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Abstract

We propose a stable and structure-preserving finite difference scheme for a non-local
Allen—Cahn equation which describes a process of phase separation in a binary mix-
ture. The proposed scheme inherits characteristic properties, the conservation of mass
and the decrease of the global energy from the equation. We show the stability and
unique existence of the solution of the scheme. We also prove the error estimate for
the scheme. Numerical experiments demonstrate the effectiveness of the proposed
scheme.
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1 Introduction

Allen and Cahn introduced the Allen—Cahn equation as a model for antiphase domain
coarsening in a binary alloy [1]. It has been applied to various problems, for example,
phase transition [1,8], image analysis [4,11,21] and motion by mean curvature [2,3,
12,13,17,18,22].

Let T > 0 be a finite time, and let L > 0 be the length of the one-dimensional
material. In this paper, we study the following initial-boundary value problem for a
non-local Allen—Cahn equation introduced by Rubinstein and Sternberg [23]:

2u 2 & ;
= xx + 5 (L—u?) £2°  in (0, L) x (0, 7),
& M
. 1 2u 2 .
K=t i (I —uddx  in (0, 7),
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under the Neumann boundary conditions:
uy(0,1) =uy(L, 1) =0 2)

forall# > 0. The unknown function « is an order parameter, which is the concentration
of one of two components in a binary mixture. The parameter 0 < ¢ < 1 is related
to the thickness of the interface layer which can develop in parts of the solution with
a steep gradient.

Rubinstein and Sternberg introduced the Eq. (1) as a model for a process of phase
separation in a binary mixture which conserves the total mass of two species [23]. They
introduced the non-local term A%, which is a Lagrange multiplier, to ensure the mass
conservation (6). Here, we remark that the classical Allen—Cahn equation, in which
the non-local term A¢ in (1) is absent, does not have the mass conservation. Bronsard
and Stoth proved that the Eq. (1) converges, as ¢ — 0, to the volume preserving mean
curvature flow in a radial symmetry case [7]. Golovaty obtained a similar result to
[7] for the Allen—Cahn equation with a different non-local term [14]. Chen et al. [9]
obtained the convergence in the general case. Moreover, the Eq. (1) has been studied
analytically and numerically [5,6,10,24,26,27]. However, compared with the number
of studies of the classical Allen-Cahn equation, there are not many numerical results
of the non-local Allen—Chan equation.

Brassel and Bretin [6] concluded that the following another non-local Allen—Cahn
equation:

2u 2 s, 2 :
up =uxx +— A —u)+ 521 —-u”) in(0,L)x(0,T7),
& &

L
_/ 2u(l — u?)dx 3)
Te 0

- in (0, T),
/ (1 — u®)dx
0

has better volume-preserving properties than (1) in the sense that an error for the
conservation of the volume is smaller. However, as Takasao [25] mentioned, (3) does
not have the dissipative property of J such as (7). Kim et al. [19] proposed a practically
unconditionally stable scheme for (3), and yet they did not give the proof of the stability
and the error estimate for the scheme. Zhai et al. [27] compared three methods to
approximate (3), including the Crank—Nicolson (CN) finite difference method, the
finite difference operator splitting (OS) method, and the Fourier spectral operator
splitting (FSOS) method. They checked that the convergence rates of the CN scheme
and the OS scheme approach second as the mesh size becomes small and that the FSOS
scheme is second order accurate in time through numerical experiments. Nevertheless,
Lee [20] commented that their proposed scheme are not second-order accurate in time
and/or do not satisfy the conservation of mass. In addition, Lee [20] discretized (3)
by a Fourier spectral method in space and first-, second-, third-order implicit—explicit
Runge—Kutta schemes in time. Although he checked the convergence of the schemes,
the convergence rate and that the schemes are first-, second-, third-order accurate in
time respectively through numerical experiments, he did not give the proof of them.
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Then, we propose a structure-preserving scheme for (1) based on the discrete varia-
tional derivative method (DVDM) proposed by Furihata [15,16]. Our proposed scheme
inherits characteristic properties, the conservation of mass (6) and the decrease of the
global energy (7) from the original equation, whereas DVDM scheme inherits just one
property in general. Furthermore, we prove that the solution of the scheme converges
to the one of the target equation in the sense of discrete L?-norm and that the con-
vergence rate is O (Ax> + At?). Moreover, we prove the stability of the scheme, the
unique existence of the solution of the scheme. Also, based on this study, we expect
that we can design a structure-preserving scheme for another non-local Allen—Chan
equation such as (3) by using DVDM. Here, we remark that there are not that many
results of the application of DVDM to partial differential equations (PDEs) with a
non-local term to the best of our knowledge.

In this paper, as mentioned above, we design a finite difference scheme for (1) based
on DVDM so that the scheme inherits the conservative and dissipative properties such
as (6) and (7) from the original Eq. (1) in the discrete sense. Here, let us define the
“local energy” G and the “global energy” J, which characterize the Eq. (1):

lue> 1 (1—u?)?

G = — 4
(I/l, MX) 2 + 52 2 ’ ( )
L
J(u) ::f G(u, uy)dx. )
0
Then, the Eq. (1) has following properties:
d L
— dx =0, 6
dt/o uax ©)
d Jw) =0 (7
—J(u .
dt -

DVDM is a numerical method for designing numerical schemes for PDEs with conser-
vative and dissipative properties such as (6) and (7), and the DVDM schemes inherit
conservative/dissipative property from the original PDEs in a discrete sense. From the
perspective of numerical computation, the properties often lead us to stable computa-
tion. Hence, if the designed schemes retain the properties in a discrete sense, then the
schemes are expected stable.

Also, the following property holds for the global energy J:

d LG
—J(w) = —u,d 8
I (u) /0 5 19X (8)

under the boundary conditions (2). The notation § G /$u is the (first) variational deriva-
tive of G concerning u. From the integration by parts and the boundary conditions (2),
we can show

d L 2 5
EJ(M) :/0 {—uxx — 8_2”(1 —u )} usdx.
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Therefore, we have

G

2 2
Sy s e T 8—214(1 —u”) 9

from (8). We can rewrite (1) as follows by using (9):

3G .
U= —— A° in (0, L) x (0, 7). (10)
u
Furthermore,
1 (L G
e [ 5 )= g ([ Spar v wa) =g [ rax mon,
€8Y)
by the boundary conditions (2). Namely, we can rewrite (1) as
8G .
u; :——+)f in (0, L) x (0, T),
(12)

= —/ —dx in (0, T).

