International Journal of Machine Learning and Cybernetics (2024) 15:3005-3026
https://doi.org/10.1007/513042-023-02078-z

ORIGINAL ARTICLE q

Check for
updates

Entropy based optimal scale selection and attribute reduction
in multi-scale interval-set decision tables

Zhen-Huang Xie'? - Wei-Zhi Wu'-2 - Lei-Xi Wang'? - Anhui Tan'~2

Received: 2 October 2023 / Accepted: 22 December 2023 / Published online: 20 February 2024
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024

Abstract

One of the current research gaps in multi-scale data analysis is studying information systems characterized by attributes
with interval sets as attribute values and multiple scales. To address this gap, we first introduce the concepts of a multi-scale
interval-set information system (MISIS) and a multi-scale interval-set decision table (MISDT). We then define the similarity
relation between objects in an MISIS and the corresponding rough approximations. We further propose the positive region
optimal scale, the modified conditional entropy optimal scale, and the positive complementary conditional entropy optimal
scale in an MISDT. We examine the relationships among these optimal scales in consistent and inconsistent MISDTs and
show that the positive region optimal scale and the modified conditional entropy optimal scale are equivalent in a consist-
ent MISDT, while in an inconsistent MISDT, the positive region optimal scale is the same as the positive complementary
conditional entropy optimal scale, and the modified conditional entropy optimal scale is not greater than the positive com-
plementary conditional entropy optimal scale. Based on the optimal scale, we also develop attribute reduction approaches in
MISDTs. Finally, through experimental analysis of data on the UCI dataset, we verify the effectiveness and reasonableness

of our proposed methods.

Keywords Attribute reduction - Granular computing - Information entropy - Multi-scale information systems - Optimal

scale

1 Introduction

Granular computing (GrC) [16, 21, 42, 43] is crucial for
knowledge discovery in big data. The primary idea of GrC is
to decompose large data sets or complex problems into gran-
ules through information granulation [44], and to integrate
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and represent the information at different granularity levels
to solve complex problems effectively.

One of the fundamental models in GrC is rough set
theory, initiated by Pawlak [19], which shows promise in
handling uncertain information [1, 2, 20]. This theory spe-
cifically focuses on information systems (ISs) [18], which
consist of datasets composed of objects and their associated
attribute values. For a target set of objects in an IS, we can
represent it by a pair of operators called upper and lower
approximations. We can find a similar way of expressing
information in the interval sets [40]. An interval set is an
extended interval number. The main idea of an interval set
is to represent uncertain information by using two definite
sets as upper and lower bounds. In real life, achieving an
accurate representation of information or data is challenging
due to the uncertainty and redundancy of the information
and data volume. For example, in the course selection of
students [48], we take the set of compulsory courses as the
lower bound and the set of required courses and elective
subjects as the upper bound. Therefore, the course selec-
tion of students constitutes an interval set. There are many
similar situations. To represent ISs in which attribute values
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are interval sets, Yao and Liu [41] proposed the concept of
an interval-set information system (ISIS), which has gained
significant attention in recent research [10, 14, 26, 45-48].

Nevertheless, current equivalence relations used in ISISs
impose on strict conditions that limit the comprehensive rep-
resentation of relationships between objects. To overcome
this limitation, Wang and Yue [26] proposed fuzzy domi-
nance relations to define four uncertainty measures. They
further explored the relationships among these uncertainty
measures. Similarly, Zhang et al. [48] introduced similarity
relations for objects in an ISIS.

In real-life situations, information is understood at various
levels and depths. Objects in ISs may own different attribute
values at different scales. To describe such multi-scale infor-
mation, Wu and Leung [31] employed rough set methods
to investigate knowledge discovery in multi-scale informa-
tion systems (MISs) and multi-scale decision tables (MDTs),
known as Wu-Leung model. In an MIS, there is a granular
information transformation mapping to ease the transforma-
tion of object attribute values across different scales. Thus,
the selection of an optimal scale is a key step for final deci-
sion in MDTs and has become a main direction in multi-
scale data analysis [4, 11, 17,25, 27, 33, 35,49, 51]. Wu and
Leung [32] defined seven types of optimal scales in an MDT
and examined their relationships. These optimal scales are
equivalent when an MDT is consistent, but they may be no
longer equivalent in an inconsistent MDT. On the base of
the Wu—Leung model, Li and Hu [9] proposed a generalized
MIS, which relaxes the requirement that all attributes in MIS
have the same scale level. A key step to rule acquisition in
a generalized MDT is to seek for an optimal scale for each
attribute to determine a single scale decision table with some
requirement for final decision, which is called the optimal
scale combination selection. For example, Wu and Leung
[34] discussed seven optimal scale combinations in a gener-
alized MDT. In addition, the optimal scales or optimal scale
combinations based on matrix [6] and cost [50] were studied.

Information entropy [23] is an important measure to
evaluate uncertainty of information. Various information
entropies were used to study attribute reduction and rule
acquisition in rough set data analysis [7, 8, 22, 37-39, 52].
Recently, information entropies have also been utilized to
select optimal scales in multi-scale data analysis [3, 30]. Bao
et al. [3] introduced a method of optimal scale combination,
using Shannon entropy as the guiding principle that main-
tains the measurement of uncertainty in knowledge. Wang
et al. [30] introduced multi-scale fuzzy entropy to integrate
granular information across different scales.

With the increasing application of rough set data analysis,
attribute values in data sets were emerged as sets [24], inter-
vals [5], and fuzzy numbers [29]. Various types of attribute
values were also found in multi-scale date analysis, see e.g.
[12, 13, 28]. Despite the increasing interest of researchers in
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multi-scale data analysis models and ISISs, the issue of attrib-
ute multi-scale problems in ISISs has received limited atten-
tion. Furthermore, the problem of entropy optimal scale selec-
tion is also worth investigating. These facts have motivated our
research on knowledge discovery in multi-scale interval-set
information systems (MISISs). In [36], Xie et al. introduced
the notion of MISISs and defined optimal scale in multi-scale
interval-set decision tables (MISDTs). The main objective of
this paper is to study further the selection of entropy optimal
scales and the corresponding attribute reductions in MISDTs.

