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Abstract

This study introduces a modified hybrid gamma and generalized Pareto distribution. Prior to this, we define a general spliced
distribution and its corresponding gamma distribution, which is part of the head, and a generalized Pareto (GP) distribution,
which is part of the tail. We then examine the threshold conditions for the modified hybrid gamma and GP distribution and
defined probability density function. Also, we derive the negative log-likelihood function of the modified hybrid gamma and GP
distribution and estimate approximate maximum likelihood estimates using the differential evolution algorithm for each simu-
lation to minimize it. Moreover, by presenting the mean square error for each sample size, the model is evaluated according to the
size of the sample. Finally, we use daily observed summer precipitation for Seoul, Korea, from 1961 to 2011, which includes
4692 data sets. We use 2051 data sets corresponding to wet conditions. As a result, the estimated threshold of the modified hybrid
gamma and GP distribution is 0.1455. After deriving Fisher information through the Hessian matrix, we also present the standard
error of the maximum likelihood estimator.
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1 Introduction determining rainfall probability distributions have been ac-
tively researched (Coe and Stren 1982; Baxevani and

Establishing a reliable and accurate probability distribution is ~ Lennartsson 2015).

vital for hydrology, meteorology, and other related fields of
study. The choice of distribution particularly affects the veri-
fication and analysis of heavy rainfall and the improvement of
simulation results using hydrological models (Deguenon et al.
2009; Hanum et al. 2015). Accurate probability distributions
of rainfall data can be used to forecast precipitation amounts
several hours ahead. For these reasons, various approaches for
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Gamma (Coe and Stren 1982) or log normal distributions
are commonly used as probability distributions for rainfall
data, although mixed distributions have become a more recent
popular approach. The gamma distribution does not exhibit
good performance in the case of heavy precipitation (high
rainfall with low frequency), which requires high accuracy.
For this reason, the generalized Pareto (GP) distribution has
been applied in extreme rainfall cases (Deguenon et al. 2009);
however, it cannot be used if the light rain frequency is high.
To compensate for these deficits, spliced distributions, which
fit two different distributions in each support and consider
covariates for seasonality and teleconnections, are the focus
of this research. Hanum et al. (2015) showed that fitting a
spliced distribution consisting of a gamma distribution and
Pareto distribution to tropical heavy rainfall data of Jakarta,
Indonesia, obtained a better result than fitting single distribu-
tions such as gamma, Pareto, or GP distributions alone (see
also Li et al. 2012). However, it is generally known that the
spliced distribution does not satisfy continuity and
differentiability at the thresholds of two distributions. A
hybrid distribution has therefore been developed to
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compensate for this problem, although the hybrid distribution
only satisfies continuity at the threshold and not
differentiability. Previous studies have attempted to splice
the gamma distribution into a GP distribution. For example,
Baxevani and Lennartsson (2015) proposed a precipitation
generator composed of a hybrid gamma and GP distribution
after fixing the threshold as a constant.

Stochastic weather generators are often used to simulate a
time series of weather variables on a daily scale. They can also
be used to temporally downscale climate information, such as
monthly or seasonal forecasts (Wilks and Wilby 1999;
Benestad et al. 2008). The parametric weather generator can
incorporate covariates for seasonality and teleconnections as-
sociated with El Nifio (Furrer and Katz 2007). However, this
approach tends to underestimate the observed inter-annual
variance of seasonally aggregated variables, which is termed
“overdispersion”, and shown in Fig. 1 (Buishand 1978; Katz
and Parlange 1998; Benestad et al. 2008). Recently, filtered
time series of seasonal total precipitation using locally weight-
ed scatter-plot smoothing (LOESS, Cleveland 1979; Hastie
and Tibshirani 1990) or a hidden variable reflecting the unob-
served seasonal shifts in climate regimes have been incorpo-
rated as covariates in the GLM based weather generator (Kim
etal. 2012; Kim and Lee 2017). However, there are still some
issues concerning the choice of smoothing parameter.

