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Abstract The fictitious domain method with H'-penalty for elliptic problems is
considered. We propose a new way to derive the sharp error estimates between the
solutions of original elliptic problems and their H'-penalty problems, which can be
applied to parabolic problem with moving-boundary maintaing the sharpness of the
error estimate. We also prove some regularity theorems for H !-penalty problems. The
P1 finite element approximation to H !-penalty problems is investigated. We study
error estimates between the solutions of H !-penalty problems and discrete problems in
H'! norm, as well as in L2 norm, which is not currently found in the literature. Thanks
to regularity theorems, we can simplify the analysis of error estimates. Due to the
integration on a curved domain, the discrete problem is not suitable for computation
directly. Hence an approximation of the discrete problem is necessary. We provide
an approximation scheme for the discrete problem and derive its error estimates. The
validity of theoretical results is confirmed by numerical examples.
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1 Introduction

The principle of the fictitious domain method is to solve the problem in a larger domain
(the fictitious domain) containing the domain of interest with a very simple shape. Then,

G. Zhou (X)) - N. Saito

Graduate School of Mathematical Sciences, The University of Tokyo,
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, Japan

e-mail: zhoug @ms.u-tokyo.ac.jp

@ Springer



58 G. Zhou, N. Saito

the fictitious domain is discretized by a uniform mesh, independent of the original
boundary. The advantage of this approach is that we can avoid the time-consuming
construction of a boundary-fitted mesh. One of these approaches is the penalty fictitious
domain method which is based on a reformulation of the original problem in the
fictitious domain by using a penalty parameter (see [2] for an introduction of other
kinds of fictitious domain methods). In this article, we consider only the fictitious
domain method with penalty. Obviously, the fictitious domain method is of use for
time-dependent moving-boundary problems. Although there exist some ways to derive
the sharp error estimates for elliptic problems (cf. [8,11,12]), it seems none of them
has been applied to parabolic problem such that the sharpness of the error estimates are
maintained. Our motivation lies in the study of the penalty fictitious domain method
which can be applied to these time-dependent moving-boundary problems maintaining
the sharpness of the error boundary. This is of obvious importance, and it seems that
little is known in this direction. The fictitious domain method with penalty for parabolic
problem firstly appeared in [6] to prove the existence of the solution for parabolic
problem in time-dependent domain. Then, in [7], the convergence and finite difference
approximation is given, but without error estimates. The H ' -penalty parabolic problem
equals to a special interface problem, and in [1] the error estimate for elliptic and
parabolic interface problem is studied. However, it is not so suitable to the H !-penalty
problem, and still, is only for time-independent domain when considering parabolic
interface problem. As a primary step towards this final end, herein we examine some
new methods of error analysis for elliptic problems that can be easily applied to
parabolic problems in time-dependent domain with sharp error estimate (which has
been presented in our another paper [14]). This is the purpose of this paper.
In order to illustrate our results, we consider the Dirichlet boundary value problem
for the Poisson equation. The weak form (Q) reads as
[Find u € HJ (Q) such that (L.1)
(Vu, Vo)g = (f, v)q, Yve HH(Q), '

where Q@ C R? denotes a smooth bounded domain, (-, -)q is the inner prodllct of
L%(Q) and f € L?($2). We can find a rectangular domain D D 2, Q| = D\, and
turn to solve the H'-penalty problem (Q.) with penalty coefficient 0 < € < 1,

. 1
[Fmd Uue € Hy (D) such that (1.2)

(Vue, Vo)o + L(Vue, Volg, = (f.v)p, Yv e H}(D),

where f is the zero extension of f into D.
Another example of applying the fictitious domain method with penalty to (1.1) is,

1 -
(Vite, Vo)g + —(ue, v)gy = (f,v), Vv € HJ (D),

which we call the L2-penalty problem. This is of interest; however, the L>-penalty
problem is beyond the scope of this paper, in which we shall concentrate our attention to
the H'-penalty problem. We have presented some results of L2-penalty method in [15].
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Fictitious domain method with penalty for elliptic problems 59

The error ue — ulli (Il - 1.2 = | - o, + | - [1.¢) has been analyzed by many
authors, where || - ||1,q is the H'() norm. In [7], it is bounded by C./€ (C is some
constant, so as in the following), and in [8, 11, 12] the sharp estimate Ce is achieved. In
this paper, we give a new way to derive the sharp estimate. Moreover, we present some
regularity analysis of u., which is useful for studying the H' and L? error between the
solutions of H' problem (Q) and its discrete problem, which is denoted as (Qc¢ 5).

A Cartesian mesh can be introduced to the rectangular domain D to get a uniformed
triangulation 7, h is the maximum diameter of the triangles of 7. Vj,(D) is the
subspace of all piecewise linear continuous functions subordinate to 7;. Then (Qc¢ 5)
reads as:

[ Find u. , € V;,(D) such that (1.3)

(Vuen, Von)a + L(Vuen, Von)a, = (f. va)p, Yop € Vi(D).

Although there exist many works on finite element error estimate for elliptic problem
with discontinuous coefficient or boundary unfitted mesh, we notice the discontinuous
coefficient of H!-penalty problem is dependent on the parameter €, such that methods
on those works may not be so suitable for our problem. And most of those are not easy
to apply to parabolic problem. So, we give a new analysis of the error estimate.

In the literature, there are several works devoted to the study of the H ! error between
ue, and u, in Q. For example, in [12], it is proved that the H! error is bounded by
C(e + e/h + hy/€ + +/h). In our work, we prove a similar result with the analysis
with a much simpler method of the analysis. The analysis of [12] is to consider the
estimate of uc j — u® — eu! to derive the final estimate of u, — ue n, where u0 is the
zero extension of u, and u! is the solution of problem:

1 0
—Au' =0in Qq, BL = ai, andu' =0ondD.
on— on
Here, n is the unit outward normal to I" viewed as a boundary of 2, and n™ is opposite
to n. We found the analysis in [12] to be complicated and not directly. Our method for
estimating of u¢ — u j is simpler, which is to find some interpolation of u., denoted
as vy, and then estimate u, — v, by using a regularity theorem of (Q¢).

Moreover, we show the L2 error is bounded by C (e + h 4+ v/€h). A similar result
of H' error for the elliptic problem in a specific domain is given in [8].

In discrete problem (Q¢ ;), we notice that we have to calculate the inner-product
in a curved domain, for example, (Vue 5, Vup)q. So the discrete problem cannot be
directly computed. We find that few prior works have provided a sufficient discussion
on this issue; however, it is necessary to give an approximation scheme for solving
(Qe.») and the associated error estimates when applying the finite element method to
computation.