In the next section, we review some basic notions related
to ISISs and information entropies. In Sect. 3, we introduce
MISISs with the representations of information granules as
well as rough approximations in MISISs. In Sect. 4, we give
some concepts with their properties in MISDTs. In Sect. 5, we
discuss optimal scale selection and attribute reduction in MIS-
DTs. In Sect. 6, we give experiments evaluating algorithms.
We summarize this research in Sect. 7.

2 Preliminaries

In this section, we overview the fundamental concepts of inter-

val sets, interval-set information systems and information
n!

entropies. Throughout this paper, we adopt C(n, m) =

m!(n—m)!
to represent the combination number formula and | - |to denote
the cardinality of a set.

2.1 Interval sets

Definition 1 [40] Let V be a finite set and 2" the power set of
V, a closed interval set on 2V is defined as follows:

X=X, X]={Xe2"|X, CXCX,}, (1

where X; and X, are the lower and upper bounds of X,
respectively, and satisfy X; C X, C V. Note that [X,, X,]
degenerates into an ordinary set X; when X; = X,.

In this paper, we use Z(2") to represent the set of all interval
sets on the power set of a finite set V. For two interval sets
X=[X,X,]Jand Y =[Y},Y,]on 2V the interval-set intersec-
tion and union operations are defined, respectively, as follows
[40]:

XnY=X,nY,X\,nLh]={XnY|XeX, Y€V}, (2
XUuY=[X;UuY X, uhL]l={XuY|XeX Ye)V]. (@3

Definition 2 [48] Let X = [X;,X,] and ) = [Y;, ¥,] be two
interval sets on the power set of a finite set V, the similarity
degree of X and ) is defined as follows:
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GS(X, D) = S(PDy + PDy._y). @

where

PDx_yZ

X, Y X, Y
l<| 1ﬂ . 2ﬂ 2|>. )

2\ Xl X

Moreover, note that the function GS(&’, )) is symmetric. We
assume that ¥ Y = [Z,, Z,], then Eq. (4) can be represented
as follows:

2
1wzl | 1z
GS(X,J/)—ZZ;<W+@>. (6)

2.2 Interval-set information systems

Definition 3 [18] An information system (IS) is a pair
S=(0,C), where O={0,,0,,...,0,} is a nonempty
finite set of objects called the universe of discourse, and
C = {cy,c,,...,c,} anonempty finite set of attributes such
that ¢t 0 - V/ for all ¢ € C, where V] is the domain of
attribute Cj-

Definition 4 [41] An interval-set information system (ISIS)
is a pair S = (O, C), where O = {0}, 0,, ... ,0,} is the uni-
verse of discourse, and C = {c|, ¢, ..., ¢, } the nonempty
finite set of attributes such that ¢; : O — Z(2") for all
¢; € C,ie. cjo) = [Ajl (0),AJ?(0)] € 1(2"), 0 € 0, where V,
is the domain of attribute ¢, and A} (o) C Ajz(o) C VJ

In Definition 4, ¢;(0) = [A}(0),A(0)] indicates that, under
attribute ¢;, object 0 must contain Aj1 (0) and possibly Aj?(o).
For example, Table 1 depicts an ISIS, in which
O = {0,,0,, ..., 05} represents eight residents, with ¢, and ¢,
show the abilities of listening and writing, respectively. The
attribute values “E”, “G”, “R”, “V”, “T” mean “English”,
“German”, “Russian”, “Ukrainian”, “Tibetan”, respectively.
We can observe that the attribute value of o5 under c; is
{E,G},{E,G,T}]. The attribute value [{E,G},{E,G,T}]
indicates that in terms of the ability of listening, resident o,
has definitely mastered English and German, while possibly
done Tibetan.

Let S =(0,C)be an ISIS, 7 € [0,1], and B C C, a simi-
larity relation w.r.t. 7 and B is defined as follows [48]:

R}, = {(0,p) € O X 0|GS(c(0),c(p)) > 7,¥c € B}. @)

Based on the similarity relation R7, it can be inferred that the
similarity class of each objecto € O w.r.t. 7 and B is denoted
as [48] SCL(o) = {pl(o,p) € R}, p € O}. Additionally,

Table 1 An interval-set information system

0 c I

0 [{R}. {R,G}] [{E} {G.E}]
02 {vEAT, V] [V A{V.R}]
03 HE,G}.{E,G.T}] [{R.G}.{R,G}]
04 (2. {E}] KT, v} {T,V}]
05 HT}{TH [{E} {G.E}]
% H{E,G}.{E.G.R}] [{R},{R,G}]
07 HTYHAT, V] [{E} {E}]

0y HT}Y{TH [{G.E}. {G,E}]

the granular structure w.r.t. = and B is defined as [48]
SCp = {8C5(0), SCL(0,), ..., SC(0,)}-

It is obvious that o € SCi(o) for all 0 €0, i.e.,
U SCp(0) = O and SCy(0) # @, so the granular structure

0€0
SCp forms a covering on O.

An interval-set decision table (ISDT) [48] is a pair
S =(0,CuU{d}), where (O, C) is an ISIS, and d ¢ C the
decision such thatd : O — V,, where V, is the domain of
d. A binary relation on objects induced by d is defined as
follows:

R; = {(0,p) € O X Old(o) = d(p)}. ®)

Then, the R, constitutes a partition O/R; on O, writ-
ten as O/R; = {R,(0)lo € O} = {D,,D,,...,D,}, where
R,(0) = {pl(o.p) € Ry,p € O}.

Definition5 LetS = (0,C U {d})be anISDT and 7 € [0, 1],
if SC.(0) C R,(o)forall o € O, then we say that § is consist-
ent. Otherwise, S is inconsistent.

Definition 6 [48] Let S=(0,CuU{d}) be an ISDT,
7 €[0,1],and B, F C C, if SCy(0) C SCp (o) forallo € O,
then we say that SCy is finer than SC and mark it as
SCL < SC;.

Proposition 1 [48] Let S=(0,CuU {d}) be an ISDT,
t€[0,1],and B,F C C.IfF C B, then

(1) Ry CRE,
(2) SC% < SCE.

2.3 Information entropies
Entropy measurement has become an important method to
describe uncertainty in rough set theory. In this subsection,

to better quantitatively analyze the information in ISISs, we
review two types of conditional entropies.