Therefore, we can use DVDM and prove the conservative property (6) and the dissi-
pative property (7) easily. In fact,

d [*F Ly sG LsG L
— udx:/ —— 4 Af dx_—/ —dx+)»€/ dx
dt Jy 0 du o ou 0
L L
8G 1 8G
—/ —dx—l——/ —dx - L =0,
0 Su L 0 Su

where we have used (10) in the first equality, and (11) in the third equality. Moreover,
from (8), (10) and the conservation of mass (6), we can show

L L
—J( ) = / —utdx = / ( u; + )»5) udx = — | (u)*dx +A8/ uzdx
0 0
= —/ (up)?dx < 0.
0

The rest of this paper proceeds as follows. In Sect. 2, we propose a finite difference
scheme for (12), whose solution satisfies the discrete version of the conservation
property (6) and the dissipative property (7). In Sect. 3, we prove that the solution of
the proposed scheme satisfies the global boundedness. In Sect. 4, we prove that the
scheme has a unique solution under a specific condition. In Sect. 5, we prove the error
estimate for the scheme. In Sect. 6, we show that the numerical examples demonstrate
the effectiveness of the scheme.
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2 Proposed scheme

In this section, we propose a scheme for (12) and show that it has two properties
corresponding to (6) and (7).

We define U,fm) (k=-1,0,1,...,K,K+1,m=0,1,2,...) to be the approxi-
mation to u(x, t) at location x = kAx and time ¢t = m At, where Ax is a space mesh
size, i.e., Ax := L/Kand At is a time mesh size. We define some basic operators, the
shift operators s,j, s, » the average operators y,,j', u,, and the difference operators § !,

5 8,9), 5,9 concerning subscript k.

s fi= ferts sg fio= it

it _ St fien _ St fier t
f 2 ’ k f 2
b S =S o S S
& Jfr: P 8 fr = e
a . Jer1r — i1 @~ Jer1 =2kt fi1
W= T A W T T

for all { fk}f:o e RE+1 As a discretization of the integral, we adopt the summation
operator Z/fzo " defined by

K K—-1
> =—fo+2fk+1fK for all { fi}X_ ) e RETL,

k=0

The concrete form of the proposed scheme for (12) is, form =0, 1, ...,

(m+1) (m)
Uk _Uk 8Gy efyr(m+1) yr(m)
At = s, um) +’\d(U U ) (k=0,....K),
’ k
[ 5G ()
)La (U(m-Q—l)’ U(m)) _ = 7 1 d Ax.
L = 5 (U(m+ )’ U(m))k
where
8Ga  _ oy Ukt Vi) _ 2 (Ut 1_U,3+vkz G0
S(U, V)i k 2 2\ 2 2 s
(14)
The discrete boundary conditions are
sMUM™ =0 (k=0,K,m=0,1,...). (15)
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Note that the discrete boundary conditions (15) mean
v =u™, o =ug”, m=0,1,..).
Let us define a discrete local energy Gg: RE+! — RE+! py

6 UO? + (6, Up)? N (1-UH?

1
Z k=0,...,K). 16
> > ¥ ( ) (16)

Gax(U) :=

The relation between G4 of (16) and §G4/3(:, -) of (14) is given by

K K
> "Gax (U) Ax =Y "Gax (V) Ax
k=0 k=0
K
Z”a U V — Vi) Ax
8, Vi
Uk+vk (Ui + Vi K
i (Ux — Vi) + 8¢ ( > )uk (Ux — Vi)
2
0

In the calculation above, we have used the following general identity (second-order
summation by parts formula):

i,, (8¢ fi) (3¢ k) + ! (8 fi) (B 8x) ,

B XK:N (5122)fk> gk Ax + |:(5’< fk) (“k gk)

k=0

k=0

+ (50 1) (ukgk)r )
2

0

for all { fi}& . {gk}5_, € RET1. Hence,

K K
Z//Gd’k (U(m+l)> Ax — Z//Gd’k (U(m)) Ax
k=0 k=0
K
8G
=2 (m+1) : (m) (U(mH) U’Em)) Ax
pard s(U LUk

1
T (gymD g m (1) _ gy
+ 7 [0 (U it (U - o)

K
+8k_ (Uém-i-l) + U]Em)) 1 (Ulim-i-l) . U]Em))]o
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form =0, 1, .... Here, we show
[8: (Uk(m+1) + Uk(m)) /’L]—:_ (Uk(m+1) . Uk(m))

K
+o (U,ﬁ’”“) n U(’"’) uy (U,f’”“) - U,f’"’)]o —0 m=0,1,...). (I8)

Since

S 8\ o by
(T u™ =5"U™ =0 m=0,1,..)

from the discrete boundary conditions (15), 5+U,§m) = U,fm) m=0,1,..).
Namely, 87 (U + U™y = —s; WP +U™) (m =0, 1, ...). Furthermore,

+
Be R Yy — sy =0 m=0.1....),
Ax

since

pE—up st — (=) _sf—s

_ — s
Ax 2Ax 2Ax k

That is, Mk U,ﬁm) = Uy U ,ie., g (U(mH) U,gm)) = /Lk_(U,EmH) + U,Em)) for
m =0,1,.... Hence, (18) holds Therefore

K
Z//Gd,k (U(m+l)) Ax — Z//Gd,k (U(m)) Ax

k=0 k=

K
(U(m+l) _ U,f"”) A

S

"
_Z (+1) (m)
kOS(Um Um)

form = 0, 1, ... The proposed scheme (13) has properties corresponding to (6) and
), i.e.,

Theorem 1 The solution of the scheme (13) under the discrete boundary conditions
(15) satisfies the following equality and inequality.

K K
S UM Ax =30 Ax m=0.1,...), (19)
k=0 k=0
(m+1) (m) _
Jd<U )5Jd(U ) m=0,1,..), (20)
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where

K
(U<'">) 3 "G (U('">) Ax

k=0
form=0,1,...

We call (19) the discrete conservation of mass and (20) the discrete decrease of the
total energy.

Proof First, we can show the discrete conservation of mass (19) as follows:
K
L //U(m+1) Ax —
At k
k=0 k=0

§Gyq

% & m+1) (m)

= E — + A (U( U )}Ax
ym+h g d ’

k=0 { 8( ( )’ ( ))k

K
"U™ Ax }

K 5Gq K
:_E :// Ax + A8 (U(m+1) U(m))} :”Ax
1 d ’
= S (U(er )’ U(m)) =
K K
§Gy
_ 1 T —
- Z S (U(m—H) U(M) Z U(m+1) U(m)) Ax - L 0
k=0
form=0,1,....

