of interest in their own right. First we sharpen some results from [9, Section 2].

Lemma 2.1 Suppose (e;) C X is a basis with a quasi-greedy constant K. Consider
x € X, and let A be a t-greedy set for x. Then || Pax|| < (1 +4t7'R)&||x].

Proof For the sake of brevity, seta; = e} (x). Let M = min;e4 |a;|, then |a;| < tm
fori ¢ A.Define B={i : |aj| >t "M}and C = {i : |a;| > M}.Then B C A C C,
and P4x = Ppx + P4\px. By the definition of &, || Ppx| < Rlx], and || Pcx]| <
RKlx]l. Write Pcx = D ;.o aie.

Now define the basis (¢;) by setting

¢

;L sign (aj)e; i €C
e; otherwise.

As this basis has the same quasi-greedy constant as (e;), Lemma 6.1(2) shows that
M| > icceill <2R|x]|. Fori € C, set

y [l ieas
"o otherwise

For any i, |b;| < t~'M, hence, by Lemma 6.1(1)

Z ajei| = Zb,-el’- <27 'M& Zel{ < 47182 x|
icA\B ieC ieC
By the triangle inequality, || Pax|| < || Ppx| + | Pa\Bx|l. O

Lemma 2.2 Suppose (e;) is a R-quasi-greedy basis in X. Consider x € X, and let
a; = e;"(x), fori € N. Suppose a finite set A C N satisfies min;c 4 |a;| > M. Then
M| Y casign (e || < 282%|x|. Furthermore, M| ;5 eill < 482 x|l.

Proof Consider the set B = {i : |a;| > M} (clearly A C B). By [5, Lemma 10.1],
I3 iea sign @)eill < K1 Yo sign (@;)e;||. By Lemma 6.1Q2), [| ;o5 sign (a)e;|
< 2R||x||/M. To establish the “moreover” part,let A, = {i € A : sign (a;) = 1}, and
A_ = {i € A :sign(a;) = —1}. By the above, M|| Z[€A+ sign (a;)e; || < 282|x|,
and the same holds for A_. Complete the proof using the triangle inequality. O
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398 S. J. Dilworth et al.

We close this section with a brief discussion about the values of ug(n), k(n),
and c(n). It was shown in [2,5] that, for a K-quasi-greedy basis, k(n) < Clog(en),
where the constant C depends on the particular basis. For bases in L, spaces, sharper
estimates were obtained in [6]. It is easy to see that ¢(n) < pg(n) < Cn, where C
depends on a basis. These estimates are optimal: indeed, an appropriate enumeration
of the canonical (normalized and 1-unconditional) basis in co @7 £1 gives ¢(n) > cn.

3 The Lebesgue constant

In this section, we use some of the techniques of [5] to estimate the Lebesgue constants
Ln,1).

Theorem 3.1 For any K-quasi-greedy basis,
max {ke(n), 1~ ma(n)} < L(n, 1) < 142k(n) + 8~ R pa(n).

The proof of the theorem relies on several lemmas, whose proofs closely resemble
those given in [5] (Lemma 3.4 yields better upper estimates).

Lemma 3.2 For any R-quasi-greedy basis, L(n, t) > t ' g (n).

Proof Fixn e Nande > 0.Find A, BC N,sothat ANB =0, |A| =|B| =k <n,
and

Pick a set C, disjoint from A and B, so that |C| = n — k. Consider

x=(t+e) Z €i+Z€i.

ieBUC ieA

0

icA

Zei .

ieB

> (kq(n) —¢)

Then (r + €) > cpuc @i is a t-greedy approximant of x, for which [x — G, (x)| =
| > ;c4 eill. However, |[A U C| = n, hence

on(x) = (@) = llx = Pavexll = (+2)| De

ieB
Thus,
_G o -
Lo s WGl _ Xl | pat) — ¢
on(x) 2 icpeil t+e
As & can be arbitrarily small, the desired estimate follows. 0

