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Abstract

To facilitate the numerical analysis of particle methods, we derive truncation error
estimates for the approximate operators in a generalized particle method. Here, a
generalized particle method is defined as a meshfree numerical method that typically
includes other conventional particle methods, such as smoothed particle hydrodynam-
ics or moving particle semi-implicit methods. A new regularity of discrete param-
eters is proposed via two new indicators based on the Voronoi decomposition of the
domain along with two hypotheses of reference weight functions. Then, truncation
error estimates are derived for an interpolant, approximate gradient operator, and
approximate Laplace operator in the generalized particle method. The convergence
rates for these estimates are determined based on the frequency with which they
appear in the regularity and hypotheses. Finally, the estimates are computed numeri-
cally, and the results are shown to be in good agreement with the theoretical results.

Keywords Generalized particle method - Truncation error estimate - Approximate
operator - Smoothed particle hydrodynamics method - Moving particle semi-
implicit method

Mathematics Subject Classification 65M12

1 Introduction

Particle methods, such as the smoothed particle hydrodynamics (SPH) [10, 18, 19]
and moving particle semi-implicit (MPS) methods [15, 16, 29], are numerical meth-
ods for solving partial differential equations that are based on points called particles
distributed in a domain. In such methods, an interpolant and several approximate
differential operators are defined in terms of linear combinations of weighted inter-
actions between neighboring particles. When such methods are applied to partial
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differential equations, the equations are effectively discretized in space. As the discre-
tization procedure does not require mesh generation in the domain, particle methods
can be applied to moving boundary problems, such as the deformation and destruc-
tion of structures [5, 22] and flow problems associated with free surfaces [21, 23].

The accuracy of particle methods has been widely researched. From an engineer-
ing perspective, many studies have been conducted into the convergence of such
methods in practical applications, such as Amicarelli [1, 2], Fulk [9], and Quinlan
et al. [25]. On the other hand, few studies in the literature have presented numerical
analyses of these methods from a mathematical perspective. In the 1980s, Mas-Gal-
lic and Raviart [20] and Raviart [26] provided error estimates for particle methods
when applied to parabolic and hyperbolic partial differential equations on unbounded
domains. In the 2000s, Ben Moussa and Via [4] and Ben Moussa [3] provided error
estimates of nonlinear conservation laws on bounded domains. In their work, the
time integrations of the particle positions and volumes were obtained by solving the
differential equations with respect to advection fields. However, as their method is
only applicable to problems described by solvable differential equations, it cannot
be used with other problems, such as those involving the Navier—Stokes equations.

Sometime later, Ishijima and Kimura [13] developed a truncation error estimate
for an approximate gradient operator in the MPS method. By introducing a regu-
larity for particle distributions based on an indicator called the equivolume parti-
tion radius, they determined the conditions that depend solely on the space distribu-
tions of the particles. However, a practical limitation is that the indicator cannot be
computed.

In previous works, we established truncation error estimates for an interpolant,
approximate gradient operator, and approximate Laplace operator of a generalized
particle method in which the particle volumes were given as Voronoi volumes [11,
12]. A generalized particle method is a numerical method that typically includes
conventional particle methods, such as the SPH and MPS methods. In previous
studies, we derived truncation error estimates by introducing a regularity using an
indicator known as the covering radius, which is used in the numerical analysis of
meshfree methods based on moving least-square methods and radial basis functions
[17, 27, 30]. Although the formulations and conditions in those works are comput-
able, they are difficult to deploy in practical computations as the computational costs
associated with particle volumes based on Voronoi decomposition are high.

The focus of the current work was to analyze particle methods under more practi-
cal conditions by extending our results to cases with commonly used particle vol-
umes. We also introduce another indicator of particle volumes, which we refer to
as a Voronoi deviation, that represents the deviation between particle volumes and
Voronoi volumes. Then, utilizing the Voronoi deviation, we extend the regularity
and introduce two hypotheses of reference weight functions. Using the regularity
and hypotheses, we derive truncation error estimates of the interpolant, approximate
gradient operator, and approximate gradient operator of the generalized particle
method. Finally, we numerically analyze our estimates and compare the results to
those from the theory.

The remainder of this paper is organized as follows. The interpolant and approxi-
mate operators of the generalized particle method are introduced in Sect. 2. A
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regularity describing the family of discrete parameters is discussed in Sect. 3, after
which we propose our primary theorem with respect to the truncation error esti-
mates and provide some corollaries. Then, the primary theorem is proven in Sect. 4,
numerical results are detailed in Sect. 5, and some concluding remarks are outlined
in Sect. 6.

In the remainder of this section, we describe some notation and define some rel-
evant function spaces. Let R, [R{(‘;, and N, be the set of positive real numbers, the
set of nonnegative real numbers, and the set of nonnegative integers, respectively.
Let d be the dimension of a space. Let A¢ be the set of all d-dimensional multi-
indices. For x = (x;,X,,...,x,)T € R? and @ = (a;, &y, ..., a,)T € A%, x* is defined
as x* = x,'x;* -+ x,". If there is no ambiguity, the symbol | - | is used to denote the
following: Ix| denotes the Euclidean norm for x € R4: |S| denotes the volume of S for
S C R? |a| denotes |a| 1= a; + a, + -+ + a, for @ € A?. For S c R?, let diam(S) be
diam(S) :=sup {|x —y|;x,y € S}. For § C R?, let C(S) be the space of real continu-

ous functions defined in S with the norm || - || o) defined as

||V||C(§) = mea§X |V(.X)|
x

For Sc R%and ¢ € N, let C* (3) be the space of functions in C(E) with derivatives

up to the Zth order with its seminorm | - | o) and norm || - || 5 defined as
Ve = pemax 1DVl )
Vller ) $=max Vlois)
respectively. Here D*v :=9{"05? ... d)"v with multi-index a = (a;, @, ... , a,).

2 Approximate operators in a generalized particle method

Let £ be a bounded domain in R?. Let H be a fixed positive number. For £ and H,
we define extended domain £2 as

Qy = {x € Rd|EIy EQ st |x—y| < H}.
For N € N, we define a particle distribution X, and particle volume set Vy, as
Xy i={x€Qui=12,...N, x;#xG#)}

N
VN:Z VieR"';i:l,z,...,N, ZVz=|QH| ’
i=1

respectively. We refer to x; € Xy and V; € Vy as a particle and particle volume,
respectively. An example of the particle distribution X, in 2, (C R?) is shown in
Fig. 1.

We define an admissible reference weight function set JV as
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Fig. 1 Particle distribution X R2
in Q, (C R?) Qy R*

W= {w (S C(IR:)“); supp (w) = [0, 1], / w(|x])dx = 1, absolutely continuous },
R4

we refer to w € W as a reference weight function, and we define the influence radius
hy € R as satisfying 0 < hy < H and hyy — 0 (N — oo). If there is no ambiguity, we
denote &, as h. For reference weight function w and influence radius /, we define the
weight function w;, € C(R}) as

r

wy(r) 1= LW<—) 1
h - hd h . ( )
Note that the weight function w, satisfies
supp (w;,) = [0, A], / wy,(|x])dx = 1,
Rd
and is absolutely continuous.

