Japan J. Indust. Appl. Math. (2018) 35:423-439 @ CrossMark
https://doi.org/10.1007/s13160-017-0293-5

ORIGINAL PAPER Area 2

On the finite element approximation for non-stationary
saddle-point problems

Tomoya Kemmochi!

Received: 3 September 2017 / Published online: 6 January 2018
© The JJIAM Publishing Committee and Springer Japan KK, part of Springer Nature 2018

Abstract In this paper, we present a numerical analysis of the hydrostatic Stokes
equations, which are linearization of the primitive equations describing the geophys-
ical flows of the ocean and the atmosphere. The hydrostatic Stokes equations can be
formulated as an abstract non-stationary saddle-point problem, which also includes the
non-stationary Stokes equations. We first consider the finite element approximation
for the abstract equations with a pair of spaces under the discrete inf—sup condition.
The aim of this paper is to establish error estimates for the approximated solutions
in various norms, in the framework of analytic semigroup theory. Our main contribu-
tion is an error estimate for the pressure with a natural singularity term 7!, which is
induced by the analyticity of the semigroup. We also present applications of the error
estimates for the finite element approximations of the non-stationary Stokes and the
hydrostatic Stokes equations.
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1 Introduction

Let 2 = (0, )2 x (=D, 0) C R3 be a (shallow) box domain with D > 0. We consider
the (non-stationary) hydrostatic Stokes equations
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u—Au+Vgp =0, in2 x (0, 7),

divg v =0, in 2 x (0, 7), (D)
u(0) = uog, in 2
for an unknown velocity u: £2 — R2 and pressure p: G = (0, 1)2 — R, where

Vup = @:p, dyp)T, divyg v = 8,01 + dyva, and 5 = [ v(-, 2)dz. We impose the
boundary conditions

do;u =0, on I, := G x {0},
u=0, on Il :=G x {—D}, 2)
uandpare periodic on I7 := 9G x (—D, 0).

These are the linearized equations of the primitive equations (without the Coriolis
force) described as

du+ (U -Vyu—Au+Vyp=0, inf2 x (0,T),

do,p =0, in 2 x (0, T), 3)
divU =0, in 2 x (0,7),
u(0) = uo, in 2

with boundary conditions

o,u =0,u3 =0, on [,
U=0, on [},
U and p are periodic on I7,

where U = (u, u3): §2 — R3. The primitive equations are derived from the Navier—
Stokes equations under the assumption that the vertical motion is much smaller than
the horizontal motion, and were first introduced by Lions et al. [21-23]. This model
is considered to describe the geophysical flows of the ocean and the atmosphere.

In this paper, we consider the finite element approximation of the hydrostatic Stokes
problem (1) and (2) as follows. Find uy: (0, T) — Vj, and py: (0, T) — Qy satis-
fying the variational equation

Wn,e, vi)e + NVup, Vo) — (divg vy, pp)c =0, Y, € Vy,
(divy up, gn) =0, Yan € O,
(wn(0), vi)2 = (uo, vu)e, Yo, € Vio,

where V), ¢ H! (S.?)2 and Qj C Lg(G) are finite-dimensional subspaces with suitable
boundary conditions, the bracket (-, -) x expresses the L2-inner product over a domain
X,and Vo = {vp, € Vi | (divg U, gn)G = 0,VYqn € Q). The precise definitions
are given in Sect. 4. The aim of this paper is to establish error estimates for u;, and
pn, in the framework of analytic semigroup theory, as preliminaries for the numerical
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FEM for non-stationary saddle-point problems 425

analysis of the primitive equations. Although there are several results available on the
finite element method for the steady hydrostatic Stokes equations (e.g., [12—15]), there
are no results for the non-stationary case, to the best of our knowledge.

As with the Navier-Stokes equations, the primitive equations are widely used
in numerical computations for atmospheric and oceanic phenomena. Finite element
approximations and error estimates are presented in [3,4,6,16] for the steady prim-
itive equations and in [5,17,18] for non-stationary problems. In [18] and [17], error
estimates for various fully discretized schemes are provided. These estimates have
exponential growth in time 7' (i.e., eT), since their arguments are based on the dis-
crete Gronwall inequality. Therefore, these results are time-local estimates in a sense.

