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1 Introduction

In what follows, (€2, S, ) will be a measure space with a o -finite complete measure
. Let M(£2) be the set of all S-measurable functions on 2. Let P(£2) denote the
family of all p € M(R2) for which

I1<px)<oo, xeQ.
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116 J. Lukes et al.

For a function p € P(2), we denote

Pmax ‘= esssup p(x) and  ppin = essinf p(x).
xeQ xeQ

For x € Q, we denote the conjugate function p’ by

pfx()xll, if 1 < p(x) < o0,
Px)y=431 if p(x) = oo,
00 if p(x)=1.

The generalized Lebesgue space LP ®(Q,S, W) is the collection of all S-measurable
functions f on 2 for which there exists a A > 0 such that

p(x)
/ (If(x)|> dp(x) +esssup | f(x)| < o0,
Q0

A xX€Qx0

where
Q:={xeQ:pkx)<oo} and e :={xeR:px)=o00}.

We also denote Q1 :={x € Q: p(x) = 1}.
The functional

pp: [ /Q |f (1P dpu(x) + esssup | f (x)]
0

X€Qx

is a convex modular on M(S2) (cf. H. Nakano [17] for details), hence the set LP®™)
can be endowed with the Luxemburg norm

I f1lp :=inf{A > 0:pp(f/2) < 1}.

(Where no confusion can occur, L?®) (2, S, ) will be abbreviated to L?™) | || f|| »
by short to || f|, and the prefix “S-" in the notion of measurability will be dropped.)
The space LP™) with the Luxemburg norm is an example of a so-called Banach
function space (for the precise definition see below, cf. also C. Bennett and R. Sharp-
ley [2]).
The space LP™) can be equipped also with another equivalent norm. If we denote

£l = sup /Q Fedu,  feLr®,

Py (8)=1

then ||.]l, is an equivalent norm on LP™_ This was shown by O. Kova¢ik and
J. Rékosnik in their paper [13, Theorem 2.3] under the assumption that €2 is a mea-
surable subset of the Euclidean space R™ and u is Lebesgue measure. Since their
proof works also in a more general setting for any o -finite measure space, we state
the next theorem without proof.
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On geometric properties of the spaces L) 117

Theorem 1.1 (Kovacik—Rakosnik) We have

LPO ={f |1l < oo}
and
Ml < Nflp <rpllfllp
forany f € LP™_ Here,

1 1
Cp=||XQO\Q|||oo+”XS21 ||oo+||Xro||o<>a rp=cp+ - ,
Pmin  Pmax

and || - |0 Stands for the L°°-norm.

The spaces LP™) appeared first in the literature as early as in 1931 in the ar-
ticle [20] by W. Orlicz. Their first systematic investigation was carried out in the
1950’s by H. Nakano in [18], and continued later by J. Musietak [17]. The theory of
variable exponent spaces of functions defined on the real line was also developed by
I. Tsenov [25], I. Sharapudinov [23] and V.V. Zhikov [28] and [29].

In the late 1980’s these spaces were investigated in connection with certain specific
applications in the continuum mechanics (see, for example, V.V. Zhikov [28]). Some
of their fundamental properties were established in [13] by O. Kovécik and J. Rdkos-
nik. A deeper study of the norm in LP”™) can be found in [8] by D.E. Edmunds,
J. Lang and A. Nekvinda. Yet other authors considered inequalities of Sobolev type
and related questions.

Recently, these spaces have seen a true renaissance, caused by the discovery of
M. Razicka ([22]) that they constitute a natural functional setting for the mathemat-
ical model of electrorheological fluids which involves a nonlinear system of partial
differential equations with coefficients of variable rate of growth. As a natural con-
sequence, attention of various authors has been attracted to this area of functional
analysis, and many new deep results were obtained. On the other hand, plenty of
important problems remain still open. Let us recall that one of the key differences
between L7 and the classical Lebesgue spaces is that LP™) is not, in general, in-
variant under translation (see Example 2.9 in [13] by O. Kovacik and J. Rékosnik).
This fact causes serious difficulties in the study of various aspects of the theory, in
particular of the action of operators such as convolutions or the Hardy-Littlewood
maximal operator on L”™) | of the density of smooth functions in Sobolev spaces
built upon them, and so on.

