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Abstract Modelling competency is considered to be an important part of mathemat-
ical competency. Although much work has been done with respect to the develop-
ment and dissemination of modelling tasks, there is hardly any empirical evidence
how these tasks should be integrated in the mathematics classroom. In this article we
present a teaching approach based on heuristic worked examples which turned out
to be a promising way of supporting initial skill acquisition within the field of mod-
elling. We will provide an overview how the learning environment (KOMMA) was
conceptualized and will present first results of a large-scale field study examining
the effectiveness of example based learning for initial skill acquisition in the field of
modelling. The results presented here take into account short-term as well as long-
term effects on the learning of 8th-grade students. They suggest, that the participants’
modelling competencies increased significantly during the training but that long-term
effects were much smaller.
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Modellieren mit heuristischen Lösungsbeispielen in der Lernumgebung
KOMMA

Zusammenfassung Modellierungskompetenz wird als wichtiger Teil mathemati-
scher Kompetenz betrachtet. Trotz umfangreicher Forschungen zur Entwicklung und
Dissemination von Modellierungsaufgaben gibt es kaum empirische Ergebnisse da-
zu, wie diese Aufgaben in den Mathematikunterricht integriert werden sollen. Wir
beschreiben einen auf heuristischen Lösungsbeispielen basierenden instruktionalen
Ansatz, der sich als vielversprechend für den anfänglichen Fähigkeitserwerb beim
Modellieren erwiesen hat. Wir beschreiben das Konzept der verwendeten Lernumge-
bung (KOMMA) und berichten erste Ergebnisse einer größeren Feldstudie zur Un-
tersuchung der Effektivität von beispielbasierten Lernumgebungen für den anfäng-
lichen Erwerb von Modellierungskompetenzen. Die Ergebnisse beschreiben kurzfri-
stige und langfristige Lernzuwächse bei Schülerinnen und Schülern der achten Jahr-
gangsstufe. Sie legen nahe, dass die Modellierungskompetenzen der Schülerinnen
und Schüler während der Intervention signifikant zunahmen, langfristige Effekte aber
deutlich kleiner ausfielen.

1 Introduction

Mathematical modelling is regarded an important topic in the mathematics class-
room. It encompasses aspects like as constructing an adequate model for a specific
problem, applying mathematical knowledge in this situation, and interpreting it prop-
erly. Its prominent role is emphasized by the fact that modelling is an important part
of the PISA mathematics tests (OECD 2003) and one of six general mathematical
competencies that have been identified in the German standards for secondary school
mathematics (Kultusministerkonferenz 2003).

These standards for school mathematics provide numerous examples for what is
meant by modelling in the mathematics classroom, however, there are hardly any
empirically validated ideas how the acquisition of modelling competency can be
supported. Ways of acquiring this competency were addressed in the research study
KOMMA (Kompendium Mathematik).1 In particular, this study aimed at developing
and evaluating a computer learning environment for 8th-graders with a competency-
oriented implementation of mathematical content (Reiss et al. 2007). As 8th-grade
students usually only have minor experience in modelling, KOMMA was designed
to allow initial skill acquisition in this field. In order to introduce heuristic strategies
necessary for a successful modelling process, the learning environment was based on
heuristic worked examples (cf. Reiss and Renkl 2002). These examples had already
turned out to be appropriate for initial skill acquisition in the field of mathematical
proof and argumentation (see Sect. 2.1).

In this paper we will describe the principles of heuristic worked examples within
the field of modelling and give an idea how this teaching approach was implemented
in the KOMMA learning environment. Moreover, we will present first results of a

1KOMMA is supported by a grant from BMBF, the German Federal Ministry of Education and Research
(PLI3032).
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large-scale field study on the effectiveness of the example-based learning. We will
concentrate on geometry learning in a computer-assisted environment.

2 Worked Examples

2.1 The Principle of Worked Examples

Worked examples have been investigated intensively in the last few years as they
are regarded to provide students with a perfect solution of a problem. They typically
comprise a problem statement, a step-by-step procedure for solving the problem, and
the solution itself and have been proven to be effective for initial skill acquisition in
well-structured domains (Atkinson et al. 2000; for an overview, see e.g. Sweller et
al. 1998). These worked examples provide an expert’s problem-solving model and
implicitly show how other similar and isomorphic problems might be solved by us-
ing analogical transfer. They provide a solution of a problem by presenting a straight
forward problem-solving process. A problem solver is asked to solve similar prob-
lems by imitating the solution steps presented. It is usually sufficient for problem
solving to manipulate the data in the initial worked example. This type of analogical
transfer is called transformational analogy (Carbonell 1986) because only a simple
modification of a typical example is required.

The effectiveness of worked examples is explained by Sweller et al. (1998) within
Cognitive Load Theory. According to this theoretical approach, a major part of the
cognitive resources in problem-solving situations is used for finding the right solution
steps. Problems presented as worked examples already have a solution, and therefore,
lower cognitive capacities are needed and can be used to better understand the pre-
sented problem solution and to construct adequate mental structures (Sweller 2003;
Paas et al. 2003).