Forv e C(EH), we define interpolant I1,, approximate gradient operator V,,, and
approximate Laplace operator 4, as

Iy(x) 1= Z Vive)wy(|x; — x|), 2)
i€ Ag(x,h)
v(x;) —v(x) x; —x
\% = d V. i s
w0 = d 2 VT Ty @
Av(x) 1=2d Z Vi%wh(l)@ —x)), 4)

i€A(x,h)

respectively. Here, for x € R and r € R* U {0}, Ay(x, r) and A(x, r) are index sets
of particles defined as

Ao, r) 1= {i
Alx,r) 1=4i

LL2,...,N;0 <L |[x—x;| < r},
1,2, N;0 < |x—x;| <r},

bl
s

respectively.
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As discussed later in Appendix 1, the approximate operators (2), (3), and (4)
indicate a wider class of approximate operators of particle methods than those in
the SPH and MPS methods. Therefore, we refer to the approximate operators (2),
(3), and (4) as generalized approximate operators and to a particle method that
uses them as a generalized particle method.

3 Truncation error estimates of approximate operators

We first introduce a regularity of discrete parameters. Let {o;} be the Voronoi
decomposition of £2, associated with the particle distribution Xy, where o; is the
Voronoi region defined as

o, = {x €yl — x| <|x—x|. V5, € Xy (G#D}, i=12...N.

We define a particle volume decomposition = = {&;} as a decomposition of £y
satisfying

N
lEl=V. J&=Qui=12...N). &n&=03#)).
i=1

An example of the Voronoi decomposition of £2,; associated with the particle distri-
bution &), is shown in Fig. 2. We define a covering radius ry, for particle distribution
Xy as
ry i=_ max sup|x; —x|.
N, NXE,E b = 5)
Moreover, we define a Voronoi deviation dy, for the particle distribution &), and the
particle volume set Vy as

dy :=infd

[

—
[83]=1

(6)

with

Fig.2 Example of the Voronoi
decomposition of €2, associated
with the particle distribution X,

@ Springer



570 Y. Imoto

Then, we define a regularity for a family consisting of a particle distribution X,
particle volume set Vy, and influence radius / as follows:

Definition 1 A family {(X},, Vy, hy)}y_o i said to be regular with order m (m > 1)
if there exists a positive constant ¢, such that

hy = co(ry +dy), VN €N. @)

Remark 1 As shown in Fig. 3, the covering radius r, becomes large in the case of
a particle distribution with both dense and sparse regions. Therefore, the covering
radius ry can be considered as an indicator representing the uniformness of particle
distribution &),

Remark 2 A Voronoi deviation d, equals zero if and only if the particle volumes
are given as the Voronoi volume (V; = |o;|). Moreover, the Voronoi deviation dy
becomes large if the particle volumes are given as values far from the Voronoi vol-
umes. Therefore, the Voronoi deviation dy can be regarded as an indicator of the
deviation between the particle volume set and the Voronoi volume set.

Remark 3 For a given family {(Xy, Vy, hy)}voo and given constant m (m > 1), it
is possible to determine whether or not the family is regular with order m as the
covering radius r, and Voronoi deviation d, are absolutely computable, as shown in
Appendix 2.

Next, we introduce two hypotheses of reference weight function w:

Fig.3 Two examples of covering radii ry for particle distributions with same number of particles. The
covering radius ry, for the uniform particle distribution (left) is smaller than that for the non-uniform par-
ticle distribution (right)
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Hypothesis 1 For n € N, the reference weight function w satisfies for all & € A4
with1 < |a| < n,

/ x*w(]x|)dx = 0.
R4

Hypothesis 2 For k € N, the reference weight function w satisfies

max{ sup W D), sup |(w(k))’(r)|} < 00,
re(0,1) re(0,1)

where for j € Ny, w(r) : (0, 0) — R is defined as

w(s
(i)( ) llr(r)l T’ r=0
wV(@r) =47 8)
M, r>0
1z

and (W®Y is dw® /dr.

Remark 4 All reference functions w € W satisfy Hypothesis 1 with n = 1. Moreo-
ver, for all n € Nand k € N, reference weight functions satisfying Hypothesis 1 with
n and Hypothesis 2 with k can be constructed as shown in Appendix 3.

We now state a theorem that defines truncation error estimates of approximate
operators in the generalized particle method with a continuous norm:

Theorem 3 Suppose that a family {(Xy,Vy,hy)}voe iS regular with order
m(m > 1) and that reference weight function w satisfies Hypothesis 1 with n. Then,
there exists a positive constant ¢ independent of N such that

lv= Tl e < ch™™ " vl g, v E C™(@2p), ©)
In addition, if w € W satisfies Hypothesis 2 with k = 0, then we have

Vv = Virlle@ < ch™™ " vl g,y v € CT2(@2p), (10)
and if w € W satisfies Hypothesis 2 with k = 1, then we have

[|av - Ahv||c(5) < chmi“{m_z’"“}||v||C”+3(5H), = C"+3(§H). an

The proof of Theorem 3 is presented in the next section. As shown in the
corollaries in Appendix 1, the approximate operators commonly used in the SPH
and MPS methods are valid for Theorem 3 under appropriate settings.
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4 Proof of truncation error estimates

The following notation will be used in the subsequent proof of Theorem 3. Here-
after, let ¢ be a generic positive constant independent of N (allowed dependence
on the fixed positive parameter H). For « € A4, set I, as

I,(x) = Z Vi(xi_x)awh(l-xi_x|)_/ Ywy(lyDdy, XE Q.
Rd

i€ Ay(x.h)

Fora € Aland ¢ € N, set I, , as

I, (x) = 2 Viuwh(lxi_xl)_/ > wy(lyDdy, XEQ.
R4

i€A(x,h) Ixi _x|f |y|f
ForZ € N, set J, as

J,(x) = Z Vilxi—x|f|wh(|xi—x|)|, x € Q.

i€Ay(x,h)

We now present the following lemma.

Lemma 1 Suppose that w € VW satisfies Hypothesis 1 with n. Then, there exists a
positive constant ¢ independent of N such that

”V_ Hhv”c@)

< C( Z ”Ia”c@) + [T ||C(§)>”V”cn+l(§,,)’ (12)

0<|a|<n

ve (@),

”V" - th”c@)

< c< Z ”Ia,znc@) + ||Jn+1||C(§)>||V||Cn+z(5H), (13)

2<|a|<n+2

ve Q).

”AV - Ahv”c@)

< C< Z ||Ia,2||C(5) + [ ||C(5)>”V”cn+3(§,,)’ (14)

I<|a|<n+3

ve C(@Q,).