The purpose of this study is to investigate the conditions of
the modified hybrid distribution considering the differentiabil-
ity of an existing hybrid distribution and to suggest a modified
hybrid gamma and generalized Pareto distribution that can
satisfy both continuity and differentiability for rainfall data
which is essential for maximum likelihood estimation of pa-
rameters of hybrid distribution. For this purpose, we evaluate
the appropriateness of the modified hybrid gamma and GP
distribution model through various simulation results. In ad-
dition, we reveal the practical applications of the model using
daily summer precipitation amounts observed in Seoul,
Korea, from 1961 to 2011. Finally, a suggestion is made for
additional studies to produce a weather generator that can
reduce overdispersion with our proposed distribution.
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Fig. 1 Overdispersion phenomenon in GLM weather generator

@ Springer =) Korean Meteorological Society

Table 1 MSE of modified hybrid distribution parameters with
relatively small threshold values

Parameters « B 3 o 0

True 5 4 0.3 8 16
n=500 0.4363 0.5332 0.0074 0.5170 0.6908
n=1000 0.1747 0.2314 0.0028 0.2104 0.2173
n=2000 0.0946 0.1279 0.0014 0.1239 0.1121

2 Modified Hybrid Gamma and Generalized
Pareto Distribution

Here, we first describe the spliced distribution suggested by
Klugman et al. (2004) and Nadarajah and Bakar (2014). We
then separately introduce the gamma and GP distributions
before finally presenting our modified hybrid gamma and
GP distribution.

2.1 Spliced Distribution

A spliced distribution is typically constructed using several
distribution functions f(x), /(x), ..., fi(x). The general form
of the spliced distribution denoted by f(x) can be expressed as
follows (see Klugman et al. 2004; Nadarajah and Bakar 2014):

alff(x) if c<x<q
agf;(x) if cg<x<o

fx) = (2.1)

akf;(x) if g <x<c
where a; is the mixing weight and satisfies Zf.‘:]a,- =1,
(a; > 0) and f7 (x) denotes the truncated probability density
function, which is of the form

* fi(x)

£ =

- L i=1,2,... k.
J.c:‘,lfi(x)dx

In the special case of (2.1), a simple spliced distri-
bution combines the head part of the probability density
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Fig. 2 Fitted modified hybrid gamma and generalized Pareto distribution
with relatively small threshold values
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Table 2 MSE of modified hybrid distribution parameters with Table 4 MSE of modified hybrid distribution parameters with large
relatively large threshold values threshold values

Parameters o 8] £ o 0 Parameters o 8] £ o 0

True 9 7 0.2 3 56 True 14 20 1 4 260
n=>500 0.3651 0.2874 0.0185 0.2141 0.4071 n=>500 0.9076 2.1216 0.1662 1.4256 1.7260
n=1000 0.3327 0.2535 0.0063 0.0976 0.1323 n=1000 0.5785 1.3761 0.0861 0.4120 0.8207
n=2000 0.1368 0.1090 0.0043 0.0687 0.0996 n=2000 0.2803 0.6441 0.0477 0.2687 0.2991

function fi(x) with the tail part of f>(x), and can be
shown as follows:

afi(x) if —o<x<6

fo=4 . (22)
arf,(x) if f<x< oo

As mentioned before, a;, a, are positive mixing weights

that satisfy @, + a, =1, and f(x) and f5(x) have the follow-

ing forms

oy J1x)

where F(x) and F>(x) are cumulative distribution functions
corresponding to the density functions f;(x) and f5(x), respec-
tively. Note that # denotes the limit of the domain and is
regarded as a model parameter (Klugman et al. 2004).
However, it is not generally guaranteed that a spliced distribu-
tion of the form (2.2) is a valid continuous density function.
Thus, a spliced distribution requires the following condi-
tion to be continuous: f{6—)=f(f+). In addition, it needs
another critical condition such as differentiability (Bakar
et al. 2015). To be differentiable at every point x, the
probability density function f(x) is required to satisfy the
following condition at threshold 6:

sy Sax)
andfz(x)fﬁzw),

[(6-) =1 (6+).