Lemma 3.3 For any basis, L(n, t) > k.(n).
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Proof Clearly L(n, t) > L(n, 1). By [5, Proposition 3.3], L(n, 1) > k.(n). O
Lemma 3.4 For any &-quasi-greedy basis, L(n, t) < k(n) +Kkq(n) + 8t~ ' 83 pqa(n).
Proof For x € X, leta; = e} (x), and fix ¢ > 0. Suppose A C N is a t-greedy set
for x, of cardinality n. Find z € X, supported on a set B of cardinality n, so that
lx —z|| < op(x) +e.Let M = SUpP; ¢4 la;|, then |a;| > tM whenever i € A. By the
triangle inequality,

lx — Pax|l < llx — Ppx|l + [[Pa\pxll + | Pprax]l.
We have

| Pavx|l = [[Pa\B(x — 2|l < k(m)|lx —z],

and

lx — Ppx|l = llx — Ppx +z — Pzl = (1 = Pp)(x — 2)[| < ke(n)[lx — z]|.

It remains to estimate the third summand, in the non-trivial case of |B\A| = k > 0.
Fori € B\A, |a;| < M, hence by Lemma 6.1(1) (see also [3, Lemma 2.1]),

1Pparl = | D aiei| <2M&1 Y el

ieB\A ieB\A

By Lemma 2.2, M < 4t~ 22| ZiEA\B ei|~"lx — z||. Thus,

-1 g3 I 2 iepacill

1Ppaxl <2M8| > o <8 I I
ieB\A 12 icavseill
<8 'R pam)x -zl
As ||x — z|| can be arbitrarily close to o, (x), we are done. O

We use Theorem 3.1 to estimate the Lebesgue constant for quasi-greedy bases in
a Hilbert spaces. Recall that a basis (e;) is called hilbertian (besselian) if there exists
a constant ¢ so that, for every finite sequence of scalars («;). we have > ; |oz,-|2 >

cll 3 aieill? (resp. > lei|* < cll X; evieil|?).

Corollary 3.5 For any quasi-greedy basis in a Hilbert space, there exists o € (0, 1)
and C > 0 so that, foranyn € Nandt € (0,1), L(n,1) < Ct~! + (log(en))*).
If, moreover; the basis is either besselian or hilbertian, then there exists o € (0, 1/2)
with the above property.

Proof By [6],thereexistsc; > 0,and « as above, so thatk(n) < c¢;(log(en))*.By[17,
Theorem 3], u(n) < ¢z, for some constant c». To finish the proof, apply Theorem 3.1.
O
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400 S. J. Dilworth et al.

We conclude this section with an estimate for L(n, t) for bounded Markushevitch
bases which are not necessarily quasi-greedy. Let 1 < p < g < co. We say that (e;)
satisfies weak upper p- and lower g-estimates if there exists K > 0 such that for all
xeX,

1
EII(@E‘(x))IIq,oo < lxll < Klief Nl
where, letting (a;;) denote the decreasing rearrangement of the sequence (|ay|),

. 1
(@) llg,00 := supn'/9a’
n>1

and

. 1/p—1
@)l pa =D n'"""ar

n>1

are the usual Lorentz sequence norms. Note that p = 1 and ¢ = oo are just the £1 and
co norms, respectively.

The following result slightly extends [17, Theorem 5] by incorporating the weak-
ness parameter ¢ and replacing upper £,-and lower £,-estimates by weaker Lorentz
sequence space estimates.

Proposition 3.6 Suppose (e;) satisfies weak upper p- and lower g-estimates. Then
there exists D := D(p, q, K) such that

Dn'/P=Va/t p#g

L(n,1) <
Dlogn/t, p=q.