Proof First, we prove (12). We fix x € Q. Then, let B(x, r) be the open ball in R?
with center x and radius r, i.e.,
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B(x,r) := {y eR%|ly—x| < r}.
From h < H, we have B(x,h) C £,. Then, for all v e C/*'(2,)(# € N) and
X; € B(x, h), we obtain the Taylor expansion of v as
D*v(x) a .
v(xi) = z —'(xl- — x) + Z (xi - x) Ra(-xi9 x)a
0<|a|<# : la|=£+1
al . (15)
a
R, (x;,x) := _'/ (1 = "=ID%(ex + (1 — )x,)dt.
al 0
From (2) and (15) with £ = n, we have
D*v(x) .
IIv(x) = Z ' Z V.(x; — x)%w,(|x; — x])
0<|a|<n : i€A,(x,h)
+ 2 2 R, (x;, x)Vi(x; — )" wy,(|x; — x]).
|a|=n+1i€Ay(x,h)
Moreover, by Hypothesis 1, we have
D%*v(x)
M) —ve) = ) 1,0
0<|a|<n (16)
+ Z Z R, (x;, X))V, (x; — x)*w,,(Ix; — x]).
|a|=n+1i€Ay(x,h)
Because
1 J—
IR0, 9| < = Vloug,, YEL z€BOM, ae Al (17)
we have
R, (x;, x)Vi(x; — x)*w,(|x; — x])
la=n+1 i€ Ag(x.h) (18)
< C|Jn+l(x)| |vlcn+l(§H)-
Moreover, we have
D*v(x)
—— 10| < el > L) (19)
0<|a|<n 0<|a|<n

Therefore, from (16), (18), and (19), we obtain (12).
Next, we prove (13). From (3) and (15) with £ = n + 1, we have
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D* x)(x;
V() = d Z v(x) Z #2) w,(Jx; — x])
1<|a|<n+1 ! i€ A(x,h) I
x: —x)(x; — x)*
+d Y ) Ra(x,.,x)v,.wwh(m —x|).
la|=n+2 i€ A(x.h) lx; — x|
Because for § € A¢ with || = 2,
B
y 1, all elements of f are even,
wa |y |2wh(|y|) y= { 0, otherwise, (20)
we have
D"v X
( )/ B Izwh(l}’Ddy = Vv(x). 1)
|a| 1
Hypothesis 1 with n yields
/ |y|2wh(|y|)dy 0 ae A with2 < |a| <n+ 1. (22)

From (21) and (22), we have

D(X
V- =-d 3 20 [ Do,
1<]a|<n+1
+d 2 b V(x) Z —x)(x - )w;,(lx,-—xl)
1<|a|<n+1 ! i€ A(x,h) |

+d Y Y Rxx >V% wy(lx; = x)).

|a|=n+2 i€ A(x,h)

(23)
From (17), we have
Z R, (x;, x)V%whﬂxi—xD
|| =n+2 i€ ACx ) |x; — x| (24)
< Cl +1(x)||V|Cn+2(Q )
Moreover, we have
(x; —0)(x; —
y GG =) / 2 vy
I<[al<n+1 |i€ACeh) b — ]2 Iyl 25)
<c Y LWl
2<|a|<n+2

Therefore, from (23), (24), and (25), we obtain (13).
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Finally, we prove (14). From (4) and (15) with # = n + 2, we have

Ayv(x) =2d Z b Z V<Mwh(|xi—x|)

L _ 2
PR L v N R

+24 Y Y R, x)vﬂwh(m—xp.

: |x; — x|2
|a|=n+3 i€ A(x,h)

From (20), we have

D%v(x @
O [ 2 vy = Av(),
Re [Vl

2d

]
.«

Hypothesis 1 with n yields

o
/ |%wh(lyl)dy =0, aecA? with || =1o0r3<|a| <n+2.
Re |Y

Therefore, we have

D* v(x)

A
W) — a0 =2d Y a2
1<|a|<n+2
S (26)
+2d ) Y R0V, —2wh(|xi — x]).
|a|=n+3 i€ A(x,h) | |
From (17), we have
(o — x)”
Z R, (x;,x)V; —zwh(lxi —x|)
lal=n+3 i€ AGxh) x; — x| (27)
< Cl +1(x)||V|Cn+3(Q )
Moreover, we have
D%v(x)
)| SclVllcng D, Maa)]- (28)
1<|a|<n+2 : 1<|a|<n+2
Therefore, from (26), (27), and (28), we obtain (14).
Next, we show estimates of 1., I, ,, and J,.
Lemma 2 There exists a positive constant ¢ independent of N such that
ry\d [ ry+d
||Ia||c(§)§c<1+2%> (Nh N), a e Al (29)
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Proof We arbitrarily fix x € 5, a € A4, and particle volume decomposition
E={§|i=1,2,...,N}and split I, into

1,(x) = E{(x) + E;(x) + E5(x)
with

E\(x) := Z Vix; = 0)*w,(Ix; — x|)

i€ Ag(x.h)

N N
=2 2 |on & @ = 0w = x),

i=1 j=1

N N
B0 = 3 Xy =0 [t =) = wylly = D),
i=1 j=1 ;N

N N

B = Y Y=o [ wdy=xbiy= [ s
. i o.NE R4

i=1 j=1 JjHe

Then, we estimate E|, E,, and E;.
First, we estimate E,. Because

N
Z’gjngi‘:vi, i=1,2,...,N, (30)
J=1

we can rewrite E| as

N N
Ey= 0 3 Joyn & = 07wl = xD) = wy (b = x)).

i=1 j=1

From
(v —x)%] < diam(2,)1, y e @y, (31)
we obtain
N
B\ < e X X oy 0 &Il = x) = w1, = xDI. (32)
i=1 j=1
From
lwy(ly = x) = wy(lz = x| =0, Vy,z € RI\B(, h),
we have
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) = wy(lx; = xD)

N
2 ’O'j n §i||wh(|x,- —-X

Mz

1 j=1

N
< Y X |oy 0|t —xh = widlx - 2D
i€Ay(x.h) j=1
N (33)
+Y Y |eng|wata = b = widlx = xDI
i=1 jeAy(xh)
N
Y 2leing]+ o napimtin —x - w(x - xDl
ieAy(xh) j=1
Because wy, is absolutely continuous, we have
[widly = x1) = wi Iz = x|
1
(v-9-G —x)}/ wi(ely = x| + (1 = )]z = x)dr
0
(34)

1
< |y—z|/ W1y — x| + (1= )z — x]dr
0

h
<h=dl [ ol

< hd+1 /| (r)|dr

for all y, z € R?. Here, w’ and w’ are dw/dr and dw, /dr, respectively. Moreover, we
(35)

have
d
Z lo;| < |B(x, 1)|(r+rN) , VreR?
i€Ay(x,r)

From (33), (34), and (35), we have
N N
2 2 Jo 0 &Il = 2 = wyClg = )