We are interested in time-global error estimates for finite element approximations of
the hydrostatic Stokes and the primitive equations. In contrast to the three-dimensional
Navier—Stokes equations, it is known that the three-dimensional primitive equations
are globally well-posed in the L”-settings (see [2] for p = 2,and [19] for p € (1, 00)).
In their proofs, the analyticity of the hydrostatic Stokes semigroup plays a crucial
role. We can thus expect that the analytic semigroup approach presents an efficient
method for the numerical analysis of the primitive equations. Indeed, for the two-
dimensional Navier—Stokes equations, time-global error estimates have been obtained
via the analytic semigroup approach in [24]. Their results are based on the error
estimates for the non-stationary Stokes equations established in [25].

In order to derive error estimates for the finite element approximation, we formulate
the hydrostatic Stokes equations as an abstract evolution problem. We define

V={ve H'(2)?|vlr, =0, vis periodic on I}}. (4)

Additionally, let Q = L%(G) and H = L%(£2)2. Then, a weak form of the hydrostatic
Stokes equations (2) can be given as a non-stationary saddle-point problem as follows.
Findu: (0,T) — V and p: (0, T) — Q satisfying

)

(us(t), V) g +a(),v) + b, p(t)) =0, YveV,
b(u(t),q) =0, Vg € 0,

where

a(u,v) = /// Vu : Vvdxdydz, b(v,q)= —// (divyg v)g dxdy
Q G

foru,v € V and g € Q. Once we write the hydrostatic Stokes equations as above,
we can use the same arguments for error estimates as is the case for the usual Stokes
problem in [25]. Then, we can obtain the following error estimates for the velocity:

IV () — un )l 20y < Cht™ uoll2(q).

lu() — un @)l 1200y < Ch*t Hluoll 120

under the assumptions stated in Sect. 2 (Assumptions 1 and 2). In particular, the
discrete inf—sup condition (11) plays an important role as in the stationary case.
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426 T. Kemmochi

According to [25], we can also obtain an error estimate for the pressure. The estimate
presented in [25] is

Ip(®) — pr(®ll 2 < Ch™" + 173/ |lug |l 12

for the two-dimensional Stokes equations

U —Au+Vp =0,

divu =0, (6)
u(0) = ug
with the Dirichlet boundary condition. However, the singularity /2 is unnatural from

the viewpoint of analytic semigroup theory. Indeed, an optimal order error estimate
should be of the form

Ip@) — pn(ll2 = ChIVp@) L2,

and (6) yields
VP2 < llur @2 + 1 Au@) 2 < Ct~uol 2.

In this paper, we first address the abstract problem (5) for bilinear forms a: V x
V. — Rand b: V x Q — R defined on Hilbert spaces V and Q, and its Galerkin
approximation

(Uni (1), vi)H + aup(t), vp) + b(vn, pa(1)) =0, Vv € Vp, )

b(un(t), qn) =0, Yan € Oh,
for appropriate finite-dimensional subspaces V, C V and Q;, C Q. The main con-
tribution of this paper is to derive error estimates for the approximation problem (7),
both for the velocity u and the pressure p. In particular, we remove the term ¢t ~3/? from
the error estimate for the pressure. Consequently, our results are a generalization and
modification of the results in [25]. After deriving the error estimates for (7), we apply
the results to error estimates for the finite element approximation of the hydrostatic
Stokes equations.

Here, we present the idea of the proof for error estimates in the case of the hydrostatic
Stokes equations. Our strategy is similar to that of [25]. Namely, we first rewrite the
error in terms of the contour integral of the resolvent and then we reduce the error
estimate for the velocity to that of the resolvent problem. The key idea is to establish the
V’-error estimate for the resolvent problem as well as the H 1_and L2-error estimates,
which are already addressed in [25]. Here, V’ denotes the dual space of V defined by
(4). This estimate coincides with the H ~!-error estimate if we impose the Dirichlet
boundary condition. Then, we can obtain the V'-error estimate for the time derivative
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FEM for non-stationary saddle-point problems 427

of the velocity of the form

e (8) — un O lly < Cht w12 (q)-
Finally, we can establish an error estimate for the pressure without the term =3/ 2,
with the aid of the discrete inf—sup condition. We shall perform the above procedure
in the abstract setting.

