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Abstract We present a Lagrange—Galerkin scheme free from numerical quadrature
for convection-diffusion problems. Since the scheme can be implemented exactly as
it is, theoretical stability result is assured. While conventional Lagrange—Galerkin
schemes may encounter the instability caused by numerical quadrature error, the
present scheme is genuinely stable. For the Pg-element we prove error estimates of
O(At + h? 4+ h*t1) in £%°(L%)-norm and of O (At + h% + h¥) in £°(H")-norm.
Numerical results reflect these estimates.
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1 Introduction

The Lagrange—Galerkin method, which is also called characteristics finite element
method or Galerkin-characteristics method, is a powerful numerical method for flow
problems such as the convection-diffusion equations and the Navier—Stokes equations.
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122 M. Tabata, S. Uchiumi

In this method the material derivative is discretized along the characteristic curve,
which originates the robustness for convection-dominated problems. Although, as a
result of the discretization along the characteristic curve, a composite function term
at the previous time appears, it is converted to the right-hand side in the system of the
linear equations. Thus, the coefficient matrix in the left-hand side is symmetric, which
allows us to use efficient linear solvers for symmetric matrices such as the conjugate
gradient method and the minimal residual method [2,15].

Stability and error analysis of LG schemes has been done in [1,3,4,6,9-14,16]; see
also the bibliography therein. Pironneau [11] analyzed convection-diffusion problems
and the Navier—Stokes equations to obtain suboptimal convergence results. Optimal
convergence results were obtained by Douglas-Russell [6] for convection-diffusion
problems and by Siili [16] for the Navier—Stokes equations. Optimal convergence
results of second order in time were obtained by Boukir et al. [4] for the Navier—
Stokes equations in multi-step method and by Rui-Tabata [ 14] for convection-diffusion
problems in single-step method. All these theoretical results are derived under the
condition that the integration of the composite function term is computed exactly.
Since, in real problems, it is difficult to get the exact integration value, numerical
quadrature is usually employed. It is, however, reported that instability may occur
caused by numerical quadrature error in [9,17,18]. That is, the theoretical stability
results may collapse by the introduction of numerical quadrature.

Several methods have been studied to avoid the instability. The map of a particle
from a time to the previous time along the trajectory, which is nothing but to solve a
system of ordinary differential equations (ODEs), is simplified in [3,9, 13]. Morton-
Priestley-Suli [9] solved the ODEs only at the centroids of the elements, and Priestley
[13] did only at the vertices of the elements. The map of the other points is approx-
imated by linear interpolation of those values. It becomes possible to perform the
exact integration of the composite function term with the simplified map. Bermejo-
Saavedra [3] used the same simplified map as [13] to employ a numerical quadrature
of high accuracy to the composite function term. Tanaka-Suzuki-Tabata [19] approxi-
mated the map by a locally linearized velocity and the backward Euler approximation
for the solution of the ODEs in Pj-element. The approximate map makes possible
the exact integration of the composite function term with the map. Pironneau-Tabata
[12] used mass lumping in P;-element to develop a scheme free from quadrature for
convection-diffusion problems.

In this paper we prove the stability and convergence for the scheme with the same
approximate map as [19] in Pg-element for convection-diffusion problems. Since
we neither solve the ODEs nor use numerical quadrature, our scheme can be pre-
cisely implemented to realize the theoretical results. It is, therefore, a genuinely stable
Lagrange—Galerkin scheme. Our convergence results are of O (At + h* 4+ h¥*1) in
£°°(L*)-norm and of O (At + h* + h¥) in £°(H")-norm. They are best possible in
both norms for P;-element and in £°°(H!)-norm for Py-element

The contents of this paper are as follows. In the next section we describe the
convection-diffusion problem and some preparation. In Sect. 3, after recalling the
conventional Lagrange—Galerkin scheme, we present our genuinely stable Lagrange—
Galerkin scheme. In Sect. 4 we show stability and convergence results, which are
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proved in Sect. 5. In Sect. 6 we show some numerical results, which reflect the theo-
retical convergence order. In Sect. 7 we give conclusions.

2 Preliminaries

We state the problem and prepare notation used throughout this paper.

Let £2 be a polygonal or polyhedral domain of R? (d = 2,3) and T > 0 be a time.
We use the Sobolev spaces L (£2) with the norm |- o ,, W*7(£2) and W'* (2) with
the norm ||-|[; , and the semi-norm |-|; , for 1 < p < oo and a positive integer s.
We will write H*(£2) = W*2(£2) and drop the subscript p = 2 in the corresponding
norms. The L2-norm [I-llo is simply denoted by |-||. The dual space of H(} (£2) is
denoted by H ~1(£2). For the vector-valued function w € W (£2)? we define the

semi-norm |w|; o, by
TN
. ij

i,j=1

0,00

The parenthesis (-, -) shows the L2-inner product (f, g) = fg fg dx. For a Sobolev
space X (£2) we use abbreviations H"(X) = H™(0,T; X(£2)) and C(X) =
C([0, T]; X(£2)). We define a function space Z™ (¢, 1) by