Next, the discrete decrease of the global energy (20) can be shown as

Ja(U Dy — JaUm™)

At
1 K
= 7 2 {Gux (U17) = Gas (V)  ax
k=0
K (m+1) (m)
_ Z// U " Ukm Ax
= s s U(m—H) U(m)) At

U(m"l‘l) U]im)

{ U(m+l) U]Sm)
Ax

e (U(m+1) U(m))} -

0
K m—+1) ) K m+1) m)
Ut _u U —
_ oY k (pmtd ym\ N
=-> ( T )Ax+kd(U U )§ ( )Ax

k=0
K Ukm+l) U]Em)
Z —k Tk ) Ax<0 m=0,1,...),

where we have used (19) in the fifth equality. O
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3 Stability of the proposed scheme

In this section, we show that, if the proposed scheme has a solution, then the maximum
norm of it is bounded. The proof consists of two lemmas. The first lemma shows that
the discrete Sobolev norm of the solution of the proposed scheme is bounded. The
second (the discrete Sobolev lemma) shows that if the discrete Sobolev norm of a
discrete function is bounded, then the maximum norm of the function is bounded.

Lemma 1 The solution of the scheme (13) under the discrete boundary conditions (15)
satisfies the following inequality.

H U(m)

g2’ 2

K
2 1 4
y < ﬁ {} ://Gd,k (U(0)> Ax + 8_2[,} m=0,1,...), (21)
min{ }

where || - || g1 is a discrete Sobolev norm which is defined as
1
K K—1 2
Ll = (Z "IfelPAx+ ) |5;fk|2Ax)
k=0 k=0

forall f ={fi}K , e REFL

Proof From the decrease of the global energy (20), we can show

K K
3 "G (U(O)) Ax =Y "Gax (U(m>) Ax

k=0 k=0

K

11 2 1 4 1(

— ny -~ . - U(m)) __<UQ“)> = A
go 262 52<’< ty a2 %) t3 2 *

=

(21 . ) 1 9
Zmln{g—z,z}z (Uk )+ 5 Ax + 2_82_2_82 -L
2 1 2 4
—minl = = (m) _ —
_mm{e2’2}HUmHH1 SLom=0.1...),
where we have used the following inequality:
1 9
Y24+ —ry*? > 2wYr—Zr
2 2
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forall Y € R and r > 0, in the second inequality, and the following equality in the
last equality.

2 2
£ (sru) + (su™) K-1 )
, ok Uy ) )
E X = E 8, Uy Ax (22)
2
k=0 k=0

In fact, we show the equality (22) by using the discrete boundary conditions (15).
Therefore, (21) holds. O

Lemma 2 (Discrete Sobolev Lemma)

1 L _ K K+1
omax, | fi] <2 max {ﬁ \/;} Il forall f ={fi}i_o e R"T". (23)

Proof We can obtain the inequality (23) from the proof by Furihata and Matsuo [16].
O

Applying Lemma 2 to (21), we can obtain the following inequality.

Theorem 2 The solution of the scheme (13) under the discrete boundary conditions
(15) satisfies

ax Z’E K
) ” (0)) il _
Jmax [U (52 —5 {Z Gd,k(U Ax—i—gzL} m=0,1,...).
min{ —, — k=0
2’2

4 Unique existence of the solution of the proposed scheme

In this section, we prove, through the fixed-point theorem for a contraction mapping,
that the proposed scheme (13) has a unique solution under a specific condition on At
and Ax.

To prove the unique existence of the solution of the proposed scheme, we rewrite
the scheme (13) as follows:

(m+1) (m)
Uk B Uk

At
2 2
(m+1) (m) U(m+l)> +<U(m))
U +U 1 ( k k
_ o2 Tk k (m+1) (m)
=% (f)ﬂ?z(l’k +U - 2
LK et e\ (U@”“))er(U(m))2
f Yk k m+D | g k k
2| (f)%‘z(”k B/ LR |
k=0
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2

k
2
0

‘ (
Z (U(m+1) + U]Em)) 1—

k=0

(U (m+1) + U]EM))
K

ym+h 4o I (U(m+1)>2+(U(m)>
k k
- 3]§2><k—k> +— (U,f’”+”+ U,ﬁ”’)) 1—
&

=] —

™~ |

1 2 2
U (m+1) + U]fm)) 252 (Ulgm+1) + U]Em)) {(Ulferl)) + (Ulgm)) }

1 : 1 2 N2
Z/,[e_z(UlEm+l)+Ul£n)>_E(Ulgm+])+ul§m)){<l]l£m+l)) +(U]£n)) HAx’

k

’—‘0‘:

where we have used the following general identity (summation of a difference) in the
second equality.

for all { fi}X_, € RE+1. Namely,

1 1
ym+h _ _5]&2)U]§m+1)

Atk 2
Lo 1 m) Loy | 1 om (m+1)
AtUk +23 U+ S UM+ S +{FU(m>U I
K
ng Z”U('"“)A T Z”U(m)Ax ”{F WU “)} Ax,

kO

where the mapping Fyyom: RET! — REF! s defined as

[Fym V], = —21—8 (vi+ ™) {(Vk)2 + (U,§m>)2} k=0,....K)
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1256 M. Okumura

forall V.= {V;}K , e REF ie,

1 5 (m+1) i+i+18<2> U<'”)—Li”U('")A
Ar ¢ Ar g2 2% )Yk Tl e 2
k=0

L (ygmo_ 2 ”U,fm+1)Ax)+[FU(m>U(m+1)}

( k
K
I
-y {FU(m)U(m“)} Ax. (24)

k
k=0

In connection with the scheme (24), we define a mapping Ty : REFTT — REH
using the following equation:

VoL oy (L1 Loy yom _ 1 K//U<m>A
3% NIV =5+ +3% ) U _mz K A
k=0

K
1 1
+ <Vk -7 Z”VkAx> + {FymV},

k=0

K
1
- ZZ”{FU(m>V}kAx (k=0,....K)
k=0

forall V. = {Vi} l§=0 € RX+1 Here, the operator in the equation above is defined under
the discrete boundary conditions (15),1.e., {7y V-1 = {Tym Vi1, {Tym Vik+1 =

(Tym Vik—1, U") = U™, and UL = UL If the mapping Ty has a fixed-

point V*, then V* is the solution U +D of the proposed scheme (13) under the
discrete boundary condition (15).