The rest of the paper is organized as follows. In Sect. 2, we introduce an abstract
saddle-point problem and its Galerkin approximation, as well as the notation and
assumptions in Sect. 2.1. After that, we introduce the resolvent problems and present
some preliminary results in Sect. 2.2. Our main results are presented in Sect. 3. As
mentioned above, we derive the error estimate in the dual norm for the resolvent
problem, and then we establish the error estimate for the evolution equation. We apply
these results for the Stokes and the hydrostatic Stokes equations in Sect. 4. For the
usual Stokes equations (Sect. 4.1), error estimates for the velocity are already available.
However, the estimate for the pressure presented here is strictly sharper than that of
[25]. The error estimates for the non-stationary hydrostatic Stokes equations will be
presented in Sect. 4.2. Finally, we present our conclusions and areas for future works
in Sect. 5.

2 Preliminaries
2.1 Notation and assumptions

Throughout this paper, except for in the last section, the symbols H, V, and Q denote
Hilbert spaces with dense and continuous injections V <> H <> V', where V' is the
dual space of V,anda: V x V — Cand b: V x Q — C are continuous bilinear
forms. We assume that a is symmetric for simplicity, and that a is coercive and b
satisfies the inf—sup condition:

Re a(v,v) =z afvllv, YveV,

b, 9)
== Billallo. Vq e 0. ®)
vev  lvllv

v

for some positive constants « and 81. We consider the following abstract non-stationary
Stokes problem:

(@), vV)g +a@),v) +b, p) =0, YveV,

b(u(1), q) =0, Vg € 0, ©)
u(0) = uo,

fort € (0, T), where ug € Hy := V_U”'HH and

Vo :={veV|b,q) =0, Vg € 0}.
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428 T. Kemmochi

We define a linear operator A on H, associated with the bilinear form a by

D(A) ={u €V, |dw € Hy s.t. (w,v)g = a(u,v), Yv € V,}, (10)
(Au,v)g = a(u,v), Yu € D(A), YveV,,

which is the abstract version of the Stokes operator. By coercivity (8) and the usual
semigroup theory (e.g., see [26]), the operator —A generates an analytic contraction
semigroup e~ "4 on H,. Thus, choosing v € V,, as a test function in (9), we can
construct a mild solution by u () = e "4ug fort > 0. Moreover, owing to the inf—sup
condition and the closed range theorem (see, e.g., [9]), we can find p(¢) € Q that
satisfies

b, p(1)) = —(u; (), vV)n +alu@®),v), YveV,

for almost all ¢ € (0, T). The uniqueness of these solutions is clear. Finally, we define
a linear operator B: D(B) C Q — H associated with b by

DB)={ge Q|3weHst (w,v)g =b(,q), Yve V},
(Bqg,v)y =b(v,q), VYqeD(B), YveV.

We next consider the Galerkin approximation for (9). Let V;, C V and Q;, C Q be
finite-dimensional subspaces. We assume that they have the following properties:

Assumption 1

(A-1) [discrete inf—sup condition] There exists 8, > 0 such that

|b(vn, gn)l

> Ballgnllo, Yan € O, (11)
v eV ”v/’l”V

uniformly in 4 > 0.
(A-2) [approximation property (1)] For each v € D(A), we can find v, € Vp,
satisfying

lvrllv < Cllvllv,
lv—vrllz < Chivllv,
lv—wnllv = ChllAvlla, 12)

where C is independent of /# and v.
(A-3) [approximation property (2)] For each ¢ € D(B), we can find g, € Qp, satis-
fying
lg —anlle = ChliBqlla,

where C is independent of / and q.
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FEM for non-stationary saddle-point problems 429