Under the above conditions, the spliced distribution with
probability density function fix) can be differentiable on the
support. In addition, the effect of reducing the parameters of
the spliced distribution is commonly obtained by deriving the

Table 3 MSE of modified hybrid distribution parameters with very
small threshold values

Parameters o 8] S o 0

True 2 4 0.3 4 4
n=500 0.0455 0.9759 0.0095 0.0749 0.1039
n=1000 0.0311 0.7419 0.0053 0.0472 0.0743
n=2000 0.0141 0.3020 0.0022 0.0245 0.0290

relationship between the parameters of each head and tail of
the distribution from these conditions.

According to the continuity condition, the mixing weights
ay, a, in (2.2) can be represented as

ay = 1+5 andaz = 1*611 :%,
where
5_ HLO-F:(0)

F20)F(0)

Note that >0 and it is well known that mixing weights
that depend on the combined distribution parameters give bet-
ter fits than constant weights (Scollnik 2007). However, this
function might not always have an explicit form.

Under both continuity and differentiability conditions of
the probability density function f(x), the equation £, (6) /5 (6)
—11(0)15(0) is satisfied at threshold 6. Alternatively, it can be
achieved by solving

2 oe(219) o
00 =\ f2(0)

as shown by Bakar et al. (2015). In general, the parameters of
both the tail of the probability distribution function f;(x) and
the head of the probability distribution function f(x), as well
as the mixing weights a,, a,, depend on threshold 6. However,
threshold € can also be obtained after estimating all parameters

of'the spliced distribution. Thus, a certain number of iterations
is necessary.

(2.3)
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Fig. 3 Fitted modified hybrid gamma and generalized Pareto distribution
with relatively large threshold values
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Fig. 4 Fitted modified hybrid gamma and generalized Pareto distribution
with very small threshold values

2.2 Modified Hybrid Gamma and Generalized Pareto
Distribution

For the case of frequent light rainfall, a gamma distribu-
tion is commonly cited as an appropriate method because
it has short right tail. With a long tail to the right, it might
not display goodness of fit. However, the GP distribution
generally displays a good fit with a long right tail in the
case of heavy rainfall, although it might not show good-
ness of fit with a short right tail. In addition, data loss
occurs because the shape of the GP distribution is trun-
cated below the threshold value.

Therefore, we suggest a modified hybrid gamma and gener-
alized Pareto distribution that uses the gamma distribution when
rainfall is light and the GP distribution when rainfall is heavy.

Suppose that part of the head, £} (x), is a gamma distribution
with shape parameter « and scale parameter (3, and part of the
tail, /(x), is a GP distribution with location 6, scale parameter
o, and shape parameter &. Then, threshold 6 satisfying (2.3) is
indicated by

0= (a—1)5.

Thus, threshold 6 of the modified hybrid gamma and GP
distribution only depends on the parameters of the gamma
distribution when o> 1. In addition, the § value for mixing
weights can be expresses as follows:

o~
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Fig.5 Fitted modified hybrid gamma and generalized Pareto distribution
with very large threshold values
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Table 5 Descriptive statistics for rainfall data in Seoul during 1961—
2011

n Mean Min Max Median  Ist quartile  3rd quartile
2051 2227 0.10 33280 830 1.50 28.80

_ a()“ilexp(—ﬂ/ﬂ)
[(a,0/8) B*

where I'(a, 6/3) is the lower incomplete gamma function.
Note that § is determined by parameters of both the GP and
gamma distributions. Therefore, the probability density func-
tion of the proposed distribution is
1 a—1 . : _
" (1+6)ﬁ“F(a,0/ﬁ)x exp(—0/8) if —o<x<@
X) = )

5 -0\ ED
(1+5)o(1+ g) if f<x< o

(2.4)

where av> 1.