Proof First suppose ¢ > p. Let x € X and set ¢; := e[ (x). Let A be a t-greedy set
for x, with |A| = n, and let G,Q(x) = ZieA a;e;. Given ¢ > 0, choose B C N, with
|B| = n, such that ||x — ZieB biei|| < o,(x) + &. For convenience, set b; = 0 if
i ¢ B. By the triangle inequality,

I = GLI < llx = D bieill + 1| D biei — > aiei

ieB ieB i€cA

<on(x) e+l D biei — > aieil. 3.1

ieB ieA
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Setting C = C(p, q) := (1/p — 1/¢)"/471/P we obtain:

H > (b —aiei

ieA

< K|(bi —ap)ieallp

< KCn'/P7V4(b; — ap)ieallg.00
< K2Cn'/P=Va|x — 3 pbiei|
< K2Cn''P=V4 (6, (x) + ¢). (3.2)

Similarly,

H Z bje;
ieB\A

< H Z (bi —aj)e;|| + H Z aje;
ieB\A ieB\A

< K2Cn'/P7V4 (0, (x) + &) + ” > ae
ieB\A

. (3.3)

We clearly have |A\ B| = |B \ A|. As A is t-greedy set for x, we have mina\ g |a;| >
t maxp\ 4 |a;|. Therefore,

| 3 ae

ieB\A

< KCn''P Y4 (a)icp\allg.00

KCnl/p=1/q

< f”(ai)ieA\B llg,00

K2cnl/r—1/4

———lx = > bieil

ieB

K2cnl/p—1/4
———(on(x) + 9). 3.4

Since ¢ > 0 is arbitrary, combining (3.1)—(3.4) gives
' 201 K2C\ 1o
I = G0l = (1 +2K2C + = )n'/P~ 0, (),

and hence L(n, 1) < (1 +2K2C + g)nl/f”_l/‘/. The case p = ¢ is similar except
Cn'/P=1/4 is replaced by 1 + log n throughout. O

Corollary 3.7 Let 1 < p < oo and let (e;) be a bounded Markushevitch basis such
that ¢, (k) < Ck'? for some C > 0. Then L(n, t) < C'n'/P /t, for some constant C'.

Proof Any basis satisfies the lower co-estimate. In order to apply Proposition 3.6, we
need to show that (e;) has a weak upper p-estimate.

By the triangle inequality || 3,4 e[| < 2Cn!/? for all A C N with |A| = n.
Suppose, for x € X, the sequence a, = e} (x) satisfies >, nl/”_la;’; = y. Let (n;)
be a non-decreasing enumeration of this sequence — that is, |a,;| = a; for every i.
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Set &; = sign(ay,), ¢; = a —af,,, and y; = Z;:l gjen;. Note that, for every i,
ivp — (i— 1)1/1’ < i/P=1 hence

QO D leilllyill < D@ —af it/P =D ar P — (i =)'y <y
i i i

Consequently, >, c;y; converges in X. For every i, we have e (>, ¢;y;) = e} (x),
hence D ; ¢;yi = x. By the above, ||x|| < 2Cy. O

Remark 3.8 The estimates of Proposition 3.6 and Corollary 3.7 are sharp, even for
unconditional (hence quasi-greedy) bases. For ¢ > p, consider the canonical basis
of £; ®y £) (co ®oo £p if g = 00). This basis clearly possesses the lower g- and
upper p-estimates, with constant 1. Denote the bases of £, and £, by (e;) and (f;)
respectively. Fix ¢ > 1,and letx = >/, (ctei + fi). One possible realization of the
t-greedy algorithm gives G/, (x) = ¢t >7_, e;, hence [x — G!, (x)|| = n'/P. On the
other hand, 0, (x) < 6, (x) < |lct D.7_, eill = ctn'/4. As ¢ can be arbitrarily close to
1, we obtain L(n, r) > n'/P=1/4 /¢ showing the optimality of Proposition 3.6. Note
that ¢, (k) = k'/?, hence, for ¢ = oo, we witness the optimality of Corollary 3.7.