Remark 1 The assumption (A-2) includes the condition on “elliptic regularity”. For
example, let £2 C R? be a polygonal domain, H = L*(2), V = Hj (), and Vj, be
the conforming P !-finite element space with respect to a shape-regular triangulation
of £2. Then, for every v € H 2(.(2), we can construct v, € Vj with the error estimate

v = vill gy < Chllvllpe.
However, if A is the Laplace operator defined by
(Au,v);2 = (Vu, Vu)2, u,v € H} (),

then the error estimate (12) does not hold in general. Indeed, (12) requires that the
condition D(A) = H?(£2) N H} () is satisfied, or equivalently,

lvllg2 < CllAv] L2
for all v € D(A), which is not true for non-convex polygonal domains (see [11]). O
We also introduce the discrete “solenoidal” space V), , defined by
Vio = {vn € Vi | b(vp, qn) =0, Ygn € Op}. (13)
Note that V, » ¢ V, in general. We now formulate the Galerkin (semi-discrete)

approximation for the problem (9) as follows: find uy, () € Vj and g5, (t) € Qj, that
satisfy

(up, (), vi)g +a(up(t), vp) + b, pr()) =0, Yv, € Vy,
b(up(t), qn) =0, Van € O, (14)
up(0) = Py ouo,

where P, : H — V), is the orthogonal projection. We define the discrete “Stokes
operator” Aj by

(Anun, va)u = aup, vp), Vup,vp € Vpo.
Then, as in the continuous case, the operator —A;, generates an analytic contraction

semigroup e~!4n on Hpo = (Vho, |l - lla), and thus we can construct a unique
solution (up, py) of the Eq. (14) due to the discrete inf—sup condition (11).

2.2 Finite element method for resolvent problems

We show error estimates for (14) via the resolvent estimates, as originally shown
in [25] for the non-stationary Stokes problem. Let I = {re™@ =%  C | r € [0, 00)}
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430 T. Kemmochi

be a path for § € (0, 7/2), which is oriented so that the imaginary part increases along
I'. Then, since the semigroups e~'4 and e~'4# are analytic, we can write

()~ w0 = 5 - /F [0 AT = Ot AP Juodh.(15)

Therefore, the error estimate for u;, is reduced to that of resolvent problems:
AMw,v)g +a(w,v) =(g, Vg, YveV,, (16)
and

Awp, vy +a(wp, vy) = (&, v)H, Yop € Vi, )

for given g € H and A € X5 := {z € C\ {0} | |argz| < w — 8} with an arbitrarily
fixed 6 € (0, w/2). Owing to the closed range theorem, the problem (16) is equivalent
to the following equation for w and 7:

AMw,v)g +a(w,v)+b(v,7) =(g,v)yg, YvevV, (18)
b(w,q) =0, Vg € 0,
and (17) is also equivalent to the problem
Awp, vp) g + a(wy, vy) + b(vy, ) = (g, v)H, Yv € Vp, (19)
b(wp, qn) =0, Yan € QOn,

where wy, € V and j, € Qy, are unknown functions. We assume that Eq. (18) admits
the following estimate.

Assumption 2 (A-4) For each g € H and A € X, Eq. (18) has a unique solution
(w, ) € V; x Q, which admits the regularity w € D(A) and m € D(B). Moreover,
the following resolvent estimate holds:

lwllg + Y2 wlly + lAwllg + 1Brlly < Cliglu,

where C is independent of g and X. O

It is known that assumptions (A-1)—(A-4) allow us to obtain error estimates for the
velocity.

Theorem 2.1 Letd € (0, w/2), and suppose that assumptions (A-1)—(A-4) hold. Then,
we have

[+ a7 P = Gt A0~ P 8| = Chligl. 20)

[+ 07 P = Gt A Pac 6| = CHgl, @)

forany g € H and ). € 5, where P,: H — H, is the orthogonal projection and C
is independent of h, g, and . O
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An outline of the proof is given below. We refer the reader to [25, Theorems 3.2
and 4.2] for the detailed proof.