Herein, we present an approximation scheme, that is, instead of solving (Q¢ ) we
solve some problem (Qe,h) approximating to (Qe¢ ). (Qe,h) reads as:

Find éic j, € Vi, (D) such that 14
[ (Viten, Von)g + L (Viien, Von)g, = (fn: va)p, Yon € Vi(D), (1.4)
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where € is a polygon approximating to €2, and fj is some interpolation of f . With
assumptions that || f, — fllo.p < Ch, € is convex and (\Q2) U (2\Q) C T, § =
O (h?),where's = {x € R? | dist(x, " = dQ2) < 8}, we find that the error &1, j —uc
is bounded by Ch in H' norm.

In above, we have restricted our attention to Dirichlet boundary problem. For Neu-
mann and mixed boundary problems we also consider the approximation of H ' -penalty
problems. Further, for Neumann boundary problem, the discrete problem is investi-
gated. Although some results we obtain are similar to those of [12], as we mentioned in
the beginning, our work is focus on solving parabolic problems with time-dependent
domain, and all methods of analysis are applicable to this class of problems.

The rest of this paper is organized as follows. The H !-penalty problems for original
problems with Dirichlet, Neumann, and mixed boundaries are given in Sect. 2, as well
as the analysis of error estimates between the solutions of original problems and H'-
penalty problems, in a different way from that in [8,11].

In Sect. 3, we present some regularity theorems for H!-penalty problems. The H -
penalty problem is in a sense equivalent to a kind of interface problem. The regularity
theorem for the interface problem has been studied in [9]. However, we make several
improvements in priori estimates and identify some higher-order regularity for our
problems. The theorems will be used in Sect. 4 to make the error estimate more simple
than that of [12].

The Sect. 4 is devoted to discrete problems. Finite element approximations are
investigated. Using the same separation method of the triangulated domain as in [12],
regularity theorems in Sect. 3 and some lemmas from [3,10], we obtain the error
estimates in H! norm with the same order as in [8, 12]. Moreover, we give the higher-
order L? norm error estimates.

We consider a scheme approximating to the discrete problem in Sect. 5. We intro-
duce a new discrete problem (Qe, 1) to approximate to the discrete problem (Qe ).
Of necessity, due to insufficient prior reported works on this issue in the literature,
we derive some error estimates of the scheme to make the numerical analysis of the
fictitious domain method with H !-penalty more complete.

Finally, we give some numerical experiments to verify our theoretical results in
Sect. 6.

2 H!-penalty problems of fictitious domain method for elliptic problems

Following the notation given in the previous section, we state the H '-penalty problem
for the original elliptic problem with homogeneous Dirichlet, Neumann and mixed
boundary conditions. In addition, we write I’ = 9€2.

2.1 Dirichlet boundary value problem

First, we consider the Dirichlet boundary value problem (1.1) and its H'-penalty
problem (1.2).

Theorem 2.1 There exist unique solutions u and u. for (1.1) and (1.2), respectively,
and we have the following estimates:
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Fictitious domain method with penalty for elliptic problems 61

lue —ulli,@ < Ce, 2.1
luelll,@, < Ce. (2.2)

Those error estimates themselves are not new: they have been stated in [8] and [11].
The main process to prove those estimates in [8] and [11] are different (see Remark
3 below). We shall give a somewhat new proof which will be used for parabolic
problems. Before stating that, we recall the well-known extension and trace theorems
that we frequently use.

Lemma 2.2 (Theorem 8.1 of Chapter 1 in [5]) Let w C R2? be a bounded domain
with the smooth boundary dw. Then, for any integer k > 0, there exists an operator
Ex(w) : H*(w) — H*(R?) with the properties

Er(w)u=ua.e.onw (u € Hy(w)),
I Ex (@)ull ey < Cilliel gy (1 € He(@)),

with a domain constant Cj, > 0.

The following lemma is a readily obtainable consequence of Theorem 8.3 of Chapter
1in [5].

Lemma 2.3 Letw C R? be a bounded domain. Assume that the boundary dw consists
of two disjoint and smooth components dw| and dwy; dw = dw1 U dwy. Then, the
mapping u — |y, of C*(w) — C*(dw) is extended by continuity to a continuous
linear mapping, which is called the trace operator and denoted by y(w, dw1), of

H'(w) - H > (0w1). This mapping is surjective and there exists a continuous linear
right inverse, which is called the lifting operator, g — y (w, dwi) "' g ofH% (wy) —
H"(w) such that y (w, dw1)y (0, dw1) "' g = g.

Remark 1 In view of Lemma 2.2, there exists an operator Eq0(2) : H Q) —
H_J (D) with properties:

E1o(Qu=ua.e inQueH (Q)),
IE10(@ull 1 py < Cllullgi ) € H' ().

In fact, taking ¢ € C°(D) with0 < ¢ < 1 and ¢ = 1in Q', where @ C Q" C D,
then the desired operator is defined as E o(QQ)u = ¢ - E1(Q)u foru € H'(Q).

Now, we can state the following proof.

Proof of Theorem 2.1 Firstly, by the Lax-Milgram Theorem, the unique existence of
u and u, is obvious. And we can obtain the estimate for the solution of the H '-penalty
problem (1.2),

. 1
luelli,p = CIl flloinf (1, ;).
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Without loss of generality, we assume 0 < € < 1 in what follows. Substituting
v = E10(21)uc € Hy(D) into (1.2), we obtain

) -
€(Vue, v)o + |Vuell.q, = €(f. v)p,
which leads to an estimate of u¢|q,, in particular,
2 2
Cilluell{ o, = IVuellg.q, < Cellfllo.allvlii,p + €lucli elviiq-

Therein, the first inequality is deduced by Friedrichs’ inequality, and the second term
of the right-hand side is bounded by Ca€|| f [lollue 1,2, Thus we have

luell@ < Ce.
Next, we consider the trace operators
y(Q,T): HY(Q) = H2(T); y(Q1,T): H(Q) — HI(T).
Since u. € H'(D), we have y (2, T)ue = y (21, Due € H2(T'). Hence,
Y€, D)W —ue) =y (2, Du — y (2, Nue =0 — y (1, Due.
Setting w = u — u¢|q, we have

lly (€2, Dwlly = lly (€1, Duelly p = Clluelhe, = Ce.