This theoretical explanation is supported by findings that students perform well
on similarly structured tasks after studying algorithmic worked examples. Several
studies showed that learners who worked with examples outperformed those who had
to solve identical problems on their own (see e.g. Sweller et al. 1998, pp. 273–275). In
addition, learning with worked examples is not only more effective with respect to the
learning outcome, but also with respect to the time spent for learning. Studies show
that students learning with worked examples achieved similar or even better results
and in addition needed less working time compared to learners who solved the same
number of problems on their own (Sweller and Cooper 1985; Zhu and Simon 1987;
Carroll 1994). An even more important advantage of this method is the popularity
of examples compared to abstract rules or instructions. The results of several studies
verify that learners strongly prefer examples (LeFevre and Dixon 1986; Recker and
Pirolli 1995).

It should be mentioned that positive effects were primarily identified for novice
learners. Moreover, the solution of a problem had to be presented in adequate detail
and had to take into account the individual prior knowledge of the learner. Accord-
ingly, the studies suggest that learners need more guidance for initial skill acquisition
than for the extension an already existing expertise. Furthermore, the use of worked
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examples may even induce negative consequences for advanced learners. This exper-
tise reversal effect is shown in several investigations (e.g., Sweller 2003). The effect
emerges presumably from the situation that the processing of unnecessary or redun-
dant information consumes cognitive capacity, too. According to the Cognitive Load
Theory (Sweller et al. 1998), this interferes negatively with effective learning.

2.2 Heuristic Worked Examples

Most research on worked examples was performed in well-structured domains and
on relatively simple tasks. However, much learning takes place in less-structured
or ill-structured domains. Students who are presented ideal solutions in such do-
mains may not be able to grasp the relevant ideas of the problem solution. Accord-
ingly, Reiss and Renkl (2002) suggested heuristic worked examples which do not
only provide a solution but take into account the solution steps. In less-structured
or ill-structured domains, it is not sufficient for learning to emulate a presented al-
gorithm. As problems will hardly be solved by using specific algorithms, the de-
velopment of an individual solution procedure for each problem is required. How-
ever, in such cases, memorized or given examples may help to solve new prob-
lems as well. An approach to explain how examples in such fields might support
learners in problem-solving situations is the derivational analogy (Carbonell 1986;
Schelhorn et al. 2007). This kind of analogical transfer refers to an adaptation of a
memorized or given problem-solving procedure and by using the structure of the pro-
cedure’s subgoals. These guidelines should help finding chains of reasoning, decision
sequences or successive solution steps. Thus, even in less-structured domains work-
ing with suitable examples might help to structure the problem-solving process and
find relevant strategies and heuristics for similar problems.

Reiss and Renkl (2002) developed the principle of heuristic worked examples
for the domain of mathematical proof and argumentation. Their examples involve a
domain-specific process model which helps students structure their problem-solving
process. This process model is based on an expert model of mathematical proof
(Boero 1999) which was adapted to be more appropriate for students at the lower
secondary level. It describes the different steps and corresponding heuristic strategies
of an expert working on a mathematical proof.

As learning from heuristic worked examples should introduce students to problem
solving in a certain domain, Reiss and Renkl (2002) used a realistic instead of an op-
timized output-oriented problem-solving process in their heuristic worked examples.
In order to present a realistic problem-solving procedure, heuristic worked examples
include tentative and explorative steps and explain heuristics and heuristic tools. Ac-
cordingly, they can be regarded as process-oriented instead of product-oriented (see
also van Gog et al. 2004, and their concept of process-oriented worked examples).

There is empirical evidence that heuristic worked examples enhance students’
understanding of mathematics. In particular, heuristic worked examples have been
shown to be effective for problems requiring mathematical argumentation and proof.
Field studies with 8th-grade high school students (Reiss et al. 2006) and first-year
university students (Hilbert et al. 2008) revealed that working with these examples
fostered the development of proof competency.
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Fig. 1 Modelling cycle adapted
from Blum and Leiss (2006)

3 Modelling and Modelling Competency

3.1 The Modelling Process

What research means by mathematical modelling varies considerably between dif-
ferent groups (see Kaiser and Sriraman 2006, for an overview). The differences are
mainly due to the different goals researchers emphasize with respect to students’
modelling activities. However, there is consensus that working on real world problem
is important and that students have to move between reality and mathematics. There
are different points of view concerning the level of authenticity and complexity a
modelling task should offer in order to be regarded a modelling task. The KOMMA
project is based on a modelling perspective which was elaborated by Blum (1996).
From this point of view, the most important feature of a modelling task is not its
level of authenticity and complexity but its relevance for the students. The modelling
process can be seen as a sequence of seven phases which are summarized in an ide-
alized cycle (see Fig. 1, Blum and Leiss 2007).

The modelling process starts with a real-world problem. First, it is essential to
understand a problem task in order to build an idiosyncratic situation model. After
simplifying and structuring this model, the solver attains a so-called real model of the
problem situation. It becomes a mathematical model by mathematizing, which means
translating it into mathematics. The aim of the subsequent process steps is to solve
the resulting mathematical problem. This step is called working mathematically. The
interpretation of this mathematical solution corresponds to its re-translation in the
real context. Results have to be checked by a validation step. It should answer the
question if the primary problem task is solved in a satisfactory manner. If it does
so, the solution of the problem needs to be presented in an appropriate way. This is
considered as being the last step of the modelling process. If the results do not fit into
the real context, the problem solver has to repeat the modelling process or parts of it
in order to get or optimize the solution (cf. Leiss 2007).