2"t ) ={f € H (1. s H"1(82)); j =0, ...om, | fllzmgy 1y < OO,
1/2

m
_ 2
L N zmeray = 3 D Wiy e iy
j=0

and denote Z" (0, T') by Z™.
We consider the convection-diffusion problem: find ¢ : £2 x (0, T) — R such that

%—?+u~V¢—vA¢=f, (x,1) € 2 x(0,7), (1a)
p=0, (x,1)ed x(0,7), (1b)
p=0¢", xeQ,t=0, (1c)

where 9§2 is the boundary of §2 and v > 0 is a diffusion constant which is less than
or equal to a given vy. Functions u : 2 x (0, T) — R4, f e C(LZ) and ¢0 e C(£2)
are given.

Remark 1 As usual, in place of (1b), we can deal with the inhomogeneous boundary
condition ¢ = g by replacing the unknown function ¢ by ¢ = ¢ — g if the function g
defined on 352 x (0, T') can be extended to a function g in £2 x (0, T') appropriately.

Let Ar > 0 be a time increment, Ny = |T/At], t" = nAt and " = (-, t"") for

a function ¢ defined in £2 x (0, T'). For a set of functions ¢ = {1//”},11\20, two norms
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I-lgoo(z2y and I lg2(, n,: 12y are defined by

191l goo(z2) = max { || "

ny ) 1/2
1V g2y e 12y = (At > vl )

n=nj

;n:O,...,NT},

and denote [V [lp2(1 ny:22) bY 1Y 11e2(12)-
Let u be smooth. The characteristic curve X (¢; x, s) is defined by the solution of
the system of the ordinary differential equations,

ax
E([;x,s) =u(X(;x,s),t), t<s, (2a)
X(s;x,8) =x. (2b)

Then, we can write the material derivative term %—? +u-V¢ as

8¢+ \Y X(t t—d X(),t
(5 u- ¢)( ()’)_E¢( (), 1).

For w : 2 — R? we define the mapping X (w) : 2 — R? by
X1(w))(x) =x —wx)At. (3)

Remark 2 The image of x by X (u(-, t)) is nothing but the backward Euler approxi-
mation of X (r — At; x, t).

The symbol o stands for the composition of functions, e.g., (g o f)(x) = g(f (x)).

Let 7, = {K} be a triangulation of £2 and & = max k7, diam(K) be the maximum
element size. Throughout this paper we consider a regular family of triangulations
{Zn}ny0- Let k be a fixed positive integer and Vj, C HO1 (£2) be the Py-finite element
space,

Vi = {up € C(2) N Hy (2); vnk € Pe(K), VK € Ty},

where Py (K) is the set of polynomials on K whose degrees are less than or equal to
k. Let ¢, € Vj be the Poisson projection of ¢ € HO1 (£2) defined by

(V(on — ), Vi) =0, Y, € Vi 4

We use ¢ to represent a generic positive constant independent of i, Az, v, f and
¢ which may take different values at different places. The notation ¢(A) means that
¢ depends on a positive parameter A and that ¢ increases monotonically when A
increases. The constants co, c1 and ¢ stand forco = c(||u|l c(r=)),c1 = c(IIuIIC(Wl,OO))
and ¢p = C(”M”C(WZ,OO)). We also use fixed positive constants o, and J, defined in
Lemma 1 in the next section and in Lemma 5 in Sect. 5, respectively.
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3 A genuinely stable Lagrange—Galerkin scheme

The conventional Lagrange—Galerkin scheme, which we call Scheme LG, is described
as follows.

Scheme LG Let ¢) = $2 Find {¢>Z}2/=T] C Vy suchthatforn =1,..., Nr

¢ = o Xj
Ar

,Iﬂh) +v(Voy, V) = (f", ¥n), Y¥n € Vi, (5)

where X{ = X (u").
For this scheme error estimates

lpn — Pllpoo 2y < c(h* + Ap), c(1/v)(W*H! + Ar),

) ©)
lfn — @llgoe a1y < c(1/v)(RE + Ar)

are proved in [6], where the composite function term (¢Z “lox 1, ¥p) is assumed to

be exactly integrated.

Although the function ¢>Zﬁl is a polynomial on each element K, the composite
function ¢)Z*1 o X{ is not a polynomial on K in general since the image X} (K)
of an element K may spread over plural elements. Hence, it is hard to calculate the
composite function term (qb;l'_l o X', ¥y,) exactly. In practice, the following numerical
quadrature has been used. Let g : K — R be a continuous function. A numerical
quadrature I,[g; K] of [, gdx is defined by

Nq
Inlg: K1=meas(K) D w; g(a), @)

i=1

where N, is the number of quadrature points and (w;, a;) € R x K is a pair of weight

and pointfori =1, ..., N,. We call the practical scheme using numerical quadrature
Scheme LG'. N
Scheme LG’ Let ¢) = ). Find {¢}'}, ", C V such that forn = 1, ..., Ny

1 n l I n—1 Xn K V n V
< @) = — 2 Wl@ 7 o XDy KT+ (Ve Vi)
KeT, (8)

=(f"vn), YYn eV,

where X{ = X (u").
It is reported that the results (6) do not hold for Scheme LG’ [9,17-19].