2.3 Parameter Estimation of the Proposed
Distribution

Here, we compute the maximum likelihood estimators of pa-
rameters of the modified hybrid gamma and GP distribution.
From general formation of the likelihood function of the
spliced distribution, the log-likelihood function of («, {3, &,
0, 0) can be expressed as follows:

IOgL(aa ﬁv Ew 0, 9) = _lOg(l + 6) + Z)c,SGlngl (xi)_MIOgFl (e)
250108/ (y;) + mlogs

where n=M+m, M =3Y" [(x;<0), m=Y" I(y; > 0),
f1(x) is the probability density function of the gamma distribu-
tion, F(x) is the cumulative density function of the gamma
distribution, and f5(x) is the probability density function of the
GP distribution. As it is not possible to obtain the explicit form
of the maximum likelihood estimator of («, 3, &, o, 0) by
maximizing log-likelihood logL(«, 3, &, 0, 8), we consider
the differential evolution (DE) algorithm to achieve global
optimization. Note that the DE algorithm does not require

Table 6 Approximate maximum likelihood estimates of modified
hybrid gamma and generalized Pareto distribution using rainfall data in
Seoul during 1961-2011

Parameters o 8] & o 0
Est. 1.9576 0.1519 0.6260 5.9313 0.1455
SD 0.7070 0.0010 0.0316 0.1842 0.0132
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Table7  Summary statistics for estimated parameters of modified hybrid gamma and generalized Pareto distribution using rainfall data in 62 weather
stations during 1961-2011

Parameters o 8] & o 0

Range 1.97 ~3.07 0.10~0.13 0.67 ~0.97 2.62 ~7.46 0.11~0.21
Mean 2.343 0.107 0.905 4.137 0.147

S.D. 0.244 0.010 0.085 0.918 0.026

the optimization problem to be differentiable required by clas-
sical optimization problem and so is useful for finding approx-
imate solutions when there are non-differentials, multiple lo-
cal minima, and non-linearities, etc.

3 Numerical Studies

We focus on the class of problems where the behavior of
distributions over (or below) a high (or low) threshold is of
interest; i.e. those that characterize extreme events. As men-
tioned in the introduction, a mixture of the gamma and GP
distributions with a threshold has emerged as an efficient way
to generate more realistic weather scenarios for impact
assessments.

3.1 Simulation Study

In this section, we report the simulation results for the optimal
threshold of the proposed distribution and examine the effi-
ciency of the model estimation method. The results of the

maximum likelihood estimators and threshold of the spliced
distribution are provided. The parameters « and {3 are for the
head part of gamma distribution, & and o are the parameters
for the tail part of GP distribution, and 0 is a global parameter
for the GP distribution, Each sample is extracted from eq.
(2.4) and the mixing weights are represented as a function of
other parameters of the model. To compare and summarize the
performance of the simulation results, we consider mean
square error (MSE) as follows:

Loy (50 )2
MSE = 3, (B ~0)

where N is the number of iterations, ém is the estimated
threshold at the i™ iteration, and @ is the true threshold.

Table 1 shows the simulation results from the modified
hybrid gamma and GP distribution with o« = 5, 3 = 4, & =
0.3, 0=8,0 =16, and N = 100 (Simulation 1). For each
simulation, sample size n is 500, 1000, and 2000, resprctively;
as the sample size increases, the maximum likelihood estima-
tor of the parameters becomes more stable. Figure 2 is a plot of
the fitted modified hybrid gamma and GP distribution for
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Fig. 7 Estimated threshold
parameters (0) of modified hybrid
gamma and generalized Pareto
distribution using rainfall data in
62 weather stations during 1961—
2011

Simulation 1, which clearly shows an effective estimate of the
proposed distribution. Table 2 shows the simulation results
under different parameter conditions (x =9, 3 =7, £ =0.2,
0 =23,0 =56, and N =100 (Simulation 2). Tables 3 and 4
show the results for a simulation with a relatively small thresh-
old, where x =2, 3 =4, =0.7, 0 =4, 0 =4 (Simulation 3),
and a simulation with a very large threshold, where & = 14, 3
=20, & =1, 0 =4, 0 =260 (Simulation 4), respectively. The
overall simulation results indicate that, as the sample size in-
creases, MSE decreases and the estimate becomes more sta-
ble. Figures 3, 4 and 5 show the fitted modified hybrid gamma
and generalized Pareto distribution corresponding to the re-
sults of Simulation 2, 3, and 4.