S % (el el
(36)

i=1 j=1

= dn
h i€Ay(xh) j=1
6.NE | + ‘ neé |
c |
< Jd+1 2 lol 2 i = x;
i€ Ay (x,h) Jj=1
ds rv\4ds=
<c— Z |O'<|SC<1+—N> —=.
Jd+1 t h h
i€ Ag(x.h)
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Therefore, from (32) and (36), we obtain

dd

|E,()| < c<1 + %N) =,

Next, we estimate E,. Because supp (w;,) = [0, #] and 6, C B(xj, ry), we have

/ (13, = 21) = wyly = xDldy = 0,
0N

s (37)
i=1,2,...,N, j& Ag(x, h + 1y).
From (37), we have
/ 1, = 1) = wyly = xDdy
i= 1] 1
N
=) / wa(lx; = xI) = w,(ly — xDldy
i=1 jeAy(xhtry) Y OiNE;
= 3 [ by =ab=wdy=abiey
JEA (X, h+ry)
Moreover, from (34) and (35), we have
C
/ it =) = willy = DIy < i 3 [ =iy
,_1 j=1 JEA (X htry) L O
I'n
< Chd+1 Z |1
JEAGx+ry)
rv\9ry
< 1+2—> —.
= C( n) n
(38)

Therefore, from (31) and (38), we obtain

N N
B0l < 3 3165 =07] | g =) = wycly =]y
o;Ng;

i=1 j=1
N

SCZZ/‘%

i=1 j=1

rv\9Ty
+2—) iy
C( h) h

Finally, we estimate E5. Because

wy(lx; = x1) = wy(ly = x| dy

I\

/ Ve (yDdy = / (v = 2 wy(ly = x))dy.
R Q
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we can rewrite E; as

N N
Ew=-Y7 [ 1650 =0y —
oiNG;

i=1 j=1

Because E; = 0 when |a| = 0, we estimate when |a| > 1. Let f, (k = 1,2, ..., |a|) be
d-dimensional multi-indices with satisfying

la|

Y h=a |Bl=1k=12 ..l
k=1

Then, we have, for all y, z € R,

|ya _ Zal < ya_ﬂlzﬂ] — Za

ya — ya—ﬁl Zﬁl ‘ +

<ly—zlyl™" +

yaP _ gah | Izl

<y =2llyl"= 1y = 2l 2 e + [y A — 2 g

(39)
al
<ly=zl ) Iyl |z
k=1
From (31) and (39), we obtain
N N
B0 Y [ 1007 = 0= 0l - iy
i=1 j=1 Jo;n¢;
N (40)
<e X [ b= albndy =i
i=1 j=1Jon&
By supp (w,,) = [0, 2] and 6; C B(x;, ry), if j & A(x, h + ry), then
[ b=slbndy=xhiy=0. i=1.2... (1)
6,-(‘16,-
Moreover, fromw € W C C(IR(J;), we have
1 ly — x| 1
[w,(ly —xD| = i W< 7 < ﬁIIW”aRp’ Vy € Q. (42)

From (35), (41), and (42), we have
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N

X[ bl - abiay
i Ujﬂf,-

i=1 j=1

DD / Iy = x| wy(ly — xD)dy
o;Ng;

i=1 jeAy(x,h+ry)
N
c
Sh—dZ Z / ly — x;|dy
i=1 jeAg(xhtry) ¥ ON&:
N
c
SvDIDY (Iy = x| + by = x;Ddy
i=1 jeAy(xhtry) ¥ oiN&:
N
c
<5(n B o+ 3 Fnsls-u)
JEA (X h+ry) JEAY(xh+ry) i=1

€Ag(xX,h+ry)

N . . . ,
S}%( ) "’JD v > J‘ ’ — g x;

d
< c(l + 2%’) (ry +dz).
43)
Therefore, from (40), (43), and 7 < H, we obtain

d
|E;(0)] < c(l + z%) (ry +d=)

ry\¢ry +dz
< 1+2—> _—
—C( h h

From the estimates of E|, E,, and E;, we obtain

dry +dz

|42
Mol < c(1+270) 2=
Because = is arbitrary, we establish (29).

Lemma 3 Suppose that a reference weight function w satisfies Hypothesis 2 with k.
Then, there exists a positive constant ¢ independent of N such that for all « € A?
and? e Nwithl < ¢ —k < |a|,

'y drN + dN
Mool cmy < C<1 + 27> T (44)

Proof We arbitrarily fix xe& Q, aeAd particle volume decomposition
E={§1i=1,2,...,N},andZ € Nwith1 <7 — k < |a|and split /, , into

I, ,(x) = Ey(x) + Es(x) + Eg(x)
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with
. (x; —x)
E,(x) := V; fwh(lx, x|)
ieAGh) x; — x|
(x; —x)* Wh(lxj - x|)
B Z 2 |6/'n§"||x —x|* |x = x|k
i€EA(x,00) jEA(x,00) i J
(x; —x)* Wh(lxj - x|)
. : |x; = x|¢* |x; — x|
i€A(x,00) jEA(x,00) i J
N
(x; —x)* wy(ly = xI)
- Z Z =k P
i€A(x,00) j=1 x; — x| o;Ng; ly — x|

& (=" wi(ly = x))
Ew) = Y Y — _/5’1 dy
0jN6;

i€A(r0) j=1 |x; — x|7* ly —x|*

ya
- / > wi(lyDdy.
re Y]’

Then, we estimate E,, E5, and Eq.
First, we estimate E, and set w® as (8) and wg‘) as

(k) w® +
() : hd+k (7). rem.

Then, from (30), we can rewrite E, as

Em= Y, 2| n§| 2T 101, — ) — w(l —xD).
i€A(x,00) j=1 | |
Because
x; —x)*
& ;_ < P = 2] < diam(Qy)! 1, i€ A(x00),  (45)
|x; — x|
we obtain

N N
|[Esx)| < ¢ 2 Z |aj n éfinzk)(Ixi —x|) - w;k)(lxj —x|)|.

i=1 j=1
From supp (w;k)) = [0, h], we have
wO(x; —x) =Wy, —x) =0, i.j & AQx,h).

Thus, we obtain
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N
E,0] < c( 2 2 |o 0| — ) = i - x|

ieA(x,h) j=1
N (46)
k k
+ Y (aj N éinﬁ,)(lxi —x) = wi(lx; —XI)|>
i=1 jeAh)

Using an argument similar to (34), if w satisfies Hypothesis 2 with k, then for all
y,z € RY,

i (ly = x) = w (12 = x| < hd+k+1' / |y ()|ar. @7)

From (46) and (47), we obtain

N
B < i Y 2 (Joing|+ o ng] -]

i€A(x,h) j=1

< 3 g

i€A(x,h) Jj=1
d d_
<C<1+ h> Bl

Next, we estimate Es. By using wﬁlk), we can rewrite Es as

N a
Bo= Y Yo | (= -y = Jav

i€A(x,00) j=1 ! s

am:|+| m§||

From (45), we obtain

|Es)] < e Z Z/

llj—

= x0) = wi Iy — x|y

<C

w1y = x) = wil Iy = x| dy.