We define an operator A : H'(Q) — H~'(Q) by (Au,v) = (Vu, Vv)g, Yv €
Hé (£2). We observe that for any v € Hé (),

(Aw, v) = (Vu, Vu)g — (Vue, V)g = (Vu, Vu)g — (Vue, Vi)g

~ 1
=(five—-(f,vp+ - Ve, Vi),

1
= (fv U)Q - (fv U)Q + g(vues O)Ql =0,

where 7 means the zero extension of v into D. This implies Aw = 0 in H~ ().
Since w — {Aw, y (2, ")w} is an isomorphic map of HY Q) - HY(Q) x

H? (I"), we obtain that

lu —uelre = lwl.e = CUAWI 419 + Iy (@, Dwl1 ) = €O+ Ce) = Ce,

which completes the proof. O

Remark 2 The conclusion of Theorem 2.1 remains valid even for f € H~!(Q).
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Remark 3 The saddle-point method in [8] requires a symmetric variational form, and
the operator method in [11] is not so easy to deal with the operator of time-derivative
when one considers parabolic problems. However, our method of analysis is applicable
to parabolic problems; this is a recent achievement, and will be presented in our future
work.

2.2 Neumann boundary value problem

The original problem (Q) with homogeneous Neumann boundary condition reads as:

[Find u € H'(Q) such that 23)
(., v)1.0=(f.v)a, YveH(Q), '
where (u, v)1.q := (Vu, Vu)q + (4, v)q.
The H'-penalty problem (Q.) reads as:
[Find ue € HJ (D) such that (2.4)
(e, V)1.0 + €(Vue, Vo), = (f,v)p, Yv € Hj(D). '

Theorem 2.4 There exist unique solutions u and u. for (2.3) and (2.4), respectively,
and we have the following estimates:

lue —ull,o < Ce, (2.5)
luellh,o, < C. (2.6)

Proof Firstly, substituting v = u, into (2.4), we obtain
lucllf o + €l Vuclg, = (f uee-
This gives
luelli,e = Cll flla-

Since v € HO1 (D) implies v|q € H'(Q), subtracting (2.3) from (2.4), we have

(e — u, v)1.0 + €(Vue, Vv)g, =0, Yv € H} (D). (2.7)
Setting v = ue — E1,0(R2)uc in (2.7), and noticing that v|g = 0, we have

(e —u,0)1,0 +€(Vue, Ve — E10(ue))g, = 0.
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And we see that

IVuel, = (Vue, VE o(Que)g,
< WWVuell, IVE10(Qucllo, < IVuella, 1 E1,0()ucll1,p
< ClVuellg lluelli,o < CliVuellg, Il flia.

Together with Friedrichs’ inequality, we have
luelli,e, < CllVuelle, < Cll fla-
Thus, we proved (2.6).

In order to derive (2.5), we substitute v = E o(R2)(ue|lg —u) € HOI(D) in (2.7).
Then, together with (2.6), we have

2
lue —ulli.q = —€(Vue, Vo), < Celviliq, < Cielluela — ull1.a,

which implies (2.5). We complete the proof. O

Remark 4 Recall Remark 3 again. It should be noticed that our analysis method is
much simpler than that in [8,11].

2.3 Mixed boundary value problem
LetI' =T'{uUl,, I'iNIMy, = @. The domian D\ﬁ is assumed to be split into two part

Q1 and €2, which respectively share the boundaries I'y and ', with 2. In addition
both share non-empty measure boundary with D (see Fig. 1). Set

V={ueH () |y®Q T'u=0).
The original problem (Q) with homogeneous mixed boundary is stated as:

[ Find 4 € V such that 2.8)

Vu, Vu)g = (f,v)e, Yv e V.
The H 1—penalty problem (Q¢) reads as:
Find u. € Hj (D) such that

(Viue, Vo)g + £(Vue, Vo), (2.9)
+e(Vue, Vo)g, = (f,v), Yv € Hy (D).

Theorem 2.5 There exist unique solutions u and u. for (2.8) and (2.9), respectively,
and we have the following estimates:

lue —ull,o < Ce, (2.10)
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Fig. 1 On mixed boundary case D
rz\ O
= [
Qo
luellh,@, < Ce, (2.11)
luelli o, < C. (2.12)

Proof The following results have already been achieved (Theorem I-8 in [7]):

uclog —> u in HY(Q); (2.13)
”i/'? —~0 in H'(Q): (2.14)
Veuelg, = 0 in HY(Q), (2.15)

as € — 0. Noting Q* = QU Q UT|, we set v = ue — E o(Q")u € Hj (D). From
(2.13) and (2.14), we have

1E1,0(2"uell1,p < Clluel.o« < C. (2.16)
We find that v|g+ = 0 and substitute this v into (2.9) to obtain
€(Vue, Vu)g, =0.
This gives
luelf g, = (Vie, VE10(2")u)a, < |ucl.ol E1o(@5ucl1,p-

Combining with |luc||1,, < Cluel|1,0, and (2.16), it shows (2.12).
Substitueting v = E7 0(21)uc into (2.9), we have

1 -
(Vue, VE1 0(QDue)o + EIIVMeIIél +eVue, VE10(QDue)a, =(f, E1,0(21)ue),
from which we obtain that

luell} g, < Cluelf g,
= C (e(Vue, VELo(RDug + € (Vue. VELo(@0u)e, + (fs Ero@nuc))
<Ce(llflla+luch,o+e€luch,o)llE1,0(QDuclli,p < Celluclli,o,,
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which implies (2.11).
Setting w = uc|qg — u, we have y (2, I'Hw = y (2, I')ue — 0 = y (21, I')ue,
which shows

ly 2, Towlly p, = Clluell,e, = Ce.

Applying Lemma 2.3, there exists w; = ¥ (Q, ') "'y (Q, I'Dw € H(Q), satisfying

lwille = Clly (2, Towlly = Ce.

_ Next, we define a continuous operator AV — V' (V'is the dual space of V) by
(A, v) = (Vo, Vv)q, ¢ € V, Yv € V. Applying Friedrichs’ inequality, we have

2 2 2
Vv, Vu)g = vl g = CllvllT o = llvlly.

Hence, the bilinear form a(¢, v) on V x V defined by a(¢, v) = (A¢, v) is V-elliptic.
It follows from the Lax-Milgram theorem that

lw—willy < ClAw —w)lly < CU[Awlly: + [[Awy |ly).

As [ue —ulli,e = llwlly = lw —willy + [lwillv < lw — willv + Cé, to prove
(2.10) we need to show that [[w — wi|ly < Ce, where we already know [[Aw; [lys <
Cllwi|l1,@ < Ce by the continuity of A. To estimate || Aw||y+, we observe that Vv €
V, v =E10(Q)v € HOI(D) with E1 o(Q)v|g, =0,

(Aw,v) = (Vue, Vo)g — (Vu, Vo)g = (Vue, Vi)g — (Vu, Vo)g

~ 1
= (f,0)p = Z(Vue, Vi)g, — €(Vue, Vi)o, = (£, v)a

1
=(five— E(Vue, 0)g, —€(Vue, Vo)o, — (f,v)e

< €lueli,ov,9,
< Cellvl1,q,

thatis |Aw|y» < Ce. Thus, we have |w — w1 ||y < C(|[Aw]|ly + |[Aw|ly’) < Cé,
and the proof is completed. O

Remark 5 Basically, the proof for the mixed boundary case is a combination of those
for the Dirichlet and Neumann boundary cases.