We can also show the optimality of Proposition 3.6 for p = g = 2, once more
for quasi-greedy basis. By [6, Theorem 3.1 and Corollary 3.11], there exists a quasi-
greedy democratic basis in co @ €1 @ €7, so that ¢, (n) ~ ¢;(n) ~ /n. The weak upper
2-estimate follows from the proof of Corollary 3.7, whereas the weak lower 2-estimate
follows from Lemma 6.1(2). Furthermore, [6, Corollary 3.11] gives k(n) > clogn
for this basis (c is a constant). By Theorem 3.1, L(n, ) > k(n) — 1.

Remark 3.9 We also present two examples of sharpness of Proposition 3.6 for bases
which are not quasi-greedy. Throughout, we use some well-known facts about Lorentz
spaces, see e.g. the survey [1].

First pick p € (1,2).Setg =p/(p—Dandy =2/p—1(sol/p=(1+1y)/2,
and 1/g = 1 —1/p = (1 — y)/2). Consider the measures p and v on [—m, 7],
by setting dpu = |t|7V dt and dv = |[t|” dt. The trigonometric system forms a
non-quasi-greedy Schauder basis in both Ly(u) and L2 (v), see e.g. [11]. Denote
by e, €2, ... (f1, f2, ...) the trigonometric basis in Lo () (resp. L2(v)), enumerated
as 1, el e~it o2t =2t

First concentrate on the basis (e;) in Ly (w). Clearly this basis satisfies the lower

2-estimate:
T 1/2 1/2
_ 2 12— 2
>g77 / aje;|” dt =2r 4 o .
LZ(U«) ( -7 | IZ o | ) (ZI: | l | )

| S
i

Next show that ¢, (n) ~ n'/P (once this is established, the weak upper p-estimate
will follow, as in the proof of Corollary 3.7). The lower estimate on ¢, is proved in
[6, Lemma 3.7]. For the upper estimate, recall the well-known fact that f lpyr| <
[ ¢ y* (¢* and ¢* are decreasing rearrangments of ¢ and ¥ respectively). Con-
sequently, if f is a function of [0, 7] with 0 < f < n?, and [ f@t)dt = n, then
[ fOt=7 dt <n'™t7 /(1 —y) (the equality is attained when £ (¢) = n>1g,1/1). Now
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Lebesgue constants 403

suppose A C N has cardinality n. Applying our observationto f = | jeA € 2, we
obtain || ;¢ 4 €l Ly < n+9)/2 — ,1/p.

Use [6, Lemma 3.7]tofind ¢1, ..., e2,4+1 € {—1, 1} so that || Zi gieill Ly ~ Jn,
while || > eillL, ) ~ n'/P. LetB=1{i:e =1}and C = {i : & = —1}. For
e>0setx = (1+¢&)>,pei — 2 ccei- Fore < 1/n we have |x|| ~ /n, yet
Ix — Gia| ()| = | X;cc il ~n!/P. Consequently, L(|B|, 1) = |B|'/P~1/2. By the
above, | B| ~ n. Thus, the estimates on L(#, t) obtained in Proposition 3.6 are optimal
for this basis.

In the second example the optimality of these estimates is shown for a basis with
a weak upper p-estimate, and a weak lower g-estimate. Following [6, Section 3],
define the Schauder basis (g;) in Lo(1) @2 La(v) by setting, for k € N, g1 =
(er + fk)/ﬁ and gor = (ex — fk)/«/z. By the proof of [6, Proposition 3.10], for
any odd n we can have || 32" gxll ~ n'/7, yet | S0_; gu—1ll ~ n'/P. As in the
previous paragraph, we conclude that L(n, 1) > n!/P~1/4,

Next show that (g;) satisfies the weak upper p-estimate, and the weak lower g-
estimate. Consider

1
x = (ugn-1+Bign) = E(Z(akwmek) @Q(Z(cxk—ﬂk)fk). (3.5)
k k

k

We have to show that

(a1, Br, a2, Ba. .- Iligco < Xl < l[(ar, B, a2, Ba. .. Ilp.1- (3.6)