By supp (wzk)) = [0, k] and 0; C B(xj, ry), we have

/

From (47) and (48), we obtain

Wiy —x) = wi(y = x|dy = 0, j & ACeh+ry). 48)
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Ewl<e Y / [ = ) = iy = [y

JEA (X h+ry)

vt / = v|ay
]EAO(xh+rN)

c N (o3
—  hd+k+l J
JEA (X h+ry)

w9 Ty

Finally, we estimate E4. Using w;k), we can rewrite Eg as

N
(=0 G-\
Ew= ¥ ¥/ { T e (M (= by
ieA(x,00) j=1 4 0;N&; |xi_x| |y_x|
N N
-2 / =90y — iy,
i=1 j=1 Jon& @) ly — x]

where &7(x) is

W= { A

otherwize .

Fora € A4, let ﬁj (G=1,2,...,|a|) be d-dimensional multi-indices satisfying

a|

|l =1 and Zﬂjza,

Let ﬁj* (G=0,1,...,|a|) be d-dimensional multi-indices defined as
0, j=0,

J
D b i=12,...lal
=1

For all y, z € R?\ {0}, when |a| = £ — k, we have
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‘—k-1

‘Bla\ ‘Bla\—J ]Z r+|

‘fZ y

3 K] P4 A Y e i T A

k—
Jj=0
£—k—1

IyI" ko IZIK -k

yﬂlzlszﬂj* — yﬂralfjflzﬂjil
Iyl =zl

ﬂ\al —j-

=0
f—k-
+ 215

J=

! 1z /+l yﬂ\tt\—/ lzﬁr:-l

DIl [yl kT [

ly — I
|yl

Moreover, from (39) and (49), when |a| > ¢ — k, we have

a

y* yﬂ lal—¢-+% Zﬂ;—k
[y[“* |z|7=*
yﬁ\*akm Pk &

7|7k |z|¢-k

Z
[yl7=%  |z|7=F

+

Yes Pe
EEEREG
<22 - b)ly — 2] |y|le=rH!

la|—£+k—1

i —+k—1-j
+ly—z Y, Iyllelr
j=0

< |y||a|—f+k |yﬁ|a\ ok — Zﬂ“" £k

Therefore, when |a| > £ — k, we have for all y € 2, \{x}and i € A(x, ),

ly —xl
ly — x|

& =" -0
lx; = x[=% |y — x|k

From (50), we obtain

algil (x; — x)° -
o<y Y [ | {2y - xbfay
DD e e
N N
y—x)* (k)
+ / ————w, " (ly — x)dy
;; anere [y —x|77* i
N N

k+1
<e X X [ r-nl - shfey
j oiNg;

N N .
+ZZ/6 Yy~ x|,

NE () ly — x|7=* i
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Because |a| > £ — k, we have

xa
/ LI 0y — xiydy
,1]1 o;NE (x) |y )Cl

zljl/‘fn‘f(x)

N

k
SCZZ/ Ly =l Ly = x| -
=1 J g

i=1 j=1

k+1
mperaiars (MG

Therefore, we have

N N
Bl <c Y, Y, / Ly =l =D
0jNG;

i=1 j=1

Because for all y € 2,

(k+1) _
e -

w1y — ] 1 (k+1)
" < h S g IV ey,

by the same procedure as (43), we have

dy +d’:
/ ly — x; ||w(k+l)(|y x|)|dy < c(l + 2 7 ) Nth —.

N N

i= 1 j=1
Therefore, we obtain

dry +dz
k]

|Eg()] < c(l +2%N)

From the estimates of E,, E5, and E4, we obtain

dry +dz
Moo < (14257 ) 5

Because = is arbitrary, we establish (44).

Lemma 4 There exists a positive constant ¢ independent of N such that

dry+d
||Jf||c@)Sc{(1+2%V) VNZ N+hf}, £eN, 51)

Proof We arbitrarily fix xe& Q and particle volume decomposition
Z=1{¢,|i=1,2,...,N}, and split J, into

J,(x) = E;(x) + Eg(x) + Eg(x) + E o (x)
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with

N N
Ex@) 1= 0,00 = 2 X |y 0 &b =21 Iwi ;= 2D,
i=1 j=1
N

N
Ey) 1= 22|x,—x|f/ {Iw(l; = xDI = Iy = xDI by,

i=1 j=1

B = X % [ b=l =y =t Vo = abidy
o;NE;

i=1 j=1

~.

Epo®) = / 1y = 317 1wy (ly - xDldy.
R

Then, we estimate E,, Eq, Ey, and E|,.
From (30), we can rewrite E; as

Ey(x) = Z 2 o 0 &b = 1 {wiChe, = xDI = Twi (o = 2D
=1 j=
For all y € 2, we have
ly —x|” < diam(£2;,)". (52)
From (36) and (52), we obtain

N N
B, < 3 D% o 0 &b = 1 il = xDI = Twi (o = x|

i=1 j=1

IA
o
.MZ

| 0 & l1wi s = D1 = (L, = xDI]

IA
e
M= 1=

Il
—
~
1l
—

08 [, =) =yl — x|

dd,
) T

From (38) and (52), we obtain

IA
o
/
—_
+
=|=
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N N
Bl < 3 S I, -1 / [IwaCl; = 2D = Iy (ly = 2Dl |dy
o,NE;

i=1 j=1 s

N N
SCZZ/ [y = DI = Iy = x| dy
i=1 j=1
N N
<e 2 / Wby = x0) = wy(ly = xD)|dy
i=1 j=1 Jon&
rv\9Ty
<c(1 2—) v
<c(1+224) 2

For all x; € Xy and y € 2, we have

14
Ix; = xl” = ly=x|"| = |G; =0 = G = 0] Y (x; =0y —x)"F
| =] ) -

< £ diam(Q,) "'y — x|

From (43), (53), and h < H, we obtain

N N
B XY [l =1 =y =t llwydly - DIy
o;N;

i=1 j=1

N N
SCZZ/ [y =l by = x]ldy
i=1 j=1 7 oj0s
sc(1+27’v) (ry +ds)
dry +dsz
<c(1 Z_N) N _
<c(1+22) 2

From (1), we obtain

Iy (0] < / I Iy DIdy = i / Y17 wlyDIdy.
Rd

R4

From the estimates of E,, Eg, Ey, and E,, we obtain

d d=
Il <cd (1422) v rds el
@ h h

Because = is arbitrary, we establish (51).
Using the lemmas defined above, we now prove Theorem 3.

Proof of Theorem 3 By Lemmas 1, 2, and 4, we have for all v € C"*! (5,,)
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d
ry \ Ty +dy Y
”V_Hh"”c@) < c{ <1 +2hN> Iy +hN+l}||V||Cn+1(5H)- (54)

Moreover, by Lemmas 1, 3, and 4, when w satisfies Hypothesis 2 with k = 0, we
have for all v € C"*2(2y,)

d
v\ ry +dy "
”VV - th”C(ﬁ) S C{ <1 + 2%) hN + hN+1 } ”v”C"*Z(EH)’ (55)

and when w satisfies Hypothesis 2 with k = 1 for all v € C”+3(§H),

d
ry \ Iy +dy Y
[[4v = 4[| < C{ (1 + 2%) e + ! } IVl s,y (56)
N

Because the family {(Xy, Vy,hy)}nv_o 1S regular, by applying (7) to (54), (55),
and (56), we obtain (9), (10), and (11), respectively. We now conclude the proof of
Theorem 3.