3.2 Real Data

To verify and demonstrate the performance of the proposed
modified hybrid gamma and GP distribution using real case
rainfall data, we use the daily summer precipitation amounts
observed in 62 weather stations, Korea, from 1961 to 2011
and retrieve the maximum likelihood estimates. In each

@ Springer \i’r, Korean Meteorological Society

0.20

~ 0.18

~ 0.16

station, there are 4692 data sets and we used 2051 of them,
excluding any classed as 0, which indicated that there was no
rain recorded. In Seoul, descriptive statistics are summarized
in Table 5. The 50-year rainfall data is positively skewed,
revealing that the maximum value exhibits a large difference
both in the 1st and 3rd quartiles. The data features multiple
instance of low rainfall and only few large amounts of rainfall
appears together (Table 6). Summary statistics for estimated
parameters of modified hybrid gamma and generalized Pareto
distribution using rainfall data in 62 weather stations during
1961-2011 are provided in Table 7. The plots of fitted mod-
ified hybrid gamma and generalized Pareto distribution
with histogram of rainfall data in several weather stations
in Korea during 1961-2011 are provided in Fig. 6. In
addition, Fig. 7 and Fig. 8 show estimated parameters of
modified hybrid gamma and generalized Pareto distribu-
tion using rainfall data in 62 weather stations during
1961-2011. Some parameters share geographical trend
in common with threshold parameter (9).

To determine the maximum likelihood estimator of the
proposed distribution, we used the DE algorithm. Through
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Fig. 8 Estimated parameters («, 3, &, 0) of modified hybrid gamma and generalized Pareto distribution using rainfall data in 62 weather stations during
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multidimensional global optimization, we found the approxi-
mate maximum likelihood estimates that minimize the log
likelihood function. In addition, we calculated the standard
error, which is the standard deviation of each estimator, after
deriving Fisher information through a Hessian matrix. This
result is summarized in Table 6. Finally, we compared the
goodness of fit results for the gamma distribution, GP distri-
bution, and modified hybrid gamma and GP distribution using
the rainfall data, which confirm that the proposed model re-
sults in a better estimate.

4 Concluding Remarks

In this study, we first introduced a general spliced distribution
and its corresponding gamma distribution, which forms the
head in the curve, and a generalized Pareto distribution, which
forms the tail. Then, we examined the threshold condition for
our proposed distribution and defined a new probability den-
sity function accordingly. We further derived a likelihood
function for the distribution and estimated approximate max-
imum likelihood estimates using the DE algorithm for multi-
ple simulations for minimization. At the same time, by pre-
senting the MSE for each sample size, the precipitation gen-
erator model was evaluated according to the size of the sam-
ple. Finally, we used 2051 data sets of measurable daily sum-
mer precipitation observed in Seoul, Korea, from 1961 to
2011. As a result, the estimated threshold of the modified
hybrid gamma and generalized Pareto distribution was
0.1455. After deriving Fisher information using a Hessian
matrix, we also presented the standard error of the maximum
likelihood estimator.

This study represents the first attempt to use a modified
hybrid approach, which will be built on in future research.
Our work has two major advantages. Firstly, the thresholds
are usually fixed as constants in a spliced distribution includ-
ing a generalized Pareto distribution. However, by using the
modified hybrid gamma and the generalized Pareto distribu-
tion proposed in this study, the threshold and other parameters
can be estimated simultaneously. Therefore, the result will be
different from that of a general mixed distribution because it
satisfies both continuity and differentiability at the threshold.
Secondly, generating rainfall data using the modified hybrid
gamma and generalized Pareto distribution will reduce the
overdispersion that occurs in existing parametric weather gen-
erators and provide more accurate probability estimates.
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