We denote by IT fgl) the Lagrange interpolation operator to the Pj-finite element
space. The following lemma is well-known [5].
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126 M. Tabata, S. Uchiumi

Lemma 1 (i) There exists a positive constant cy such that for w € W22 (02)4
1w —wlly o < enh? wh o -
(ii) There exists a positive constant ay, > 1 such that for w € W1 (£2)4
|1'1}(11)w|1’C>o <oy wlp s

We now present our genuinely stable scheme GSLG, which is free from quadrature
and exactly computable. We define a locally linearized velocity uj; and a mapping X,
by

wp=MVu, X%, = X))
Scheme GSLG Let ¢! = ¢7. Find {qbZ}:lle C Vysuchthatforn=1,..., Ny

¢ — oy o XY,
At

Jﬁh)"‘ v(Vey, V) = (f" ¥m), YYn € Vi, (9)

We show that the integration (¢>Z*1 o X',» ¥n) can be calculated exactly.
At first we prepare two lemmas. The next lemma on the mapping (3) is proved in
[14].

Lemma 2 ([14, Proposition 1]) Suppose
we Wy (@) and At |w|y o < 1. (10)

Let F = X (w) be the mapping defined in (3). Then, F : 2 — $2 is bijective.

Lemma 3 Let Ko, K| € T, and F : Ko — R be linear and one-to-one. Let E| =
KoN F~Y (K1) and meas(E1) > 0. Then, the following hold.

(i) Eqisapolygon (d = 2) or a polyhedron (d = 3).
(ii) ¢no Fig, € Pu(E1), Von € Pr(Ky).

Ky

Fig.1 Elements K¢, K1 and a polygon E
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Proof (i) Since both K¢ and F —1(K,) are triangles (d = 2) or tetrahedra (d = 3), the
intersection is a polygon or a polyhedron. See Fig. 1.

(ii) F € P;(Ko)? implies that F € Py(E{)? and it holds that F(E|) C K. Hence,
¢n o Fig, is well defined and ¢y, o Fig, € P (Ey). O

Proposition 1 Let ¢p, vy € Vi, w € Wol’oo(.Q) and X1, = Xl(ngl)w), where X is
the operator defined in (3). Suppose o At |{wly o < 1. Then, fg (¢ o X1p)Y¥ndx is
exactly computable.

Proof 1Tt is sufficient to show that f Ko (¢n o X15)¥ndx can be computable exactly for
any Ko € 7;,. The mapping X, : 2 — £2 is bijective since we can apply Lemma 2
thanks to

AT w), < anAtwl) o < 1. (11)

Let A(Ko) = {1; Ko N X3, (K) # @] and E; = Ko N X, (Kp) for | € A(Ko).
Noting that
U E;=KoN U X1 (Kl)—KO

le A(Ko) le A(Ko)

and that meas(E; N E;,) =0 forl #m,l,m € A(Kp), we can divide the integration
on Ky into the sum of those on E; for/ € A(Ky),

/ (¢n o X1p)Yndx = Z (¢h o X1p)¥pdx.

le A(Kyp)

Since Lemma 3 with F = X; implies that both ¢} o X1, and ¥, are polynomials on
E;, we can execute the exact integration. O

Remark 3 In the case of d = 2, Priestley [13] approximated X (t"~!; x, t*) by
X1n(x) = Bia1(x) + B2ha(x) + B3ra(x), x € Ko

oneach Ky € 7, where B; = X (1"~ 1 A;, 1), {A; 13 ;_; are vertices of Ko and {A; }l 1

are the barycentric coordinates of K with respect to {A; } _- Since X 1n(x) is linear
in Ko, the decomposition

/ (fn o Xin)yndx = D / (én © Xin)yndx,

le A(Kp)

AKo) = [1: Ko 0 X35 (K # 9} Er = Ko X7, (KD

makes the exact integration possible. However, B; = X (t"’l ; Aj, t'") are the solutions
of a system of ordinary differential equations and they cannot be solved exactly in
general. In practice, some numerical method, e.g., Runge—Kutta method, is required,
which introduces another error.
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128 M. Tabata, S. Uchiumi

4 Main results

We show the main results, the stability and convergence of Scheme GSLG.
Hypothesis 1 (i) u € C((Wy' ™)), (ii) u € C((Wy ™ N W2®)),
Hypothesis 2 ¢ € H'(H**1)n z2.

Hypothesis 3 The time increment Ar satisfies 0 < Ar < Afry, where

8

Ay = ———,
Oy |M|C(W1,00)

(12)

and «, and §, are the constants stated in Lemma 1 (Sect. 3) and Lemma 5 (Sect. 5),
respectively.

Hypothesis 4 There exists a positive constant ¢p such that, for v € H1(2) N
Hy (£2). R
1n = ¥llo < cph T 1 lliq (13)

where 1//7;, is the Poisson projection defined in (4).