Our paper is a contribution to the investigation of the spaces L”). We present a
characterization of four of their basic geometric properties, namely reflexivity, uni-
form convexity, the Daugavet property and the Radon—Nikodym property. The cor-
responding criteria are in each case formulated in terms of necessary and sufficient
conditions on the function p(x).

The structure of the paper is as follows. We fix notation and collect some indis-
pensable background material in Sect. 2. In subsequent sections we respectively char-
acterize reflexivity and uniform convexity, the Daugavet property, and the Radon—
Nikodym property of spaces L™,
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2 Preliminaries

A set A € S is called an atom of u if u(A) >0and B € S, B C A implies either
w(B)=0o0r u(A\ B) =0. We say that y is nonatomic if there are no atoms for p
and that p is (purely) atomic if every set M € S with (M) > 0 contains an atom.
Since we suppose that p is o-finite, there exist unique measures (1, and p. such
that u = @, + (o and such that p, is atomic and p. is nonatomic (cf., for example,
R.A. Johnson [11, Corollary 2.6]).

In most of the theorems below we assume that the underlying measure is
nonatomic. This gives us a possibility to obtain equivalent conditions in rather simple
formulations.

Now, we fix some notation. Let X be a Banach space. We denote by By its closed
unit ball {x € X : ||x|| < 1} and by Sy its unit sphere {x € X : ||x|| = 1}. We denote
by x4 the characteristic function of a set A.

Let X C M(£2) be a vector space and || - || be a real function on M (£2) having the
norm property. We say that X is a Banach function space if the following axioms are
satisfied:

(1) feXifandonlyif || f| < oo,
@i 1= S for any f € M(S),

(i) 0= fu 7 f p-a.e. implies || full /7 | f1I,
@iv) |Ixgll < oo for any E € S such that u(E) < oo,
(v) forevery E C Q2 with u(E) < 0o, there exists a constant Cg such that

/;f(x)du(x)gCEHfH forany f € X.

Let X be a Banach function space and let || - || x denote the norm || - || on X.

We say that f € X has an absolutely continuous norm if for every decreasing
sequence {G,} of subsets of €2 satisfying u(G,) — 0 we have || f xg, || = 0. Let X,
denote the family of all functions in X having absolutely continuous norm.

The set

X/:{f:Q—>R: / |f(x)g(x)|d,u(x)<oofora11geX},
Q

endowed with the norm

d
Il fllx::=sup Jol F)g()du(x)
g#0 lgllx

)

is called the associate space of X . Recall that X’ is again a Banach function space and
(X’) = X (see C. Bennett and R. Sharpley [2, Theorem 2.2, p. 8] and [Theorem 2.7,
p. 10]). Moreover, the Holder inequality

/Q F ) i) < 1 flIx gl
holds.
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On geometric properties of the spaces L) 119

The main properties of spaces L”*) are collected in the next theorem. The proof,
for the case of a bounded measurable set 2 in the Euclidean space R” and of the
Lebesgue measure, can be found in several papers and forms nowadays a mathemat-
ical folklore. We present the proof that L) is a Banach function space for the sake
of completeness.

Theorem 2.1 Every space LPY) is a Banach function space. Its associate space
is isomorphic to LP" ™) If pmax < oo, then the space LP'Y) is isomorphic to the
(topological) dual of LP™).