@ Springer
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Definition 7 [48] Let S=(0,CU{d}) be an ISDT,
7 € [0, 1], and B C C, a modified conditional entropy w.r.t.
B and 7 is defined as follows:

ol |SC’(o)mD|
H'(d|B) = — ZZ 1og2(
i=1 j=I

ISCg(0;) N D;| >
ISCyopl )

€))

where n and ¢ are the cardinalities of O and O/R,, respec-

ISCenD)! | ISCG0nD _
n2 2\ I8C5 0l

tively. In this paper, we define
when [SCF(0;) N D;| = 0.

According to Definition 7, the range of the modified con-
ditional entropy is [0, log, n].

Definition 8 [15] Let O be a nonempty finite set, with
Q= {Q1aQ2»~-»in} and P = {PI,PZ,...,PnZ} as two
partitions of O, a complementary conditional entropy of Q
about P is defined as follows:

& & 10, nPIIQ“nPI

CH(QIP) =)’ Z o o (10)
=1 j=1

where QB — 0, ={0o € O|o & Q;}is the complement of

Q;in O.

3 Multi-scale information systems
and multi-scale interval-set information
systems

In practical applications, attribute values of an object may
exhibit variations across different scales. Therefore, Wu and
Leung introduced MISs [31]. To facilitate the description in
this paper, we assume that each attribute has L scale levels.

Definition 9 [31] An MIS is a pair S = (0, C), where
O ={0,,0,,...,0,} is the universe of discourse and
C ={c;,cy,...,c,} the set of attributes. Both O and C are
nonempty finite sets, and each attribute in C has L scale lev-
els. Therefore, an MIS can be represented as follows:

ml=1,2,...

=(0,C)=(0,{c§[j=1,2,..., LY, (a1

where c 10> V’ and Vl is the domain of attribute ¢; at the
lthscale Foreachle{l 2 L—-1}andj€e {1,2,...,m},

there exists a surjective mapping gl AR Vj’ - V;“ such that

= G ol
oc,i.e.
J g J’

(o) = g (cl(0)), 0 € 0, (12)
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where gl 15 called a granular information transformation
mapping.
Forl € {1,2,...,L}, we denote the attribute set under the

I-th scale as C’ {c li=1,2,...,m}. Therefore, an MIS can

be decomposed into L smgle scale sub-ISs, denoted as
St=(0,Ch,1=1,2,...,L

Definition 10 [31] A multi-scale decision table (MDT) is a
pair -

(0,Cu{d]>=(0,[c§[/‘:1,2,...,m,l:1,2,...,L}u(d}), where
(O,C)=(O,{cjl.[j= 1,2,....m,l=1,2,...,L}) is an MIS,
andd & {cj’U: 1,2,...,m,[=1,2,...,L}the decision such

thatd : O = V,, where V, is the domain of d.

When all attribute values in an MIS are interval sets, we
refer to this system as a multi-scale interval-set information
system (MISIS).

Definition 11 An MISIS is a pair S =(0,C), where
O ={0,,0,,...,0,} is the universe of discourse, and
C={cy,cy,...,c,} the set of attributes. Both O and C are

nonempty finite sets, and each attribute in C has L scale
levels, i.e., C can be represented as

{cllj=1,2,...m1=1.2, ..., L}suchthatc! : O — 70"
for all je{l,2,...,m} and l€{l,2,...,L}, i.e.
1(0) [All(o) AQI(U)] where Vl is the domain 0f the attrib-
ute ¢; at the [-th scale, and A! 1(0) C Azl(o) C V’

Foreachl € {1,2,. —l}and]e{l 2,...,m}, there
exist two surjective mappings, one is h]l.’lJrl : V; - le“ such
that

l+1 hl I+1 (vl)

! 1
vi viE Vi, (13)

and the other is y'™*! : 702" - 7(2"%") such that

1
l+ l//”+ OC ie.

ll+l(cl(0))
l/+1([Al](0) 1(0)])
- [h/.”l(A.ll(o)) R A (0]
(0),A2%, (0)], 0 € O,

l+l(0)
(14)

[ Jl+1 Jyl+1

1- . . .
where A" is the granular information transformation map-

ping and 1//1 ‘*1is the domain information transformation
mapping.

Remark 1 Let S=(0,C)=(0, {c;[j =1,2,...,ml=
1,2,...,L) be an MISIS. For any / € {1,2,...,L — 1} and

¢; € C, we employ the granular information transformation
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mapping hl 1 to assign every element in VZ to its corre-
sponding element in V’+1 with the cardlnahty of V’+1 must
not surpass the cardmahty of V!. We use the domam infor-
mation transformation mapping 1//1 A+
A1 [(0), A2 ,(0)] of object o under
the [-th scale of attrlbute ¢ to attribute value
1+1(o) =[A Z+l(0) A? 2 +1(0)] under the ( + 1)-th scale. The

cardinality of A!

to map each element

from attribute value cj’.(o)

N +1(0) must not exceed the cardinality of

A} ,(0), and the cardlnality of A]? 1+1(0) can not be greater than
the cardinality of Ajzl(o).

For any I € {1,2,...,L}, ¢; € C and k < |Vj’|, the ele-

ments in V/.Z can generate C(| le |, k) different subsets with a

cardinality of k, with each subset serving as an upper

bound for a different interval set. According to Defini-

tion 1, there are at most 2* different lower bounds for an

upper bound of cardinality k. Therefore, we conclude that
4

7] = ¥ 2CqV!], b,

Proposition 2 Let S = (0,C) = (O, {cj[j =1,2,...,ml=
1,2,...,L) be an MISIS. For l € {1,2,...,L— 1} and
¢; € C, we have
M V<V,

vl V!
(2 1225 ) < 1Z@25)-
Proof (1) For any vi*! w1 e Vj[“, if vi+1 £ w1 according

to the property of surjective mappings, there exist v/, w! € Vj?,
where v/ # w', such that vi*! = pb+1 () and wit! = REHL (W),
therefore |le+1| < |le|.