The matrix expression of TU(m) is given by

1 1 1 1 1 1
— I —=Dy\TymV=—+=)TI+=-D U™ — —sU™
<At 2 2) ue {(At+82> T3 } Le?

1 1
+8_2(I_ZS)V+<I__S) U(m)V

forall V e RX +1, where [ is the identity matrix of order K + 1, further, S and D,
are square matrices of order K + 1 as
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1 1
Il
1 1
1.1l
sw=ax|iiii]
1 1
Tr1d
1 1
gl 13
2 2 0
1 -2 1
D._l .
2 - sz c.
1 -2 1
0 2 2

under the discrete boundary conditions (15).

The following lemma implies that the mapping 7y, is well-defined for all U m g
RK+1 .
Lemma3 The (K + 1) x (K + 1) matrix (1/At)I — (1/2) D, is nonsingular.

Proof Eigenvalues of D, are

Ak 2 k 1 k=0 K 25
ke {cos(En)— } k=0,...,K), (25)

T Ax?

and the eigenvector x; corresponding to the eigenvalue Ay is

0-k 1-k K-k \\'
X = (cos(— ),cos(—n),...,cos(—n)) (k=0,...,K).
K K K

(26)

Since Dyxy = Mxp (k=0,...,K),

L1, 1 L 1 L Lo
—I—= Xp=—Xp— =Dyxp = —xp— =hxp = — — = | x
Ar 2 )R T AR T R T AR T R T A Ay T ) R

fork =0, ..., K. Hence, eigenvalues of (1/At)I — (1/2)D, are
1 1 1 1 k 1
— — =M =—+—=11—cos ?TL’ ZA_t>O (k=0,...,K).

Therefore, the positiveness of the eigenvalues implies the nonsingularity of (1/Az)I —
(1/2)D». O

Next, we prove the existence and uniqueness of the solution of the proposed scheme
by the fixed-point theorem for a contraction mapping.
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Theorem 3 If

1 1
: , (7
9(Ax +65M3)" 4 (Ax +209M§)} &7

then the mapping Ty has a unique fixed-point in the closed ball B, where

Le? Ax .
At < min
L +V/(K+DH2K—-T1)Ax)

Proof By the fixed-point theorem for a contraction mapping, it suffices to show that
Ty is a contraction mapping on B.

First, we prove that ’TU(m) B C B. By Lemma 3, we have

T V=<i1—1D>1{<L+i>1+lD}U<’">
ue A 277 Ar g2 272
+ <L1—1D2>1{—LSU(m)+(]—lS><iV+F ( )V)}
AtT 2 L&2 L7\ &2 LA

for all V € B. We diagonalize the matrix D as

Dy =XAX"!

where X and A are square matrices of order K + 1 as

X = (x0,Xx1,...,Xg),
A = diag(ro, A1, ..., Ak),

with x; given by (26) and A given by (25). Since I = XX~ ' = X71Xx~!,
1 1 1 - 1 _1 1 1
—I1—=-Dy=—XIX"" —-XAX"" =X

At 2 At 2

—I—-A) X' 28
At 2
Similarly,

1+1 I—i—lD—X 1+1 I+1A x|
At g2 2727 At g2 2 '
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By (28), we have

1 1\ ! 1 1 \\! 1 1N
—I1—--Dy :(X ) x(—71-24)) =x(—1-24) x".
At 2 At 2 At 2

Then, the matrix expression of TU(m) is given by

TomV =X 11 lA o 1+1 I+1A x g™
v = At 2 At g2 2

+X 11 1A_1X‘1 1SU<’">+ I 1S 1V+F 1
A2 Le? L N\e2 v

(29)
for all V € B. Hence,

[Ty V.

x! v

< 1Xl2

1I 1A o 1+1 I+1A
At 2 At g2 2
1 1 \"!
—I—=A
At 2

1 1
at Hl - ZS”Lg (8—2 Vil + | FU(m)V||L§)}

L2 L2
2 d d
Ld

X—l

+11X1,2

2
Ld

U

1
722 1503

J)H

1
(14 ¢(1< TDHK - 1)Ax> (8—2 Vil + ||Fu<m>V||Lg>}

<4

1
PRy {—2\/(1( TH2K — 1)Ax HU('”) p

d

8 585
1+ — \/(K + DK — 1)Ax> (—2Md + i Md>}

(
<
4(1 )Md+4At{—2\/(K+ DK — 1)Ax - My
<
all

1+ t) { — V(K + 12K —1)Ax

_I_
585
+ (1 + \/(K + DK — 1)Ax> <8 + —Md)H 4My
[ 9At( 65 2){
1+ oM 1+z\/(K+1)(2K—1)Ax} AMy (30)
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1260 M. Okumura
for all V € B. Now, note that for all (K + 1) x (K + 1) matrix A,
Ax]l 2
| All,2 = sup 4.
¢ xz0 X2
Here we have used the following estimates:
diag(do, d1, ..., dx-1,di)l 2 = oA |d],
—1 =A 31
oI N T | T f (31)
— — —
At 2
1 n 1 n 1)L
— 4 =5+ ok
max |AL_€° 2 |y A (32)
0<k<K 11 g2
— —
At 2
IS1;2 = V(K + DK — D Ax, (33)
1 1
Hl——S <1+ —/(K+ Q2K — 1)Ax, (34)
L L3 L
I1X1l2 < 2VK, (35)
2
X2 < —, (36)
Ld \/E
|Fyon V]2 < LAY 37)
v Pl = gy

that hold under the conditions ||U (m) || 12 = Mg and ||V]| L2 < 8Mq4. We show how
d

to obtain the estimates above. Firstly, we obtain the equality (31), since Ay < 0 (k =
0, ..., K) and A9 = 0. In addition, by using (31), the estimate (32) holds. Secondly,
we show the evaluation of the matrix norm (33). From the definition of S, we have

K+1 K+1 K+1 K+1
41 2 2 41
K K
A+l K+1 -+ K+1 K+l
2 2 K+1
STS=ax*| : : : == Ax?
K+1 K+1
TJF K+1 - K+1 TJF
K+1 K+1 K+1 K+1
4 2 2 4
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Let P be the matrix of order K + 1 as

12---21
24...42
Pri=fro
24...472
12---21
Then,
K +1
STS=T+Ax2P.