3.2 Modelling Competency

The development of a learning environment for enhancing students’ modelling com-
petency as well as the construction of an adequate test instrument should be based on
an appropriate definition of the term modelling competency. This definition should
take into account the psychological perspective for example by accepting the per-
spective on competency suggested by Weinert (2001). Moreover, it should take into
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account the mathematics education perspective by including specifics of the mod-
elling process.

Seeing both perspectives, modelling competency can be defined as the ability and
readiness to solve an appropriate problem. However, this definition can be further
elaborated by looking at the modelling cycle and by educing corresponding subcom-
petencies from its different phases. As a consequence, a component model should
result which focuses on the different components of modelling competency. Accord-
ing to Blum and Kaiser (1997) the subcompetencies encompass understanding of the
real problem, setting up of a model based on reality, excerpting a mathematical model
from the real model, answering mathematical questions within this mathematical
model, interpreting mathematical results in a real situation and validating the solution.

Research suggests that these subcompetencies are important prerequisites for
modelling competency but further aspects should be considered, e.g. the coordina-
tion of those subcompetencies (Treilibs et al. 1980). As suggested by Reiss and Renkl
(2002), strategic knowledge is required for the process of mathematical proof as well
as for successful modelling. This aspect is included in a further model of competency
by Jensen (2007). The model identifies the following three aspects of modelling com-
petency.

Degree of coverage, indicating which aspects of the competency someone can
activate and the degree of autonomy with which this activation takes place.
Radius of action, indicating the spectrum of contexts and situations in which
someone can activate the competency.
Technical level, indicating how conceptually and technically advanced the
mathematics is that someone can integrate relevantly in activating the com-
petency. (Jensen 2007, pp. 143–144)

According to this model, a person with high modelling competency should be able
to solve modelling tasks in different contexts and situations, using conceptually and
technically advanced mathematical entities and tools. Thereby, solving a modelling
task means running autonomously, i.e. without being prompted to do so, through the
various steps in the modelling process.

The theoretical thoughts presented here may not only influence the construction of
a learning environment but the construction of test instruments as well. Accordingly,
in order to assess students modelling competency, test items should include varying
degrees of coverage. In particular a useful test should include items which cover
the whole modelling process as well as items focusing only on parts of this process
or prompting the sequence of relevant phases. On the one hand, this guarantees to
measure modelling competency of low-achieving students, too, who are not able to
autonomously perform a complete modelling task. On the other hand, test results
thus provide detailed information about students’ specific strengths and weaknesses
concerning specific subcompetencies. The other two aspects (radius of action and
technical level) require that test items should differ in context and the mathematical
tools needed for their solution.

3.3 Teaching Approaches to Modelling

In the field of modelling, there are different teaching and learning approaches. An im-
portant technique may be described as the “holistic approach in which students learn
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through experiences of complete case studies in mathematical modelling” (Haines et
al. 2003, p. 42). At the beginning, simple modelling tasks should be used which can
be solved directly. With increasing competency, students should work on more diffi-
cult situations. Moreover, there is the atomistic approach which aims at “developing
students’ mathematical modelling competency [. . . by concentrating] on the processes
of mathematizing and analysing models mathematically.” (Blomhøj and Jensen 2003,
p. 128). This approach focuses on the process steps mathematizing, working math-
ematically and interpreting and thus covers only part of the modelling competency
(Blomhøj and Jensen 2003, p. 130). A serious problem of the atomistic approach is,
however, that only certain subprocesses are taught. Thus, a rigid atomistic approach,
even if it is time-saving, does not allow the development of a high degree of cov-
erage. In order to avoid these negative consequences, Blomhøj and Kjeldsen (2006)
proposed a balance of the two approaches.

A third teaching approach proposes the presentation of exemplary models. “It of-
ten involves the presentation, discussion and analysis of several applications in par-
ticular fields addressing a basic applied mathematics problem [. . . ]” (Haines and
Crouch 2006, p. 1656). Modelling courses following this approach are usually based
on a teacher-centered presentation of several real situations concerning the same un-
derlying mathematical model. Whereas the latter approach may be seen as classical,
there is another less known approach including examples. Legé (2005) performed a
case study with two experimental groups from two comprehensive high schools. The
first group worked on different exemplary solutions of a modelling task (planning
vacations, given a limited time slot and limited money). The students were presented
mathematical models aiming at different aspects of the task and were asked to an-
swer questions concerning the reproduction of calculations, the explanation of as-
sumptions underlying the models, and the comparison of the different models. They
were prompted to self-explain certain aspects of the presented solutions (for further
information see Sect. 4.1). The students of the second group had to model the same
task without exemplary solutions. In order to assess the students’ learning success, a
second modelling problem was used, in which all students had to construct their own
models. However, Legé (2005) could not identify important differences between the
groups. He summarizes that both approaches were feasible but a general superiority
of one approach could not be detected. It is an open question whether this result can
be replicated with a larger representative sample and other contexts and classes.