5 Numerical results

Set 2 = (0,1)? and H = 0.1. Then, 2, = (=0.1, 1.1)>. We now compute the trunca-
tion errors of v : €25 — R, which are defined as v(x,y) = sin(2z(x + y)). Particle dis-
tribution X is set as

X, = { ((i + ), G+ ni(J.z))Ax) €Qyije Z},

where Ax is taken by 273,276, ... 2712 and ’1,-(J-k) (i,j € Z,k = 1,2) are random num-
bers satisfying |;1i(;‘)| < 1/4. Particle distribution X), with Ax =277 is shown in
Fig. 4. Particle volume set Vy, is defined as

Fig.4 Particle distribution Xy
with Ax = 275 (N = 1,521). The
gray area represents £2
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., 1uly.
Vy = {v,._ T’z_ 1,2,...,N .

For m = 1,3, 5, the influence radius Ay, is set as
hy = 2.6 X 25/m=5 Axl/m,

Note that if Ax =275, then h=2.6x2> for all m. Using the discrete param-
eters above, the covering radius ry satisfies ry < \/5(1 + 1/4)Ax/2. Moreover,
the Voronoi deviation dy satisfies dy < 64(1 + \/E)Ax/ 7. Therefore, the family
{(Xy., Vy, hy)} is regular with order m.

For the interpolant, we consider the following three cases of reference weight
functions:

I  w(r) :=§{ I=r0<r<l,
T

0, 1<,
1 — 62+ 673, OSr<%,
.40
(2) - w(r) 2= 229 21 - 3, %$r<l,
0, 1<,
__§ (1-rN2-3r,0<r<1,
(I13) w(r).—”{o, 1 <r

(IT1) is the lowest-order polynomial function belonging to V. (I12) is the cubic
B-spline commonly used in the SPH method and belonging to W. (I13) is the low-
est-order polynomial function belonging to WV that satisfies Hypothesis 1 with n = 3.

For the approximate gradient operator, we consider the following three cases of
reference weight functions:

_6)r(1-n, 0=<r<l,
(V1) w(r).—ﬂ{o’ 1<r

6r2 — 953, 0$r<%,

40
(V2) W) 2= =29 301 — 2, %§r<1,
0, 1<r,
15 rA=-nNG-7n),0<r<1,
(V3) W(r)'_Z{O, 1<r

(V1) is the lowest-order polynomial function belonging to WV that satisfies Hypoth-
esis 2 with kK = 0. (V2) is chosen so that the approximate gradient operator (3) with
(V2) coincides with that in the SPH method with the cubic B-spline (see Appen-
dix 1). (V3) is the lowest-order polynomial function belonging to WV that satisfies
Hypothesis 1 with n = 3 and Hypothesis 2 with k = 0.

For the approximate Laplace operator, we consider the following three cases of
reference weight functions:

@ Springer



590

Y. Imoto

.10 rPl-r), 0<r<l,
(A1) w(r).—;{o, l<r
612 — 953, OSr<l,
Ao .40 | 2
(A2) w(r)._% 3r(l —r)?, §§r<1,
0, 1<,
30 r1-r3B—-4r,0<r<1,
(a3) W(’)"?{o, 1<r

(A1) is the lowest-order polynomial function belonging to WV that satisfies Hypoth-
esis 2 with k = 1. (A2) is chosen so that approximate Laplace operator (4) with (A2)
coincides with that in the SPH method with the cubic B-spline (see Appendix 1).
(A3) is the lowest-order polynomial function belonging to WV that satisfies Hypoth-
esis 1 with n = 3 and Hypothesis 2 with k = 1.

The above settings were used in the computation of the following relative errors

Vv =Vl 14V = 4[| s

“AV“C(E)

”V - Hh"”fw(.o)

s bl

Vil e Vil e
() (@)

Here, the discrete norm ||-|[ s« g, is defined as

Vil sy = ig&é) [v(x)I.

Figure 5 shows graphs of the relative errors of (a) interpolant II,, (b) approximate
gradient operator V,, and (c) approximate Laplace operator 4, versus the influ-
ence radius /sy with regular orders m = 1, 3,5. In Fig. 5, the slopes of the triangles
show the theoretical convergence rates obtained via Theorem 3. Table 1 lists the
numerical and theoretical convergence rates obtained from the cases of Ax = 27!!
and 27'2, where the theoretical convergence rates correspond to Theorem 3. In the
case of m = 1, as the settings could not be applied to Theorem 3, only numerical
results without convergence were obtained. In contrast, the settings in cases m = 3
and 5 could be applied Theorem 3; thus, the numerical results with convergence
were obtained. Moreover, the approximate operators with reference weight functions
satisfying Hypothesis 1 with n = 3 became higher convergence orders in the cases
where m = 5 as per Theorem 3.

6 Conclusions

We analyzed truncation errors in a generalized particle method, which is a wider
class of particle methods that includes commonly used methods such as the SPH
and MPS methods. In our analysis, we introduced two indicators: the first was the
covering radius, which represents the maximum radius of the Voronoi region asso-
ciated with the particle distribution, while the second was the Voronoi deviation,
which indicates the deviation between particle volumes and Voronoi volumes. With
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Fig.5 Graphs of the relative errors of a the interpolant, b approximate gradient operator, and ¢ approxi-
mate Laplace operator versus the influence radius with regular orders m = 1, 3,5

the covering radius and Voronoi deviation, we introduced a regularity of a family of
discrete parameters, which includes the particle distribution, particle volume set, and
influence radius associated with the number of particles. Moreover, we introduced
two hypotheses of reference weight functions. With the regularity and hypotheses
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Table 1 Numerical and

. m=1 m=3 m=235
theoretical convergence rates
of (a) the interpolant, (b) Numer. Theor. Numer. Theor. Numer. Theor.
approximate gradient operator,
and (c) approximate Laplace (a) Interpolant
operator with regular orders (I) —0.10 N/A 2.02 2 2.00
m = 1,3,5. The numerical ) w005 N/A 213 9 201
convergence rates were obtained
for the cases of Ax = 27! and 13 0.00 N/A 4.20 2 7.41
2712 (b) Gradient
V1) —0.05 N/A 2.11 2 2.02
(V2) —0.02 N/A 2.08 2 2.03
(V3) —0.06 N/A 3.56 2 7.69
(c) Laplacian
ADn -—1.14 N/A 291 1 2.05
(A2) —1.09 N/A 2.39 1 2.23
(A3) - 1.02 N/A 2.76 1 7.50 3

of reference weight functions, we established truncation error estimates for the con-
tinuous norm. The convergence rates are dependent on the regular order and order of
the reference weight functions appearing in a hypothesis. Moreover, as it was possi-
ble to validate the conditions by calculation, we showed the numerical convergence
orders were in good agreement with the theoretical ones.

In a forthcoming paper, we plan to establish error estimates of the generalized
particle method for the Poisson and heat equations.
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like to thank Drs. Daisuke Tagami and Hayato Waki for their helpful comments over the course of this
work. This research was supported by JSPS KAKENHI Grant number 17K17585 and the JSPS A3 Fore-
sight Program.

