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Abstract

The rule 184 fuzzy cellular automaton is regarded as a mathematical model of traffic
flow because it contains the two fundamental traffic flow models, the rule 184 cel-
lular automaton and the Burgers equation, as special cases. We show that the funda-
mental diagram (flux—density diagram) of this model consists of three parts: a free-
flow part, a congestion part and a two-periodic part. The two-periodic part, which
may correspond to the synchronized mode region, is a two-dimensional area in the
diagram, the boundary of which consists of the free-flow and the congestion parts.
We prove that any state in both the congestion and the two-periodic parts is stable,
but is not asymptotically stable, while that in the free-flow part is unstable. Tran-
sient behaviour of the model and bottle-neck effects are also examined by numerical
simulations. Furthermore, to investigate low or high density limit, we consider ultra-
discrete limit of the model and show that any ultradiscrete state turns to a travelling
wave state of velocity one in finite time steps for generic initial conditions.

Keywords Traffic flow - Fuzzy cellular automaton - Ultradiscretization

P4 Tetsuji Tokihiro
toki @ms.u-tokyo.ac.jp

Kohei Higashi
koheih@ms.u-tokyo.ac.jp

Junkichi Satsuma

jsatsuma@musashino-u.ac.jp

Graduate School of Mathematical Sciences, the University of Tokyo, 3-8-1 Komaba,
Meguro-ku, Tokyo 153-8914, Japan

Department of Mathematical Engineering, Faculty of Engineering, Musashino University, 3-3-3
Ariake, Koto-ku, Tokyo 202-8585, Japan

@ Springer


http://orcid.org/0000-0002-0206-9656
http://crossmark.crossref.org/dialog/?doi=10.1007/s13160-021-00461-3&domain=pdf

580 K. Higashi et al.

1 Introduction

In modern society, efficient transportation system for goods and people is indispen-
sable to the foundation of industry, hence it is necessary to analyse the system in
detail. However, like the collective behaviour of cars on highways, it is generally
very difficult to test and characterize them directly. Therefore mathematical model-
ling of traffic flow has been performed since 1950s [9, 17] and various models have
been constructed to reproduce empirical traffic flows. In the model, rigorous analy-
sis and numerical simulations are used to clarify the basic properties such as traffic
jams, density-flow diagram, bottleneck effect, etc. [5, 13]. The models are roughly
classified into a macroscopic model and a microscopic model. A macroscopic model
is usually described by equations of macroscopic variables such as car density and
average car velocity. From analogy to flow of molecules in a liquid or a gas, the
equations are often derived from the fundamental equations of fluid dynamics [12].
A simple equation for a macroscopic traffic model is the Burgers equation:

on B on 0%
3 (x,7) =2n(x,7) Ep (x,7) + 2 (x, 7). (1)

Here n(x, 7) (x, 7 € R) is the normalized density of cars at position x and time 7 in
appropriate units. Equation (1) has a shock wave solution

k

e—ki—k2t (k> 0)

nx,7) =

1+
which shows that traffic jams propagate in the opposite direction of car movement,
that is consistent with actual traffic flow. While, in a microscopic model, a car is
represented as a self-driven particle that moves in one direction, and its velocity
changes depending on its position and/or speed relative to other particles [1, 18]. A
cellular automaton (CA) traffic model is a typical microscopic model [14], in which
the dynamics of cars is discretized in both time and space. Accordingly a state of
traffic flow is expressed by an array of cells that take only finite number of states,
and is updated in discrete time steps by a simple time evolution rule. One of the most
fundamental CA traffic model is the rule 184 CA in the elementary CAs (ECAs)
defined by Wolfram [21]. An ECA is a one-dimensional two-states CA, and a state
of a cell is updated with those of its adjacent two cells and itself at the previous time
step. Let us denote by u € {0, 1} the state of nth cell at time step # (n, t € Z). The
updating rule for the rule 184 CA is given as

,+1={1 _,=Lu,=0) or (u,=u_ =1)

u .
n 0 otherwise

(@)
As a traffic model, we suppose that a single-lane road is divided into pieces of an
appropriate inter-vehicle distance and number them in the direction of traffic flow.
If there is a car in the nth section at time step ¢, we put u! = 1, otherwise u! = 0.

Equation (2) means that a car will move to the next section if and only if it is not
occupied by the car in front. Although the rule 184 is very simple, it can reproduce
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Fig. 1 Schematic figure for the present traffic model

the congestion phenomenon; the fundamental diagram, which gives the relation of
the flux (the average velocity of cars multiplied by the density of them) to the den-
sity, shows sharp transition from free-flow region to congested region as the density
of cars increases. It is noted that the rule 184 CA can be regarded as the ultradiscrete
analogue of the Burgers equation [16].

In this article, we investigate a traffic model [7], which may be considered as a
macroscopic extension of the rule 184 CA. We derive the model in the next section
and show that it includes the rule 184 CA in a special case and that its continuous
limit gives the Burgers equation. In Sect. 3, all the stationary states are obtained
and classified for cyclic boundary conditions, and we present the fundamental dia-
grams of the model and prove that this model has stable two-dimensional region
of so called synchronized mode [8, 10] as well as free-flow region and congested
region. For open boundary conditions, we show analytic expression of the steady
states and discuss the bottleneck effect with numerical simulations. In Sect. 4, we
perform ultradiscrete analysis of the model to examine travelling waves in low den-
sity, and prove that any initial state turns to a travelling wave state in finite time
steps. Section 5 is devoted to the concluding remarks.

2 Rule 184 fuzzy CA

We consider a multi-lane road and divide it into one-dimensional array of sections
by appropriate distance Ax (Fig. 1). Let N(x, ) be a number of cars in the section
[x,x + Ax] at time 7. Because of equation of continuity, we have

N(x, 7+ At) = N(x,1) _ J(x,7) = J(x + Ax, 7)
At B Ax ’

3
where J(x, 7) is the flux of cars at position x and time z, and, roughly speaking, is

equal to the average velocity of cars multiplied by the density of cars. The average
velocity in general depends on the density of cars and is a decreasing function of

@ Springer



582 K. Higashi et al.

the density. The function is sometimes called k—v relation, and is approximately a
linearly decreasing function [6, 15]. Hence we may assume

N(x, 1) >

max

J(x, 1) o<N(x—Ax,r)<1 — 4)

where N, is the maximum number of cars in a section.