Remark 4 (i) It is well-known that the H'-estimate

1n — ¥l < cph* 1Y s (14)

holds without any specific condition. On the other hand, Hypothesis 4 holds, for
example, if £2 is convex, by Aubin-Nitsche Lemma [5].
(ii) Hypothesis 2 implies ¢ € C(H**!) and ¢° € H*T1(£2).

Theorem 1 Suppose Hypotheses 1-(i) and 3. Then, there exists a positive constant c
independent of h, At, v, ¢ and f such that

Inlecizy + V5 19l < e ([00] + 1) ) -

Theorem 2 Suppose Hypotheses 1-(ii), 2 and 3.
(i) There exists a positive constant c, independent of h, At, v and ¢ such that

¢ — Pnllgeo(r2y + VVIIV(e — dn)lle2 L2y

09
< c*[m 161122 +h’<(‘— + 19 e oy

at LZ(Hk+l)

+ ”¢”£2(0,NT;H“‘)) +RIVeleon -2y - (1)
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A genuinely stable Lagrange—Galerkin scheme 129

(ii) There exists a positive constant c. independent of h, At, ¢ (but dependent on
1/v) such that

¢
lp — ¢h||(OO(H1) =< C**IAI lpll 72 + hk(H E

+ ”¢”Z°°(Hk+1)
L2(Hk+])
(16)

+ ||¢||ZZ(O,NT—1;Hk+1)) + l’l2 ”V¢||Z2(0,NT—1;L2)]~

(iii) Moreover, suppose Hypothesis 4. Then, there exists a positive constant Cy inde-
pendent of h, At, v and ¢ such that

L)
”d) - ¢/’L”[°°(L2) S Cesexx At ||¢)||ZZ + hk+1 (”_ + ||¢||500(Hk+1)
8t Lz(Hk'H)
+v 2 gl +1 v
£2(0, Ny —1; Hk+1) ¢||£2(0,NT—1;L2) .
(I7)
Remark 5 From Theorem 2, we have
1
¢ = Gnllee ) < c(At + 1>+ 15, c| At +h* + —h**!
Jv
1 2 k
lp — ¢h||eoo(1-11) <c 5 (At + h” 4+ h").
In the case of Pyx-element, k = 1,2, the estimate (15) shows the optimal L2-

convergence rate O (At + h*) independent of v. The dependency on v in (16) and
(17) is also inevitable in Scheme LG.

5 Proofs of main theorems

We recall some results used in proving main theorems. For their proofs we only show
outlines or refer to the bibliography.

Lemma 4 ([14, Lemma 1]) Suppose w € WOI’OO(Q)" and
At|wl) o < 1. (18)

Let F = X1(w) be the mapping defined in (3). Then, there exists a positive constant
c(lwly o) such that for € L%(2)

[VoF|=0+cAn)|yl.
The proof is given in [14].

@ Springer



130 M. Tabata, S. Uchiumi

Lemma 5 There exists a constant 8, € (0, 1) such that, for w € WOI’OO(.Q)d and At
satisfying At |[w|| o0 < 8,

5=
where |0 X1 (w)/0x| is the Jacobian of the mapping X1 (w) defined in (3).

1< 0X1(w) <§
dax -2

Lemma 5 is easily proved by the fact,

dx l-j_ Y ax;

Lemma 6 Ler w; € W(;’oo(Q)d and F; = X1(w;) be the mapping defined in (3) for
i = 1, 2. Under the condition At |w;|| o < 0% i = 1,2, we have for € H'(£2)

I¥ o Fi — ¢ o Fall < v2At Jw — wallg.e0 VY-

Lemma 6 is a direct consequence of [1, Lemma 4.5] and Lemma 5.

Lemma 7 Letw € W(}’OO(Q)d and F = X1(w) be the mapping defined in (3). Under
the condition At |wl|| o =< 8, there exists a positive constant c(||wlly ) such that
for ¢ € L*(R2)

Iy =¥ o Flly-10) < cAt Iyl

Lemma 7 is obtained from [6, Lemma 1] and Lemma 5.

Lemma 8 (discrete Gronwall inequality) Let ag and a; be non-negative numbers,
At € (0, ﬁ] be a real number, and {x"},~o , {y"},>1 and {b"},> be non-negative
sequences. Suppose

X" — xn—l

Y +y" <aox" +aix"" '+ ", Vn>1.