Remark 6 All of the above in this section, which involve homogeneous boundary
conditions are also suitable for the non-homogeneous boundary value problems.
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3 The regularity of the solutions of H!-penalty problems

This section is devoted to the regularity theorems for (Q.) with homogeneous Dirich-
let, Neumann, and mixed boundary conditions respectively. As it is shown in [7], these
(Q¢) are equal to certain interface elliptic problems, denoted as (P ). There are some
regularity theorems for the interface elliptic problems in the literature (see [1,9] for
example), however, these are not specific to our problems. Our particular objective
is to deduce explicit dependence of various norms of u, on the penalty parameter €.
We show some estimates which are only suitable for our problems, as well as some
higher-order regularity which will be used in the study of the H'-penalty parabolic
problem.

3.1 Dirichlet boundary value problem

As a first step, let us assume D is sufficiently smooth. Then, we have the following
theorem.

Theorem 3.1 Let u. € H(} (D) be the solution of the H'-penalty problem (1.2) for
f € L%(2). Then, we have

uelg € HX(Q), uclg, € H* (),
luellz.a < Clliflo.a (3.1)
luelz.a < Cellfllo.- (3.2)

First, we recall the following basic regularity result:

Lemma 3.2 Let o C R? be a bounded domain. Assume that the boundary dw is
divided into two disjoint smooth components dw and dwy; dw = dwi U dwy. Let
v € HY(w) be the unique weak solution of

ov

Av=finw, v=g|ondw, —
on

= go on dwsy,

where f € L*(w), g1 € H%(aa)l) and g» € L2 (0wy).
Then, if g1 € H%(aa)]) and g> € H%(awz), we have v € H*(w) and

<C .
Ivl2.0 < (Ilfllw el 3,00+ ||g2||H;(aw2))

Before the proof, we see that, by applying Green’s formula, (1.2) is equivalent to
(P¢), which reads as:

Find u. € H} (D) such that

—Aue = fin Q,

Aue =0in Q, (3.3)
due| 1 due

an r.o € on F,Sh’

@ Springer
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where, for example,

Ol
on

= Vue -nlrq.
r,Q

From (P;), we see that, if we have u.|q € HZ(Q) with |lu¢|l2, < C, then we have

ol e

on

=€

€ H2(I).
r.o on

r,Q

Moreover, according to the trace theorem, we have

< Clluellz,o < C.

H Ote
1
2.

on

Then, applying Lemma 3.2, we obtain

luellz,2 = C | 1101a + 0]l Jue
u 3
= . H2(3D) on |r.q,|
’ Z,l"
ol
=C |le < Ce.
nlral

Now, we can state the following proof.

Proof of Theorem 3.1 From the discussion above, we only need to show that u.|q €
H*(Q) and ||u. l2.o < C. This is a well-known result; however, we want to present
a brief proof here, because we will show that, by a slight change of this process, we
can obtain a higher-order regularity, with smoother assumptions on f.

There exist {U;})_,, U; € R%, @; e C®RLRY), with ; = @7,
j=12,...,N.

QCULL @) CcD. Uj:=¥;(@;(U)NQ) =R, NU,,
Uj =¥;(@;UHNQ)=R2NU;, j=1,2,...,N.

And also, there exists 0; € Cg"(ﬁ) with supp 6; C ®;(U;), j=1,2,..., N, with

N
ZHj =1, on Q.
=1

Hence, (Ojuc)o®; € H}(U;), j=1,2,..., N.Nowwewrite U, Uy, Up, ®, U, 0
instead of U;, Uj,, Ujy, @, W, 0;. Setting u := (0jue) o ®;, we investigate ur
in the H? space for two cases.
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Fictitious domain method with penalty for elliptic problems 69

(1) The case U; = @. We find u; := Ou, satisfies
(Vuy, Vu)g = 0f — Vuc V0 — V(e Vo), v), Yo € HOI(Q).
Since (0f — VucVO — V(ucV0))lq € LZ(Q), obviously, we have
uilg € HA(Q), lluill2 < C.

So, us € H*(U) and |luz |2,y < C. [
(2) The case Uy # @, and U; # @. Writing D; = J (i = 1,2), we have

T 0y
ur € HO1 (U) satisfies

2 1 2
Z aijDiuszvdx + E Z a,-jD,-uszvdx

ij=1g), ij=1g,

1
—/(ueve) 0 VUV |DD|dx — —/(ueve) o dVuVW|D®|dx
€
Uy Uy
= (f1 0 ®|D®D|, v), Yv € Hy(U),

where
2
aij = (Z Dkwkawj)o OIDD|, i, j =12, ¥ = (Y. ¥).
k=1
Let ii5 be the zero extension of u, onto R2. Substituting

=1t —1._

R A
into the above equation, where 7y, is the translation operator with t,¢ (x) = ¢ (x1+
h,x2), ¢(x) € L2(R?). Using some lemmas of ’hh_l in Chapter 2 of [3], we can
obtain
2 2
T, — 1. 2 1 T — 1. 2
D |, + 22| |
ZH l( h MZ) U()+€Z ! h "2 Uy
i=1 i=1
2 T, — 1 T —1
=X (o (F) [y, + o (F52)|
B ;( l( h u2) U0+ l AL
Thus, we get

<C.

Uo

2 7 — 1
< h
i=1
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For i = 1,2, we consider any sequence h; — 0, as j — o00. We see that
Ty — 1 :
; —2 il converges weakly to some function ¢ € L?(R?), and also
J
T — 1

; ]h- i, — D;Dyiia, as j — 00,

J

in the sense of distribution. Consequently, D; Dy = ¢ € Lz(Ri). This shows
that all second derivatives, except D%uz, are in Lz(Rz). We find that the equation
of u» is also equivelent to

(Vur, Voyg + é(we, Vg,
— 0F. v (Y, vvem—é(we, VY6, — (V(ucVO))g — é(vweve»gl

1
+/(uev9v)|r,9 -ndo — —/(uEVQU)Ir,QI -ndo
€
r r

= (f3,v)p + (g, V)r, Yv € H} (D).

As [[f3lloop < C and ||g||% r < C(since |luell,@, =< Ce), there exists

Jw
w € H?(Q) satisfying that ol g. Thus, (41 —w) o ® = up — wo P,
n
and from the equation of u# above, w satisfies

2
> Djaij(Di(uz — w o @) = (f3 + Aw) o  in Up,
ij=1

which comes from Green’s formula.