Appendix 1: Description of conventional particle methods
by the generalized particle method

This appendix provides a description of conventional particle methods, such as the
smoothed particle hydrodynamics (SPH) [18, 24] and the moving particle semi-
implicit (MPS) methods [16], in the context of the generalized particle method. In
the SPH method, upon using the reference weight function wSPH € W and param-
eters m;, p; € RY(i=1,2,...,N), for v e C(L2y), the approximate operators are
defined as

N
m;
Iy (x) = Z fv(xi)wipH(lx -x|), x€Q (57)

i=1 Pi
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=1

N
VS = Y ';if{v(x) )} VWSPI(x—x D), x € Qy, (58)

m; v(x) —v(x;) x —x;

ASPHy(x) 1= 2 Z

SPH
VW (x—x]),  x € Q.
i€ A(x,h) pi

lx—x;|  |x—x]

(59)
By setting w = wS™ and Vy = {V, =m;/p;;i = 1,2, ..., N}, the generalized inter-
polant (2) coincides with (57). Moreover, because

- / E-VWS"H(|x|>dx= / wSPH(|x])dx = 1,
R4 R4

by setting
w(r) = =d~ rv Y (),

and Vy ={V,=m;/p;;i=1,2,...,N}, (3) and (4) coincide with (58) and (59),
respectively.

From Theorem 3, we obtain the following corollary that is a truncation error
estimate of approximate operators (58) and (59).

Corollary 1 Suppose that parameters p;, m; satisfy

N
]

i=1 Pi

and  that  {(Xy,Vy,hy)}Nyoe 05 regular  with  order —m,  where

Vy = {p;/m;;i=1,2,...,N}. Moreover, suppose that w*™ satisfies the following
conditions;
w e CRY), W) <00<r<, 11%1 l(wSPH)’(s) < 0. (60)
sl0 |8

Then, there exists a positive constant c independent of N such that

_ 77SPH min{2,m—1} _ 200
”v II; V”c@ <ch IMlee@,): V€ C (L),
_ ySPH min{2,m—1} _ 30
”Vv v, VHC(E) <ch ||v||C3(QH), v e C’ (L),
||AV _ AzPHV” < ¢ pmin{2,m=2} ||V||C4(5H)’ Ve C4(§H)

Q)

Remark 5 Note that representative reference weight functions employed in the
SPH method, such as the cubic B-spline, quintic B-spline, and Wendland function
(5-order positive definite function) [8, 18], satisfy (60).
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In the MPS method [14], upon using reference weight function wMPS € W and
parameters 7, JERY for ve Cl(.QH) approximate differential operators can be
defined as

VMPSy(x) 1= 2 = 2
i

v(x;) — v(x) X;

x—x| |x—x | Wit =D xe Q. (61
i

AhMPSv(x) = A Z {v(x) — v(x)}prS(|x -xl), x €82y (62)
I#J

Note that an interpolant is not defined in the MPS method. By setting w = wMPS

and Vy={V,=n1i=1,2,...,N}, the approximate gradient  opera-
tor (3) coincides with (61). Moreover, by setting w(r) = A~'r?wMPS() and
Vy={V,=n"1i=1,2,...,N}, approximate Laplace operator (4) coincides with
(62).

Corollary 2 Suppose that

n= L, ;1\=/ lx|2wMPS(|x)dx,  wMPS e W
|24 Rd

Moreover, suppose that {(Xy,Vy,hy)}yoe 1S regular with order m, where
Vy=1{V,= nli=1,2,...,N}. Then, there exists a positive constant ¢ independ-
ent of N such that

_ AMPS min{2,m-2} _ e
”Av A, V”C(E) <ch ||v||C4(QH), v E C4(.QH).
Furthermore, when wMPS satisfies Hypothesis 2 with k = 0,
_ yMPs min{2,m—1} _ 30
”W vV VHC@ <ch e, veC@y.

Remark 6 Note that the reference weight function, which is commonly used in the
MPS method and defined as

1
WMPS(I"):Z ;—1, OSV<1,
0, l<r,

does not satisfy wMPS € W. In contrast, the continuous reference weight function
as introduced in [28] satisfies wMPS € W. However, as far as we know, no reference
weight functions that also satisfy Hypothesis 2 with k = 0 are proposed in the MPS
method.
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Appendix 2: Computational procedure of the indicators

This appendix introduces the procedures for computing the indicators introduced
in this paper, namely, the covering radius (5) and Voronoi deviation (6).

The covering radius r can be computed as follows. As per the methods used
to construct Voronoi decompositions, such as the increment method [6], we first
draw the boundaries of the Voronoi region in £;,. Next, for each particle, we
compute the maximum distance from particle x; to the boundary of its Voronoi
region o; (i.e., max e |x; — y|). Finally, we obtain the covering radius ry by com-
puting the maximum of these distances.

Next, we consider the Voronoi deviation dy. Let { € R3N be

¢ = (loy].|os]. s low|s Vis Vau o, Vi 0,0, ..., 0).
Using parameters g, s;,a; € R* (i,j = 1,2,...,N), we set z € RN +N+1 5g

. T
Z2:=(ay1, A1 - s NN S5 825 -5 SN G) -

Moreover, we set M € R3WVXWV 4N+ g6 that equation Mz =  represents

Y=ol Xap=Vi i=12...N

and
N
a.-+ a.:
q=si+zu|xi—xj|, i=1,2,...,N.
=1 |Gi|

Then, by considering a; to be |6l~ N §j|, we find that the minimum value of g with

condition Mz = { coincides with the Voronoi deviation dy. We therefore consider
the linear problem:

Minimize b’z subject to Mz=¢, 7> 0. (63)

Here, b := (0,0, ...,0,1)7 € R¥*N+1 The solution b7z of (63) is equivalent to the
Voronoi deviation dy. Because Mz = { is unique for (X, Vy, hy), the linear problem
is computable via numerical methods for linear programming problems, such as the
simplex method [7].

Appendix 3: Construction of reference weight functions
For all n € N(n > 2), it is possible to construct a reference weight function sat-

isfying Hypothesis 1 with n as the condition of Hypothesis 1 can be rewritten to
include a finite number of conditions
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1
/ M wrdr =0, j=1,2,..., |n/2].
0

Here, the Gauss symbol | a| denotes the largest integer that is less than or equal to a.
For example, function w is set as the pth polynomial function:

P
1+ a,r’ , 0<r«<l1,
w(r) := y"< ;=1 ‘ )

, r>1
Then, if coefficients a, satisfy the linear equations
P
ag
1+ =1,
y"< Z{ ‘+ d)
P
Z af = O,
£=1
P
Y ta, =0,
£=1
1+i d+2j 0, j=12 [n/2]
—a, =0, =1L,4..,(n s
I /

then w satisfies w € W and Hypothesis 1 with n. Therefore, to construct reference
functions with Hypothesis 1 with n represented by polynomial functions, the degree
of the polynomial functions must be at least|n/2| + 2.