Then, it holds that

n n
x4+ AtZyi < exp{Qag +a1)nAt}(xO + At Zbi), Yn > 1.

i=1 i=1

Lemma 8 is shown by using the inequalities

——— <14 2apAt < exp(agAt).
a0l = 0At < exp(2apAt)

Outline of the proof of Theorem 1. We substitute ¢} into v, in (9). We can apply
Lemma 4 with w = “Z and ¥ = ¢2‘_1 by virtue of At |Mh|c(Wl.oo) < 1. The rest of
the proof is similar to [14, Theorem 1]. We, therefore, omit it.
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Proof of Theorem 2 We first show the estimate (15). Let
en=¢n—n. 1=¢— bn. (19)

where qfﬁ\h is the Poisson projection defined in (4). From (1a), (1b) and (9) we have

el — e o xn 4
(w, 1//‘]1) + U(V@Z, Vlﬂh) = ;(Rf’ th) (20)

for ¥, € Vj,, where

a¢n ¢n _ ¢n—1 o X"

R = +u Vv — T 1

U o ¢ At

n—1 n _ an—1 n
Ry =X T o X 1)
At

. 77n _ nn—l ; 77”71 _ 77nfl ° X?h

RI = , Ri= :
At At

n—1

Substituting e} into v, applying Lemma 4 with F = X/, and ¢y = ¢;” ", and
evaluating the first term of the left-hand side as
)

et — e o X" 1 2
S G

n—1 n
e, o Xy,

1 2
=24 (”92”2 (4 can? e )
1 N B
:2_At(“ez‘”2_ ‘i 1” )_51(2+C1Al‘) ey 1‘ ;
we have 1 2
sz (11"~ ) +v1vair
(22)

=

2 4 1 4
| +Z4—g,.||R?’||2+(Zez-)uez||2,
i=1 i=1

where {¢; }le are positive constants satisfying Azy < ﬁ, & = Z?=1 &
We evaluate R;,i =1, ..., 4. Setting

yx,s) =x 4 (s — DAt u™(x), t(s) ="' +sAt,

we have

-1
P" — " o XY

1 1
— _ E[¢(y(~,s), t(S))]SZO’
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which implies

¢

n 1
R" — d¢ +u" - V" / [ nE) - V¢+—](y( §), t(s))ds

U™

1 1 5 )
At/o ds/ [(u”() VvV + o1 ) qj} (y(-, 51), 1(s1))dsi
1 P 2
AtA [(M () V + ) ¢] (y('asl),t(s1))ds1_

Hence, we have

1 9 2
IRYI < At/o 81 [(M"C) -V + 5) ¢] (y(y 1), 2(s1) | dsi
< covVAL ||l g2(n-1 iy (23)

where we have used the transformation of independent variables from x to y and s
to ¢, and the estimate |0x/dy| < 2 by virtue of Lemma 5.
From At |u|cwieey s At luplcwieoy < 8y, and Lemmas 1 and 6 it holds that

[RS] = VaIve" I u —uly < ok [ Vet e

R% is evaluated as

IR = H / I t(s))ds C”hk o9 (25)
3 = S 3
«/ 3[ LZ(tnfl,tn;HkJrl)
where we have used (14).
From A7 |up|c w1y < 85 and Lemma 6 it holds that
-1 (N k 1
[R] = V2UVn" = T 0l o < coh |67 - 26)

Combining (22)—(26), we have

1 2
2 (1 - [e

2 4 -1’
+c2[At ||¢||ZZ(;"*1,1‘") +h ”V¢ H

n— 1H2

)+ 19l < ol e e

2k 2
h_ ¢ e )¢n—1H2 }
at L2 =1 NL Hk+1) k+1
From Lemma 8 we obtain forn =1, ..., Nt
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A genuinely stable Lagrange—Galerkin scheme 133

2
<l |le

Nr—1 2 Nr—1 2
war 3 [ofl,, +atar 3 |vel[),
eSS o oS [

J= J=

0 2
h

Nt )
e +2var > | ve]
j=1

g |?
ot

h2k

Lz(Hk'H)
which implies (15) by virtue of 62 = 0 and the triangle inequalities,

llp — ¢h||zoo(L2) ||€h||goc(L2) + ||77||zoo(L2)
< llenllge 2y + cph* 16l goggriey » 27)
V(@ = dn)lle2r2y < IVenllz2y + 11Vlle222)
< IVenllp2(z2) + cpht Pl g2 prrsry -

We show the estimate (16). The Eq. (20) can be rewritten as

5

1
(el —eh ™ vm) + Vel Vi) = 3 (RY ¥,

i=1

where )
R!'= — X" — "y,
5 At( O 1h h )

From Lemma 6 it holds that

|R2|| < v21ve; i u" coll Vel .

lo.c0 =

Substituting BA,eZ = Ait(ez — eZ_l) into v, and using (23)—(26) for Ry, ..., R4,
we have

2
Pl + g7 (3174 =3 1v47T) + gz o)
2 4 n—1 2 th 8¢
Scz[At 1612201 gy + 4 [ V0|7 + 2 vl k71 IO

+h2’<‘

1% co (v 2 _
oo+ 2 (G Ivar ) + 5 1P
From Lemma 8 we have forn =1, ..., Nr

At Nt — 2 Vv a2 COT 0 2 2 2
S5 2 IDaei]* + 3 [Ver|® = crexp (== ) (| vel| "+ 2 11
j=1

¢ 2
ar

h2k

LZ(H"+1)

Nr—1 2 Nr—1 2
whar 3 Jof],,, +ntar 3 |vel])
a2 o], e 2 [ve
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134 M. Tabata, S. Uchiumi