Proof Obviously, the space L”™) satisfies the properties (i), (ii) and (iv).
To show (iii), choose a sequence 0 < f, /' f p-a.e. Obviously, the sequence

{Il fnll} is nondecreasing. Suppose that || f|| < co and that, for some A > 0, || f,,||
A< | fIl. Then
I fnll

12/
Qo ”
&P

In ’ /
> du +esssup|—|
/Q() A A Q0

Qoo
which is a contradiction. The case || f|| = co can be treated analogously.
To verify (v), fix E € S with u(E) <oo.Denote M :={x e ENQq:|f(x)| <1}
and N :={x € ENQy:|f(x)| > 1}. It suffices to write

1 f |/ |f1
— | fld 4+ esssu |f|)=f ———d | + esssup —-
||f||( Eng) v ena 11T Toa 171

5/ |—f|d,u+/ md,u—i—esssupm

N

p

Jn

Jn
full

dp + esssup‘
Qo0

p

du + esssup f
Qoo

i >1,
A

W 171 TR ST
£l If]
M — | d —
=l )+/N TR ST
< W(E) + 1.

Now, in terms of Banach function spaces, Theorem 1.1 says that the space LY s
isomorphic to the associated space of LP®™),

Let now pmax < 0o. In the general case of a o -finite measure, we can follow the
proof of Theorem 2.6 by O. Kovacik and J. Rakosnik [13] to obtain that L”' @ is
isomorphic to the (topological) dual of LP®™). g

The following Lemma can be found in O. Kovacik and J. Rakosnik [13], p. 594,
under more restrictive assumptions. We add a proof for the sake of completeness.

Lemma 2.2 Let f € LPY | f 0. Assume that

T = esssup p(x) < oo.
{x: f (x)#0}

@ Springer
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1Y 1
/%(nfn) dp - esssup =

Proof First, suppose that

|f] Vi
/Qo(m> du +esssup”f—” =K <1.

Choose 0 < A < || f|| such that

Then

T
(M) K<l
A

[ gt
(1) (53) (L () oo )
(L>< (1) (5) auvesgni)
(1) (LG awregm i) =1

This is a contradiction with the definition of || f||. So we have K > 1. We will prove
that K < 1. Choose a sequence 1, \ || f|. Then

|f|>” |f]
— ) du+esssup— <1,
/82()()% Qoop An

|f] [f1
/QO(E) du<1 —esssupm

for all n. Using the fact that % /! % and the Lebesgue Monotone Convergence
Theorem, we obtain '

1Y 1l
— ) d — <.
/gz()(IIfll) pessSup ) = 0

Then

IS

IA

IA

IA

hence
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3 Reflexivity and uniform convexity of L?)

Recall that a Banach space X is said to be uniformly convex if for every ¢ € (0, 2]
there exists a § > 0 such that

<1—§ wheneverx,yeSy, |[x—y|>e¢.

1
HE(X‘F)’)

Every uniformly convex space is reflexive (D.P. Milman [16] and B.J. Pettis [21]:
for a short proof using the James characterization of reflexivity see, for example,
M. Fabian et al. [9, Theorem 9.12]).

Lemma 3.1 Assume that | is nonatomic. Then the following statements are equiva-

lent:

(i) LPY has absolutely continuous norm,

(i) pmax < 00.

Proof Assume that pmax = 00 and ©u(R2s) = 0. Define
Qi={xeQ:n<pkx)<n+1}, neN.

Then there exists a subsequence of natural numbers {n;}ien such that p1(£2,,) > 0.
Let ¢ > 0 be such that

/ c,f(x) dux)=1, keN.
Q

nj

We set

e ¢]

o0
fx) :=chmnk (x), xeQ, and E;:= Uan-
k=1 k=j

Then E, — @. Now

o0 px)
11 =inf:A > O:Z/S2 (%") dp(x) < 1}
k=1" g

o0 1 ng
<infiA>1: - <l;=<2
<inf 2 > Z(Q <1l <2,
k=1
and so f € LPX,
To finish the proof of the implication (i)=>(ii) it suffices to write

c p(x)
||fXEj||pzinf{A>O:/ <7> d,u(x)g]}:].
Q,
If 1(Reo) > 0, choose A C Qo With 0 < £ (A) < 0o. Then || x4 || > 0 and, obviously,
x4 does not have an absolutely continuous norm.
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122 J. Lukes et al.