Let us normalize Eq. (3). We define
. N(nAx, tAr)
n° N

max

O<p, <D, 5)

and, accordingly, we put

4 . At
T N_. Ax

max

J(ndx, tA7). (6)

Hence, from Egs. (3), (5) and (6), the equation of continuity is scaled as

o
by Py =Jn ~JTnsr

From (4), the normalized flux j/ may be given as
J; = p;_](l - P;)
Therefore we have

ot =0l (L= p) + o )

Note that, from (7),if 0 < p!

!
n—-1’ pn+1 < 1’ then

0<p <A =p)+p, =1

Thus, for any initial state {p’=} (Yn, 0 < p? < 1), it holds that Yn,"s, 0 < p! < 1.
Furthermore, if Yn, p° € {0, 1}, then 1,1, p! € {0,1} and

. L (p,_ =1p,=0) or (o, =0, =1
n 0 otherwise ’

which is the same time evolution rule as that of the rule 184 CA (2). Since (7) is a
discrete dynamical system in both time and space, and its dependent variables take
continuous values in [0, 1], we can consider (7) as a continuous CA. A continuous
CA the updating rule of which is given by fuzzification of the original Boolian CA is
called a fuzzy CA (FCA) [4]. Hence, we call the dynamical system described by (7)
the rule 184 FCA, or FCA184 in abbreviation.

To consider a continuous limit of (7) with respect to its independent variables,
we put (5) into (7),
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N(x,7+Ar) | N(x— Ax, 1) |- N(x, 1) + N(x,7)N(x + Ax, 7)
N, B N, N, 2 '

max max max max

As a small fluctuation around N‘“‘"‘*, we introduce #(x, 7) by the following formula:

NG,z _
N,

max

(1 + Axn(x, 7)).

By taking Taylor series expansion

N(x, A
NC.z+47) _ L4 peneet + 40)
Nmax 2
1] on 2
== |14+ 4x< n(x, 7))+ At—(x, 7) + O(477) ¢ |,
2] ot
Nx+4Ax,7) 1
————2 2 = —(1 + Axn(x + Ax, 7))
Nmax 2
2 02
= % 1 +Ax{n(x 7) +Ax—(x )+ Ai—(x ) + O(Ax )}]
we have
2 ()2
(x )+ O(47) = A—n(x r) (x )+ %a —(x, T)+0<‘X‘T>
Thus, to take a limit Ax — 0, Az — 0 with constraint 2= = 1, we obtain the Burgers

equation (1). Thus we find that the FCA184 (7) contains the rule 184 CA as a spe-
cial case, and that the density fluctuation of FCA184 around p), = 5 is described by
the Burgers equation.

The Burgers equation has been ultradiscretized into a CA model of traffic flow,
which is called the Burgers Cellular Automaton (BCA) [16]. The BCA is given as

13

Pt =p,+min[p)_.L—p] —min[p,.L-p,,].

Here L is a positive integer (the capacity parameter).! When L = 1, this is equiva-
lent to the rule 184 CA. As mentioned above, if we impose the initial condition on
FCA184 as pfo € {0, 1}, it turns to the rule 184 CA. Hence they are exactly the
same models with each other in this limiting situation.

When we rewrite FCA184 with scaling p — % p, we have

1
P =+ TP L= p) = —p ‘{L-p,)

! They also introduce another parameter M, but it can be eliminated with simple variable transformation
and we do not discuss it for simplicity.
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Thus we find that the difference between FCA184 and BCA can be considered as the
difference of the definition of the car flux j!;

ji= %p;_l(L—p;) ... FCA184
! min[p’_,L—p!] - BCA

Note that BCA is closed under p; €1{0,1,2,...,L}, while the scaled FCA184 is
closed under 0 < p! < L.

3 Stationary states and fundamental diagram of FCA184

Statistical properties of traffic flow are empirically investigated by the fundamen-
tal diagram, the diagram which displays the relation between density and flux,
and it is one of the most important objects which characterize a traffic model.
To establish the fundamental diagram of FCA184, we adopt a periodic boundary
condition in which the total number of cars does not change:

Py =Py (N EZyy). ®)

An interesting feature of stationary and asymptotically stationary states is that they
depend on the parity of N. We shall discuss other boundary conditions later in this
section.

The average density {p), which is a constant in time, is defined as

N
Ly
) 1= 5 2 ©

and the average flux J' at time ¢ is given from (2) by

Fig.2 The fundamental
diagram of FCA184 in station-
ary states. When the total
number of sites N is even, 0.4 4
the fundamental diagram is Q
the two-dimensional area

(s(1 =s) < Q < min[s, 1 —s]),

while N is odd, it is the one-
dimensional boundary of this 0.2
area

0.5 1

0.3 4

0.1

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
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N
1
J! :=N2p;_1(1—p;). (10)
n=1

Note that pj, = p},. For a state {p}}, we have a pair ({p), J'), and the fundamental
diagram is a two-dimensional plot of these pairs. We define a (multi-valued) func-
tion Q(s) which takes the values of J for a given density (p) = s. The fundamental
diagram is exhibited in the two dimensional s-Q plane. An important fundamental
diagram is that for stationary states. Here a stationary state is the state which real-
izes at t — oo for an initial state. More precisely, we define it as follows.

Definition 1 For any € > 0, if there exist integers 7 and L such that

\4 v t t+T
n, 't |p, =l <e

the solution {p’ } of (7) is called a stationary state.
The Definition 1 implies that a quasi-periodic solution is also a stationary state,

however, as is shown later, FCA 184 with a periodic boundary condition does not
have a quasi-periodic solution.

3.1 Stationary states and fundamental diagram of FCA 184

First we consider the case N = 2M (M € Z). It is readily seen that there are two
types of stationary states.