Let 1 be an eigenvalue of P. The characteristic polynomial of P is
det(P — pul) = (=X 1K (u — 4K +2).
Then, we obtain the eigenvalues i = 0, 4K — 2. So, the largest eigenvalue of ST S is

K+1 K+1)Q2K -1
T+Ax2'(4K_2)=%Ax2’

since K > 1. Hence, we have

1053 < V2ISl> = V2 \/(K“;&sz — K+ DK -~ DAx
by using the following inequality.
||A||L§ < \/§||A||2 for all (K + 1) x (K + 1) matrix A, (38)
where || - ||2 is the matrix 2-norm induced by the euclidean vector. Moreover, by using

the estimate (33) and the triangle inequality, we obtain the inequality (34). Thirdly,
we show the estimates (35) and (36). Let Q be the diagonal matrix of order K + 1 as

1
7 0
1
0= .
1
1
0 NG

and Z be the square matrix of order K + 1 as

z-—\/7 X
=,/ £ 0X0.
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Then, Z is an orthogonal matrix, i.e., Z 1V = ZT Infact, let Z = (zo, ..., 2K), then
! (k=0,K)
—Yk> =0, ,
_ vkt

Lk = D)
\ = Ye k=1,...,K —1),
K k ( )

where

1 k
—cos(wm -0
5 cos (b -0)
(k )
cos| —m-1
K
Vi = : (k=0,...,K).

Since for allm,n € Z suchthat0 <m,n < K,

K K, m=n=0,m=n=K),
yloy, = Z”cos(ﬁn -k)cos(in k) = lK l<m=n<K-=-1)
m n = K K 2 ’ — — 9

- 0 (m #n),

{zk}fzo is an orthonormal basis of R+, Thus, Z is an orthogonal matrix. Hence,
1Z|l» = 1,since ZTZ = Z7'Z = I. Also, || Q™ !||» = +/2. Therefore, we obtain

[P
IXl3 = V21X = V2[5 |@7'z07!| =2Vk.

by using the inequality (38). Similarly, we have

2 2

X No2<vV2 1xh=v2- —” z" H <=

IX7M53 < V21X = V2 B 02T 0], < =
from the equalities || Z ||, = 1 and || Q||» = 1. Finally, we show the evaluation of the
nonlinear term (37). By using the following inequality:

K , K K
" 1 "

Z arbr Ax < Ekz_:o akAxZ br Ax

k=0 k=0
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for all {ax}r_, {br}f_, such thatag, by > 0 (k =0, ..., K), we have
” FU(’”)V”LZ
1 g " (m) 2 (m)
_ (2_82> > (vie+u™) {Vk +(u™) } Ax
k=0

IA
—~
|-
o
B[
M =
= /i

<

+
—

DN

=
]
—

=~

+
—
N
—_—

DN

=

)
2—;>2 %)2 3 {v,} + (U,f’”))z} Ax i” {v,? + (U,f’”))z} Ax
{

—L
l>l\)
\_/
’:\
=
_I\)

><|V||2

for all V € B. Moreover, by using Schwarz inequality, we obtain

+2 Z "Vi U,f’”Ax)

K
> i U™ Ax
k=0

K

K
2
< Z”szm Z”(szm)> Ax =V

k=0 k=0

for all V € B. Hence, we have the following estimate:

) 1\2/ 2 \2 , ol 2
Fuv 1% = (L) (2 o
ety () (2 (vl

| 94 %0)
(miy )

1\2/ 2\
5(2—82) (A—x) {(8Md>2+M§} {<8Md)2+M§+2-8Md~Md}

1N/ 2\
=(==) (=) 65*-81-M¢.
(282) <Ax) d

that holds under the conditions H vm™ H ;2 = Mg and |V] L2 < 8My. Therefore, we
d

obtain the estimate (37).
If

+2||V|| 2

Le? Ax
At < s
9(Ax +65M3) (L + /(K + D2K — 1)Ax)
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then
1+%<1+Z—1M§>{1+% (K+1)(2K—1)Ax}§2, (39)
since
Le2Ax
9(Ax +65M3)(L ++/(K+T) 2K —T)Ax)

&2

- 65 1 '
9(1 + E}t@) {1 + VK + DK - l)Ax}

From (30) and (39), we see that ||’TU<W)V“L2 < 8My, i.e., TU(m)V € B. Hence,
d
TU(m)B C B.

Next, we prove that TU(m) is contractive. Using (29) and the estimates above, we
can show

|7y V =Ty V'] 12

1 1\
—T—-A
AtT 2

1 / /7
(Z IV =Vl +1Fgm¥ = FymVl)

1
<Xl x| -1

L2 2
L} d Lj

1 1
<4At (1 + oV (K+12K - I)AxXS—Z V=V 2+ FyenV = FyaV'| L§>

A, 200ME () L KFD@EK = Dax ) [V - V'
= + e +Z (K+DEK —1)Ax H - ”Lﬁ’

because

209M}
g2 Ax

[FyoV = FynV']3 < 0 |y v/ (“0)

forall V, V' € B. In fact, we show the estimate (40). Forall V, V' € B,

|| FU(m)V - FU(m)V/ ” if{

1YV ¢ 3 m\? | y2gm m)?
:<2_82> Z”{v,;Jrvk(Uk’”) +V2u + (ufm)
k=0
2

2 3
-0 = () = e - (o) ]
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- (})z[{v — )} (oY v - 7)) U;m>]2Ax

k=0

2 2 >
_ <ﬁ> Z,,{sz LV + (ka)q(u,gm)) +(Vik + V) U,§’”>} (Vi — V{)Ax.
k=0
(41

Moreover,

2
max |Vi| <,/——
0<k<K Ax

for all V € B. Similarly,

a2 2 g 42
D VEAx =\ IV =y - 8Ma (42)
k=0

max ‘U(m)‘<,/i'Md. (43)
0<k<k | K ¥V Ax
Therefore, by using (41), (42) and (43),

|| FU(m) V — FU(m) V/ ” ig

< (! 2XK:// 2 64M? + 2 64M? + 2 64M?> + 2 2
— \ 2¢2 Ax 47 Ax 47 Ax d T Ax

k=l
2
(s | M) | Mab (V- V) Ax
Ax d Ax ¢ Ax ¢ g k
2 K

1 nf 2 2 2 2 2 2 g "2
=|— — - 192M —M — - 16M Viik—=V,) A
(282) kX—:O <Ax at Ax ¢ * Ax a) Ve=vi)”ax

2
209M7 >
= ( 82Axd) [V -V foranv,v'es.