4 The KOMMA Learning Environment

The research about mathematical modelling described in Sect. 3 is largely based on
theory. Empirical findings on effects of modelling instruction in mathematics class-
rooms are rare. Moreover, results are hardly based on quantitative data but are mostly
restricted to the description of small qualitative case studies. This was the starting
point for KOMMA, a project aiming at the implementation and evaluation of a learn-
ing environment for mathematical modelling. This learning environment was based
on the idea of heuristic worked examples and took advantage of a definition of com-
petency which regarded cognitive as well as affective components.
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Fig. 2 Exemplary modelling task in the KOMMA learning environment

The KOMMA learning environment was supposed to enhance students’ under-
standing for geometry and statistics in grade 8. We chose these content areas because
geometry has been intensively taught since the first years of school whereas statis-
tics is a relatively new subject in grade 8. As a second aspect of differentiation, we
implemented KOMMA in a paper and pencil as well as in a computer-based version.
Finally, we included levels of self-regulation, namely a higher one (students were
able to choose problems according to their interest and competency) and a lower one
(students had to work in a fixed sequence of problems, however, every problem had
to be solved self-regulated).

We will describe in this paragraph important aspects of the implementation of the
KOMMA learning environment for geometry as a computer-based instrument. More-
over, we will concentrate on the implementation with a low level of self-regulation
and a higher guidance of the program. The learning environment aimed at introduc-
ing measurement of area and circumference of the circle and presenting adequate
applications and modelling tasks.

4.1 Examples and Tasks

Heuristic worked-out examples: The KOMMA geometry learning environment in-
cluded four heuristic worked-out examples. They were presented as dialogues of two
fictitious persons solving a modelling task (see Fig. 2 for an exemplary modelling
task).

We used an adapted version of the modelling cycle (see Sect. 3.1) as a process
model in order to structure all worked examples in a similar way. The model was
reduced to three subprocesses: (1) Understanding the Task, which included the first
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Fig. 3 Process model including helpful strategies

three phases of the modelling cycle, (2) Calculating, which concerned the fourth
phase, and (3) Explaining the Result, which comprised the last phases (Zöttl and
Reiss 2008). This process model was used to structure the solution presented within
the worked example. Every process step was presented on a separate page starting
at the top with a short general description of the step calling the attention to helpful
strategies as e.g. making a drawing of the situation (see Fig. 3).

Within the dialogue, the two fictitious problem solvers explained their ideas,
heuristic strategies, and heuristic tools throughout the whole modelling process (see
Fig. 4 for an illustration). As heuristic examples usually try to integrate explanations
on the level of students’ understanding as well as on an expert’s level, we imple-
mented one of the two persons discussing the modelling task as a novice (here: To-
bias), the other person however as a more advanced learner (here: Kristina).

The effectiveness of learning with worked examples depends on the level of self-
explanation activities of the learners during their work. Therefore, we implemented
self-explanation prompts (titled: “working instruction”) in order to support students
who would not start self-explaining on their own while reading a worked example
(cf. Chi et al. 1989). Prompts called on learners to self-explain a specific aspect of
the given solution at a certain point of the worked example. The implementation took
into account that examples might be read superficially and without deeper under-
standing (Chi et al. 1989). However, successful learning with worked examples can
only be expected if a person uses his or her cognitive capacity for the concentration
on important aspects of the problem solution.

In the literature, different types of prompts are discussed (see Renkl 2002a, for
an overview). We integrated primarily the anticipative prompts (the first instruction
concerns the first process step, the second one concerns the third process step). They
ask the learner to predict the next solution step in the example studied presently.
The effectiveness of this type of prompts was shown by Stark (1999) for probability
calculation. He presented partly incomplete worked examples and, as a feedback after
completing the gaps, the whole solution was presented. This type of prompts was
integrated in all subprocesses of our worked examples. They were chosen in order to
ensure a deeper processing of the presented modelling process.

The examples also included some principle-based prompts in the third subprocess
which were supposed to support students in developing knowledge about the final
steps of the modelling process (interpretation and validation). These prompts aimed
at reflecting on the necessity to do these steps. In studies by Atkinson et al. (2003)
as well as by Aleven and Koedinger (2002) these principle-based prompts already
showed to be effective with well-structured material.
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Fig. 4 Detail of the
problem-solving dialogue

4.1.1 Exercise Examples

We implemented exercise examples in the learning environment to facilitate the tran-
sition from working with complete worked examples to independent problem solv-
ing and to avoid an expertise reversal effect (see Sect. 2.2). In these exercises, the
complete modelling process with all its solution steps is hidden in the beginning.
However, it can be retrieved step by step on demand via the help button (see Fig. 5).

Thus, the examples were kind of incomplete worked examples (Sweller et al.
1998) which should encourage students to decide how much guidance of the un-
derlying worked example they needed and thus provided the opportunity to be used
in a self-adaptive way.

Renkl (2002b) summarizes so-called SEASITE2 principles for instructional
explanations in example-based computer-learning environments: “As much self-
explanation as possible, as much instructional explanation as necessary. [. . .] Provide
feedback. [. . . ] Provision on learner demand. [. . . ] Minimalism. [. . .] Progressive
help. [. . . ] Focus on principles [. . . ]”. According to these principles, feedback in the
exercise examples was structured as a progressive help system (see Fig. 6). Thus,
a student could check the solution for a specific step in the modelling process (re-
trievable via the exclamation mark) or could get more information about the step
and the associated problem-solving process if required (retrievable via the question
mark). The feedback progressively increased in its details, meaning that the complete
solution of the modelling task could be faded in step by step if the learner wanted to
do so. So a student found a very detailed explication of the solution on the last and

2SEASITE means self-explanation activity supported by instructional explanations.
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Fig. 5 Exemplary exercise example in the KOMMA learning environment

Fig. 6 Progressive help within the exercise examples

most elaborated level of the help system. Accordingly, the example-based learning
environment was designed to be appropriate for low-achieving as well as for high-
achieving students, as the feedback was provided only on learners demand and meant
as a progressive help system permitting support for several aptitude levels.