Uniform state
There is a trivial state "n, V1, Pl =s(0 < s < 1. In this case, J' = s(1 — s) and the
fundamental diagram is given by the function

O(s)=s(1-5) (O<s<). (11)

Travelling wave state
Let p! = ¢! _, and find a solution of FCA184 which satisfies O'; = o;. Since

0j_1 = 0;1(1 = o)) + 004,
we have
0j(0;41 —0;.1) =0 0;0;,, =00

Thus we obtain the following solutions.
1) two-periodic solution If ¥}, o; # 0, then, we find

v _
J 0j_1 =0

Hence, 0,,_;, =a, o0,,=p (1 <m<M).If a=p, we have a uniform state.
Hence a uniform state is a special case of the two-periodic state.
The flux is caluculated as
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J = %(a(l — 5+ B(1 - a)).

Since the average density (p) is equal to s = %, by putting a =s+c, f=s5s—c,
the function Q(s) is determined as

o) =s(1—-s5)+ ? (Jc] € min(s, 1 — s)). (12)

2) free flow solution In the case i, o;,

—0 Y _
=0,"), 0;0;,, = 6,_;0;. Thus we find
0,0, = 0,03 = - = on0o; =0.

Therefore a solution must satisfy either o; =0 or o;,; = 0 for an arbitrary j. For

example, with a set of M values {y,7,,..., 7y} (0 <7y, < 1),
00n=0, 0601 =7, m=12,..M)

is one of such solutions. A free flow solution shows a travelling wave going forward
with velocity 1.
The average flux is given as

1 N
:=—M§ L(1=0).

Noticing the fact that o; #0—- o = 0, we have
] N

6= —
e

Since the average density s is equal to ﬁ Z]N , 0j, we find

O(s) = s (o <s ) (13)

l\)l'—‘

Note that J! < 1 There is no solution for s > 1.
3) anti-free flow solution By putting ¢’ = 1 — p!, (7) turns into

' =4, 0-¢)+4d4q,_, 1<n<N). (14)

Thus we see that, if p! is a solution to (7), then ¢’ = p’ is a solution to (14). Accord-
. o R
ingly, by putting j = n+1,r; 1= g, satisfies
T = Ga(L=r) 55 = 55 =17

A solution corresponding to the two-periodic solution is also a two-periodic solu-
tion, but, there is another kind of solutions which satlsfy either ;=0 or ryy; =0
for any J- This condition implies that either p, = 1 or p! | = 1 for arbitrary n, and
P, = pn ..~ This solution, an anti-free flow solutlon shows a travelling wave which
goes backward with velocity 1.

Since
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Rule 184 fuzzy cellular automaton as a mathematical model for traffic flow 587

Z|=

N
2d=p)=1-s
n=1

1N
P

the average flux is calculated as

N
— 1 t t
I=5 ;pn_l(l - )

N
= % 2 )
1 N
= N;;»j(l—rm)
1 N
=y 2=l

~.
I
—_

Here we use the fact r;r;, = 0. Thus we find
0(s)=1-s (%951). (15)

Incase of N =2M + 1 (M € Z.,), by repeating the similar arguments as above, we
find that there exist uniform states, free flow states and anti-free flow states, but no
two-periodic state exists because of the periodic boundary condition. The uniform
states have the same function Q(s) as in the case of N even;

O)=s(1-s) (0<s<1). (16)
For the free flow states, the function Q(s) is given as

0(s) = s (093%), 17)

and for the anti-free flow states

O@s)=1-s (MAJ;ISsSI) (18)

As will be proved in the next subsection (Theorem 2), stationary solutions of
FCA 184 are all that were listed above. Thus, in summary, we have the following
Theorem.

Theorem 1 When the number of the sections N is even, the fundamental diagram of
the present traffic model for stationary states is the two-dimensional region:

s(1-s)<Q0<minfs,1-5] (O<s<1. (19)
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L
40 &0

0 M0 20 30 40 50

—.n

Fig.3 A transient behaviour of FCA184 in the case of even N (N = 50). The lighter the colour, the
greater the value. The state soon converges into a two-periodic state

While that for odd N (N = 2M + 1) is the one-dimensional boundary of the region
(19) which consists of the three parts (Fig. 2);

0=s1-5) (O<s<l)
O=s O<s<iy (20)
O0=1-s (%Sssl)

One may think it strange that the fundamental diagram depends on the parity
of the total number of sites. In fact, the features of traffic flow will not be affected
by a boundary condition for N — co. Figure 3 shows an example of time evolu-
tion of FCA184 in case of even N with a periodic boundary condition. The initial
value of each site is generated randomly, and we see that the state soon converges
into a two-periodic state. While Fig. 4 shows the case of odd N. Although it will
converges to a uniform state, the state shows a feature of a two-periodic state over
a long period of time.

It is experimentally observed that three qualitative different types of traffic
exists in a multi-lane traffic: free traffic flow, synchronized traffic flow, and traf-
fic jams [8]. Figure 4 suggests that the two-periodic part for odd N is metasta-
ble, that is, a state in this part is not strictly stable but is long-lived. Hence we
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0 10 20 30 40 50

n

Fig.4 A transient behavior of FCA184 in the case of odd N (N = 51). The lighter the colour, the greater
the value. The state shows a feature of a two-periodic state for a long period of time

presume that these states correspond to the metastable synchronize modes which
are observed in different models [10, 20].

3.2 Stability of stationary states

The time evolution rule of FCA 184 is regarded as a weighted average rule
defined by Betel and Flocchini [2]. Asymptotic properties of FCAs with weighted
average rules have been investigated in Ref. [2], and the following proposition
was proved.

Proposition 1 (Betel-Flocchini: Theorem3.9) If it holds that “n, 0 < p'=0 < 1, the
state of FCA 184 with a periodic boundary condition asymptotically converges to a
two-periodic state when N is even, and to a uniform state when N is odd.