(2) For any k< |le+1|, according to (1), we have
2"C(|le+1|,k) < 2"C(|Vj’|,k), then

Therefore, we conclude that |I(2Vj’+l)| < I(2W)|. O

Like MISs, an MISIS can be decomposed into L single-
scale sub-ISISs, denoted as §' = (0, C),1=1,2,... L

For an MISIS, the similarity degree between objects
may decrease as the scale becomes coarse. For exam-
ple, in Table 2, o5 and o, are two objects in O, where
cl(03) = [{E,G}, {E,G,T}], cX(o05) = [{Wh}, (Wb, Tb}],
¢1(0s) = [{E, G}, {E, G, R}}andc;(0g) = [{Wh}, { Wb, Eb}]
Then we have

GS(c}(03), ¢} (0g)) = % 3_ GS(c3(03), ¢1(0g)).

Therefore, if the threshold 7 in Eq. (7) remains unchanged,
there is a possibility of smaller similarity classes as the scale
becomes coarse. To address this issue, we define a similarity
relation that changes with the scale.

Proposition 3 Let S = (0,C) = (O, {cj’.[j =1,2,....,m1l=
1,2,...,L}) be an MISIS and BC C. Forle {1,2,...,L}
and 7' € (0, 1], we define

RY, = {(0.p) € O X 0|GS(c(0),c'(p)) > 7', Yc € B}). (15)
Ift < AH < tlforalll € {1,2,...,L — 1}, where
A% = min | min{[ min (GS(CHI(O), cl“(p))) .7,
ceC (O»P)GRZ!,
(16)

CRY,

then we have RT c/+1

Proof For any (o,p) € RZI, and ¢ € C, we have

GS(C’“(O),cl“(p))Zrneig< min (GS(al“(x),a’“(y)))>,

(Ay)GRT
v v Vil
> (AR NORS > 2kC(VILL k) < 22"C(|le|,k). ie., GS(c™(0). ¢ (p)) > A > 7!, hence (0.p) € RT...
k=0 k=0 k=0 therefore RT c RTCILII |
Table2 A multi-scale interval- 0 o &2 c! 2
set information system ! ! 2 2
04 [{R}, {R,G}] [{EB}, {Eb, Wh}] HEYL{G.EY] [{Wb}, {Wb}]
0y HVEAT, VI [{EB}, {TD, Eb}] HVEAV.R}] [{EB}, {Eb}]
03 {E,GL{E G T} [{Wb}, {Wb, Tb}] [{R,G}. {R,G}] [{Eb, Wb}, {Eb, Wh}]
04 [@.{E}] (@, {Wb}] T, VIAT,V}] [{TD,Eb}, {Tbh, Eb}]
0s T} AT} [{Tb}, {Th}] HEYL{G.E}] [{Wb}, {Wb}]
06 [{E,G}{E,G,R}] [{Wb}, {Wb, Eb}] [{R}, {R,G}] [{EB}, {Eb, Wh}]
07 HTHAT, VY] [{Tb}, {Tb, Eb}] HE}{E}] [{Wb}, {Wb}]

03 HT}H AT}

HTb}. {Th}] HG.E}L{G, E}] [{Wb}, {Wb}]

@ Springer
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Remark 2 In Proposition 3, A*! denotes the maximum
value of threshold 7/*!, ensuring that the similarity relations
between objects at the [-th scale hold at the (I + 1)-th scale.
For example, suppose that in Table 2, the set of attributes

only includes ¢, the universe of discourse only consists of

objects 05 and o, i.e., C = {c;}, O = {05,04}, and 7! = %.

Objects 05 and o4 have the similarity relation Rgl at the 1-th
scale since GS(c](03),¢](06)) = g > 7z!. By Eq. (16), we
obtain 4> = %. If 2 < A2, then o5 and 04 remain similarity

relation R; at the 2-th scale.

Based on the above discussion, hereafter we always
assume that

() 7 < A < 7lforalll e {1,2,...,L— 1},
2) 7' e, 1]foralll e {1,2,...,L}).

Proposition 4 Let S = (0,C) = (O, {c}%U =1,2,...,ml=
1,2,...,L) be an MISIS, forl e {1,2,...,L}, and BC C,
we have

@))] R;’, is reflexive, i.e., (0,0) € R;l,for allo € O,
2) RIT;, is symmetric, i.e., if (p,0) € Rg,, then (o,p) € R;’,.

By adjusting the threshold, we define a similarity relation
that adapts to the scale change, like Eq. (7), we then give
the concepts of similarity class and granular structure in an
MISIS, and we can directly derive the monotonicity of these
concepts with scale according to Proposition 3.

Proposition 5 Let S = (0, C) = (O, {cj[j =1,2,....ml=
1,2,...,L}) be an MISIS, forl € {1,2,...,L}, and B C C,

we define

SCx(0) = {pl(0.p) € RY.p € 0}, Yo € 0, a7

SCT, = {SC(0,), SC(0y), ..., SC5,(0,)}. (18)

Then, forl € {1,2,...,L — 1}, we have

(1) SCZ(0) € SCE,. (o) forallo € O,

(2) SCr, <SC,,

@ Springer

Proposition 5 establishes the monotonicity of the granu-
lar structure in an MISIS, which indicates that, as the scale
increases, the covering on the universe becomes coarse.

Definition 12 Let S = (0,C) = (O, {cj%[j: 1,2,...,m 1=
1,2,...,LY) be an MISIS, forl € {1,2,...,L}, T C O and
B C C, the lower and upper approximations of T w.r.t. B and
7! are defined as follows:

R(T) = {0 € O|SCE(0) C T}, (19)

E;’,(T) = {0 € 0ISC5(0)N T # @) (20)

Proposition 6 Let S=(0,C)=(O,{cj4[j=1,2,...,m,
1=1,2,...,L}) be an MISIS and TCO. For
le{l1,2,...,L— 1}, we have

(1) RL\(T)CRL(DCT,
1

(2) T CRoT) € Ry (T).

4 Multi-scale interval-set decision Tables

In this section, we introduce basic notions of multi-scale
interval-set decision tables (MISDTs) and present their
properties.

Definition 13 An MISDT is a pair S=(0,Cu{d)
=0 {cli=12....m1=12,..,L}u{d}), where

(0,0 =(0,{clli=1,2,....m,1=1,2,...,L})isan MISIS,

and d & {cj’.[j =1,2,...,m1=1,2,...,L}adecision with a
single scale such thatd : O — V,, where V, is the domain of
d.