The extensive feedback possibilities may result in a decreasing willingness to work
hard on the problems as a correct solution could easily be retrieved and read without
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effort (Renkl 2002b, pp. 534–535). However, the help system avoided difficulties in
the learning process. This is important since during the geometry course students
worked on their own without additional external support. In particular, the teachers
were asked not to intervene whenever it was possible to do so.

4.1.2 Technical Tasks

As modelling is a complex task, we tried to avoid cognitive overload when working
with heuristic worked examples. Therefore, we proposed the acquisition respectively
recapitulation of the required algorithmic skills (i.e. computing circular area). Pol-
lock et al. (2002) propose such a separation of subcomponents with very complex
material in well-structured domains. This separation seemed reasonable, too, with
respect to the different learning approaches in the field of modelling (see Sect. 3.3),
as an appropriate balance of the holistic approach (implemented in worked and ex-
ercise examples), and the atomistic approach (implemented by the separation of the
technical aspects) was considered to be ideal. Thus, during the first unit, the students
worked on algorithmic examples and mathematical tasks concerning the circular area.

4.1.3 Additional Support Features

As the students worked autonomously throughout the geometry course there were
several features supporting their work. For instance, self-tests consisting of several
items were integrated in the course and presented at the end of each unit. These tests
should help students to evaluate their learning progress. Additionally, a learning di-
ary and a schedule were offered in order to document the learning processes. Both
features were meant to initiate a reflection of the individual learning on a metacog-
nitive level. However, the students were not obliged to use these features, but were
reminded that they could use it at the end of each unit.

4.2 Structure of the Geometry Course

The KOMMA learning environment was implemented as a regular classroom instruc-
tion in grade 8. It was not intended to introduce the topic but to provide opportunities
for exercises and in-depth learning. The geometry course encompassed five teaching
units of 45 minutes. The first unit served as an introduction and made the students fa-
miliar with the KOMMA software. The students used algorithmic worked examples
and tasks concerning the computation of circular area. In order to become acquainted
with the modelling cycle and its adapted version (see Sect. 4.1), they were given a
short instructional text about modelling and the modelling procedure. After the in-
troductory session, the participants were asked to study heuristic worked examples
and corresponding exercise examples for the subsequent four units. Every unit con-
sisted of a worked example and a corresponding exercise example in order to allow
a smooth transition into problem solving. Moreover, self-test items were included at
the end of the sessions.

Within the second unit the students finished the worked example “information
board” (see Fig. 2) and the exercise example “mosaicked table” (see Fig. 5). During
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Fig. 7 Spaghetti portioning

the third unit they had to deal with maps. The heuristic worked example encom-
passed a rough estimation of the area of the almost circular Island of Gran Canaria,
whereas the corresponding exercise example asked the students to figure out to how
many people could stand in a specific semicircular public place. The subsequent unit
was concerned with the computation of the area of a circle when its circumference
was known (measured with steps). The area of a lighthouse (worked example) and
a donjon (exercise example) had to be estimated taking into account the thick walls
as well as a slight conical form. During the last unit, the percentage of wasted power
caused by an inadequate cooking pot compared to the size of a hotplate was roughly
estimated in the worked example. As an exercise the students had to determine the
proportions of a measurement device (see Fig. 7).

Providing sequences of worked examples with varying structure and surface fea-
tures is considered to be more effective than the use of homogeneous examples
(Paas and Van Merriënboer 1994; Quilici and Mayer 1996). Therefore, worked ex-
amples and exercise examples differed in context and required mathematical as well
as heuristic tools and strategies. The heuristic strategies encompassed, e.g., methods
to measure or estimate a relevant, unknown length by using a reference value for
a more precise estimation. As a heuristic tool, informative figures were introduced,
thus implementing the implications drawn from the different competency models.
Furthermore, according to the suggestions given for a holistic modelling approach,
we used modelling tasks with an increasing degree of difficulty.

5 Evaluation of the Learning Environment KOMMA

5.1 Research Questions

The main focus of the research project was an investigation of students’ learning
outcomes within the KOMMA learning environment. In particular, the following re-
search questions were addressed.
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Fig. 8 Item “Italian Lake”
(item type 1)

(1) Does learning with worked examples within the KOMMA learning environment
enhance the students’ modelling competency?

A positive effect was expected because learning with heuristic worked examples al-
ready had turned out to be effective in the field geometrical proof. Learning with
heuristic examples was assumed to be effective for developing modelling competency
as well, since the modelling process and the elaboration of a mathematical proof are
characterized by a sequence of certain process steps and thus by a certain heuristic
strategy.

(2) Does learning with the worked examples within the learning environment
KOMMA enhance long-term modelling competency of students?