In order to make the present article self-contained, we give a proof of the Prop-

osition 1 for the case where N is even. If N is odd, proof is performed in a similar
way and is easier.
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Prior to the proof of the proposition, we prepare a Lemma 1. Let us define v/,
by p}, =: v, _,. Because of the cyclic boundary condition, v/ . =1, and

= (1 - Vn+l)v + vn+l n+2
Introducing x} and y; as
Xoi=vho L Y=, (=12, M),

t — ! o
we find that Xip =X Yiem = Vi and

x§+l = (1 y)x +y1 z+1 (213')
+1

Vi = =Xy X Vi (21b)

Lemma 1 The following inequalities hold.

min [+ > min [*] (22a)
max [*] < max [x]] (22b)
min [1*'] 2 min [ 20
max [y < max [v] (22d)

Proof In (21a), the inequality 0 < y! < 1implies
min[x, X 1< x’Jrl < max[x], X1,
Hence we have

m1n [mm X x+1]] < m1n [x’“]

The left hand side of the above inequality is equal to min [xif], and the inequality
(22a) holds. The other inequalities (22b)—(22d) are proved similarly. O

Since, from the Lemma 1the sequence (mln [ ])t o is a monotonically increas-
ing sequence with respect to ¢ and is bounded above, it converges to a certain real
number. The other sequences like (max [ ])r _o also converge, and we have

lim m1n [x] = (23a)

=00
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tlirg mlax [x] =l a (23b)
lim min [y[] =: g, (23¢)
lim max [y{] =: f, (23d)

where 0 < o, a,, 8,5, < 1.
The following Lemma is readily obtained from (21a) and (21b).

Lemma 2 If all the initial values are in the open interval (0, 1), inequalities
0<xi<Il, 0<y <l

hold for any i and any t.

Definition 2 Fix the integers ¢ and n. By using (2la), ¢, t+5s)
(s=0,1,2,...,M — 2), which are polynomials of {yl?}, are defined successively as
follows.

HM-1 _ (1- t+M 2)xt+M 2 +yt+M 2xr+M 2
n+1

= i+~ DTt = Y

=(1 _y;+M—2){(1 t+M 3)xt+M 3 +yt+M 3x;:111/1 3
P

= (1 — yiM=2)(1 — i3Sy ((] — M2yt =3

X
n

t+M-2 +M-3 +M— 3 t+M—2 t+M-3 _t++M-3
+yn (1 yn+1 )}xn+1 n n+1 xn+2

=:c,(mt+M— 3)x;+M 34, (mt + M — 3)x M3

n+1
. +M-3
+ Cppp(mst + M = 3)x,

n+M—1

Z ci(mn)x;

i=n

For k < n, we define ¢ (i, t +5) :=
We also define 6 as

6 = min [min[y), 1 = 01] = min |min[y?1, 1 - max(y?1].

Note that, from Lemma 2, (22¢) and (22d), the following inequality holds for any
t and any n.

0<5<y, 0<6<1-y. (24)
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Furthermore, for s = M — k — 1, we have

xt+M—]
n+M—k—1
= Z c;(mst + M — k)xitM* (252)
n+M—k—1
= z c;(mt+ M —k)
i=n (25b)
% {(1 _ y§+M—k—l)x;+M—k—l + y;+M—k—1x;ille—k—1
n+M—k
= O {clmt+ M — k(1 -y
i=n (25¢)

e (mt+ M — k)yiirfl"’—k—l }x;+M—k—1

n+M—k

= D clmt+M—k— Dy (25d)

i
i=n

From (25c¢) and (25d), we find a recurrence relation:

c(nt+M—k—1)

=c(mt+M —k)(1 - y§+M_k_]) +c_(mt+ M — k)y?fjlw_k_l. (26)
n+M—s—1
2 cmt+s)=1, M1 <c(mt+s) 27

i=n

Lemma3

Proof We prove by induction of s, starting from s = M — 2 and going downwards.
Equation (27) clearly holds for s = M — 2.
Suppose that it holdsuptos =M -k (2 <k <M - 1).

If Vi, xi*M=*=1 =1 then Vi, x§+M‘k = 1. Hence, by taking i, x*~*~1 =1 in
(25a), (25d) leads to
n+M—k—1 n+M—k
Z c(mit+M —k) = Z cmt+M—k—1)=1.

Noticing the inequality c,(n;t + M — k) > 61, from (24) and (26),
ci(mt+ M —k—1) > ci(nit + M = k)(1 —y}) > 6~.

Thus (27) is true for s = M — k — 1. Therefore, by the induction hypothesis, (27)
holds for0 <s <M —2. O
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Rule 184 fuzzy cellular automaton as a mathematical model for traffic flow 593

Proof of Proposition 1T We prove by contradiction.
Since 0 < a; < a, < 1, we suppose that a; < a,. From (23a), (23b) and the
monotonicity of the sequences, for any € > 0, there exists ¢, such that if > ¢, then

3 t 1
o —€e< miln[xn] <a, o< mlax[xn] <a,+te.

Letd := a, — a, and choose € so that the inequality 0 < € < d5”~"holds. Fort > ¢,
let n and m be the integers that satisfy

XML = max [ *M-1 ¥ = min[x'].
n i 1 m i 1
Then, from Lemma 3,
n+M-1
+M-1 _ A
x, = 2 c(mnx;
i=n
n+M-1
=c,(mnNx, + Z ci(mn)x;
i=n, i#m
n+M—-1
< c,(mHa; + Z c;(n;t)(ay + €)
i=n, i#m

= c,,(mHa; + (1 —c,,(m;0))(a, +€)
<, +e—c,mt)a, —ay)
<a,+e—dsM!

< a2.

Therefore x**~! < a,. However, by definition,

XM = max [!
n i 1
which is a contradiction. Thus we find that a; = a,.