Fig. 2 The function ¢, (-, 0) (leff) and the triangulation of £2 for N = 64 (right) in Example 1

which implies (16) by virtue of 62 = 0, the triangle inequality,

IV(p — ¢h)||£°°(L2) = ”Veh”(ZOO(LZ) + an”Kw(Lz)
< Venllpm 2y + cph* [l i)

and the Poincaré inequality,
lolly < clIVoll, Vv e Hy(82). (28)

Now we show the estimate (17). We return to the error Eq. (20). Using (13) in place
of (14) in the estimate of R}, we can evaluate (25) as

Iss) = L | 5
3= dr

NI

LZ(trz—l’tn;HkJrl)

From Lemma 7 we have

”RZ “H‘l(ﬂ) =] H TIn_l H =< Clhk_‘_1 ‘ ¢n—1 Hk+l .
Hence, it holds that
cl _1)? 1% 2
Ry e) = | Ry vy il = S0 |or | 4+ 2 veq]®,

where we have used the Poincaré inequality (28). Using this inequality instead of
4174 || R} ||2+84 || ey ||2 in (22) and replacing the last term of (27) by ¢ p ¥t Pl goo (pri+1ys
we obtain (17). O
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Table 1 Symbols used in Figs.

2 2 1
3,6 and 7 and Tables 2—7 X (L) (L% £ (Hy)
At o (%) okt 10%)
Scheme LG’ O =] [ |
Scheme GSLG O © [ )
LE 5 1LE
0.1 P E 0.1
5 i 5 i
Xy K
0.01 E E 0.01 E
0.001 0.001

0.0250.05 0.1 0.2 0.0250.05 0.1 0.2
h h
Fig.3 Graphs of £ > and E 1 versus h in Example 1 by Pi-element. k = 1 (left) and k = 2 (right)
0

6 Numerical results

We show numerical results in d = 2. We compare the conventional scheme (Scheme
LG’) with the present one (Scheme GSLG). We use FreeFem-++ [8] for the triangulation
of the domain. Both P;- and P>-elements are used. For Scheme LG’ we use the seven
points quadrature formula of degree five [7]. A relative error Ey is defined by

k
106 — dplle(x)
k
16 (x)

where IT }Ek) is the Lagrange interpolation operator to the Pi-finite element space and
X = L*(£2) or H}(R).

Example 1 (The rotating Gaussian hill [14]) In (1), £2 is an unit disk, and we set
T =2m,v=1077,

u(x, 1) = (—x2,x1), £ =0, ¢° = pe(-,0),
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Table 2 The values of errors and orders of the graph in Fig. 3 by P;-element

N O Order =] Oder | Order
32 7.58E—01 7.58E—01 9.52E—01
64 5.65E—01 0.42 5.53E-01 0.45 1.04E+00 —0.13
128 3.93E—01 0.52 1.87E—-01 1.56 9.72E—01 0.10
256 2.04E—01 0.95 4.15E—02 2.17 5.54E-01 0.81
N O Order © Order o Order
32 7.26E—01 7.26E—01 9.01E-01
64 4.28E—01 0.76 4.18E—01 0.80 7.34E—01 0.30
128 1.36E—01 1.65 1.04E—01 2.01 3.07E-01 1.26
256 5.62E—-02 1.27 2.43E-02 2.10 1.45E-01 1.08
Table 3 The values of errors and orders of the graph in Fig. 3 by P,-element
N O Order =] Order | | order
32 6.86E—01 6.86E—01 9.22E—01
64 4.06E—01 0.76 3.97E-01 0.79 1.31E+00 —0.51
128 1.67E+02 —8.68 8.30E-01 —1.06 1.72E+03 —10.36
256 1.42E+27 —82.81 3.05E—-03 8.09 3.10E+28 —83.90
N @) Order ©® Order o order
32 6.03E—01 6.03E—01 7.38E—01
64 2.09E—01 1.53 1.17E-01 2.37 3.33E—-01 1.15
128 5.48E—02 1.93 1.59E—02 2.88 9.86E—02 1.76
256 1.38E—02 1.99 2.66E—03 2.58 3.97E—-02 1.31
where
= 2 = 2
o (xX1() — x1,0)” + (x2(2) — x2,¢)
Ge(x, 1) = ———exp|—
o + 4vt

(xl,c'v x2,c) = (0.25,0), o =0.01.

o + 4vt
(x1,Xx2)(t) = (x1cost + xpsint, —x1 Sint + xp cost),

In this problem the identity I7 ;El)u = u holds. This problem does not satisfy our
setting because 2 is not a polygon and u # 0 on 952. The function ¢, in Fig. 2 (left)
satisfies (1a) and (1c) but does not satisfy the boundary condition (1b). However, we
may apply the schemes and treat ¢, as the solution since the value of ¢, on 952 is
almost equal to zero, less than 10™1, and we may neglect the effect of the boundary
value and the term [ (¢Z_1 o XP)Yndx and [y ((}52_1 o X', )yndx on the element K

touching the boundary.
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Fig. 4 Solutions ¢Z (nAt = 2m) in Example 1 by Scheme LG’ (top left) and Scheme GSLG (top right)
for Pj-element, and by Scheme LG’ (bottom left) and Scheme GSLG (bottom right) for P,-element

Let N be the division number of the circle. We seth = 2w /N, N = 32, 64, 128 and
256. Figure 2 (right) shows the triangulation of £2 for N = 64. The time increment
At is set to be c1h and ch? for Pj-element (c1 = % = 0.255, ¢ = 5?1—42 = 1.30),
c3h? and cgh? for Py-element (c3 = 25 = 2.59, ¢4 = 2% = 13.21) so that we
can observe the convergence behavior of O(hk ) for £ e and O (hk )and O (hk‘H) for
E;> when Py-element is employed.