Remark 3 For an MISDT S=(0,Cu{d)) =
(0,{c;[j= 1,2,...,m1=1,2,...,L} u{d}), it can be
decomposed into L sub-ISDTs with the same decision,
denoted as §' = (0, C' u {d}),1=1,2,...,L.

Definition 14 LetS = (0, C U {d}) = (O, {c;[j =1,2,...,m,1l
=1,2,...,L}u{d) be an MISDT, S is said to be consistent
. . . . 1

if S' = (0, C' U {d}) is consistent, i.e., SCZ,(0) C Ry(0) for
all o € 0. Otherwise, S is inconsistent.
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Definition 15 LetS = (0, C U {d}) = (O, {cjlj =1,2,...,m
[=1,2,...,L}u{d)) be an MISDT, for [l € {1,2,...,L},

and B C C, the positive region of d w.r.t. B' and 7! is defined
as follows:

Posi,(O/Ry) = | ] Ry (D). Q1)

1<j<t

where ¢ is the cardinality of O/R,.

Proposition7 LetS = (0, C U {d}) = (O, {c;[j =1,2,...,m
I=1.2.... L}U{d}) be an MISDT For
le{l,2,...,L— 1}, we have

0s%r., (O/R,) C Post,(O/R,).

Definition 15 of the positive region is employed for the
qualitative analysis in MISDTs. Meanwhile, information
entropy is a quantitative analysis method widely used in
the uncertainty measurement of rough sets. In what fol-
lows, we study the monotonicity of the modified condi-
tional entropy in Definition 7 and its related properties.

Proposition8 LerS = (O, C U {d}) = (O, {cﬁ[j =12,...,m
1=1,2,...,L}u{d}) be an MISDT, forl e {1,2,...,L},
and B C C, we define

d ISCT,(O )N D

H*(d|B) = Z > ———log,

i=1 j=1
ISC’,(O )n D; |
NeAtH A
where n and t are the cardinalities of O and O/R,,

respectively. Then, for 1€ {1,2,...,L—1}, we have
H™(d|C") < H™"' (d|C*).

(22)

Proof On the one hand, according to [48], we see that

when x > 0 and y > 0. And Eq. (22) can be expressed as
follows:

Hf(d|cl>—22 —f(ISCE,(0) N D], ISCE,(0,) N DE)).
i=1 j=1

(23)

On the other hand, according to Proposition 5, for any o, € O
and Dj € O/R,, we have

ISCE.(0) N Dy| < ISCE1, (0) N Dy, (24)

and

Nej (o)nDE| < |SCC1+,(o)nDE| (25)

Hence < f(ISC%(0,) N Dy, [SC5(0,) 0 DY) < £(ISCE (0)
ND; [, |SCC,+,(0,-) N Dfl). Therefore, by Eq. (23), we obtain
that H™ (d|C') < H™"' (d|C"*).

O

Proposition9 LetS = (0, C U {d}) = (O, {c;[j =1,2,...,m,1l

=1,2 L}U{d})beaanSDT.Forll,lze{1,2,...,L},
if SCT, = SC%2 then H™' (d|C) = H™ (d|C").

Example 1 Table 3 is an MISDT S = (O, C U {d}), in which
the MISIS (O, C) is Table 2, O = {0, 0,, ..., 05} represents
eight residents, with ¢ and ¢, show the abilities of listening
and writing, respectively. The attribute values “E”, “G”, “R”,
“V2, 4T, “Eb”, “Wb”, “Th” mean “English”, “German”,
“Russian”, “Ukrainian”, “Tibetan”, “East Slavic branch”,
“West Germanic branch”, “Tibetan branch”, respectively.
The granular information transformation mappings of the
MISDT in Table 3 are as follows:

S,y = —xlogz)fy is a monotonically increasing function

et desontable 0 } d
0 [{R}, {R,G}] [({Eb}, {ED, Wb}] [{E}{G,E}] [{Wb}, {Wb}] 1
0, {viAT, V1 [{Eb}, {Tb, Eb}] {VEAV.RY [{ED}, {ED}] 0
03 {E.G}{E,G,T}] [{Wb}, {Wb,Th}] [{R.G}.{R,G}] [{Eb, Wb}, {Eb, Wh}] 1
04 @, {EH] (@, {Wb}] KT, VAT, VY] [{7b,Eb}, {Tb, Eb}] 0
05 HT}.{T}] [{Tb}, {Tb}] [{E}. {G,E}] [{Wb}, {Wb}] 0
% [{E,G}.{E,G,R}] [{Wb}, {Wb, Eb}] [{R}.{R,G}] [{ED}, {ED, Whb}] 1
07 HT} AT, V}] [{Tb}, {Tb, Eb}] [{E} (E}] [{Wb}, {Wb}] 0
g HT} AT} H{Tb}, {Tb}] {G.E}.{G,E}] [{Wb}, {Wb}] 0

@ Springer
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1,2
:

(a) the granular information transforma-
tion mappings

[(R 7). (6 R )11 (8,76 . B, 75)]

1,2
hj

(b) the domain information transformation
mappings

Fig.1 Conversion flowchart of the granular information transformation mappings and the domain information transformation mappings

Wb, v € {G,E},
h}%): Eb, ve {V,R},j=1,2.
Th, v e {T},

Figure 1 shows the flowcharts of granular information trans-
formation mappings and domain information transformation
mappings from the 1-th scale to the 2-th scale in Table 3,
respectively, where j = 1,2. We assume that ol =72=0.5.
It can be calculated that

O/R; ={{01,03,06}, {05, 04,05,07,04} },

SC, ={{0,}.10,}.{03,06}. {04}, {05. 07,04},
{03,06}, {05,074, 04}, {05’07’08}},

SC, ={{01}.{0,}.{03.06}. {04 }. {05, 07,04},

{03,04}, {05,079, 04}, {05’07’08}}'

And,

PosZ,(O/Ry) = 0, H (d|C") = 0,
Pos%,(O/R,) = O, H” (d|C?) = 0.

5 Optimal scale selection and attribute
reduction in MISDTs

In this section, we discuss optimal scale selection with attrib-
ute reduction in MISDTs. It is well known that entropy is a
tool for quantitatively analyzing and measuring uncertainty
in information. We aim to investigate optimal scale selection
and attribute reduction from the perspective of information
uncertainty and quantitative analysis. To achieve this, we
introduce the concept of entropy in the process of optimal
scale selection and attribute reduction. Furthermore, this
section suggests choosing the optimal scale according to
the positive region.