Proof Fix g € H, 5 € (0,7/2), and A € X; arbitrarily. Let (w, ) and (wy,, 7rj,) be
the solutions of (18) and (19), respectively. Choose v, € V}, and g;, € Q), arbitrarily

and consider w;, — v, and 7, — gj,. Substituting ¢, € Vj, and ¥, € Qp into (18) and
(19), we have

ay(wp — vp, Pp) + b(Pn, Tn — qn) = ar(w — vy, dp) + b(dp, T — qn)
=1y (Fn. dn)vy» Vén € Vi, (22)

and
b(wn — vi, Y1) = b(w — v, Yn) =: o1 (Gh, Yn)gy» V¥ € Q. (23)

where
ay(u,v) = A(u,v)g +au, v)

foru, v € V. By the elementary inequality [sA 47| > sin(§/2)(s|A]|+¢) fork € X5
and s, ¢ > 0, we can obtain

2
lax (v, V)| = ayl[vlly,

(£2)

for all v € V, where o1 > 0 is independent of A. Therefore, Eqs. (22) and (23),
the discrete inf—sup condition (A-1), and the generalized Lax—Milgram theorem (e.g.,
see [9, Theorem 2.34]) yield

A2 wn = vl + s = vally + 174 = gallo < € (I Fally; +1Gillg; ) (24

for some constant C > 0, which is independent of /# due to (A-1). From the definition
of Fj, and Gy, we have

| Fully; + 1Gall gy = € (11" 1lw = vall + lw = wallv + I = gullg)
which implies, together with (24), that

2w = wall g+ lw = wallv + I = 74l

= C (1121w = vl + lw = wally + I = anllo)
Therefore, assumptions (A-2)—(A-4) lead to
2w = wallg + llw — wally + llm —mllo < ChlgllH, (25)
which implies (21).
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432 T. Kemmochi

The error estimate (20) is demonstrated by the standard duality argument. Consider
the dual problem

Mo, g +a@, ) +b@,n) =@, w—wypy, VeV,

(26)
b, ) =0, Vi € 0.
The solution (¢, n) € V x Q has the estimate
e+ M2y + 1ACE + 1Balla < Cllv — valla, (27)

from assumption (A-4). Substituting ¢ = w — wy, into (26) and recalling Egs. (18)
and (19), we have

lw = willyy < Chilgla x (1M1 = Gl + 1 = Gally + In = mallo)

for any ¢, € V), and n, € Q. Hence, together with (A-2), (A-3), and (27), we obtain
(20). O

3 Abstract results

This section is devoted to the error estimates for the abstract Stokes problems.

Theorem 3.1 Let ug € H, and let (u, p) and (uy, pn) be the solutions of (9) and
(14), respectively. Assume that (A-1)—(A-4) hold. Then, we have the following error
estimates:

lu() —up @y < Cht ™ uoll . (28)
lu() —upn@ g < Ch*t uollm, (29)
Nty (8) — wn Oy < Cht ™ ol a, (30)
Ip(t) — pr®llo < Cht Mugll . 31

forallt € (0, T), where each constant C depends only on the constants appearing in
assumptions (A-1)—(A-4), but is independent of h, uy, t, and T. O

Remark 2 The error estimates for the velocity (29) and (30) are given in [25, The-
orems 3.1 and 4.1]. Although there is an error estimate for the pressure in [25], our
result, (28), is strictly sharper. Indeed, it was shown that the estimate

1p@) = pa®llg = Ch (7" +172) Juoll

holds in [25, Theorem 5.1]. O

The estimates (29) and (30) are the consequence of the resolvent estimates (21)
and (20), and the estimate for the pressure (28) is obtained from the discrete inf-sup
condition (11). To show (31), we need another resolvent estimate.
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FEM for non-stationary saddle-point problems 433

Lemma 3.1 Let § € (0, /2). Suppose that assumptions (A-1)—(A-4) hold. Then, we
have
[+ 07 P =t A Pac g, = ChIM gl

forany g € H and A € X5, where C is independent of h, g, and . O

Proof Fix g € H,$ € (0,7/2), and A € X; arbitrarily, and let (w, ) and (wy, 73)
be the solutions of (18) and (19), respectively. It is sufficient to show that