To prove the converse implication, we assume that pmax < 00 and choose f €
LP® with || f||, = 1 and & > 0. Let {E, } be a sequence of sets such that p(E,) \, 0.
Choose I e Nwith || fxg | > 1 —¢e. Put o = fxo\g, and ¥ = f xg,. By Lemma 2.2,

¥ (x)

/sz 1l

and so [@[|Pm < [o @|Pdu and [|Y||Pm> < [ |¥|Pdu. Moreover, [q |p|Pdu +
fQ [Y|Pdu < 1. So we have

p(x)
dux)=1

o(x) [P®)

el

du(x)=1 and /
Q

[l Pme S/ [y|Pdu <1 —/ lplPdpn <1 —JlollPm> <1 — (1 —g)Pm»,
Q Q

and therefore ||y || < (1 — (1 — g)Pmax)1l/Pmax 0

Remark 3.2 Note that the assumption that p is nonatomic was needed only for the
implication (i)=>(ii).

Theorem 3.3 Assume that i is nonatomic. Then the following statements are equiv-
alent:

(1) LP™ is reflexive,

(i) the spaces LP™) and LP'® have absolutely continuous norm,
(iii) LPYX is uniformly convex,
(iv) T < Pmin < Pmax < 00.

Proof As mentioned above, the space L”™) is a Banach function space. Therefore,
it is reflexive if and only if it has absolutely continuous norm and its associate space
has absolutely continuous norm (see C. Bennett and R. Sharpley [2, Corollary 4.4,
p- 23]). This shows (1)< (ii).

We shall show (ii)=>(iv). By symmetry, it suffices to show that if p is essentially
unbounded, then the space LP™) does not have an absolutely continuous norm. But
this immediately follows from Lemma 3.1.

Since every uniformly convex space is reflexive, we have (iii)=>(i).

To round the proof off;, it just remains to show (iv)=>(iii). Fix e € (0, 1) and u, v €
Sy re. We aim to show that there exists a 6 > 0 such that

1
HE(LH_U) >1—38 implies |lu—v| <e.

To this end, define s, t by putting

1 1
s = E(u +v) and f:= E(u —v),

set

S:={xel:|tx)]<elsx)]} and T:={xel:|t(x)]>¢elsx)|},
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On geometric properties of the spaces L) 123

and note that (2 \ I') = 0 where

IF'={x€Q: pmin < p(*) < Pmax}-

Then

/ 1P du(x) < / P50 P dpu(x) < / 670 5(0) [P dpu (x)
S S Q

< 8Pmin/ |S(x)|l7(x) du(x) = gPmin, 3.1
Q
Since, for ¢ € (1, 00), the function A > |A|" is strictly convex on R, we have
1 t t 13
E(|A+1| +A=11")> A", reR. (3.2)
Next we observe that the function
1
fip, )= E(Il+llp+ A —=17) = alP, pe(l,00),1eR,

is continuous and strictly positive on (1, c0) x R. Hence, there exists an o > 0 such
that f(p, A) > « for every p € [ Pmax, Pminl] and A € [—1/¢, 1/¢]. Therefore

1
S U+ 1P 4 o = 1170 — 2P > 3.3)
forevery x e I and A € [—1/¢, 1/€]. An appeal to (3.3) reveals that
! ) ) ) )
E(IS(X) 1P+ s (x) — 1) P) = s )P +alt ()P, xeT,
while by (3.2),
1 @ @ )
E(IS(x) + 1P + s (x) — ()P = [s()P, x €8,
(consider A = s(x)/t(x)). Consequently,

1 =/ %(IS(x) + 1 ()PP 4 [s(x) — 1 () [PD) dpu(x)
Q

> / Is )P dp(x) + / alt ()17 dp(x).
Q T
It follows that
/ 11 (x)|P™) dp(x) < ePmin provided / IsCO)P® dp(x) > 1 — agPmin,
T Q
Put A = aePmin gnd assume that

1
HE(M—H)) >1—A.
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Then [, |s(x)|”") du(x) > 1 — A and invoking (3.1), we obtain

f 1) P9 dp(x) < 2ePmin,
Q

Hence,
1
lu — vl = [|2t]| < 2(2¢Pmin) pmax,

and this suffices to complete the proof. g

Remark 3.4 We provide relatively simple proofs of the equivalence of assertions (i)—
(iv) although some separate implications of Theorem 3.3 are not new. The characteri-
zation of reflexivity was shown by O. Kovicik and J. Rdkosnik in [13] while uniform
convexity of LP™)-spaces was treated by other authors, too; see for example the pa-
per [10] by X. Fan and D. Zhao (in particular, Theorem 1.10) and the references
therein. Note that the assumption of x nonatomic was needed only in the proof of the
implication (ii))=>(iv).