@ Springer

Definition16 LetS = (O, C U {d}) = (O, {cj[j =1,2,...,m,l
- 1’2’ ,L} U {d})be an MISDT. Forl € {1,2, ,L}, we
say that

(1) §' = (0, C'u {d}) is positive region consistent to S
if Pos’CII(O/Rd) = Pos’clI (O/R)). If §'is positive region con-
sistent to S and S™*! is not positive region consistent to S (if
[+ 1 <L), then [ is the positive region optimal scale (we
hereafter represent it using l;lm) of S.

(2) 8" = (0, C!' U {d}) is modified conditional entropy
consistent to S if H* (d|C') = H*' (d|C"). If §' is modified
conditional entropy consistent to S and S*! is not modified
conditional entropy consistent to S (if [+ 1 < L), then [ is
the modified conditional entropy optimal scale (we hereafter
depict it using ZZ) of S.

Remark 4 According to Definition 16, we explain the opti-
mal scale as follows:

(1) The positive region optimal scale l;las is the coarsest
scale to ensure that the positive region of S’Flvs is the same as
the positive region of S.

(2)The modified conditional entropy optimal scale IZ is
the coarsest scale which guarantees that the modified con-

T’ . .
ditional entropy w.r.t. Tll,l and C'n is equal to the modified
conditional entropy w.r.t. ' and C".

5.1 Optimal scale selection in consistent MISDTs

Proposition 10 Let S = (O,C U {d}) = (O, {c]l.lj =12,...,
mil=1,2,... ,L} U {d})beaanSDT.Forl S {1,2, ,L},
HTI(d|Cl) = 0iff S is consistent.

Proof “=” Assume that H"(d|C') =0. By Proof of
Proposition 8, for any 0o € O and D € O/R,;, we have
£(SC%(0) N D, |SCL(0) N DF|) = 0. Hence, there are
two, and only two outcomes, one is |SC2’,(0) ND| =0

TI Tl .
and |SC%,(0) N D°| = |SCL,(0)|, and the other is
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ISC?,(0) N D| = |SC%,(0)| and [SC, (0) N D°| = 0. It follows

that SCZ/I(O) CRy(o)forallo € O, i.e., S'is consistent.
“&” It is a direct consequence of Definition 5 and Proof
of Proposition 8. O

Proposition 11 Let S = (0,CU {d}) = (0,{cjl.[j: 1,2,...,
m,l — 1’2, ,L} U {d})beaanSDT.Forl (S {1,2, ,L},
we have

4
H(d|C") =0 & R,(D) - R, (D) = ¥, VD € O/R,.

Proof “=” Assume that H” (d|C) = 0. For any D € O/R,

!
and o € R(D), according to Proof of Proposition 10,
we have SC%,(0) C Ry(0) =D, i.c., o € R%(D), which

—’Z'I
means RCI(D)QE;(D). By Proposition 6, we have
_—
RC,(D)=D=QZI,(D). Therefore, we conclude that
_—
Re(D) = R, (D) = 0.

“«” Assume that —<
R.(D) - R%,(D) = @

For any o € O, according to Proposition 6, there exists

forallD € O/R,.

—7! !

D € O/R,suchthatR,(0) = D = R (D). Since R (D) = D,
—!

for any D; € O/R, — {D}, we have o & D; = R(D)), i.e.,

SCZ,(0) N D, = §, hence SCT,(0) C D = R,(0), which means
S is consistent, thus H* (d|C!) = 0. O

Proposition 12 Let S = (0,C U {d}) = (0,{cjl.[j: 1,2,...,
m,l — 1’2, ,L} u {d})beaanSDT.Forl (S {1,2, ,L},
we have

H"(d|C") = 0 & Pos%,(O/R,) = O.

By Proposition 12, we can obtain Theorem 1.

Theorem 1 Let S:(O,CU{d}):(O,{ch.[j:1,2,...,
mil=1,2,..,L}U {d})be a consistent MISDT, we have

1 1
lT

Pos — l;] : (2 6)

Algorithm 1 Calculate the modified conditional entropy optimal scale in an MISDT

Input: An MISDT S = (0,CU{d}) = (O,{c}[j = 1,2,...,m,1 = 1,2,..., L}y U {d}).
Output: The modified conditional entropy optimal scale l;Il.

1,
s 7l — 0.5
: Compute O/Ry;

Compute S’C’gl ;

: Compute HT' (d|C1);

: Temp «— H™ (d|chy;

while Temp = H™' (d|C!) do
l—1+4+1;
if =L+ 1 then

10: break;

11: end if

12: Compute \;

13: b\

14: Compute SCgl, ;

15: Compute HT (d|chy;
16: Temp «— H™ (d|chy;
17: end while

18: 1 1 -1

I
19: return I7;.

©HXI DT AW

@ Springer
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Algorithm 1 is to search for the modified conditional
entropy optimal scale in an MISDT. The time complexity
(TC) of calculating both SC7, and O/R, in Algorithm 1 is
O(n?). The TC of step 5 is O(n?) because each object itself
forms a decision class and a similarity class in the worst
case. The worst case for step 12 is all similarity classes
are the universe itself. Therefore, the TC of step 12 is
O(mn?). Additionally, in the worst case, the modified
conditional entropy optimal scale is the coarsest. Conse-
quently, O(Lmn?) is the overall TC of Algorithm 1.

Example2 In Example 1, it is easy to observe that S'is con-
sistent. It can be calculated that Posg1 (O/R)) = Pos?2 (O/R))
and HTl(dlCl) = Hfz(d|C2), we then conclude that
r =1 =2.

Pos

5.2 Optimal scale selection in inconsistent MISDTs

In this subsection, we discuss the optimal scales in an
inconsistent MISDT. Firstly, by strengthening the condi-
tions of Proposition 9, we obtain Proposition 13.

Proposition 13 Ler S = (0,C U {d}) = (O, {c]l.[j =1,2,...,
ml=1,2,..,L}u{d) be an inconsistent MISDT, for
I, Lbe{l,2,...,L}andl; < 1,, we have

()H™ (d|CM) HTI’ (d|Ch) z]j‘SCC,] (0) =
0 € {p € Olp & Pos™,.(O/R,)},

sCy, 2 . (0)for all
Cl‘7

(2) If  HY'(d|Ch)=H™"d|C:) , then

057, (O/R,) = Post; (O/R,).