(w —wp, V)i < ChIA iglmllvly (32)

holds for arbitrary v € V, since || F|ly: = sup,cy (F, v)g/|lvlly for F € H — V.
Fix v € V and choose v, € V}, as in (A-2). Then,

(W —wp, V)g =W —wp, v —vp)H + (W —wh, vp)g =11 + D,
Since a standard energy method yields ||w|g + lwpllg < CIx~ Vgl #, we have
1111 < Clal " gl - hlvlly
from assumption (A-2). Moreover, Egs. (18) and (19) imply
Mo = —a(w — wyp, vp) — b(vy, T — mR).
Together with (25), we have
L] < ChIAI M igla,

which gives (32). Hence we can complete the proof. O

Proof of Theorem 3.1 (1) Proof of (29) and (30). The derivation of these estimates
was originally presented in [25]. Indeed, one can check (29) and (30) directly from
Eq. (15) and Theorem 2.1.

(2) Proof of (31). From (15) and Lemma 3.1, we have

g (£) — wp o (O 1y s/ Ire™| - ChIA ™ uoll ldA| < Cht ™ |luo |l a,
I

where I = dX; for an arbitrary § € (0, 7/2).
(3) Proof of (28). Fix g5, € Qj, arbitrarily. Then, by the discrete inf—sup condition
(11), we have

b(on, _
Ballpn(®) —anllp < sup 2 Pal) = 4n)
v €V lvnllv
The Egs. (9) and (14) yield
b(n, pr(t) —qn) = bn, p(t) —qn) + W, () —up (), v) g +a(u(t) —up(t), vy),
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which leads to
Ipn® = anllg = € (1) = anllg + i~ luollar ) oallv
from (29) and (31). Therefore, noting p — p, = (p — qn) + (gn — pr), we have
lp(®) = pllo < Cllp() = anllo + Cht ™ fluoll1-
Finally, choosing g5 € Qj, as in assumption (A-3), we obtain

Ip@) —anllo < ChIBp) g < Chi™ |luol .,

t

since Bp = —u; — Au and u(t) = e ~"4ug. This completes the proof. O

Remark 3 Throughout this section, we have considered the homogeneous problem
(9). We now consider the inhomogeneous problem

(e, V)g +a(u,v) +b(v, p) =(f,v)y,y, YveV,
b(u,q) =0, Vg € 0,

with an external force f: (0,T) — V. If f € CQ([O, T1; H) for some 6 € (0, 1],
then we have

)y =un Ol gl —un v < Ch (ol + 11 Fleogoryean + 1O l1m)

by the same argument as in [10, §5]. However, we cannot extend this result to the
V’-error estimate and the pressure estimate at present. O

4 Applications

In this section, we apply Theorem 3.1 to the non-stationary Stokes and the hydrostatic
Stokes problem. Hereafter, L2(£2) and H*(£2) denote the Lebesgue and Sobolev
spaces, respectively.

4.1 Non-stationary Stokes equation

Let 2 c R? (d = 2, 3) be a convex polygonal or polyhedral domain. We consider
the non-stationary Stokes equations in §2 with the homogeneous Dirichlet boundary
condition:

(1), v) + (Vu(t), Vv) — (divv, p(1)) =0, Yv € H}(2)%,
(divu(r), q) =0, Vg € L3(2), (33)
u(0) = uo,
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FEM for non-stationary saddle-point problems 435

where ug € Lg (£2). Here, we use the usual notation
Hy(2) = {ve H'(R2) | vlse = 0},
L§i(2) =1{g € L*(2) | [5q =0},
H} ,(2) = {v e Hy(£2)" | divv =0},

1,2

L2(2)=H}, () ",

and let (-, -) denote the L2-inner product over £2. Let H = L2(2)4,V = H(} (£2)4,
0= L%(.Q), a(u,v) = (Vu, Vv), and b(v, q) = —(divv, g). Then, H, = Lg(.Q)
and V, = Hol,a (£2). We also define the operators A and B as in Sect. 2. The domain
of A coincides with H?(§2) N V, and the estimate

lvllg2 < CllAv] 2, Vv e D(A), (34)

holds since §2 is a convex polygon or polyhedron (see [20] for the 2D case and [8] for
the 3D case). Hence, assumption (A-4) holds.