Thus we have D%uz e L*(Up), so that lluzll2,v, < C. And because for every
j=1.2,....N, luzll,u, <C.Wehave ucl.0 < C. o

Remark 7 With the assumption that f € H'(). In the above proof, we find that by
taki 'L’h—l‘l.'h—l‘l.'_h—l~ 'L'h—l‘l.'_h—l'lf_h—l~ (2) tead
ingv = or 1 on case(2) instea
axme v bk O T T o
th ; T_hh iy, we can obtain D%uz, D12D2u2, D%Dluz € L?(Up). Noticing

that in this time f3 o0 ® € HY(Up), g€ H%(F), we have|u|3,o < C. And applying
the (P.), we have |jul|3,o, < Ce. Hence, we can obtain higher-order regularity of

(Qo).

of

By an analogue of the proof of Theorem 3.1 and the Remark 7, we have
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Theorem 3.3 Under the assumption that f € H*(R), for all non-negative integers
k, we have

uelg € H(Q), ucle, € H* P (Q)).
luelolik+2.2 < Cllflko, (3.4)
el k2.9, < Cellflk.a- (3.5)

Remark 8 In the above two theorems, we both assume that D is sufficiently smooth;
however, in our case, D is a rectangle (a convex polygon). From the discussion in [3,4]
on elliptic problems in non-smooth domains, we can keep Theorem 3.1 remains true
for any convex polygon D.

3.2 Neumann boundary value problem

As a first step, let us assume D is sufficiently smooth. Then, we have the following
theorem.

Theorem 3.4 (Q) is the original problem with homogeneous Neumann boundary.
f € L*(Q), then the corresponding H'-penalty problem (Q.) has a unique solution
Ue € HO1 (D). Moreover,

el € H*(Q), uclg, € H*(Q).
luelallz,o < Clifllo.a; (3.6)
luele 2,2, < Cllfllo.- 3.7

Before the proof, we show that, by applying the Green’s formula, (Q) is equivalent
to (P¢), which reads as:

Find uc € HJ (D) such that
—Aue +ue = fin Q,

Aue = 01in 21, (3.8)
Jue — ¢ e
an r.Q an r.Q

From (P.) we know that, if we have u¢|q € H?() with luell2,o < C, then we
have

3
u€|F,S21 = ue|f‘,§2 € H2(R2).

Since the right-hand-side function is 0, and with the homogeneous Dirichlet boundary
of D, it concludes that u.|q, € H?(Q) and

luello.g < Clluclly p < C.
This means we have left to prove only u.|q € H 2(Q).

@ Springer



72 G. Zhou, N. Saito

Proof The process of the proof is very similar to that of Theorem 3.1. In fact, we only

1
need to replace the — in the proof of Theorem 3.1 by €. O
€

Remark 9 The same comments as those in the Dirichlet case apply here, specifically,
we can obtain higher-order regularity for f € H*(), and, if D is a convex polygon,
Theorem 3.4 remains true.

3.3 Mixed boundary value problem

The (Q¢) for original problem with homogeneous mixed boundary is equivalent to
the problem (P):

Find uc € Hy (D) such that

—Aue = fin Q,

Au, = 0in 1,

Au, = 01in 9,

due — 1 due (3.9
an r.Q T € 0n r.e ’

due — ¢ Jue

on 0 - on . Q) ’

lf)ue _ due

€ on .9 - on 3.9 ’

where I'3 is the common boundary of €21 and €2,. By an analogue of the previous
proof, we can obtain that u.|q € H2(Q).

Since the domain €21 and €2, have corners at the intersection points of their bound-
aries (see Fig. 1), u¢|q, and u¢|o, would not be in H? space but H'* o e (0,1
(see [4,9]).

4 Finite element approximation and discrete problems
Recall that the Cartesian mesh is introduced to the rectangular domain D to get a
uniform triangulation 7}, and £ is the maximum diameter of the triangles of 7j,. Each

K € 7Tj, is assumed to be a closed set. V(D) C H& (D) is the subspace of all piecewise
linear continuous functions subordinate to 7.

4.1 Dirichlet boundary value problem

We consider the discrete problem (1.3).

Lemma 4.1 There exists a unique solution uc , € Vy(D) for (1.3). uc is the solution
of (1.2), and we have

1
lue — uenll,o + ﬁ”ue —uenll,

1
<C inf (Ilue —Uh”l,Q"'ﬁ”ue —vh”l,Ql)- 4.1

v, eV (D)

@ Springer



Fictitious domain method with penalty for elliptic problems 73

Proof Subtracting (1.2) from (1.3), we have
1
(V(ue — tte ), Vup)q + E(V(ue —Uen), Vup)g, =0, Y, € V(D).
Then we find

2 1 2
lue — Ue,h|1,Q + EWG - ’/le,h|1,gz1

i 1
< inf [(V(ue — ), Ve —vp))a + — (Ve — uep), Ve — vp))e, ]
v €V (D) e
i 1
= [me —ucnlralte —valre + —lue —uenl o lue — Uh|l,£21}
v €Vi(D) €
1
= Ue — U + —||lue —u
[u  ~uenlla + el e,hnml]
1
x inf Ue — v + " — ‘
vhth(D)[” e —unllie \/E” € h||1,§21]

Applying the Poincaré inequality to the left-hand-side, we have

2 1 2
lue — ue,h|1,g + ;|ue - ue,h|1,Ql
2 1 2
= |”e_ue,h|1,[)+ g_l |ue_”e,h|1,§zl

1
2 2
>C (”Ue — Me,h”lﬂ + _Gllue — “e,h“],gzl)

7

Thus, we have proved the result. O

To estimate

1
inf ue —vpllio + —=\lue —vulliQ |,
thVh(D)(II ¢ I, ﬁll ¢ 1,

we need some lemmas, which can be found in [12], and several other similar results in

[10,13]. For a curve y in CZ(RZ) and § > 0, we define a -neighborhood y5 = {x €

R? | dist(x,y) < 8}.

Lemma 4.2 Suppose ys CC R, R is a domain in R?, and v € H'(R). Then we have
lvllo.ys < CV8[v]l1.- (4.2)

If we assume v € HZ(R), then we have

vl < C/8[vlla - (4.3)
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Lemma 4.3 Suppose w € H>(D), and we define Ixw as the linear interpolation of
w on the vertices of a triangle K € Tj,. Then, we have

3
Ikwlik = D Jw) —wv))l, (44)

i,j=1i#]

where vi, i = 1,2,3, are vertices of K. (A = B means that there exist constants
depending on the regularity of the triangulation C1, Cp such that CoB < A < C1B.)