Proposition 13 shows that, in an inconsistent MISDT,
if ' is modified conditional entropy consistent to S, then
S! must be positive region consistent to S. Therefore, we
obtain Theorem 2.

Theorem2 Letg_

(0,CU{d)) = (O, (cllj=1,2,....mI=12,....L} U {d})
be an inconsistent MISDT, we have
< @7)

According to Theorem 2, the modified conditional
entropy optimal scale in an inconsistent MISDT is not
greater than the positive region optimal scale. For this
reason, we propose a new entropy based on Eq. (10) to
quantify the amount of information in each scale and select
a coarser scale to simplify the complexity.

@ Springer

Definition 17 Let S = (0,CuU {d}) = (O, {Cl[] =12,.
ml=1,2,....,L} u{d}) be an MISDT and BCC. FOI’

le{l,2,.. L} the positive complementary conditional
entropy is deﬁned as follows:

1
PCH" (d|B) ==
(d|B) =— Z
aePos’Cl (O/Ry)

28
ISC%,(0) N ;| 1SCy(0) N D | (28)

t
Z B J B!
D1 DY)

J=1

where ¢ and & are, respectively, the cardinalities of O/R,
and Pos”, (O/R,). Additionally, we define PCH" (d|B') = 0
when |O/R,| =1 and specify PCH"(d|B')=1 when
|P0s’cll (O/R,)| = 0. Note that in the following we always
assume that the positive region of d w.r.t. C! and 7' is a
nonempty set.

Proposition 14 Let S = (0,C U {d}) = (0, [clli= 1,2, ...,

m,l=1,2,...,L}U{d}) be an MISDT, fOV
le{l1,2,...,L— 1}, we have

PCH™(d|C") < PCH™"' (d|C"™).

Proof Let g(x,y) = xy be a monotonically increasing func-
tion for x > 0 and y > 0. In this case, Eq. (28) can be
expressed as follows:

1
PCH" (d|C!) =—
@ch = Z
o€Pos’ ol (O/Ry)

g(ISC%,(0) N D}|. |SCE,(0) nDCD

Z c
£ |D11Df]

Then, for any o € Pos’cl, (O/R,) and D € O/R,, Egs. (24)
and (25) hold. According to the monotonicity of g(x, y), we
have

29

g(ISC%,(0) N DI, |SC%,(0) n D)
< g(ISCE, .(0)nD|,|SC* ,H(o)nDCD

Therefore, we conclude that PCHTI(a’lcl)sPCHTHl
d|C*h). O

Proposition 15 Let S = (0,CU {d}) = (0,{cjl.[j: 1,2,...,
m,l — 1’2, ,L} U {d})beaanSDT.Forl (S {1,2, ,L},
if St is consistent, then PCHTl(dlcl) =0

Proof Since S' is consistent, by Propositions 7, 10,
and 12, we have Pos%,(O/R,) = Pos%,(O/R)) =0
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Hence for any o€ 0O and De O/R,, we have
g(ISC;, “(0)n D], ISCE, (o)nDcl) = 0. Thus, by Eq. (29), we
conclude that PCH? (d|C) = 0. O

Proposition 16 Let S = (0,C U {d}) = (O, {cj[.[j =12,...,

ml=1,2,...,L} U{d)) be an inconsistent MISDT, for

I,,1, e {1,2,...,L} and I <l , if

PCHT“ (d|C) = PCH™ (d|C%) t h en
0S%,, " (O/Ry) = Posfcfz (O/R)).

Proof Since PCH™"' (d|C"") = PCH*” (d|C"), on the one hand,
for any o € Posfcl,ll (O/R,), by Proof of Proposition 14, we
have g(SC"? (0) N DI,1SC™2 (0) N DF|) = g(ISC™! (0) N DI, ISC¥} (0) N DE]) = 0
c2 c2 ; C'l cl1
for all D € O/R,, i.e., SC”(o) C R,(0), which means
o€ Pos’2 .(O/R,), hence Pos ,(O/Ry) C Pos’2 (O/R)).
On the other hand, by Pr0p051t10n 7, We have
osgfz(O/Rd) C Posfl1 (O/R,). Thus, we conclude that
1
()STC,'l (O/R)) = Pos’c,i(O/Rd). O

Definition 18 Let S = (0,Cu {d}) = (O, {c =12,.

mil=1,2,.. L}U{d})beanMISDT FOIlE{l 2,. }
if PCH’I(d|Cl) = PCH* (d|C"), then §' = (U,C' u {d}) is
said to be positive complementary conditional entropy con-
sistent to S. If S is positive complementary conditional
entropy consistent to S and ™! is not positive complemen-
tary conditional entropy consistent to S (if / + 1 < L), then /
is called the positive complementary conditional entropy
optimal scale (we hereafter represent it using PCH) of S.

Remark 5 Based on Definition 18, we obtain that the posi-
tive complementary conditional entropy optimal scale I bcH
is the coarsest scale to ensure that the positive complemen-
tary conditional entropy w.r.t. Tl;[m and CZLICH is equal to the
positive complementary conditional entropy w.r.t. 7' and C.

Proposition 17 Let S =

mil=1,2,..
le{1,2,...,

(0,Cu{d}) = (0,{ch.[]': L2,...,
L} U {d) be an inconsistent MISDT. If

[5y,}s then PCH?(d|C') =

Proof Forl e {1,2,.. PCH} accordmg to Definition 18
and Proposition 14, we have PCH"' (d|C") = PCH* (d|Cl .
Then, by Proof of Proposition 15, we have
8(SC, '(0)n D], ISCZ,, ' (0) N Db|) = Oforallo € PosC, (O/R)
and D € O/R,, which means PCH" (dlCl) = 0. Therefore,
PCH" (d|C") = 0. O

Proposition 18 Let S = (0O,C U {d}) = (O, {c]l.lj =12,...,
ml=1,2,...,L} U{d)) be an inconsistent MISDT. If
1€ {1,2,...,15.,}, then PCH"(d|C") < H (d|C).