Next, we consider the finite element approximation of (33). Let 7, be a conforming
triangulation (or tetrahedralization) of §2 with parameter 4 = maxg 7, diam K. We
define the pair of approximation spaces (Vj,, Q) as the P!-bubble- P! element (MINI
element) or P2-P! element (Taylor-Hood) with respect to 7;,. For the precise defini-
tion, see, e.g., [9]. We set Vj, » as in (13). If 7, is shape-regular and quasi-uniform,
then we can check that assumptions (A-1)—(A-3) hold, together with (34) (see, e.g.,
[1,9D.

The approximation scheme is as follows. Find (u,(¢), pn(t) € Vi x Qp which
satisfies

(p,(t), vp) + (Vuy (), Vop) — (div oy, pp(t)) =0, Yo, € Vy,
(divup (), gn) =0, Van € Qhn, (35
up(0) = Py ouo,

where Py, is the L?-projection onto Vh.o» as in (14). Then, since we have already
checked that assumptions (A-1)—(A-4) hold, we can state the following error estimates.

Theorem 4.1 Let 2 be a convex polygonal or polyhedral domain, Tj, be a shape-
regular and quasi-uniform triangulation of $2, and (Vj,, Q) be the pair of finite
elements mentioned above. Let (u, p) and (uy, py) be the solutions of (33) and (35),
respectively, for the initial value uoy € L%, (£2). Then, we have the following error
estimates:

lu(t) — up ()l g1 < Cht™Hugll 12,
lu(t) — un(®ll 2 < Ch*t Ylugll 2,
Nty (8) — wn (Ol g1 < Cht ™ Hjuoll 2,

Ip(t) — pr@®)ll 2 < Cht ugll,2,

forallt > 0, where each constant C is independent of h, u, t, and T. O
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Remark 4 For the MINI element, the convergence rate is optimal. However, for the
Taylor—Hood element, it is not. For optimal order error estimates with higher order
elements, our argument requires higher regularity for the solution of the resolvent
problem Eq. (18), which is impossible when g € H has no more regularity. We leave
the investigation of the optimal order error estimates for higher order elements as an
area for future work. O

4.2 Non-stationary hydrostatic Stokes equation

The second example is the hydrostatic Stokes problem, which is a linearized form of
the primitive equations. Let G = (0, 1) C RZand 2 = G x (—D,0) ¢ R? with
D > 0. The unknown functions of the hydrostatic Stokes equations are the horizontal
velocity u: 2 x (0, T) — R? and the surface pressure p: G x (0,7) — R. The
equations are given by

U —Au+Vpp =0, in2 x (0,7),
divgu =0, in 2 x (0, 7), (36)
u(-,0) = ug, in £2,

with boundary conditions

o;u =0, on [, := G x {0},
u=>0, onl}y:=G x {—D}, 37
u is periodic on 7 := 3G x (—D, 0),

where Vg = (0,9, 8yq)T, divg v = d,v1 + dyv, and v(x, y) = fBD v(x,y,2)dz.

Let H = L>(2)%, V = {v € H'(2)? | v|p, = 0and v|; is periodic}, Q =
L%(G),a(u, v) = (Vu, Vo) foru,v € V,andb(v, q) = —(divyg v, g¢)g for (v, q) €
V x Q, where (-, -)x denotes the L>-inner product over a domain X. Then, the weak
formulation of the problem (36) and (37) is described by Eq. (9), i.e.,

(us (1), v)e + (Vu, Vv)o — (divg v, p)g =0, Yv eV,
(divg u,q)c =0, Vg € Q.