Hence, the estimate (40) holds.
If

Le> Ax
4(Ax +209M3) (L + /(K + D2K — 1) Ax)

At <

then

441 ( 209M}
1+
Ax

1
) (1 + z\/(K + DK — 1)Ax> <1,
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since
Le? Ax
4(Ax +209M;3) (L + V(K + DK = DAx)
209M3 1 '
411+ 1+ —V(K+ 12K —1)Ax
Ax L
Therefore, 7, pm is contractive. This completes the proof. O

5 Error estimate for the proposed scheme

In this section, we show an error estimate of the numerical solution of the proposed
scheme. Let At := T /M. We define the error as

e =u™ —u™ (k=-1,0,...,K,K+1,m=0,1,..., M),

where u,((m) ‘= u(kAx, mAt) and u is the solution of the target Eq. (12). We define an

extension of u by
u(—Ax,t) ;= u(Ax,t), u((K+1)Ax,t):=u((K —1)Ax,1) (44)

for all # € [0, T']. In what follows, we use the following special time-difference and
-averaging operators:

f("”%) — f('"*%)

1 . 1 .
s pom . » , st pom .
Moreover, for simplicity, we use the expression:
0 d
—fl@=—fkx)
ax ax —a
Lemma4 Form=0,1,..., M — 1, the error ™ satisfies
(\ H " )
L2
2 2
m+% m+%
< (e )]sl
2 2 2
Ld Ld
2

2
e H@(UW*”, U — ¢(’”+%) + 4L{l3(U<'"+‘>, U — f’(w)} '

2
Ld
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where

m+} 1 1 b2
)\’E,( +2> = )\'8 m + _ A[ — _ _f _(M _ M3)d.x
2 L 0 82

’

t:(m—i—%)At

Ffe g = 2 [Tt se (fk)3+<fk>2gk+fk<gk)2+<gk>3}
k> 8k) = 2 ) 1 ,
m 1 2 m 1 m 1 3
¢lg +2> = 8_2 {M,E +2) — (Mlg +2)) ’
m+L 0 m+1
fl(k 2> =2<5—55n”> ;E 2),
m+1 32 m41
§£k+z> —2 (8;2)&;1) _ 3x2> MIS +1)

fork=0,1,..., K.

Proof Form =0, 1,..., M — 1, subtracting the following original equation:

0 ) _ 9 (med) | (n4d) e (ned)
+9 + A

a7tk = 32tk k
from the following proposed scheme:

1

m+3 m+y -
5,<ﬂl>Uk< 2) _ 8]£2>sr(nl)Uk< 2) +é (Ulgm—&-l), U]Em)) + KE(U(m+1), U(m))
att = (m+1/2)Atfork =0, 1,..., K, we obtain

8“>e(m+%> s gin (mt3) 1 (mrd) 1 _(m+})

m T T aRe T gh
+ (JS (U]f’"+1>, U,S"”) - ¢k(m+5)) n (Ag(U(m“), pom, )\8,<m+%))'
(45)

Hence, we obtain the following equality from (45):

1, m+1)\2 m\2 A
2 (@) = (@)

k=0

= ZK:” <5$>e£m+é)> (s,(nl)e,gm+é)> Ax

k=0
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S Y Nare Sl b1
0 k=0
( Ulgm-i-l) U(m)> ¢k(m+;)> + (Ai(U(m'H), U(m)) _ Ae,(;n+é))} Ax.

Here, we obtain the following inequality from the summation by parts (17):

i 1 (8;(2)Sl§nl)e£m+;)) <s’(nl>e£m+£)> Ax

Ka,§1>s,$,”e,§m+é)><sfn” e )ﬂ ;:0 i(ak S 0" +1)>2+ (5,;s,§1”e,§m+%)>2}m

(1 (’"+%)

since 8, 'spm ' e, = 0 (k = 0, K) under the discrete boundary conditions (15)
and the definition of the extension (44). From the above, we obtain the following
inequality:

IA

K

1 !/ m 2 m 2
a2 ) = () }Ax
k=0
o " 1 m+%
5 <m D a1
) (Xs @M gmy _ <m+;)>}Ax
1 K m+%
Ax + 52 { 52(,1« )
0 o
S ——
1 al " m 2 m)\2 1% ? 1 m*% ?
< {(e,ﬁ REACE) }Ax+2z (slk >> +Z<E2<”‘ )>

1\ 2 2
+ é(Ué’"*“,Uém))—%(mﬂ)) +<K3(U<'"+”,U("”>—f’<m+é)> o

o
)¢
)
)-

Q; (U(m+1) U(m)

+
S

| K 2 | K 2 | K (m+%)2
m+ / m
SZE ”(ek )Ax+ZE ’(ek )Ax—i—zg ”<§1,k )Ax
k=0 k=0

k=0
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+

N =

o () 1 (1))’
Z// (52,k ) Ax+22//< <U£m+ ),Ulgm))_qsk ) Ax

k=0

2
+2L <A§(U(’"+1), Uy — f’<’"+5>>

where we have used the inequality ab < (1/2)(a® +b?) forall a, b € R in the second
inequality and the inequality

(a1+~~~—|—an)25n(a%+~-~+a3) forallay,...,a, € R (46)

in the third inequality. This completes the proof. O

Lemma5

2 2

2
{AS(UW-’_D, an)) _ A.S,(m-‘ré)} S% H(z)(UWH_D’ U@’")) _ ¢(m+%) + C_Ax
Ld

8t
47)

where
9 2

3
Bx(u u)|-

C:= sup

0<x<L
0<t<T

Proof By using the inequality (46), we have

(med))
{ s D gy e (n }

1 K

- 1 [t2
={—— ¢(U(m+]) U(m)> Ax + —/ = (u —u’)dx
L =0 L 0 82

= T (77m+1) o (m) (’“%)
> <¢(Uk Uy )—‘/’k )Ax}
K L L
+ Z”q‘)k( +2)Ax— [) %(M—MS)dX

1= m+%>At

t:(m+%)At

R [ - (m+3) ’
SE{Z”<¢(U,("' UM) - ¢ )Ax}
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Since

K 2 K
(Z//kax) sz//szAx
k=0 k=0
for all { fi }X_ ) € RET!, we obtain
K 1
2 = (D) (m) (m+5)
= {Z N ("’ A R X

K

2 -+l 6 ( )2 22 (’"+l> ’
=77 Z((Uk LU~ oy )Ax=ZH¢(UW+“,U<'">)—¢ :

.
k=0 Ly

2

Here, we define

(m+4) 1 1 ’
(o)) (x) :=ul x, m—}—z At ) — Jul x, m—i—z At forall x € [0, L].