The equality f, = f, can be proved in the same way and the Proposition 1 is

proved. O

Now we will prove that all the stationary solutions are the uniform solutions
and the travelling wave solutions listed in the previous Sect. 3.1. When the initial
values contain neither 0 nor 1, Proposition 1 means that there is no stationary
solution other than the uniform and the two-periodic solutions. Hence we exam-
ine stationary states with Os and/or 1s. In such a state, there are four kinds of pat-
terns which have a series of Os between non-zero values as
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POV o= (pIONL PO i 000 %

——
k
PO o= pION=2 - plO =] 00 x
——
k
PO o= (pOIN=2 0 pOD i 0.0 1
——
k
P = (P PV =1 040 1L
——
k

Here = indicates any value other than 0 and 1.
For a given state, we define the number of the above patterns at time ¢ as

(i) . (i) . ..
L7 (r) := number of the pattern P,”’ at time t (i,j € {0, 1}). (28)
We consider time evolution of FCA 184 by introducing a new variable vi, = p
vZH - (1 - vn+1)v + Vn+l n+2 (29)
with a periodic boundary condition v! = v!.

Proposition 2 Let M be the number of Os at time t, and M, be that of 1s. Then it
holds that

Mt <My, M <M. (30)
Note that
N-1
k(lf‘”(t) + 109 + 100y + [ ”(r)).
k=1

Proof For a state at time step #, v;“ = 0 is achieved in the three cases:

! ! !

n n+l “n42
) 0 a O
i) a 1 0
i) 0 0 a

where a is arbitrary. Hence we can count the number of Os at ¢ + 1 as follows.

e For k = 1, the patterns 10 = and 101 contribute to the case ii), and the numbers of
them are 1(110)@ and l(l1 l)(t) respectively.
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For k = 2, the pattern * 00 % contributes to the case iii) 100 * to ii) and iii),
# 001 to iii), 1001 to ii) and iii). The numbers are 1(00)(t) 2l“0)(t), 1o (*), and
l(l 0) respectively.

For k > 3, each pattern contains k — 2 sequences of 000 which contributes to 1).
Therefore, each of four patterns generates (k — l)ll(coo)(t), kl;clo)(t), (k- 1)1201)(t)
and kl;l D) 0s respectively.

Besides these, patterns 0 s 0 (x# 0,1) and 010 can exist in the state at the
boundary of those four patterns. Let the number of the sequence 0 * 0 be b(¢).
This sequence appears in the four patterns:

%*0-0%0--0x%, 10---0%0---0%, %0--0%0---01, 10---0%0---01
( P(OO) P(OO)) ( P(10) P(OO)) ( P(OO) P(Ol)) ( P(l 0) P(Ol))

The total number of the first and second pattens is less than the number of the
sequences * (0 --- O %, that of the third and fourth patterns is less than the number
of the pattern * 0 --- 01. Thus

N-1
ZOEWAOESARIO)
k=1

The sequence 010 appears in the following patterns:

%*0..010---0%, 10---010---0%, *0---010---01
(P(OI)PUU)) (P(”)P(lo)) (P(OI)P(”))

But contribution of these patterns was already counted as the case ii).

From the above consideration,

N-1
M = (Z(k = DI @ + k@) + k= DIV (@) + kl,(:”(t)> + (1)

k=1

-1
<> k(z,(f(”(t) + 170 + 170 + lgn(t))
=1

— t
=M.

From the symmetry between O and 1, the same discussion applies to the number of
1s. Thus we have proved (30). O

The following Corollary immediately follows from Proposition 2.

Corollary 1 The number of Os and that of 1s are conserved in time for a stationary
state.

The following Proposition implies that the stationary solutions are all that we

have listed in the previous subsection.
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Proposition 3 A stationary state which contains 0 or 1 satisfies one of the following
equations.

Vi ul, =0 (31a)

i, A=u)(1—ul,)=0 (31b)

The following Lemma is essential to prove Proposition 3.

Lemma 4 In a stationary state with 0 or 1, if there exists an element * other than 0
and 1, both of its two adjacent elements are 0 or 1, that is, * exists in a pattern 0 % 0
orl x 1.

Proof 1In a stationary state, from the proof for Proposition 2, we find that

b(t) = Z 190 + 1PV ), (32)
k

where b(f) is the number of the boundaries between the patterns P% in the form
0 % 0 (*# 0, 1. Equation (32) implies that all the patterns P®Y and P©Y consist the
boundaries of that form. Hence the leftmost 0 of the patterns P% and P©" must be
the right O of this boundary (0 * 0), that means there is no sequence of the form
Oa...ap* 0(a; # ).

——

k1
Similarly, from the symmetry between 0 and 1, there is no sequence of the form

1 % b ...b; 1(b; # 1). Thus the proof was completed. O
——

k1
Proof of Proposition 3

e From Lemma 4, if there is no 1, only the pattern P°” among the four patterns
exists and (31a) holds. Similarly if there is no 0, (31b) holds.

e If there is no element other than 0 and 1, FCA 184 turns to the rule 184 CA,
which has been investigated in detail as a traffic model [16, 21]. When the
number of 0 is equal to or greater than the number of 1, the state converges to
a free-flow state where both of the two adjacent elements of 1 are 0. Hence we
have (31a). Similarly, if the number of O is less than the number of 1, the state
converges to a congestion state where both of the two adjacent elements of 0
are 1, and we have (31b).

e When O, 1, and * (# 0, 1) are mixed, from Lemma 4, we suppose that there are
two elements y(# 0, 1) and y'(# 0, 1) at a time step in the form of 0y0 and 1y'1.
From (29), noticing the facts that "2+1 = 0 implies v;“ =V', and that V;+1 =1
implies v/*! = v'*2, we find the time evolution rule gives

0y0 = Oya, bly 10 — y'1b ¢,
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where a, b, b', ¢, and ¢’ are some values depending on the state. For a stationary
state Lemma 4 implies that @ = 0 and that the left adjacent element to y’ is equal
to 1. Therefore a pattern 0y 0 does not change its position and a pattern 1y’ 1
moves two cites to the left. Hence after a certain time steps, one of the following
patterns is realized

0y01y'1, 0y001y'1, 0yO1l1y'1.
At the next time step, these patterns change to
Ory' <, 070y 1, Oyly'1l--

respectively, all of which cannot exist in a stationary state. Thus we find that
0 % 0and 1 * 1do not coexist in a stationary state.