The uniform convexity of classical reflexive Lebesgue L”-spaces (with constant
exponent) was shown by J.A. Clarkson in [4] who established this result using the
so-called “Clarkson inequalities”. The idea of the proof of (iv)=>(iii) (still for the
classical L”-spaces) goes back to E.J. McShane [24], cf. also M. Fabian et al. [9,
Theorem 9.3]. The present proof follows J. Maly’s reasoning in the classical case.
The idea of his proof can be found in J. Lukes [15, Theorem 21.9].

4 The Radon—Nikodym and the Daugavet properties of L)

A Banach space X is said to have the Radon—Nikodym property, shortly RNP, if given
a finite measure space (€2, S, i) and a vector measure v : S — X of finite variation
and absolutely continuous with respect to u, then there exists a Bochner integrable
function g : 2 — X such that

v(E):fgdu forany E € S.
E

Note that the Radon—Nikodym property is hereditary to closed subspaces (see J. Di-
estel and J.J. Uhl [6, Theorem I11.3.2]).

The next lemma is a variation of the Dunford theorem (see [7] or J. Diestel and
J.J. Uhl [6, Theorem III.1.6], and its proof follows the lines of the proof presented
therein).

Lemma 4.1 Let X be a Banach function space on (2, i) with absolutely continuous
norm and let Q@ =|J;2.; An be a union of measurable sets. If the subspaces X, :=
{feX: f=00nQ\A,} have the Radon—Nikodym property, then X has the Radon—
Nikodym property as well.
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On geometric properties of the spaces L) 125

Proof Let (I', X, k) be a finite measure space and let v : ¥ — X be a vector measure
of finite variation which is absolutely continuous with respect to «. Define projections
P,: X — X, by P,(f) = fxa, and put v, = P, (v). Then each v, is an X, -valued
vector measure of finite variation which is absolutely continuous with respect to «
and so (using the fact that each space X, has the Radon—Nikodym property) there
exists a Bochner integrable function g, : I' — X, satisfying

vn(E)zfgndK for each E € X.
r

Now, for E € ¥ and n € N, we have

/E zn:gk

k=1
and so, for k-almost all « € I, there exists a g(«) € X such that g(o) = Z,fil gk (o).
By (4.1) and Fatou’s lemma, g is also Bochner integrable. Finally,

dik < |V[(E), 4.1
X

n n
v(E)=nll)ngOl;vk(E)=nan;OI;/Egndx=/Egdfc. -

Proposition 4.2 Let X be a Banach function space with X, # X. Then £*° isomor-
phically embeds into X. In particular, X lacks the Radon—Nikodym property.

Proof Choose f € X \ X, with || f||x = 1. There exist § > 0 and a decreasing se-
quence {A,} of subsets of 2 such that £(A,) — 0 and 1 > || f x4, llx \( 28. Denote
E, :=Q\ A,, n € N. There exists an i € N such that || f xg, ||x > 8. Put g1 = fxg,
and f1 = f xa,. Note that f; and g; have disjoint supports and 1 > || f xa, [l x “\ 28.
So we can apply the preceding procedure to f; in place of f, and we obtain functions
g2 and f> with disjoints supports such that 1 > [|g2]lx > 6 and 1 > || faxa, I x \ 26.
Using it inductively we can obtain a sequence {g,} of functions with pairwise disjoint
supports such that 1 > |lg,|lx \(d and || Y_ gnllx < 1. Set

o0
Y = {g € X : there exists {c,} € £°° such that g = chgn }

n=1

Choose ¢ = {c,} € £°° and ¢ > 0. There exists an i € N such that ||c|c < |ci| + €.
Then

o
Slicllos < Sleil + 86 < llcigillx +8e < | Y cagn| +8¢
n=1 X
o0 o
<Y liclloogn| +8e < liclloo| Y gn| +3e
n=1 X n=1 X