1
Since u(-, 1) € C*([0, L)) for any fixed # € [0, T], we obtain qb(””z) e C%([0, L)).
Therefore, we have

K 1 L
Z”d)]((erz)Ax - / 832(14 —u’)dx
k= 0

t=(m+%)At

L
: Z q><’”+5)(kAx)Ax—/ <P(m+%)(x)dx
0

k=0

2
&

<21A /L
28 0

32 !
Wqﬂ’”ﬂ)(x) dx
1 2 L 82 3 2
= —Ax f —Wu —u’) dx < — Ax
4e2 0 |9x? t:<m+%)At 4e?

from the Euler-Maclaurin summation formula. Thus, we obtain

2
2 cir o, C?
<73 7 Ax" = = Ax*
t=(m+ %) At L7 l6e 8e

K 1 L
2 1 (m+7) 2 3
— ¢ Ax —/ — W —u’)dx

From the above, we have (47). O
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Lemma 6

_ AV 2 2 2
R (e e et
L2 L2

Ld d d

2 2

R R R N

12 |3 , 12 )

d Ld

where

Cr := max max ‘U,fl)
0<I<M | 0<k<K

, osup Ju(x,lAt)] ¢,
x€[0,L]

24/3 2
—{Cz (u(m+1>—u,§m>) ’

k

= B3 e [ -},

s3,k T

fork=0,1,..., K.

Remark 1 Note that Cj is finite since the proposed scheme is numerically stable and
the solution u(-, 1) € C°([0, L]) for any fixed t € [0, T].

Proof We denote
' 4
Fm um) — (") Z 3,

i=1

where I; = {I; ; }£_, with

L= é(U]fm+l)’UI§m)) ( (m+1) U(m))

o i= 6 (0 U) = 3 (0

ASH

Iy = 3 s<1>u£m+%) — (

Then, we obtain the following estimates:

1
[ k] < 2 (1 + 3C§) ’e,(cmﬂ)

’
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1
Lyl < — (1 +3C2)‘ (m)

)

(st — 1)u<m+%) .

2
Lol < 5 (1+3¢3) |

The estimate for I3:

1 2
|13, < 2—C2( o l(cm))

is obtained by

a’+a’b+ab>+b°  (a+b)?  (a+b)a—Db)?

= foralla, b € R.
2 4 4

From the above estimates, we obtain

H¢~><U(’”+”, uoy gl

L
4
<4y Il
i=1
<4l a2y | ’ +| ’
— e e
I 2 L L3

2
P e 4 1 (m+4)
G (=) | e S (raed) ol o™
d Ld
2
4 > 2~/— m+1)_ ()
=_4<1+3C><H +H ) 12 2 (“k _“k) i
Ly
2
1 [8v3 (m+1)
1+3C )( (0 —1)
12| &2 (+ 2 K L
d
2 2
4 A Y M)
84( + < ) 2|5 12 |5 ,
Ld
This completes the proof. O
Lemma 7
4 2 2
_ (m) ( ) <Ly
a AtC)H H L2+At Z At
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where C3 := 1+ (96/¢*)(1 +3C3)*.

Proof From Lemmas 4, 5 and 6, we have

yrd (GO PR B
At L} L2
2 2
S_(He(mﬂ) 2_‘_He(m) 2>+ ,;.1( 2) + ES 2)
e e 1 1
z 1 (m+1) 2oL,
+12 Hqﬁ(U(mJ“),U(’"))—d) i et
L} €
4 WE )
1 48 2\ A(]| om0 |2 o[ o | (m+3) C’L o,
§{§+8—4<1+3C2> }(He L§+”e ‘L} + 21: £ + o At
=
Hence, we obtain the following inequality:
ar (el = el
At L} L}
4 1 2 2
1 48 2\2 2 (m+1) L
L. . (m+1) L4
5{2+84(1+3c2)} 2 e HL§+ ;'Ei ) + oA
- d
4 1 12 2
2 (m+1) CL
—C H (m+l)‘ \ Axt
3 |le L§+ Z & + ~d X
i=1 1
This completes the proof. O

Theorem 4 Assume that the target Eq. (12) has a solution such that u € C*([0, L] x
[0, T]). If At satisfies the condition (27) and At < 1/(2C3), then there exists a
constant C4 such that

1
2

K
2
{Z” (U,§m> — u(kAx, mAt)) Ax} < CVITeCT (Ax2 + AP
k=0

form=1,..., M.

This theorem means that the solution of the scheme (13) converges to the solution of

the target Eq. (12) in the sense of discrete L2-norm and that the convergence rate is
O (Ax? + Ar?).

Proof If the target Eq. (12) has a solution such that u € C 4([0, L] x [0, T]), then by
using Taylor’s theorem,

g(m+%) _ At? 33u

1Lk =533 ;
12 973 (r,0)=(kAx,11)
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A2 3%u
T o
(x,t):(xl,(m+%)At) x-ot

2
(x,t)=(kAx, t3)> ’

(m+ ) Ax? 3%u
T

)

(x,1)=(x2,12)

(m+1) 23 du
= 2 Coar
53']‘ g2 2 Bt
<m+ ) V3 L
S4k = 8—2(1+3C2)AI W ,
(x,t)=(kAx,t4)

where 11,1, 13,t4 € [mAt,(im + 1)At] and x1,xp € [(k — 1)Ax, (k + 1)Ax] for

m=20,1,....,.M—1and k =0, ..., K. From these results, we obtain
4 2 27
mt> C-°L
Z ( }) 2—Ax <CL(AX®+AY? (m=0,1,....M—1), (48)
i=1 L§
where
c 1 |9%u tul 1| 8%u
‘= sup max el e et B
¢ o<xEL 12863 ]° 6 |ox*| 4 |9r29x2
0<t<T
2[ 2 /3 2ul 1 |82
— (1430 || s 5w =) .
e ot £ 92|’ 2e* |9x

If At <1/(2C3),then0 <1 —-2A1C3 <1 — AtC3 <1and

< 14241C3 = Cs. 49
[—Aic, — e =O 49

Hence, by using Lemma 7, (48) and (49), we have

2
He<m+1>H < Gy [e™ +c3 AtC2L(AX? + Ar?)?

form = 0,1,..., M — 1. Therefore, by using this inequality iteratively, for m =
0,1,.... M,
‘ e < &4 ‘ + Gy - AtC2L(AX? + Ar2)?
2 2 2,2
< (€2 [ L+ (€57 +Co) - ArCRL(AR + ar?)
S .
< (@) e  + AtCL(AX? + A2)? Z(C3)]

j=1
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Here, ||e(0)||i2 = 0 since e,(co) =0k =0,...,K). Moreover, by using 1 +x < ¢*

forall x > 0,

m m m M
D (€3 =) (1 +2A1C3)7 < exp(j - 2A1C3) < exp(M -2A1C3) Y |

j=1 j=1 j=1 J=1
M T
= M exp (M : 2MC3>
= M exp(2C3T).