In the following figures we use the symbols shown in Table 1. Figure 3 shows
the log-log graphs of E;> and E H) Versus h. The left graph shows the results of P;-
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Fig. 5 The triangulation of £2 for N = 16 in Example 2

0.1F . 0.1F .
0.01¢ 3 0.01¢ E
] ]
0.001}+ ® . 0.001} .
0.0001F . 0.0001} .
oL L1 oL L1
64 32 16 8 64 32 16 8

Fig. 6 Graphs of £, > and E 1 versus h in Example 2 with v = 1072 by Pj-element. k = 1 (left) and
0
k =2 (right)

element and Table 2 shows the values of them. The convergence order of E;> with
At = O(h) is less than 1 in Scheme LG’ ((J) and more than 1 in Scheme GSLG (QO).
The orders of E;» with At = O (h?) are almost 2 for small 4 in both schemes (T, ®).
The convergence of E ! is not observed in Scheme LG’ (M) while the order is almost
1 in Scheme GSLG (@®). The right graph of Fig. 3 shows the results of P>-element
and Table 3 shows the values of them. The errors E;» with Af = O (h?) are too
large at N = 128 and 256 to be plotted in the graph in Scheme LG’ ((J) while the
convergence order is almost 2 in Scheme GSLG (Q). The error E; > with At = O (h?)
is large at N = 128, but it becomes small again at N = 256 in Scheme LG’ (T1). We
will discuss the reason why such a behavior occurs in the forthcoming paper [20].
The order is greater than 2.5 in Scheme GSLG (©). The errors E H) are too large at

N = 128 and 256 to be plotted in the graph in Scheme LG’ () while we can observe
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Table 4 The values of errors and orders of the graph in Fig. 6 by P;-element

N O Order =] Order | | Order
8 8.14E—02 8.14E-02 1.10E-01

16 3.64E—02 1.16 1.90E—02 2.10 4.36E—02 1.34
32 1.70E—-02 1.10 4.58E—03 2.05 1.87E—-02 1.22
64 8.53E-03 0.99 1.19E-03 1.94 9.18E—03 1.03
N O Order © Order ([ J Order
8 8.97E—02 8.97E—-02 1.09E-01

16 3.68E—02 1.29 2.13E-02 2.07 4.23E—-02 1.37
32 1.78E—02 1.05 4.83E—-03 2.14 1.92E—-02 1.14
64 8.90E—03 1.00 1.29E-03 1.90 9.43E—-03 1.03

Table 5 The values of errors and orders of the graph in Fig. 6 by P,-element

N O Order =] Order | | Order
8 7.01E-02 4.50E—-02 7.37E-02

16 1.77E—-02 1.99 5.72E—-03 2.98 1.85E—-02 1.99
32 4.44E—-03 2.00 7.11E—-04 3.01 4.63E—-03 2.00
64 1.11E-03 2.00 8.86E—05 3.00 1.15E-03 2.01
N @) Order ©® Order o Order
8 6.31E—02 3.87E—02 6.60E—02

16 1.58E—02 2.00 6.89E—03 2.49 1.64E—02 2.01
32 3.98E—03 1.99 1.42E—03 2.28 4.12E—-03 1.99
64 9.90E—04 2.01 3.37E-04 2.08 1.02E-03 2.01

the convergence of E | but the order is less than 2 in Scheme GSLG (@). The errors

of Scheme GSLG are smaller than those of Scheme LG’ in both cases of Pj- and
P>-element.

Figure 4 shows the solutions ¢; for h = 27/64 = 0.0982, At = 0.0065, nAt =
27. In the case of Pj-element, the solution of Scheme LG’ is oscillatory while that
of Scheme GSLG is much better though a small ruggedness is observed. In the case
of P,-element, the solution of Scheme LG’ is quite oscillatory while that of Scheme
GSLG is stable.