Theorem 4.4 The following error estimate for (1.2) and (1.3) holds:

1
lue — uenl,o + ﬁllue —ueple < CWh+ Vo (luclra + lucllag,). (4.5

Before the proof, we define some notations:

Ay, = the set of all vertices of 7,

A(K) = {le, sz, vf} = the set of all vertices of K € 7j,
To={KeT|KCQ, KNT =0},

To, ={K €T |K C Q. KNT =0},

Tr ={K €T, |K 0T # ¢},

To = {K € To|K N Tr # 0},

' ={K € Tq,|K N Tt # 0},

wo = Ugepp K,

wg = Ugero\1p K

or =Ugerp K.

We may assume that To\To # @ and T, \T1 # @ without loss of generality.

Proof of Theorem 4.4 We define vj, by setting,

() = uc(v) for ve A(K), K € To\To,
Uh — 10 for all others vertices v,

and substitute this v, into the right-hand-side of (4.1). We find that ||uc — vi|l1.Q, =
luell1,@, < Ce. To estimate |uc — vp|1,@, we use the scheme proposed in [12] by
using Lemmas 4.2 and 4.3. However, there are several differences between our analysis
and that of [12], because we apply our regularity theorem presented in the previous
section, which simplifies the analysis.

We find that lue — vpll] g = llue = vall} ,p, + e = vll7 0 + lue = vall7 .-

For the first term [|ue — vpll1,0q = llte — IkUelll,0q < Chllucl2,Q-

For the third term [luec — vpll1,0r = llue —0ll1,7,. =< CVhl|uc l|2,, following from
Lemma 4.2.
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Then, for the second term |lue — vpll1,0p < llttellt,wp + VA 1,09, and we have
luellt,wy =< C\/E||u€||2,g, again, following from Lemma 4.2. What remains is to
estimate || vy |1, -

For every K € Ty, we have

lvrlli,x < llvn — Ixuell,x + 1 guell1,x
< |vp — Iguelt,x + lvp — Ixuello,x + 1 guell1,x
< lvp — Igueli,x + llvrllo,x + Hguello,x + [ guellr, k-

We want to show that ||vpllo.x < C|lIxucll1,x- There are two possibilities: (1) if

for all v; = viK € A(K), i =1,2,3, uc(v;) have the same sign, then obviously,

lun@) > < Uguc)?, (x € K) and Jugllo.x < Cllkucllo,xs (2) if we consider
the case where for v;, i = 1,2,3, u; = u(v;) do not all have the same signs, then,
without loss of generality, we assume that |u;| = ||u]|eo,x and uju > 0 and u3 < 0.
We have V(Igu)- 130, = uy —u3on K.Hence, |u1| < |uj—u3| < |V(Iguw)|-|0301] <
|[V(Igu)|hk on K, since 11 and u3 have the different signs. Therefore,

1

lvrllo.x < 1K[2lvalloo, &
1

< IK|2 uelloo,x

1
< |K[2|VIgulhg = hg|Vku)|o.k-
Thus, we have ||vpllo.x < (1 + hk)|lIxull1,x, which gives

lvrll,g < lvh — Ixueli,x + Clliguell1,x
< |vp — Iguel,x + Clligue —uelli,x + Cllueli,x (4.6)

By the standard interpolation error estimates, we have

D Mkue —uellf g < Ch*|lucl3 o- (4.7)
KeTy

We notice that there exists C’ > 0 such that o C y¢r,. By Lemma 4.3, setting
p = vy — Ixue, we obtain

lon — Ixueh ok <C D [0a(i) = r(v))l. 4.8)
U,’,U_/EA(K)
i#]
Next, we set

Aq(K) ={ve AK) | IK' € To\Tp, s.t. vin A(K')},
Ar(K) ={ve AK)|3IK' € Tr, s.t.vin A(K")}.
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By definition, we see that A(K) = Aq(K) U Ar(K), Aq(K) # 0, Ar(K) # 0.
There are two possibilities: for {v; = viK}f’z1 = A(K),

(i) Ae(K) ={v1, 12}, Ar(K) = {v3};
(i) Aq(K) ={v1}, Ar(K) = {v2, v3}.

(See Figs. 2 and 3.)
For (i), we have

Op(v) = vp(v) — (Igue)(v) =0, i =1,2,

U (v3) = v (V3) — (Ugue) (V3) = —ue(v3).
Fig.2 Ag(K) =
{vi, 2}, Ar(K) = {v3}
V1
V2
Q
V3
A -
K”

Q1

Fig.3 Aq(K) =
{vi}, Ap(K) = {v2,v3}
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Hence, |05|1.xk < Cluc(v3)|. Taking arbitrary point vr € I' N K”, we have |0y |1 g <
Clue(v3) —ue(r)| + lue(vr)).

At this stage, we apply the Sobolev and Morrey’s inequalities. Let w be a Lipschitz
domain in R%. They are given as

lull Loy < Cllull g2 (), (Yu € H* (o))
lullwiaw < Clull g2y, (1 <gq < o0, Yu € H*())

lu(x) —u)| = Cllullwiglx = yI%

2 1
x,yew,2<qg,a=1——, ue W (w))
q
We choose g = 4, and define K = K" N Q, K5| = K" N Qq, and we have

1 1
lue(v3) —ue(vr)| = Clluellwrakylvs —vrl? = Ch2|luellz gy

lue(r)l = Clluellz kg -

Hence, we obtain |0y]1,x < Clluell xy + Ch? ucll, K-
Kg, ,
Then, applying the same trick to (ii), we can show that
Op(v1) = vp(v1) — (Ugue)(v1) =0,
Op (Vi) = vp(vi) — Ugue) (vi) = —ue(vi), i =2,3,
[0nl1,6 < C(lue(v2) — ue(w3)| + |ue (v2)] + lue(v3)])

< C D> lue(vi) — uep)| + Clue(vr)]
i=2,3

1
= Clluella.kp + Ch2llucllz, kg

Combining (i) and (ii), we have
A2 2 2
Do llig=c > (nueuz,%l +Ch||ue||2,,<5)
KeTy KeTy

< Cllucl3 g, + Chlluell3 o (4.9)

From (4.6), (4.7), (4.8), (4.9), we can easily derive that

2 2
lallf oy = D ol &
KeTy

(el q, + llucld o llucl o + hllucl3 o)
< E1f 5.+ CH + DI 0

IA

A

@ Springer



78 G. Zhou, N. Saito

where the last inequality is from Theorem 3.1. Hence, we get

1
lvrllt,wy < Cle +h+h2)| fllo.q-

Recalling that |[ue — vpll1,Q; = lluelli,, < Ce and other estimates from the
beginning of the proof, we have

1
lue — vnlla + —=llue — vnlli.q, < C(ve +Vh).
Ve

Hence, the theorem follows from Lemma 4.1. O

Remark 10 Since we have ||uc||2., < Ce, other choices for v, than that above can
be taken, such as

o — | ue@) for ve AK), K € Ta\Th,
"= Vi) for ve A(K), K € To, UTr,

where it is the extension of u¢ |, onto D with |itc |2, p < Clluell2,,,and the estimate
result still holds.