< llclloo + 8e.
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Hence

Sliclloo = =< lclloo-

X

00
chgn
n=1

The mapping {c,} > Y oo a8y is an isomorphic embedding of ¢ into X. Since
the space £ fails to have the Radon—Nikodym property, and the RNP is hereditary to
closed subspaces, we conclude that X cannot have the Radon—-Nikodym property. [J

Remark 4.3 By an unpublished result of H.P. Lotz, if X is a Banach lattice, then
X* has the RNP if and only if no sublattice of X* is isomorphic to cg or L'([0, 1]);
cf. P. Meyer—Nieberg [19, Theorem 5.4.14]. Concerning the L?*)-spaces, we get the
following result.

Theorem 4.4 Assume that | is nonatomic. Then the following statements are equiv-
alent:

(i) LPY™ has the Radon—Nikodym property,
(1) u({x e Q: px)=1}) =0and pmax < 0,

Proof Assume that pu({x € Q : p(x) = 1}) > 0. Then LP™ contains the space
LY(Q1, S|q,, 1tlq,) which lacks the RNP. Since the RNP is hereditary to closed sub-
spaces, LP™) lacks it as well. In the case when ppax = 0o, LP®) does not have an ab-
solutely continuous norm according to Lemma 3.1, and therefore by Lemma 4.2 lacks
the RNP.

Assume now that (ii) holds. Decompose €2 into countably many pairwise disjoint
sets {An}fli1 with essinf{p(¢) : t € A} > 1 for each n € N. To finish the proof, it is
sufficient to use Theorem 3.3, Lemma 4.1 and the fact that reflexive spaces have the
RNP. a

A Banach space X is said to have the Daugavet property, and is called a Daugavet
space, if

ITd+T| =1+T

for every compact operator 7 : X — X. LK. Daugavet (cf. [5]) has shown that the
space C([0, 1]) possesses this property. Three years later, G.Ya. Lozanovskij proved
in [14] that the space L!([0, 1]) also has the Daugavet property. The same result is
contained in the paper by V.F. Babenko and S.A. Pichugov [1].

Later on, the Daugavet property of various Banach spaces was investigated. Par-
ticular attention was paid to function spaces. P. Chauveheid has shown in [3] that the
space C(K) has the Daugavet property if and only if the compact space K has no
isolated points and that the space L' () is Daugavet if y is a nonatomic measure. In
this case the space L°(u) is a Daugavet space. The same results can be found also
in a paper by H. Kamowitz [12]. Since Daugavet spaces are not reflexive (cf. Corol-
lary 2.5 of [26] by D. Werner), the spaces L?(u) for p € (1, oo) lack the Daugavet
property.

Moreover, miscellaneous conditions characterizing Daugavet spaces were estab-
lished; see, for example, the survey paper of D. Werner [26] where the following
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On geometric properties of the spaces L) 127

geometric characterization of Daugavet spaces can be traced. For ¢ > 0 and f € Sx=
define a slice S(f,¢) :={x e Bx: f(x) > 1 —¢}.

Theorem 4.5 Let X be a Banach space. Then the following two statements are equiv-
alent:

(i) X has the Daugavet property,
(i1) foreverye >0, f € Sx+ and x € Sx, there exists y € S(f, €) such that ||x + y| >
2—e.

We will also need the following lemma.