Moreover, for all k € N, reference weight functions satisfying Hypothesis 2 with k
can be constructed based on the following proposition.

Proposition 1 Assume that reference the weight function w defined in IR(J)r satisfies
weC 1(IR(J;) and is represented by a polynomial function in [0, s] for s € (0, 1]. Let
Do be the minimum degree of win [0, s]. Then, if py — k > 1, w satisfies Hypothesis 2
with k.

Proof From the assumption, w can be represented by

p
w(r) = Z afr”p, 0<r<s,
=py

where p € Nand a, € R(£ = pg,py + 1, ...,p). Set wh) as (8). Since
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and

V4
sup W] < Y lals" ! < oo,
re(0,s) £=p,

”W“C([s,l])

(k+1)
sup W 0()] < 5

re(s,00)

i w® (r)

S ldr

re(0,s)

p
< X =Blagls"™! < oo,
=p,

klwll er s,y

d. w
oW (r) sk+l ’

r

sup <

re(s,o0)

if py — k > 1, we have w satisfies Hypothesis 2 with k.

This proposition means that the regularity of the reference functions around zero

is important.

References

10.

11.

12.

13.

14.

Amicarelli, A., Marongiu, J.C., Leboeuf, F., Leduc, J., Caro, J.: SPH truncation error in estimating a
3D function. Comput. Fluids 44(1), 279-296 (2011)

Anmicarelli, A., Marongiu, J.C., Leboeuf, F., Leduc, J., Neuhauser, M., Fang, L., Caro, J.: SPH trun-
cation error in estimating a 3D derivative. Int. J. Numer. Methods Eng. 87(7), 677-700 (2011)

Ben Moussa, B.: On the convergence of SPH method for scalar conservation laws with boundary
conditions. Methods Appl. Anal. 13(1), 29-62 (2006)

Ben Moussa, B., Vila, J.: Convergence of SPH method for scalar nonlinear conservation laws. SIAM
J. Numer. Anal. 37(3), 863-887 (2000)

Benz, W., Asphaug, E.: Simulations of brittle solids using smooth particle hydrodynamics. Comput.
Phys. Commun. 87(1), 253-265 (1995)

Boissonnat, J.D., Yvinec, M.: Algorithmic Geometry. Cambridge University Press, Cambridge
(1998)

Dantzig, G.B.: Linear Programming and Extensions. Princeton Landmarks in Mathematics. Prince-
ton University Press, Princeton (1998)

Dehnen, W., Aly, H.: Improving convergence in smoothed particle hydrodynamics simulations with-
out pairing instability. Mon. Not. R. Astron. Soc. 425(2), 1068—1082 (2012)

Fulk, D.A., Quinn, D.W.: An analysis of 1-d smoothed particle hydrodynamics kernels. J. Comput.
Phys. 126(1), 165-180 (1996)

Gingold, R.A., Monaghan, J.J.: Smoothed particle hydrodynamics-theory and application to non-
spherical stars. Mon. Not. R. Astron. Soc. 181, 375-389 (1977)

Imoto, Y., Tagami, D.: A truncation error estimate of the interpolants of a particle method based on
the Voronoi decomposition. JSIAM Lett. 8, 29-32 (2016)

Imoto, Y., Tagami, D.: Truncation error estimates of approximate differential operators of a particle
method based on the Voronoi decomposition. JSIAM Lett. 9, 69-72 (2017)

Ishijima, K., Kimura, M.: Truncation error analysis of finite difference formulae in meshfree particle
methods (in Japanese). Trans. Jpn. Soc. Ind. Appl. Math. 20, 165-182 (2010)

Khayyer, A., Gotoh, H.: Enhancement of stability and accuracy of the moving particle semi-implicit
method. J. Comput. Phys. 230(8), 3093-3118 (2011)

Koshizuka, S.: A particle method for incompressible viscous flow with fluid fragmentation. J. Com-
put. Fluid Dyn. 4, 29-46 (1995)

@ Springer



598

Y. Imoto

16.

19.

20.

21.
22.

23.

24.

25.

26.

217.

28.

29.

Koshizuka, S., Oka, Y.: Moving-particle semi-implicit method for fragmentation of incompressible
fluid. Nuclear Sci. Eng. 123(3), 421-434 (1996)

Levin, D.: The approximation power of moving least-squares. Math. Comput. 67(224), 1517-1531
(1998)

Liu, M., Liu, G.: Smoothed particle hydrodynamics (SPH): an overview and recent developments.
Arch. Comput. Methods Eng. 17(1), 25-76 (2010)

Lucy, L.B.: A numerical approach to the testing of the fission hypothesis. Astron. J. 82, 1013-1024
1977)

Mas-Gallic, S., Raviart, P.: A particle method for first-order symmetric systems. Numer. Math.
51(3), 323-352 (1987)

Monaghan, J.J.: Simulating free surface flows with SPH. J. Comput. Phys. 110(2), 399-406 (1994)
Monaghan, J.J., Lattanzio, J.C.: A simulation of the collapse and fragmentation of cooling molecu-
lar clouds. Astrophys. J. 375, 177-189 (1991)

Murotani, K., Koshizuka, S., Tamai, T., Shibata, K., Mitsume, N., Yoshimura, S., Tanaka, S.,
Hasegawa, K., Nagai, E., Fujisawa, T.: Development of hierarchical domain decomposition explicit
MPS method and application to large-scale tsunami analysis with floating objects. J. Adv. Simul.
Sci. Eng. 1(1), 16-35 (2014)

Price, D.J.: Smoothed particle hydrodynamics and magnetohydrodynamics. J. Comput. Phys.
231(3), 759-794 (2012)

Quinlan, N.J., Basa, M., Lastiwka, M.: Truncation error in mesh-free particle methods. Int. J.
Numer. Methods Eng. 66(13), 2064-2085 (2006)

Raviart, P.A.: An Analysis of Particle Methods. Numerical Methods in Fluid Dynamics (Como,
1983), Lect Notes Math, vol. 1127, pp. 243-324. Springer, Berlin (1985)

Schaback, R.: Error estimates and condition numbers for radial basis function interpolation. Adv.
Comput. Math. 3(3), 251-264 (1995)

Shakibaeinia, A., Jin, Y.C.: A weakly compressible MPS method for modeling of open-boundary
free-surface flow. Int. J. Numer. Methods Fluids 63(10), 1208-1232 (2010)

Shakibaeinia, A., Jin, Y.C.: MPS mesh-free particle method for multiphase flows. Comput. Methods
Appl. Mech. Eng. 229, 13-26 (2012)

Wendland, H.: Scattered Data Approximation, Cambridge Monographs on Applied and Computa-
tional Mathematics, vol. 17. Cambridge University Press, Cambridge (2005)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

@ Springer



	Truncation error estimates of approximate operators in a generalized particle method
	Abstract
	1 Introduction
	2 Approximate operators in a generalized particle method
	3 Truncation error estimates of approximate operators
	4 Proof of truncation error estimates
	5 Numerical results
	6 Conclusions
	Acknowledgements 
	References