Hence, we obtain
2
HeW) HLZ < AtC2L(AX* + A2 - MO = C2LT T (Ax? + Ar)?
d

form =1, ..., M. This completes the proof. O

6 Numerical experiments

In this section, we demonstrate through numerical experiments that the proposed
scheme is stable and that the numerical solution of the proposed scheme is efficient.
Moreover, we compare the proposed scheme with the Crank—Nicolson (CN) scheme.
The concrete form of the CN scheme for (12) is, form =0, 1, ...,

+1 +1
v -y 5@ (Uzim '+ Uzgm)) i <U<m+1) U('")>
At — Yk 2 k s Mk

K
A (U,f’”“), U,§m>) Ax (k=0,...,K),
k=0

=~ =

where

3 3
) (’"“)) ( (’”))
Alue+d po) . 2 UMY (Uk +U
ke Tk )T e 2 2

We simulate all our numerical computations by using Julia language.

6.1 Numerical solutions

The left figures show the numerical solution obtained by the proposed scheme. The
right ones show that obtained by the CN scheme.
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DVDM Crank-Nicolson

Fig. 1 Numerical solutions of (1) (¢ = 0.02) obtained by the proposed scheme and the CN scheme with
Ax =1/100 and At = 1/5000

DVDM Crank-Nicolson

Fig. 2 Numerical solutions of (1) (¢ = 0.02) obtained by the proposed scheme and the CN scheme with
Ax = 1/200 and Ar = 1/5000

e Case 1
Fig. 1 shows numerical results for ¢ = 0.02 obtained by DVDM and the CN method
with Ax = 1/100 and Ar = 1/5000. The initial data in Fig. 1 is

11
u(x,0) =0.26 + 0.07 cos(8rx) 4 0.41 sin (77”> 4+ 0.24 cos(7mrx). (50)

The solution by the proposed scheme arrives at the steady state around at t = 1.5,
whereas the one by the CN scheme is stable around at t = 4, namely, a little late time.
In order to analyze the difference of these results, we refine the space mesh size.
e Case 2
InFig. 2, we take Ax by half, i.e., Ax = 1/200. The result of the CN scheme improves.
Both solutions arrive at the steady state around at ¢ = 1.5. Furthermore, when we take
smaller space mesh size, both solutions also arrive at the steady state around at¢ = 1.5.
Hence, we expect that the solution by the proposed scheme is more reliable than that
by the CN scheme when the space mesh size is coarse.

When we change the initial data into another one, the results are also different from
each other. We remark that the direction of the time evolution is reverse to the previous
one.
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DVDM Crank-Nicolson

Fig. 3 Numerical solutions of (1) (¢ = 0.03) obtained by the proposed scheme and the CN scheme with
Ax =1/100 and At = 1/1000

DVDM Crank-Nicolson

Fig. 4 Numerical solutions of (1) (¢ = 0.03) obtained by the proposed scheme and the CN scheme with
Ax = 1/100 and Ar = 1/2000

e Case 3
Figure 3 shows numerical results for ¢ = 0.03 obtained by DVDM and the CN method
with Ax = 1/100 and At = 1/1000. The initial data in Fig. 3 is

13
u(x,0) =0.01 +0.3cos(4mrx)+0.08 sin(;nx) (cos(4mx) — 1)+0.11 cos(18mx).
(51)

Both solutions arrive at the steady state around at t = 80. However, the steady state of
the solution by the CN scheme is different from that by the proposed scheme. As with
previous numerical experiments, in order to analyze the difference of these results, we
refine the time mesh size.

e Case 4

In Fig. 4, we take At by half, i.e., At = 1/2000. The result of the CN scheme
improves. The steady state of the solution by the CN scheme coincides with that by
the proposed scheme. In addition, when we take smaller time mesh size, the steady
state of the solution by the CN scheme also coincides with that by the proposed scheme.
Therefore, we also expect that the solution by the proposed scheme is more reliable
than that by the CN scheme when the time mesh size is coarse.
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Fig. 5 The difference between the volume of the numerical solution in Fig. 1 and one of the initial data
(50)
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Fig. 6 The difference between the volume of the numerical solution in Fig. 3 and one of the initial data
(51

6.2 Conservative property

Next, we check the conservative property. The left figures show the results obtained
by the proposed scheme. The right ones show those obtained by the CN scheme.

e Case 1
Figure 5 shows the following discrepancies:

K K
S uMax =3 Ul Ax (m=0.1,..).
k=0 k=0

in Fig. 1. Theoretically, this value should be conserved. These graphs show that the

mass is conserved numerically.

e Case 3
Figure 6 shows the discrepancies in Fig. 3. These graphs also show that the mass is

conserved numerically.
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Fig.7 The discrete global energy of the numerical solution in Fig. 1. The time axis is in log-scale
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Fig.8 The discrete global energy of the numerical solution in Fig. 3. The time axis is in log-scale

6.3 Dissipative property

Lastly, we check the dissipative property of energy. The left figures show the results
obtained by the proposed scheme. The right ones show those obtained by the CN
scheme.

e Case 1

Figure 7 shows the discrete global energies:

Ja (U(m)) =
k

K
"G (U<’">) Ax (m=0,1,...).

=0

in Fig. 1. Theoretically, this value should decrease. These graphs show that the energy

decreases numerically.

e Case 3

Figure 8 shows the discrete global energies in Fig. 3. In analogy with the Case 1, these

graphs show that the decrease of the global energy is preserved numerically.

From the above, we can obtain the expected results. Additionally, the results of our
scheme are better than those of the CN scheme when the mesh size is coarse.
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7 Conclusion

We proposed a finite difference scheme to obtain numerical solutions of a non-local
Allen—Cahn equation. The solution of the proposed scheme satisfies the discrete con-
servation of mass and the discrete decrease of the global energy. Moreover, the scheme
is stable and has a unique solution. We also prove the error estimate for the scheme.
Numerical experiments demonstrated that the proposed scheme is efficient and that
our proposed scheme is more reliable than the Crank—Nicolson scheme when the mesh
size is coarse.
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