Example 2 In (1), §2 is the square (0, 1) x (0, 1), and wesetT = 1,v = 102 and
1073,

d¢e
at

u(x,t) = (sinmxg sinmxy, sinwxy sinmwxy), f =

?° = ¢.(-, 0),

+u-Vo. —vAQ,,
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0.1+ . 0.1+ .
0.01 £ E 0.01 E E
8§ i ] o i ]
& I ] Y I ]
0.001¢ E 0.001¢ E
0.0001 E 0.0001 E

1 1 1 1 1 1 1 1

64 32 16 8 64 32 16 8

Fig. 7 Graphs of E; > and E 1 versus h in Example 2 with v = 1073 by Pjy-element. k = 1 (left) and
0
k =2 (right)

Table 6 The values of errors and orders of the graph in Fig. 7 by Pj-element

N O Order =] Order | Order
8 9.53E—02 9.53E—02 2.90E—01

16 3.94E—-02 1.27 4.17E—-02 1.19 2.00E-01 0.54
32 1.82E—02 1.11 1.33E—-02 1.65 1.09E-01 0.88
64 9.07E—03 1.00 3.44E—-03 1.95 5.12E—-02 1.09
N O Order © Order o Order
8 9.70E—02 9.70E—02 2.23E-01

16 3.93E-02 1.30 2.86E—02 1.76 1.23E-01 0.86
32 1.89E—-02 1.06 7.42E—-03 1.95 6.02E—-02 1.03
64 9.45E-03 1.00 1.91E-03 1.96 3.08E—02 0.97
where

be(x, 1) = cos(2rt) sin® (7 x1) sin(27wx2).

In this problem, IT }(ll)u # u. Let N be the division number of each side of 2. We set
h=1/N,N =8, 16,32 and 64. Figure 5 shows the triangulation of §2 for N = 16.
The time increment Af is set to be ¢k and ¢ph? for Pj-element (c1 =0.125,¢p =
1), c3h? and cah3 for Py-element (c3 = 1, ¢4 = 5.12) so that we can observe the
convergence behavior of O(hk) for E HY» and O(h*) and 0(hk+]) for E;> when

Py-element is employed.
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Table 7 The values of errors and orders of the graph in Fig. 7 by P>-element

N O order 5]} order | order
8 7.45E-02 4.74E-02 1.88E-01

16 1.81E-02 2.04 6.77E-03 2.81 1.25E-01 0.59
32 3.94E+00 —-7.77 1.16E-03 2.55 1.22E+02 —-9.93
64 1.10E+00 1.84 1.17E-04 3.31 8.17E+01 0.58
N O order © order o order
8 6.76E-02 4.17E-02 1.03E-01

16 1.69E-02 2.00 8.80E-03 2.24 4.68E-02 1.14
32 4.24E-03 1.99 2.04E-03 2.11 1.67E-02 1.49
64 1.05E-03 2.01 4.43E-04 2.20 5.84E-03 1.52

Figure 6 shows the log-log graphs of E;> and EH(; versus i with v = 1072, The
left graph shows the results of Pj-element and Table 4 shows the values of them. The
convergence orders of E;> with At = O (h) are almost 1 in both schemes ({1, O). The
orders of E;> with At = O (h?) are almost 2 in both schemes (@, ®). The orders of
Ey | are almost 1 in both schemes (l, @). The right graph of Fig. 6 shows the results of
P>-element and Table 5 shows the values of them. The convergence orders of E; > with
At = O (h?) are almost 2 in both schemes (CJ, O). The order of E;>with At = O (h?)
is almost 3 in Scheme LG’ () and almost 2 in Scheme GSLG (®). The orders of E, !
are almost 2 in both schemes (l, @). These results are consistent with the theoretical
ones of Scheme GSLG, E2 = O(Ar + h* + h**1) and Eyyy = O(Ar + h* + hb).

Figure 7 shows the log-log graphs of E;2 and E, | versus h with v = 1073, The
left graph shows the results of Pj-element and Table 6 shows the values of them. The
convergence orders of E;2 with At = O(h) are almost 1 in both schemes (J, O).
The orders of E;> with At = O (h?) are almost 2 for small 4 in both schemes (@,
©). The orders of £, ) are almost 1 in both schemes (M, @). The right graph of Fig.
7 shows the results of P>-element and Table 7 shows the values of them. The errors
E;> with At = O(h?) are too large at N = 32 and 64 to be plotted in the graph in
Scheme LG’ (0J) while the convergence order is almost 2 in Scheme GSLG (). The
order E;> with At = O (h3) is almost 3 for small A in Scheme LG’ (@) and almost 2
in Scheme GSLG (©@). The errors E ) are too large at N = 32 and 64 to be plotted in

the graph in Scheme LG’ (M) while we can observe the convergence but the order is
less than 2 in Scheme GSLG (@). In order to obtain the theoretical convergence order
O (h?), it seems that finer mesh will be necessary.

7 Conclusions

We have presented a genuinely stable Lagrange—Galerkin scheme for convection-
diffusion problems. In the scheme locally linearized velocities are used and the
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integration is executed exactly without numerical quadrature. For the Pi-element we
have shown error estimates of O (Ar + h% + h**1) in £°°(L?)-norm and of O (At +
h? + hk) in £%°(H1)-norm. We have also obtained error estimate, ¢(Af + h? + hk) in
£%°(L%)-norm, where the coefficient ¢ is dependent on the exact solution ¢ but inde-
pendent of the diffusion constant v. Numerical results have reflected these estimates.
The extension to the Navier—Stokes equations will be discussed in a forthcoming

paper.
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