Suppose that there exist patterns O % 0. Since a sequence 0 * 0 does not
move in time, the time evolution of the other cells does not change by the
transformation *— 1. Hence, by the consideration of the case where only 0
and 1 exist, a sequence 0 * 0 can exists when the number of Os is greater than
or equal to the number of other values in a stationary state, and (31a) holds.
While a sequence 1 * 1 exists, because of the symmetry between 0 and 1, (31b)
holds.

Thus Proposition 3 was proved. O

Since Proposition 3 indicates that either a free-flow solution or a anti-free flow
solution is allowed in a stationary state which contains O or 1, and otherwise a
stationary state is restricted to a uniform solution or a two-periodic solution, we
obtain the following theorem.

Theorem 2 All the stationary solutions are the uniform solutions and the travelling
wave solutions listed in the Sect. 3.1.

Finally let us discuss stability of the stationary solutions.

Theorem 3 Free flow or anti-free flow solutions are unstable. While two-periodic or
uniform solutions are stable, but not asymptotically stable.

Proof From the Proposition 1, a free flow solution will translate to a certain two-
periodic or a uniform solution by small perturbation. Hence a free flow solu-
tion is unstable and so is an anti-flow solution. Let us consider a uniform solution
p}, = a. Suppose that it is perturbed by small fluctuation as pg =a+6,att=0. Let
€ :=max,[|6,|]. By the same arguments in the proof of Lemma 1, we can show that
(max,[p}, )72, is a monotonically decreasing sequence in time 7 and that (min, [p!, Do
is a monotonically increasing sequence. Thus it holds that |p! — a| < e, which
implies p! is stable in the sense of Lyapunov [3]. However, in general, it will not
converge into the same uniform state and is not asymptotically stable. In a similar
way, a two-periodic solution is proved to be stable but not asymptotically stable. O
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0.50 0.50
0.45 045
0.40 0.40
035 035
0.30 0.30
0.25 0.25
0.20 0.20
015 015
0.10 / 0.10 4
0.05 0.05
01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10
t=0 t=100
0.50 0.50
0.45 0.45
0.40 0.40
035 035
0.30 0.30
0.25 0.25
0.20 0.20
015 015
0.10 Y 0.10
0.05 0.05
01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10
t=500 t=800

Fig.5 The transient behaviour of the fundamental diagrams in case of even N (N = 600). A flux
increases in time and a state asymptotically turns to a two-periodic state

Figures 5 shows an example of temporal change of the fundamental diagram for
even N. Here we chose the initial state as

=0 _ _ N
pn_ =2(p)p n= }\],2,..., . 33)
PO =2p)1 =) =41 N

where (p) is the average density and f (0 < f < %) is a parameter. The system con-
verges into various two-periodic states by changing f. The flux always increases in
time under this initial condition, though it can decrease in general.

3.3 Fixed boundary conditions and bottle-neck effect

On highways, car density and/or car flux may differ place to place. In particular, they
discontinuously change at entrance and exit. They also change at the place where the
number of lanes decreases or increases. With these situations in mind, let us con-
sider FCA 184 with the boundary condition
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Fig.6 Time independent solutions for the fixed boundary conditions. The parameters are A = 0.1,a = 0.7
(left) and 4 = 0.25,a = 0.7 (right)

py=a, py1-p)=4 (0<a<l,0<i<a). (34)

The boundary condition (34) may correspond to the case where the density and flux
of cars at the entrance are controlled to be constant. For a stationary state, there
is neither a travelling wave solution nor a uniform solution except for 1 = a(l — a)
due to the boundary condition (34). However, some time-independent solutions may
exist and we examine them.

In (7), we assume that p’ does not depend on ¢ and put u, = p!. Then we have
the three terms recurrence relation

Uy = Up_| + WUy,

Upp1 = » s (g =a, ug(l —uy) =4 (35)

Equation (35) has a conserved quantity
un+1(1 - un) = un(l - un—]) = A’
and can be written as

A
Uppp =1 = —. (36)

ul’l

Thus u, can be obtained by continued fraction expansion as

u,=U,(4a) i=1—- ———.
0= Ok 1- —4 — (37

Hence if and only if Yn, 0 < U,(4,a) < 1, there exists a time independent solution
(Fig. 6).

Proposition 4 Time-independent solutions of (35) exist if and only if the following
conditions are satisfied;
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A< and = — —A<a. (38)

N

To prove Proposition 4, we use the following Lemma.

Lemma5

(tn+1 _ tr_l+1)a + (—ln+1l_ + tr_l+1t )
U,(ha) = ——— - (39)
# —Ma+ (=t +1t,)

where t,_are the two roots of the algebraic equation 2—t+A=0:

11\/1—4/1' (40)

() = =5

Proof We define two polynomials of 4, p,(4) and g,(A), as py(4d) = a, qo(4) =1,
and

Ppi1(D) = p,(4) — Aq, (1) (41a)
Gnr1 (D) = p, (D). (41b)
Clearly, (36) gives
_ pa(A)
Ty 42

Since (41a) and (41b) are simultaneous linear recurrence relations, we obtain
.M _ (1 =2\"(a
)~ \1 o) \u
1 [t N[t 0\ (1 -1\ [a
D6 G0 @

1 @+ = a + (= + 1)
St -t (" —1")a+ (—rl1_+1"1,) ’

Thus we obtained (39). O
Proof of Proposition 4 We give the proof in the three cases: (1) i <A<, 2Q)4r= i,

and 3)0< A< i
€)) Fori < A £ 1,t, can be expressed as

= V7 eV,

where 6, satisfies cos 8, = ﬁ andsinf, = /1 — ﬁ. From Eq. (39), we obtain
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/i sin(n + 1)8, — \/Asinno,

U,(4a) =
asinnd, — \/Asin(n — 1)0,

44
sin (n6, + ¢) @
~ sin (- 10, + ¢)
where
. asinf,
¢ :=tan ).
acosf, — Vi
Since 0 < 6, < %, there exists a positive integer n such that
sin ((ng—1)6, +¢) <0 and 0 <sin (nyb, + ),
that implies U,, (4;a) < 0 or o0, and the condition i, 0 < u, < 1lis not satisfied.
(2)For A = o we have
(a - l)n +a
V(i) = 3 —— .
4 2(a—§)(n—1)+a
For a>-, - < U, ( a) <1 holds for any n and a time- 1ndependent solution

2’ 2
ex1sts While for a < 5, there exists no € Zq such that (a — E)n0 +a>0 and
(a - —)(n0 +1)+a<0, that implies U - +1(4;a) <0 or oo, and the condition
Vn, O <u,<lis not satisfied.