Start by recalling that, for any sequence (y;),

172
IVi)llg.00 < (Z |Vi|2) = [llz < 1y llp.a- 3.7

The basis ( fx) satisfies the upper 2-estimate:

g 2 2 1/2 2
Lz(v)fny(/_nizi:aifi| dt) :ﬁn/+”(zi:|ai|)

Thus, by (3.7), (3.5), and the triangle inequality for || - || 5 1,

1/2

Hzaz‘fi

lxll < ek + Bl p,1 + ek = Bll2 < (e + Bl p,1 + Ik — Bl p,1
~ @ llp,r + 1B pa < e, Broaz, B2, - )p.a,

yielding the right hand side of (3.6).

Next note that (f;) satisfies the weak lower g-estimate. Indeed, the functions
f{(t) = e;(t)|t]” are biorthogonal to (e;) in La(x). By duality, the sequence (f;)
satisfies the weak lower g-estimate. Now observe that U : Lo(u) — La(v) : f{ — fi
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is an isometry. Moreover, (e;) satisfies the lower 2-estimate, hence the weak lower
g-estimate as well. As || - [|4,00 1S @ quasi-norm, we obtain

lxll > Il(ax + B ll2 + ek — Bidllg,00 > Itk + Bi)llg,00 + Itk — Bi)llg,00 ~
||(C‘k)||q,oo + ||(,8k)||q,oo > (a1, B1, @z, Ba, .. )”qoo

This yields the left hand side of (3.6).

4 The Chebyshevian Lebesgue constant

Theorem 4.1 For any K-quasi-greedy basis,

(n) 2083 pg(n)
’LZdtﬁ SLch(n,t)S—;Ld .

As a corollary, we recover a result from [2].
Corollary 4.2 Any almost greedy basis is semi-greedy.

Recall that (e;) is almost greedy if there exists a constant C so that ||[x — G, (x)|| <
Coy,(x) forany n € Nand x € X, and semi-greedy if there exists a constant C so that
lx — CG,(x)|| < Coy(x), for any n and x.

Proof By [2], a basis is almost greedy if and only if it is quasi-greedy and democratic
(that is, sup,, u(n) < o0). In this case sup,, Lch(n, 1) < 00, hence the basis is semi-
greedy. O

Below, we shall use the “truncation function”

-M t<-—-M
Fy R>R:t—> 1t —-M<t<M.
M t>M

Abusing the notation slightly, we shall write

Fy(0) = x — > (e () = F (e (0) )i

L

The sum above converges, since the set {i € N : |ef(x)| > M} is finite. Moreover,
Fy (x)isthe only element y € X with the property that, forevery i, e’ (y) = Fy (e} (x)).
By [2, Proposition 3.1], [|[Ey (x) || < (1 + 3K)|x].

Proof (The upper estimate in Theorem 4.1) For x € X let a; = e} (x), and fix ¢ > 0.
Suppose a set A C N of cardinality n is t-greedy for x. Let M = max;¢4 |a;|, then
min;e4 |a;| > t M. We have to show that there exists w € X so that supp(x —w) C A,
and [|w] < 20¢ ' &3 pg () (04 (x) + €).
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Pick z = > ;g biej, where |B| < n,and ||x —z|| < 0,,(x) +¢&.Set y = x —z and

a,-—bi i€B

yize;‘(y)ZHa_ i¢B

We claim that w = P4Fy(y) + Pacx has the desired properties. Indeed, x — w is
supported on A. To estimate ||w||, note that, fori ¢ B,y; = a;.Fori ¢ A,Fy(a;) = a;,
hence, fori ¢ AU B, a; = Fy/(y;). Thus,

w=Fy()+ D (@ —Fu(i)e;. 4.1)
ieB\A

We use [2, Proposition 3.1] to estimate on the first summand:
By = (1 +3R8) [yl = (A +38)[x —z|. 4.2)