Most studies investigating the effectiveness of heuristic or algorithmic worked exam-
ples concentrate on short-term effects. Since sustainable learning success is a major
aim of education, long-term effects are of specific interest. We expected at least slight
long-term effects of the KOMMA learning environment.

5.2 Sample and Method

In this study, KOMMA was implemented as a computer environment for geometry
learning. Students were presented worked examples and exercise examples in a spe-
cific order. The sample consisted of 316 students of grade 8 from 18 classrooms in
nine high-track schools, the German “Gymnasium”. There were 171 female and 145
male participants who took part on a voluntary basis. The students joined at least
four learning units and participated in all three tests, namely a pretest, a posttest right
after the treatment, and a follow-up test about six months later. These tests followed
a multimatrix design with two strands (i.e. test version A and B) so that the students
worked on different test items at all points of measurement.
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The treatment took place during the regular mathematics lessons. The teachers
were advised to give no additional mathematics lessons during this period. More-
over, their role was restricted to organisational instructions. In particular, they were
asked not to give advice concerning the content of the learning material but to
guide their students’ work according to the instructions of the program if neces-
sary.

5.3 Test Instrument

The tests encompassed four different types of items. The first type was constructed
to measure the subcompetencies needed to run through the first subprocess of the
adapted modelling cycle (see Sect. 4.1), i.e. the first three steps of the complete mod-
elling cycle (see Sect. 3.1). Figure 8 shows an exemplary item of type 1. In this task,
competencies in understanding (making sense of the text), finding a real model (ac-
knowledging the circular surface), and mathematizing (finding the correct formula)
were required to solve these types of items.

Items belonging to type 2 required mathematical knowledge in a narrower sense.
They related to the second subprocess (see Sect. 4.1) and thus to the fourth step of
the modelling cycle and could be characterized as asking for technical competency.
For an exemplary item see Fig. 9.

The subcompetencies needed for the third subprocess (see Sect. 4.1) were mea-
sured by items of type 3. They required interpretation of a mathematical result in a
specific problem situation and the validation of a problem solution with respect to the
underlying model. Thus, they mapped steps 5 and 6 of the modelling cycle. Figure 10
shows an example how items of this type looked like.

Fig. 9 Item “Variation of a
square” (item type 2)

Fig. 10 Item “General Sherman
Tree” (item type 3)
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Fig. 11 Item “Spain” (item
type 4)

Type 4 integrated all aspects and could be regarded as complete modelling tasks.
The modelling process with all subprocesses mentioned above was needed for the
solution. Figure 11 shows an example for an item of type 4.

The different types of items were equally distributed among all test booklets.
Every test contained three items of each type, every modelling test consisted of 12
items. Accordingly, 12 was the maximum raw score to be achieved (one raw score
for each task). Time was limited to 30 minutes per test.

As already mentioned, the tests were constructed in a multi-matrix design with
two strands (i.e. test version A and B). This design finally led to six different forms.
All booklets were linked crosswise. Thus every booklet was linked to each booklet
of the other strand by 4 anchoring items.

The different types of items were chosen in order to measure students’ modelling
competency with respect to diverse levels of degree of coverage. Additionally, the
tasks referred to different contexts. Although the learning environment primarily cov-
ered the topic measurement of circular area from a mathematical point of view it was
not limited to this topic. The test instrument was not restricted to this topic, as well.
Indeed, the tasks required different mathematical concepts and thus abilities on dif-
ferent technical levels in the field of measurement (e.g., area and circumference of
rectangles, triangles and circles). Our test items considered all relevant aspects of
modelling competency (see Sect. 3.2).

A common scheme was developed for the coding of open items of each item
type and then specialized into a separate coding scheme for each single item. These
schemes were designed to provide some additional information about the solution,
for example, whether the students stated the answer within the problem context or
not, whether they used to correct unit for their answer, and if they failed due to in-
appropriate estimation of lengths in the problem context (a wide range of acceptable
estimations was applied in each case). This additional information will not be part of
the analysis in this paper. The detailed coding was used to obtain dichotomous scores
for each item. About a third of the tests were coded independently by two persons.
The consistency of the dichotomous ratings between the coders was good (Cohen’s
Kappa between 0.708 and 0.995).
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5.4 Analysis of the Data

Item response theory was used in order to analyze the data. This method was chosen
because it made it easier to link the different booklets.3 The method led to compara-
ble parameters, indicating a person’s ability at the different points of measurement.
For coping with the requirements of different classes of items (i.e., items covering the
whole modelling process and items focusing only parts of this process) a multidimen-
sional Rasch model including subdimensions was used (cf. Brandt 2008). This model
does not only estimate individual person parameters, indicating the overall modelling
ability of a person, but also parameters which represent an individual’s strengths and
weaknesses in the implemented sub-dimension, i.e. sub-processes.

The goodness-of-fit statistics for our estimation of this Rasch model showed that
one of the 36 items did not fit the model with respect to a reasonable goodness-
of-fit value (mean square MNSQ ≤1.3, Wright and Linacre 1994). Thus, one un-
derfitting item had to be excluded. In addition, five cases had to be excluded be-
cause of a failure of convergence for their response patterns (the reported sample
size accounted for that loss already). For estimating the person parameters we used
the WLE-method (weighted-likelihood estimates) as the most accepted method (Rost
2004, p. 314). The reliability reported for the main dimension of this multidimen-
sional Rasch model, i.e., the dimension measuring the overall modelling competency
was 0.66.