To estimate |lue — ue pllo, p, we need the adjoint boundary value problem, which
reads as:

[For any given f € L*(Q), find ucy € Hy (D) such that (4.10)

(Vv, Vuep)a + 2(Vo, Vuep)g, = (f,v), Yo € H} (D).

( f is the zero extension of f.) We see that there exists a unique solution u¢y € HO1 (D),
with

luerllz,o < Clifllo,@ lluerllz,Q < Cell fllo,q-

which follows from Theorem 3.1.

Theorem 4.5 We have the error estimate in L* norm for (1.2) and (1.3),
lue —uenllo.p < C(e +h+ ~he). 4.1D)

Proof Let f = (ue — ue )| and substitute v = ue — u, ;, into the equation of the
adjoint problem, we get
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2
lue —uenlly o = (f e — te,n)o,@

= (fv Ue — ue,h)O,D

1
= (V(ue — ue,h): Vuef)Q + g(v(ue - ue,h)’ Vuef)Ql
1
< (V(ue—uep), V(uer —vp)a + E(V(ue —uen), Vter —vp))ey, Yup € V(D)
1
< llue —uepl,elluer —vpllie + ;”’/te —tepl,o IVuer —vplli,e

1
< C(Ve + V(e + V) fllo.a + c;ﬁ<ﬁ+ VI)Je(e+ V)i fllo.a

The last inequality follows from Theorems 3.1 and 4.4. Noticing that f =
(e — uen)la, we get

lue — uenllo.e < C(ve+vVh)?

With [Juell1,0, < Ce and |lue i ll1,0, < Ce, we have proved the result. O

4.2 Neumann boundary value problem
The discrete problem (Qc ) reads as:

[ Find uc , € V;(D) such that (4.12)

(e vi)1.@ + €(Vuen, Vop)a, = (f, vn)p, VYun € V(D).

Lemma 4.6 There exists a unique solution uc , € Vi (D) for (4.12). uc is the solution
of (2.4), and we have

lue — ueplli,@ + vVelue — uenlli,o

<C inf (lue —vlie +Velue —vnllig) - (4.13)
v €V (D)
Proof The proof of this lemma is an analogue of that of Lemma 4.1. O

Then, we have the error estimate theorem:

Theorem 4.7 We have the error estimate for (2.4) and (4.12)

lue = uenllo + Velue —uenli,e = Ch+ e+ vVhe)(luellz,o + luell2,,)-

(4.14)
Proof By taking
oy = [%E(\;) for v e A(K), K € ToU Tr,
uc(v) for v e A(K), K € To,\T1,
the proof is an analogue of that of Theorem 4.4. O
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With the analogue of the proof of the Dirichlet case, we have the error estimate in
L? norm for Neumann case.

Theorem 4.8 For u. and uc j, are the solutions of (2.4) and (4.12), respectively, we
have

e — uepllo.p < Cle + h + vVhe)?. (4.15)

4.3 Mixed boundary value problem

Since the regularity theorem of (Q) for mixed boundary case is weak, we will not
put a discussion on the error estimates of the discrete problem for this case. Also, we
could not find any discussion on this issue in [8, 12] etc.

5 An approximation for discrete problems

In the discrete problem, we find the inner-product (Ve j, Vup) g or @, and ( f , Un)D
(since f is the zero extension of f from €2 onto D) are not applicable to computation,
because we assumed that Q2 has a curved boundary I'. The integral of the elements
crossing I becomes a problem when doing computation. Thus, we need a proper
approximation. One way is to replace the integral in the open triangle K, KNI" # @, of

1
(Vue, vp)gna + E(Vue» V) KNQ,

by the integral of
1
(Vuéa vh)ngAz + ;(VME’ vh)KnSil

where Qs a polygon with vertices which are the points of intersection between I" and
the triangles’ edges. < satisfies (Q\Q) U (Q\Q) Ccrls, 6= O (h?). Q= D\fz. The
approximation problem of (Qc ;) is denoted as (Qc¢ p).

5.1 Dirichlet boundary value problem

The problem (1.4) is considered. We assume that fj, is some interpolation of f , such
that (fp, vp)p is applicable to computation and has || f;, — f lo < Ch holds. For
example, suppose f € C!(2); then we can choose f;, is the linear interpolation of f
on the vertices v of triangles for every v € €2 and zero on other vertices. Before giving
the estimate of ||itc , — ue nll1,p, We quote a lemma from [13]. For any open triangle

K, we denote

k= (Q\QDNK = Q\Q)NK
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and

#x = (QN\QDNK = (Q\Q)NK.

Lemma 5.1 As we have (2\£2) U (Q\Q) C T's, § = O(h?), the following estimates
hold for any v, € Vy,

1 1
lvnlix = h2|onli,e, Corh2luply g), (5.1
1 1
lonli,z < h2|vnly o, CorhZlvpliq). (5.2)
Then we have the following theorem.

Theorem 5.2 There exists a unique solution i j, for (1.4). uc j, is the solution of (1.3),
and we have

lwen — dtenlli,p < Ch. (5.3)

Proof Subtracting the equation in (1.4) from that in (1.3), we have

. 1 .
(V(uen — ten), Vop)gng + ;(V(ue,h —len), Von)gng, + (Viten, Von)g o

1 . L.
+ E(Vue,h, VUh)QI\Q] — (Viie p, VUh)Q\Q - E(Vué,hv VUh)Ql\QI

= (f = fu,vn)p, Yop € Vj.

Since szl\{zl = fZ\Q and Ql\Ql = Q\fz, the above equation can be written as

. 1 .
(Ve — iten), Vop)gug + Z(v(ue,h —len), VUn)gng,

1 . 1 .
= (E - 1) (Vite.n, Vong g, + (1 - ;) (Vuen, Von)g g, + (f = fu, vn)p.

We apply Lemma 5.1 to obtain

lienly g, < C\/Eme,hh’le < Cvhe,
only g0, < CVAIU g, Cor VAlual10),
luenl gpa, < CVhluenl o < CvVhe,
vnly gpa, < CVRIvAlL g, Cor Vilvaly g)-
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Since we have ||f — fullo.p < Ch, for vy, = ue p — lte p, We get

2

1
N ~ 2
|M6,h uﬂh'LQufz + c |M6,h u€,h|

I,Qlﬂﬁl
< Ch(lue,n — tienly gug + luen — ienllo,n)-

This, together with the Poincaré inequality, implies the desired result. O

5.2 Neumann boundary value problem
(Qe’h) reads as:

Find i, j € Vy(D) such that

. N 5.4
(e i), ¢ + €(Vien, Vong, = (o, Yop € Vp(D). Y

Lemma 5.3 (2\) U (Q\Q) C Ty, 8§ = O(h?) implies that:
vl g = Chllvnllie Cor hllvnlly g)- (5.5
lvally eng = Chllvnlly g Cor hllvnllie)- (5.6)

(This lemma is quoted form [10].)