To handle the second summand, set k = |B\A|. For i € B\A, |a;| < M, hence
lai — Fy(yi)| < 2M. By Lemma 6.1(1),

> @i —Fyie| <4MR| D el (4.3)

i€eB\A ieB\A

On the other hand, fori € A\B, a; = y;, and |a;| > tM, hence by Lemma 2.2,

482 x —
o<t AT =2l
[ ZieA\B eill
Plugging this into (4.3), we get:
16 1 25cp\aeill

> (@i —Fy(yi)ei| <

3 16 3
TS A = 2l = a2l
ieB\A I icA\B el

Together with (4.2), we obtain:

2083 g (n)
t

16
lwll < (ZramR +1+38) Ix 2| < (0 (x) + o).

As ¢ can be arbitrarily close to 0, we are done. |

Proof (The lower estimate in Theorem 4.1) Fixn € Nand ¢ > 0. Find A, B C N, so
that ANB =0, |A| = |B| =k <n,and

2 ¢

icA

> (kq(n) —¢)

Zei .

ieB
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Pick a set C, disjoint from A and B, so that |C| = n — k. Consider

x=(t+e¢) Z ei—i-Zei.

ieBUC i€eA

We can find a Chebyshev #-greedy approximant CG/,(x) supported on B U C, and
then y = x — CGl(x) =D ;cpei + D icpuc viei-Let D ={i e BUC : |y;| > 1}.
Both >, 4 ei + > ;cp viei and D, yie; are greedy approximants of y, hence

[ D ei+ D viei, Zylel ]fﬁllyll.
i€A ieD
By the triangle inequality, || >, 4 eill < 2R[y|. Thus,
1 Ma(n) —e
- CG! > — ;
Ix Ll = mHZe' ST )ﬁ ¢
i€A
Md(n)—8 Ra(n ) Ra(n) —

= 2([+8)ﬁ — Paucx| = 20 + )ﬁ on(x )_—2(t+ R on(x)

(since |A U C| = n). As ¢ can be arbitrarily small, we are done. O

5 The residual Lebesgue constant
Theorem 5.1 For any K-quasi-greedy basis,
tlen) < Lee(n, 1) < 1 + 482 + 8 1 &c(n).
Proof (The upper estimate in Theorem 5.1) For x € X seta; = e} (x). Suppose A is a

t-greedy subset of N, of cardinality n, and set B = [1, n]. Let M = min;c4 |a;|, then
la;| <t~'M fori ¢ A. By the triangle inequality,

|x

G, (Ol = [I1Pacx|l < llx — Ppx|l + | Paygxll + | Pprax]l.  (5.1)

Let y = Ppex, then ||y|| = 6,(x). Fori € A\B, we have |ef(y)| > M, hence by
Lemma 2.2, M || ZieA\B eill <482|y|. By Lemmas 2.2 and 6.1(1),

| Ppaxll <2t 'M& <27 "M Re(n) <8t '&3em)y|.

>

ieB\A

>

icA\B

Plug the above results into (5.1) to obtain the upper estimate for Ly (7, 7). O
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Proof (The lower estimate in Theorem 5.1) Fix ¢ > 0, and find sets A C [1, n] and
B C [n+1,00)sothat |A| = k = |B|, and

2 icacill
I Zieg el

Consider x = > ,e;i + (t + &) > ;cgei- Then B U ([1,n]\A) is a r-greedy set
for x, hence one can run the 7-greedy algorithm in such a way that ||x — GL(x)| =
| > ;caeill. On the other hand, 6, (x) = [|Ppuyi,00xll = (¢ + &)l 2 ;cpeill. The
lower estimate follows from comparing these two quantities. O

cn)—¢e <

Appendix: The complex case

The results above are stated for the real case. The complex case is similar, but the
constants are different. As customary, we set

. z/lzl z#0
signz = 0 =0

The following result is present (implicitly or explicitly) in [S, Appendix] (the better-
known real case is in [3, Lemmas 2.1 and 2.2]):

Lemma 6.1 Suppose (e;) is a R-quasi-greedy basis in a Banach space X.