6 First Results

At this moment, we only have preliminary results of this study. They suggest that
learning in the KOMMA environment was dependent of the specific forms of im-
plementation. Since this article is mainly concerned with the structure of modelling
competency and the suitability of heuristic worked-out examples for fostering this
competency, we will concentrate on data from the computer-based geometry envi-
ronment, which provided students with a specific program for their work and only
allowed low self-regulation of the process.

6.1 Preliminary Statistical Analysis

An alpha level of 0.01 was used for all statistical analyses. As an effect-size measure,
we used partial η2 and Cohen’s d (Bortz 2005, p. 145). The person parameters of the
KOMMA sample were scaled to a mean of 50 and a standard deviation of 10 using
a linear transformation. Table 1 shows the mean and the standard deviation of the
modelling competency of this sample (N = 316) for all three points of measurement.

The statistical analysis reveals that learning took place in the KOMMA environ-
ment. There are significant correlations between prior modelling skills and the mod-
elling skills in the posttest (r = 0.45, p < 0.001) as well as between prior modelling
skills and the follow-up test (r = 0.36, p < 0.001).

3The IRT-analysis was based on a sample of 1657 persons who took part in all tests but were assigned
to different learning environments (paper and pencil material instead of computer based instruction or
material asking for a higher degree of self-regulation; see above for details).
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Table 1 Mean (standard deviation) of the modelling competency in pretest, posttest, and follow-up test

Pre-test Post-test Follow-up-test

Mean (standard deviation) 51.36 (9.63) 54.71 (9.93) 52.10 (9.65)

In order to test the hypothesis that learning with heuristic examples was an effec-
tive way to foster modelling competency, the person parameters of pre-test, post-test
and follow-up test were contrasted by an ANOVA. We found statistically relevant
variation concerning the modelling competency at the three points of measurement:
F(2.316) = 17.49, p < 0.001.

The post-hoc analyses using the Bonferoni correction showed a significant devel-
opment between pretest and posttest. With a value of d = 0.46 this effect can be
categorized as a moderate one (Bortz and Döring 2002, pp. 604–605.). However, be-
tween the pretest results and the follow-up test results, there was no significant effect.

6.2 Qualitative Results of Specific Test Items

The geometry learning environment was restricted to a specific topic, namely proper-
ties of a circle, whereas the test instruments encompassed also items requiring more
general geometry knowledge (see Sect. 5.3). The data presented in Sect. 6.1 were
based on all test items and accordingly gave information on the general increase of
competency. However, a more detailed analysis revealed differences between items
asking for knowledge about a circle and its characteristics and items concerning area
or circumference of other geometrical objects. In particular, most of these items show
a significant increase between pretest and posttest or follow-up test. Due to restric-
tions in test time it was not possible to extend the multi-matrix design in such a way,
that separate IRT-scalings for both content areas are possible. We will therefore re-
strict ourselves to a more qualitative overview on selected items.

The students were assigned to the two strands of the multi-matrix design almost
equally distributed within classes. Some items were administered to all students at
the same point of measurement (pretest, posttest or follow-up test). No relevant dif-
ferences in solution rates could be found between the test versions on these items.
We can therefore assume that the two populations assigned to different booklets did
not differ in their modelling competencies. Thus, a comparison of solution rates for
items that were administered to one half of the students at one point of measurement
and to the other half at a later time is possible.

The test instruments encompassed 18 items with a focus on properties of a cir-
cle and its area or circumference. Five of these items were presented in pretest and
posttest, three items were presented in pretest and follow-up test. Five items were pre-
sented in posttest and follow-up test but due to the multi-matrix design pretest data
are not available, three items were presented only at one point of measurement. We
will only consider items here that occurred in the pretest and either post- or follow-
up-test.

All five items presented in pretest and posttest show an increase of correct solu-
tions ranging from 10.3% to 25.5% (median 12.5%) percentage points. The items
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Fig. 12 Item “Whirlpool” (item type 1)

The space station Mir was on its orbit for 15 years and circled the earth 86500 times in a height of
400 kilometers. The diameter of the earth is approximately 12700 km. Lee wants to estimate the distance
Mir covered on one orbit. Give a drawing in which you mark the diameter of the orbit and indicate its
length (use kilometer). (You do not have to calculate the length of the circuit.)

Fig. 13 Item “Mir” (item type 1)

require technical competencies as well as the construction and validation of mathe-
matical models. Solutions rates had a higher increase when only technical knowledge
had to be applied and a lower increase when competencies to build a mathematical
model were needed. Thus, the item with the lowest increase, namely 10.3%, asked
students to write a formula for the circumference B of a circle provided the diame-
ter L was given. This question was embedded in the context of a circular whirlpool
(Fig. 12). No calculation was needed in order to give the correct answer. In accor-
dance to this, the rate of students who did not even try to find a solution decreased
from 40.6% to 30.9%.

There was a similar trend for the item “General Sherman Tree” (see Fig. 10).
This showed an increase of 12.5% correct solutions between pretest and posttest,
and a similar difference in the percentage of students who did not even try to deal
with it. This item asked for an explanation but did not ask for a calculation. Finally,
the item with the highest increase of correct solutions was a technical one. Students
were asked to calculate the area of a circle with a circumference of 12.7 centimeters.
Finally, the increase of correct solutions between pretest and posttest was larger for
items regarding single subcompetencies than for items covering a whole modelling
process.