Lemma 4.6 Assume that p < 0o p-a.e. Let f,g € LP™ & >0 and K > 0. Then
there exists T > 1 such that

ILf + gl < max([| £l lgl) + &

whenever || f|| < K, |lgll < K, g vanishes outside the set {x € Q: p(x) > T} and
xeQ:gx)Z0N{xe: f(x)#A0}=
Proof Denote 8 :=max(|| fll, |lgll) and pick T > 1 for the moment arbitrarily. Then

/ £ 00+ g(0)P)
ICEDIE

§L<(|g$l|)>p(X)d“(x)+/sz<(|ﬂg$c)8|)>p(X)du(x)
L ) e [ ) e
< L) e (e) L) e
: ||]l||ﬂs+<||;||ﬂe)T

- 1 N 1 '
T 14eKl T Q4eKk DT

du(x)

Choose now T > 1 in such a way that

1 1
+ <.
l+eK™!  (+ekHT ~

Then,
If+gll <B+e=max(||fI, gl +e.
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Theorem 4.7 Assume that | is a nonatomic measure on Q2. The following statements
are equivalent:

(i) LP™ has the Daugavet property,
) u(fxe: 1< px) <oo}) =0.

Proof For the proof of (i) =(ii), assume that L”®) is a Daugavet space and
that there exists an interval [a, b] C (1, 00) such that ,u(p_l([a, b])) > 0. Denote
A:=p~(a.b)). q = pla.

Y:i={gelPY:g=00nQ\A} and X:=LIY(A, S|4, p1la).

Then Y is a closed subspace of LP™) isomorphic to X. By Theorem 3.3, X is reflex-
ive, and consequently, so is Y.

Hence, Y does not possess the Daugavet property. According to Theorem 4.5,
there exist 0 < & < 1, F € Sy» and f € Sy such that, for every g € By satisfying
F(g)>1—e¢,wehave ||f + glly <2 — ¢. Let P4 be the projection of X onto Y
defined as

Paio—>oxa, ¢eX.

If G := F o P4 (the composition of operators), then G € X* and |G| = ||F| = 1.
Using Lemma 4.6, there exists 7 > 1 such that for every h € By

If + Pa(h) + Pp(h)|| = max(|| f + Pa(WIl, 1P + g

where

B:=p !([T,)) and Pg:¢+> ¢xs, ¢ecX.
Set further

C:=Q\(AUB) and Pc:p+— ¢xc, @eX
and

Po:9p—>9xa,, ¢<€X.
We may assume that 7 > . For any ¢ € X,

@ = Pa(@) + Pp(@) + Pc(p) + Poo(¢) on Q2.

Since our aim is to show that X does not possess the Daugavet property, it suffices
to find y > 0 in such a way that for every s € By satisfying G(s) > 1 — y we have
If +sl<2-%.

Fix now @ > 0 and s € By such that G(s) > 1 — w. Then

L= |Isl = 1Pa(s) + Pc(s) + P ()| = [|PA(D)] = 1 — w.
Hence

/ IPc(S)I”dMJr/ |Pa()[P dju + esssup | Pao(s)] < 1
Q Q

oo
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/ | Pe ()| dpu +esssup | Poo(s)] < 1 —/ IPA@IPdp<1—(1 - ).
Q Q

Qoo

and

p
du>1.

Py(s)
1l—w

It follows that

Analogously, using Lemma 2.2,

1:/ Pc(s) Pdu+esssup | Poo (5)]
2l 1Pc(s) + Poo(9)] oo P ITP(s) + Poo (o)l
1
p
= ||Pc(s)—|—Poo(s)||T(/Q“DC(S)| dM+eSsszzlp|Poo(s)|>,

Summing up, we get
1Pc(s) + Poc@)I" <1— (1 —w)’.

Choose now y > 0 in such a way that

Finally,

If + sl = IIf + Pals) + Pp(s)| + | Pc(s) + Poo(s) |l
&

< max(|f + Pa()ll I Pa()D+5 + 3

e & e
<maxQ2-e,1)+-4+-<2—-.
3 3
For the implication (ii) = (i) it is sufficient to use the fact that in this case the space
LP@) g isometrically isomorphic to the space LY (Q0) @1 L®(Qso) (the direct sum
of L1(Qp) and L®(Q2s0) equipped with the ¢!-norm) and the fact that an £!-sum of
Daugavet spaces is Daugavet space as well (see P. Wojtaszczyk [27, Theorem 1]). UJ
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