1. If A is a finite set, then || D ;. 4 aieill < 4+/2R max; |a;||| > ica €ill. Moreover, if
the a;’s are real, then || D" 4 aje;|| < 28max; |a; ||| D ;c4 €ill-
2. Suppose A is a greedy set for x € X. Let M = min;ea |e} (x)|. Then

8\”{2”2 eill < 2ﬁn%]slgn ef)ei]l < [x]).

For M > 0, define

sign ()M |z]| > M

Fy:C—>C:z+ .
M {z lzl <M

Forx € X, wesetFy(x) =x — >, (e;‘ (x) — Fy(ef (x)))e; (the sum converges, and
e;‘ Fy(x)) =Fy (e;‘ (x)) for every i). As in [2, Proposition 3.1], one can prove:

Lemma 6.2 In the above notation, ||Fy (x)| < (1 + 3R)|x]||.
As in Sect. 2, we obtain:
Lemma 6.3 Suppose (e;) C X is a basis with a quasi-greedy constant K, and a set

A is t-greedy for x € X. Then | Pax| < (1 + 82t 1 R) & |x .
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Lemma 6.4 Suppose (e;) is a R-quasi-greedy basis in X. Consider x € X, and let
a = e;"(x), fori € N. Suppose a finite set A C N satisfies min;c 4 |a;| > M. Then
M| 3, 4 sign (an)eil| < 282||x||. Furthermore, M| ;<4 eill < 8% ||x|.

Proof Consider C = {i : |a;| > M} (note that A C C). For the brevity of notation,
let e, = sign (a;)e; (if q; = 0, let €, = ¢;). Clearly the basis (¢;) is R-quasi-greedy.
Sety = > ce;. By Lemma 6.1(2), M||y|| < 2&||x||. For & > 0, let

Ye=D i+ (l+e) D ef=>ei+e > e

ieA ieC\A ieC ieC\A

By the triangle inequality, || ye[l < [yl +& > ;cc\ 4 llei |l Furthermore, || >-; 4 €}l <
Rl yell. As € is arbitrary, we establish the first statement of the lemma.

The reasoning above also shows that M| >, _p el{ | < 2K2%| x| for any B C A. Let
S be the absolute convex hull of the elements »;_p e;—that is,

52[2’326212”3511'

BCA ieB BCA

Weclaimthat > ;.4 e; = > ;.4 wje; € 4Shere |w;| = 1. Otherwise, by Hahn-Banach
Separation Theorem, there exists a sequence (b;)ijcq € ClAl 5o that | Diepbil <1
whenever B C A,yet|> ;.4 wibi| >4.LetBy ={i € A:R\b; > 0}and B_ = {i €
A Mb; < 0}.

D by < <1,

ieBy

>

ieBy

and similarly, >,z (—=9b;) < 1. Therefore,

Db =D b+ D |9k < 2.

icA ieBy ieB_

The same way, we show that Zi ea IS3b;| < 2. Consequently,

Za)ib,-

i€eA

< D bl D (191bi] + 3b;]) < 4,

i€eA i€eA

yielding a contradiction. This establishes the second statement of our lemma. O

These results allow us to emulate the proofs of previous sections, and to estimate
the Lebesgue constants:

Theorem 6.5 Suppose (e;) is a R-quasi-greedy basis in a complex Banach space X.
Then:
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max {ke(n), 1 ' pa(m)} < L(n, 1) < 1+ 2k(n) +32v2t ' &3 pa(n).

10083
a(n) < Lap(n.1) < 5 ﬂd(ﬂ).
2tR t

t7'e(n) < Lee(n, 1) <1+ 882 +32v2r ' Re(n).
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