(3) When 4 < 2, we have

Ui = 1= U = T

>2),
T,(A)a— A

where

Leto := Z—* Because

51 (1 - 5)?
(1 =6m)(1 =51

Ty (D) = T,(H) = -

)

T,(4) is a monotonically decreasing function with respect to n, and

T,(A) =1, limT,(A)=t,.
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00 25
50 75 10.012.515.017 5
Space '

Fig. 7 Bottle-neck effect of traffic flow is shown. The congested regions propagate to the backward direc-
tion. The car density u; changes from 0.4 to 0.8 (left), and from 0.4 to 0.5 (right). When the difference
in density is small (right), the sharp kink first becomes smooth and then the congested regions moves
backwards

Hence, if ,a — 4 <0, there exists ny such that a7, — 4 > 0and a7, ,; — 4 <0, that
implies U,,O +1(4;a) < 0 or oo, and the condition Yn, 0 < u, < lis not satisfied. While,
ift,a-212>0,

U,(Aa) < T,(A) <1

and a time-independent solution exists. Since t,a — A1 >0 & a >1t_, the proof is
completed. O

If traffic congestion takes place, the car flux at the entrance of a highway is differ-
ent from that at the exit. Since a car flux is constant in a time-independent state, the
congestion is a transient phenomenon. Figure 7 show the time evolution of FCA 184
with the boundary condition where the flux at the entrance is larger than that at the
exit. We find that the high density region of cars is extending backward as is empiri-
cally seen in traffic jams. To examine this kind of transient behaviour analytically,
we consider ultradiscrete limit of FCA 184 in the next section.

4 Ultradiscrete analysis for FCA 184

Ultradiscretisation is a limiting procedure which transforms a given equation to a
piece-wise linear equation [19]. For FCA 184, we put

p, = e 0/, 45)

and construct equations for U! by taking e — +0. However, since (7) contains a neg-
ative term, it is not straightforward to take a limit. A method to avoid this difficulty
is to use the method of ultradiscretisation with sign [11], but here we use another
approach. Let ¢/, := 1 — p!. Then, from (14), we find
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P = Pyt PP (46)
6" = G P+ 4 (46b)
1=p,+q, (46¢)
Introducing V! by
g = e e, (47)

and taking the limit ¢ — +0, we obtain the following simultaneous equations.

U =min[U,_ +V,.U, + U, ] (48a)
Vit =min [V, + UV, +V,_ ] (48b)
0 =min [U’,V!]. (48¢c)

Note thatU’, V! € Ry, U {co} due to the inequality 0 < p!,q" < 1.
Proposition 5 If Vn, min[U°, VO] = 0, then ¥n, ¥, min[U’, V'] = 0.

Proof We prove by induction.

For t = 0, the statement is trivial. Suppose that it holds for t = k. If Uﬁ“ #0,
one of the pair {U*_ . V¥} and one of {U*, U, } are not equal to 0. Since one
of {U*, V¥} is equal to 0, non-zero pairs must be {U*_, U*}, {Ufl_], U§+1}’ or
{VE, U%, |}, that means one of the following three pairs are both zero {V~_ |, V¥},

{V}l_l, ’%/,’1‘ ., Jand {U%, VX }. The first pair and the third pair give V¥*! = 0, and the
second pair also gives V! = 0 because one of U and V¥ is zero. Thus the Proposi-
tion is true for ¢ = k + 1. From the induction hypothesis, the Proposition is true for

any t, which completes the proof. O

Proposition 5 means that once the initial state satisfy (48c), it is satisfied for-
ever, and the dynamical system described by (48a) and (48a) is deterministic. If
Yn, U’?, Vr? € {0, o0}, the dynamical system is equivalent to the rule 184 CA because 0
and oo correspond to 1 and O in the rule 184 CA.

Firstly we examine transient behaviour in the region 0 < p! < 1 (free-flow region).
In the ultradiscrete limit, this situation will correspond to the case Vi, Vr? = 0. We also
assume that the initial state satisfies the following condition:

U°>0, and U’=a n=N), U'=p (n<-N), (49)

where N is a positive integer. Note that, due to the transformation

U = —lim__ log p!, the smaller the value U', the higher the density p!.
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Proposition 6 Any state given by (48a)—(48c), that satisfies 'n, Vr? =0 and (49),
turns to be a stationary travelling wave state with velocity one in finite time steps.

To prove Proposition 6, we prepare several notations and Lemmas. We put
U; =: le o then, from Proposition 5, (5) becomes

X+ =min X!, X!+ X ). (50)
with boundary condition
X'>0, and X'=a m2=N), X'=p (n<-N). (51)

The following Lemmas are readily proved by induction with respect to z.

Lemma 6

Vt Vn Xt+1 <Xt (52)
Lemma 7 If there exists a time step t, such that X! , = Xt°+] and X!, = Xt‘)Jr2 for
Vi >ty Then, V12 15+ 1, X, = X" ! SR

Lemma 8 If Y! is a solution of (50) with the initial condition that satisfies
n, X0 > Y, then it holds that ¥n, V1, X' > Y'.