The three items which were presented in a pretest booklet and a follow-up test
booklet give a heterogeneous picture. As described in the last paragraph, a more
technical item showed an increase of 26.7% in its solution rate. This item asked stu-
dents to calculate the area of a circle with a radius of 3.5 meters. The other two items
showed quite similar solution rates of about 20% in both tests and similar differences
of +0.5% and −3.5%. Both items involved competencies to construct (type 1) or to
evaluate (type 3) a mathematical model as the example in Fig. 13 shows. Relevant
and irrelevant information was provided.
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7 Discussion

In summary, the findings indicate that learning with the heuristic worked examples
within the learning environment KOMMA enhances students’ modelling competen-
cies. The results indicate, that heuristic worked examples are an appropriate method
for supporting students initial skill acquisition in the field of modelling. As modelling
activities considerably differ from proving activities, it is a major accomplishment of
the present work to show the applicability and effectiveness of heuristic examples in
this new field. A fundamental difference between these two fields lies in the fact that
modelling tasks usually have more or less appropriate solutions, whereas proof tasks
have mathematically correct solutions in a narrower sense. Modelling means that a
problem solver has to employ heuristics effectively in order to arrive at the best and
most accurate possible solution. Moreover, heuristic worked examples used to focus
exclusively on the fostering of heuristic strategies, whereas modelling tasks required
the integration of heuristic and algorithmic skills. Accordingly, we can support the
theoretical implications made by Hilbert et al. (2008) from their investigations in the
field of mathematical proof. They state that discovery learning or related approaches
(cf., Tamir 1996) are not the only feasible ways for teaching complex skills as is usu-
ally assumed. On the contrary, example-based learning as a guided, expository learn-
ing approach—which until now was believed to be inappropriate to foster heuristic
skills—is also a suitable method to attain high-level learning goals.

However, we should refrain from a too optimistic interpretation of the data. The
overall test results show a significant increase of students’ solution rates between
pretest and posttest thus supporting the usefulness of worked examples in classroom
instruction, but there is a considerable decrease of solution rates between posttest and
follow-up test. Certainly, this can be regarded as a normal effect in many learning sit-
uations: Students acquire new knowledge but will forget at least a part of it over time.
Nonetheless, the size of the effect in this study is relatively striking. A preliminary
qualitative look on the items provides possible explanations for these results. It is
evident from these data, that there are differences with respect to the specific type of
items. We restricted the analysis to items, which required knowledge of the circle and
its properties. For these items, we saw that modelling tasks asking explanations and
interpretations were very difficult for the students before as well as after treatment.
There was a large gain in the solution rates for more technically oriented modelling
items. Accordingly, the learning environment might enable students to acquire more
basic knowledge but will probably not support them equally in the acquisition of
more demanding skills.

In particular, the increase seemed to be lowest for problems demanding the coor-
dination of several modelling subcompetencies. Also Blum and Leiss (2007) found
that technical skills were the easiest part of the modelling process for students in
their DISUM study. Given the low solution rates in the pretest, the increase in the
subcompetencies was nevertheless encouraging. Apart from this, the integration of
the subcompetencies seemed to be a task that could not be accomplished during the
short intervention. The data indicated that this integration did not occur without fur-
ther instructional support after the end of the intervention.

The study gives evidence that worked examples might find their way to classroom
instruction. They are suitable to support students’ self-guided learning and useful



Modelling with Heuristic Worked Examples in the KOMMA Learning 163

for diverse topics of the mathematics classroom. Nevertheless, there are still open
questions about the sustainability of the positive results. In particular, complex skills
like modelling, which encompass several quite different subcompetencies as well as
content knowledge (e.g. Leiss 2007), might require a long-term intervention focusing
content knowledge as well as the training of subcompetencies and the integration of
these subcompetencies. All these have to be covered in a reasonable sequence (e.g.,
van Merriënboer and Kirschner 2007). Heuristic worked examples would certainly
find a useful position in this kind of instructional sequence.

Results from classroom research (Seidel and Prenzel 2006; Hugener et al. 2008)
in general and, more specifically, the DISUM project (Blum and Leiss 2006 for the
comparison of two instructional styles) in the field of modelling have shown that the
surface structure of instruction has only limited influence on students’ competence
gain. Some relevant features that should account for a supportive depth structure of
modelling instruction are known. Nevertheless their implementation in interventions
remains a difficult problem. Further research is needed to conceptualize reliable, the-
oretically underpinned teaching approaches to modelling in lower secondary school.

Regarding the structure of modelling competency, the test instruments used in the
study proved to be appropriate to differentiate between theoretically derived subcom-
petencies. Given the complex structure of the subdimension model used in this study,
an analysis of differential effects would have gone far beyond the scope of this article.
Nevertheless, the first qualitative results from the intervention suggest once again that
modelling competency cannot be reduced to the availability of subcompetencies. The
coordination of these subcompetencies is not a trivial problem that has to be mastered
by the students.

These first results reported here should be supported by further research. In par-
ticular, the specific type of knowledge and competencies to be acquired with the help
of heuristic worked examples should be investigated in subsequent field studies in
mathematics classrooms.
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