Theorem 5.4 There exists a unique solution iic j, for (5.4). Iff—fh=00nN Qi
and uc j, is the solution of (4.12), then we have,

lue,n — el qua < Ch. (5.7)

The proof is an analogue of that of Theorem 5.2, with using Lemmas 5.1 and 5.3.

6 Numerical experiments
Letu € HO1 (D) be the zero extension of the solution u € HO1 (R2) of the Dirichlet

boundary value problem (1.1). Then, from the results of previous sections, we find
that

lien —illi,p < e n — e nlli,p + e —uelli,p + llue —itll1,p

= |lden —uenllt,p + lluen —uelli,p + luele —ull,o + lluel,o (6.1)
< Ch+ C(Wh+ +/€) + Ce + Ce
< C(Wh + o).

In addition, for the error in L? norm, we also have

ien —illo.p < C(e + h + Vhe). (6.2)
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Fig. 4 Q, D and the mesh

Ue p—T i
Er — % for different e

log Er

Fig.5 Meh—@0.D i Gifferent ¢ and /i
llllo, p

So in our computation, to calculate L? and H! errors of ite.y — i on D is sufficient
to verify the theoretical results, which is more practical than computing the norm of
lle.nl@ — u in 2, because of the curved boundary of Q. Now, let Q = {(x, y) € R2 |
x2 4+ y? < 4}. The original problem reads as:

—Au =41in 2,
u=0onT.

The exact solutionis u = 4 —x?> —y2. Let D = {(x,y) | -3 <x <3, -3 <y <
3},  C D, and generate an N x N grid in the square D as the Cartesian mesh (see
Fig. 4). For N = 30, 60, 120, 300, 600, 1200, setting h = %, V/2h is the diameter of
the triangles.

The error estimates are showed in Figs. 5 and 6 with the logarithm (log) to base

10, from which we see that for fixed €, L? error behaves as Ch (in Fig. 5, l‘l)nghr ~ 1)

and H' error behaves as C+/h (in Fig. 6, l(l)oggir

~ %). But at the same time, they
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Er= 7Hue\]%ﬁ1u,lllﬂ for different e

log Er
o
oo

_13 1 1 1 1 1 1
-24 -22 -2 -1.8 -16 -14 -12 -1 -0.8  -0.6

log h

Fig. 6 1“ei—"ILD i different ¢ and h
llelly, p

also have lower bounds even if we allow & to become arbitrarily small, since the error
estimates are also bounded by e, according to (6.1) and (6.2). And we can observe
that, for different e, L? error has the lower bound approximate to Ce, and H Uerror is
bounded by C./e. This confirms our theoretical results.

References

1. Chen, Z., Zou, J.: Finite element methods and their convergence for elliptic and parabolic interface
problems. Numer. Math. 79(2), 175202 (1998)

2. Del Pino, S., Pironneau, O.: A fictitious domain based general PDE solver. In: Numerical Methods
for Scientific Computing. Variational Problems and Applications, 2030, International Center Numeric
Methods and Engineering (CIMNE), Barcelona (2003)

3. Grisvard, P.: Elliptic problems in nonsmooth domains. In: Monographs and Studies in Mathematics,
vol. 24. Pitman (Advanced Publishing Program), Boston, MA (1985)

4. Grisvard, P.: Singularities in boundary value problems Recherches en Mathématiques Appliquées
[Research in Applied Mathematics], vol. 22. Springer-Verlag, Berlin (1992)

5. Lions, J.L., Magenes, E.: Non-Homogeneous Boundary Value Problems and Applications, vol. 1.
Springer-Verlag, New York (1972)

6. Lions, J.L.: Une remarque sur les problémes d’évolution non linéaires dans des domaines non cylin-
driques, Rev. Roumaine Math. Pures Appl. 9, 1118 (1964)

7. Mignot, A.L.: Méthodes d’approximation des solutions de certains problemes aux limites linéaires. I.
(French) Rend. Sem. Mat. Univ. Padova 40, 1138 (1968)

8. Maury, B.: Numerical analysis of a finite element/volume penalty method. SIAM J. Numer.
Anal. 47(2), 11261148 (2009)

9. Ohmori, K., Saito, N.: On the convergence of finite element solutions to the interface problem for the
Stokes system. J. Comput. Appl. Math. 198(1), 116128 (2007)

10. Tabata, M.: Uniform solvability of finite element solutions in approximate domains. Jpn. J. Indust.
Appl. Math. 18(2), 567585 (2001)

@ Springer



Fictitious domain method with penalty for elliptic problems 85

11.

12.

13.

14.

15.

Zhang, S.: A domain embedding method for mixed boundary value problems. C. R. Math. Acad. Sci.
Paris 343(4), 287290 (2006)

Zhang, S.: Analysis of finite element domain embedding methods for curved domains using uniform
grids, SIAM J. Numer. Anal. 46(6), 28432866 (2008)

Zenisek, A.: Nonlinear elliptic and evolution problems and their finite element approximations. In:
Computational Mathematics and Applications. Academic Press, Inc. [Harcourt Brace Jovanovich,
Publishers], London (1990)

Zhou, G.: Analysis of the Fictitious Domain Method with H 1 -Penalty for Parabolic Problem. submitted,
UTMS preprint series 2012-9

Zhou, G.: Analysis of the Fictitious Domain Method with Lz—Penalty for Elliptic and Parabolic Prob-
lems. submitted, UTMS preprint series 2012—18

@ Springer



	Analysis of the fictitious domain method with penalty for elliptic problems
	Abstract
	1 Introduction
	2 H1-penalty problems of fictitious domain method for elliptic problems
	2.1 Dirichlet boundary value problem
	2.2 Neumann boundary value problem
	2.3 Mixed boundary value problem

	3 The regularity of the solutions of H1-penalty problems
	3.1 Dirichlet boundary value problem
	3.2 Neumann boundary value problem
	3.3 Mixed boundary value problem

	4 Finite element approximation and discrete problems
	4.1 Dirichlet boundary value problem
	4.2 Neumann boundary value problem
	4.3 Mixed boundary value problem

	5 An approximation for discrete problems
	5.1 Dirichlet boundary value problem
	5.2 Neumann boundary value problem

	6 Numerical experiments
	References