Let y be the minimum value among { £, X_y, 1, X_y.2, ..., Xy_;,a}, and let Y’ be
the solution of (50) with the boundary condition
o_Jv N+1<n
YN‘{ﬂ(ng—N) ' 53)

We also define the Fibonacci numbers F] (G=0,1,2,...)as

Fo=1,F =1 F,=F+F_ (G=12,..).
Definition 3 ' ' '

For example, F, =2, F; =3,F, =5and F5s = 8.
Lemma?9 Let k, be the positive integer which satisfies
Fry P <Fnar. (54)
Then, forn < —N — ky +1, Yfl is constant in time, that is,
Y;:Yg:ﬁ (n<-=N-k,+1) (55)

Proof From (50) and (53), we have
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y n>-N+1)
Y! =< min[g,2y] (n=-N) .
p (-N-1<n)
In the next time step,
4 m>=-N+1)
y2 = min([f, 2y] (n=-N)
n "] min[B, YlN +y] m=-N-1)"
Ji] (-N-2<n)

By repeating this procedure in the case F,y < f < Fsy for example, we find the fol-
lowing time evolution pattern

n —-N—-4 —N-3 =N-2 —=N—-1 =N =N+1 =N+2
r=0 - B p B B B Y Y
t=1 - B p J/ B 2y Y Y
t=2 - B p J/ 3y 2y Y Y
r=3 - B J/ Sy 3y 2y Y Y
t=4 - B B Sy 3y 2y Y Y
t=5 - B p Sy 3y 2y Y Y

Thus, forn=-N—-i(i=0,1,2), Y,t. becomes F; , y att =i + 1, and does not change
afterwards, and Y,’l is constant in time forn < —N — 3.

Let us consider general cases. Note that Y! = Y,? =yfor-N+1<n.

When k, =1 Y' =min[f,F,y]=p and Yn, X! =X°. Hence, ¢, "n, and
Lemma 9 holds.

When k, >2, Y! =F,y and Y! =g for n <—N—1. Since Yz, Y' =y for
-N+1 Sn,Y’_N:nyortz 1.

Similarly, for t:'i+1 (i= 0,1, ,ky —2), only at the site n=—-N —1i, Yr’l
changesits valueas Y’ = p—-Y* =F,,7.

Atr =k,

Y fYN—k./+1 = min[Y Zv—lk,ﬂ’ Y Zv—lk7+2 +Y fVN—lky+3]

= min[f, Fky y +Fky—l 7]

. k,~1
= mln[ﬂ7 Fky+1 y] = ﬁ = Y—N—kr+l'

Thus we find that Yn, Y,]f’ = Y,]:’_l, which implies that Vn, Y/ = Y,]:V_l for 1 > k,.

Therefore it holds that Y} = f forn < =N —k, + 1, which completes the proof. O

Proof of Proposition 6 From Lemma 7 and ", X]’v = thv .} = @, we have XI’V_ = lev |
t>1), thv—z = XI%I—Z (t>2), ... Hence for ¢ > j, X! does not change if n > N —j.

On the other hand, from Lemmas 9 and 8, it holds that
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density

SPace 25 0

A Fibnacci type A triangle type

Fig. 8 Examples of time evolution of U’ in the solutions of (48a)—(48c)

X 2Y = (n<-N-k,+1).
However, from Lemma 6, X; < XS = fforn < —N, and we have

v _ v0 _

t,Xfl—Xn =p m<-N-k +1).

Therefore, for t > 2N + ky -1, n, X,t, does not change in time, which completes the
proof of Proposition 6. O

Because of the symmetry between U’ and V!, we immediately have the follow-
ing Corollary.

Corollary 2 Any state given by (48a)—(48¢), that satisfies 'n, US = 0 and the bound-
ary condition:

V'>0, and V'=a m>=N), V'=p (n<-N),

turns to be a stationary travelling wave state in finite time steps which moves to the
opposite direction with velocity one.

The condition Y, Ug = 0 corresponds to a congestion limit, and Corollary 2
means that the congestion wave propagates backward, that coincides with our
empirical understanding. We also note that, if we consider a cyclic boundary con-
dition with period N, then we can similarly prove that, in time steps less than
N, any state turns to be a forward going travelling wave state with velocity one
if Vn, Vr(z) =0, and a backward going travelling wave state with velocity one if
Y, Ufl) =0.

Figures 8 shows two examples of time evolution patterns. The Fibonacci type
solutions are obtained for the initial conditions given by step functions. For exam-
ple, if U° is given for k > 2 as
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Fig. 9 Relation between
FCA184 and other models.
When we restrict the values 0 / ____-—":7 RU|e 1 84 Ch
and 1, FCA184 becomes the 1 - o
rule 184 CA. The Burgers equa- ﬂ: s B
tion is obtained by continuous % ,"//' urgers eq.
limit aroung p’ = 0.5. The \\ et
ultradiscrete limit of FCA184 /)’\:/'
gives low and high density limit 0.5 '}" / \) ______ FC A1 84
of FCA184 i

/ N

I' S, .
é Ultradiscrete
0 FCA 184

\Value of p /

Uo:{Fk(nSO)

n 1 (n>1)° (56)

then, after k — 2 time steps, U’ converges to the travelling wave state with velocity
one as

F, m—t<k-2)
Froy(n—t=k-1)

vy =1 fi2 =1=0 57)
F, (n—1=0)
1 (m—t>1)

g
A triangle type solution also exhibits a travelling wave with velocity one. For a posi-

tive integer k (k > 2), it is given as

(k& m—t<—-k+1
k=1 (n—t=—k+2)

U =<1 n—t=0) (58)
2 n—-t=1)

kK (i—t>k—-1)

\

We can construct various kinds of exact solutions by mixing these solutions. It is
also fairly simple to solve an initial value problem of the ultradiscrete equations
(48a)—(48c¢).
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5 Concluding remarks

In this article, we investigated FCA184 as a mathematical model of traffic flow. It
includes the rule 184 ECA and the Burgers equation as special cases. We obtained all
the stationary solutions for the periodic boundary conditions and proved their stability.
An interesting feature of this model is that, when the number of total sites is even, the
fundamental diagram of stationary states is a two-dimensional domain and any point
in the domain denotes a stable state. We presume that this domain corresponds to the
synchronized modes of traffic flow. The bottle-neck effect was demonstrated by fixed
boundary conditions and we gave the condition of the boundary values for the exist-
ence of time independent solutions. The ultradiscrete limit of FCA184 was also dis-
cussed and proved that any state turns to a travelling wave state in finite time steps for
generic initial conditions. Extension of the FCA184 to more realistic models such as a
slow start model is one of the problems we wish to address in the future (Fig. 9).
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