Thus, we can construct a finite element scheme for the hydrostatic Stokes equations. Let
7y, be a tetrahedralization (a set of open tetrahedra) of £2 with 4 = maxg 7, diam K,
and let 7, be the triangulation of I, induced by 7j,. Namely,

T, ={Tcrl,|3K eTyst.T=1I,N0K},

where T and G are the closures in R?. We suppose that

e V}, is the space of P2-finite elements or P!-bubble finite elements with respect to
Tn, and each vy, € V), vanishes on I, and is periodic on I7,
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e Q) is the space of P!-finite elements with respect to 7, and /. G 4n = 0 for each
qn € Qh.

Then, we can introduce the finite element approximations for (36) and (37) as follows.
Find up: (0, T) — Vj and py: (0, T) — Qj which satisfy

(un (1), vp) @ + (Vup, Vup)o — (divyg vp, pr)g =0, Yo, € Vp,
(divyg up, gn)c =0, Van € Qhn, (38)
(up(0), vp) o = (1o, Va2, Vv € Vio,

where V, , is defined by (13).

In order to discuss the error estimates in the framework of Theorem 3.1, we should
check the conditions (A-1)—(A-4). Let A be the operator defined by (10), which is called
the hydrostatic Stokes operator in the present case. Then, it is known that 0 € p(A), A
generates a bounded analytic semigroup on H,, and A satisfies the regularity property

vl 2@y = CllAVII2(0), Vv € D(A).

We refer to [19, Theorem 3.1] for the proof. Therefore, we can check that conditions
(A-2)—(A-4) hold.
Finally, we confirm (A-1) holds by introducing a prismatic mesh.

Definition 1 We say that a tetrahedralization 7j, of £2 is prismatic if the following
condition holds: for each K € 7;, there exists T € 7, such that

KcPr={x,y,20€82]|((x,y,0) €T},

where 7}, is the triangulation of I, induced by 7j,. O
We can construct such a mesh by the following procedure.

1. Triangulate the surface I';, and denote the triangulation by Th.

2. Construct a prism Pr in §2 foreach T € ’]7,

3. Decompose each prism Pr into tetrahedra so that the set of tetrahedra becomes a
conforming tetrahedralization of £2.

In [7], it is proved that the pair (V},, Q) mentioned above satisfies the discrete inf—sup
condition (11), provided that the mesh is prismatic. Indeed, if the mesh is prismatic,
then we can extend a function g, € Q) naturally to a piecewise linear function over
the mesh 7}, and thus we can use the usual inf-sup condition for the MINI element
or Taylor—-Hood element. Hence, we can confirm (A-1) holds.

Therefore, we can apply Theorem 3.1 and obtain the following error estimates.

Theorem 4.2 Let $2, Ty, and (Vy,, Q) be as described above. Assume that the mesh
Ty, is shape-regular, quasi-uniform, and prismatic. Let (u, p) and (up, py) be the
solutions of (36) and (38), respectively, for the initial value ugy € L?(£2)? satisfying
divy ug = 0 in the distributional sense. Then, we have the following error estimates:
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lu(t) = unOll 12y < Cht ™ luoll 2,
lu() — un@)ll 200y < Ch*t Hluoll 20
e (1) — un s llv: < Cht™Muol 12(@).

Ip(®) = pr®ll 26y < Chtluoll 120y

for all t > 0, where each constant C is independent of h, ug, t, and T, and V' is the
dual space of V. = {v € H'(£2)? | vln, = 0 and v|r, is periodic}. m]

5 Concluding remarks

In the present paper, we considered the abstract non-stationary saddle-point problem
(9) and its finite element approximation (14). Our main contribution (Theorem 3.1)
is the derivation of error estimates for the velocity and the pressure in various norms.
In particular, the error estimate for the pressure with the optimal singularity (i.e., the
term 1) is a new result. We then applied this result to establish error estimates for
the finite element approximation for the non-stationary Stokes and the hydrostatic
Stokes equations. However, as mentioned in Remark 3, we have not obtained the error
estimates for the pressure for inhomogeneous problems. Moreover, the convergence
rate is not optimal for finite elements of higher degree (Remark 4). Furthermore, we
should consider a numerical analysis for the primitive equations (3) in the framework
of analytic semigroup theory, as performed in [24] for the two-dimensional Navier—
Stokes equations. These problems remain an area for future work.
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