Proof 1t is evident. O

By using Propositions 12, 13, and 16, we can obtain
the relationship between H* (d|C) and PCH™ (d|C') as
Proposition 19.

Proposition 19 Let S = (0,C U {d}) = (O, {cjl.[jz 1,2, ...,
m,l=1,2,...,L}U{d}) be an MISDT. For
L., e{1,2,...,L}, we have

(1) If § is consistent, then H”(d|C1)=0 iff

PCH™ (d|C) =0

(2) If  H"'(ICh)=H"W|C:) ,
PCH™ (d|C") = PCH™ (d|C"),

then

(B)Ifl, < lyand0 < PCH*" (d|C") < PCH™*(d|C"), then
H™' (d|C!) < H™(d|CP).

Proof (1) Assume that S is consistent, accord-
ing to Definition 14 and Proof of Proposition 15, we
obtain PosTCll(O/Rd):O and PCH" d|C)=0. If
PCH"(d|C'") =0, then Proposition 16 implies that
PosZ,(O/R,) =
that H*(d|C!) = 0. Conversely, if H*(d|C") = 0, then by
Proposition 12, we have Pos CI(O/Rd) O. Therefore, based
on Proof of Proposition 15, we deduce that PCH* d|ch =

(2) It is direct consequence of Proposition 13 and Proof
of Proposition 14.

(3) Assume that 0 < PCH™' (d|C"") < PCH™ (d|C").
Based on Proof of Proposition 14, there exists at
least one o€ U such that SCT‘(o)CSC (0) and

o0& Posz,zz(O/Rd). Therefore, by Proposition 13, we have

O. As a result, S’ is consistent, and it follows

H™' (d|C"") < H™(d|Ch). O
Theorem3 Let5=(0,cU{d})=(o,{cjf,U: 1,2,...,m1=12,... Lyu{d})
be an inconsistent MISDT, we have

B = Do (30)
Proof Suppose l—l;CH, we have

PCH"'(d|C") = PCH" (d|C"). By Proposition 16, we obtain

PosZ,(O/R,) = Posgl(O/Rd) hence 5., <[5 . Now,
we are to prove lT < l;CH Suppose [ = ITOS, we see that
POSTC’I(O/Rd) = POSCI(O/Rd). Then, by Proof of Proposi-

tion 15, we observe that PCH™ (dlCl) =0=PCH" (d|C"),

thus l;] < l;CH Therefore, llﬂl = l;CH O

@ Springer
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Table 4 An inconsistent multi-
scale interval-set decision table

Remark 6 According to Theorems 2 and 3, we conclude that
in an inconsistent MISDT.

‘L‘l Tl —_ T]
lH < lPos - lPCH

Algorithm 2 Calculate the positive complementary

o c} c% c; c% d
o,  [RLAR,V}] [{ED}, {Eb}] [{R}. {R,V}] [{EDY, {Eb}] 1
0o, [HE,GL{E,G}] [{Wb}, {Wh}] [{E, G}, {E,G}] [{Wb}, {Wh}] 3
03 [{R},{R,E}] [{Eb}, {Wb, Eb}] [{R,T},{R,E,T}] [{Eb,Th}, {Wb,Eb,Th}] 3
0y {E,V},{E,V}] [{Wb,Eb}, {Wb,Eb}] {E,V},{E,V}] [{Wb,Eb}, {Wb,Eb}] 1
05 {G,V},{G,V,E}] [{Wb,Eb}, {Wb,Eb}] [{G,V},{G,V,E}] [{Wb,Eb}, {Wb,Eb}] 3
os  UHTHA{TH [{Tb}, {Tb}] {V,TH{V,T}] [{ED, Tb}, {Eb, Th}] 2
04 [{G,R},{G,R}] [{Wb,Eb}, {Wb,Eb}] [{G,R},{G,R}] [{Wb,Eb}, {Wb,Eb}] 1
og  UE}L{E,G}] [{Wb}, {Wb}] {E VLA{E .G, V}] [{Wb,Eb},{Wb,Eb}] 2

conditional entropy optimal scale in an MISDT

Algorithm 2 is utilized to seek for the positive comple-

mentary conditional entropy optimal scale when the positive
region under the finest scale is a nonempty set. In step 6, the
TC of identifying the positive region is O(n?). The TC of
steps 7 and 18 is O(n?) because the universe is equal to the

TC is O(Lmn?).

Input: An MISDT S = (0,CU{d}) = (O,{c§|j =12,...,m,l=1,2,..., L} U{d}).

.y .. . l
Output: The positive complementary conditional entropy optimal scale 15 ;-

: Templ < O;
1,
s 7l 0.5
: Compute O/Ry;
Cl;
: Compute Pos'g1 (O/Ry);
. Compute PCHT' (d|cty;

20:
21:

22:

1
2
3
4
5: Compute scr
6
7
8
9

. while Templ = PCH™' (d|C') do

l—1+4+1;
if | =L +1 then
break;
end if
Compute \;
b 2L
for o € Pos’;1 (O/Ry) do

1
Compute SC7, (0);
end for .
Compute PCH™ (d|C");
Templ — pcH™ (d|chy;

end while
lpog —1—1;
return 5.

@ Springer

positive region in the worst case. Consequently, the overall
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Example 3 Table 4 depicts an inconsistent MISDT. We
assume that 7! = 2 = 0.5. It can be calculated that

O/R, ={{01,04,07},{02,03,05}, {06’08}}’
SCg, ={{01,03,07},{02,04,05,07,08},{01,03},

{0,,04,05,08}, {05, 04,05}, {06}, {01’02’07}7{02’04708}},
SC?2 ={{01,03,o4,05,07}, {0,,04,05,07,058},{01,03,04,05,07},

0 — {06}, 0 — {06}, {06}, 0 — {04}, {04, 04, 05,07, 04} }.

And,

PosZ,(O/Ry) = {0}, H” (d|C") = 0.45, PCH" (d|C") = 0,
Post(O/R,) = {05}, H(d|C?) = 0.86, PCH" (d|C?) = 0.

Since Pos,(O/R,) = Post,(O/R,) and PCH"(d|C?) =
PCH"' (d |C1), we obtain that l;[os = l;,[CH = 2. Subsequently,
notice that ™ (d|C?) # H"'(d|C"), we conclude that [, = 1.

Tl T[ —_— TI
Thus, I;; <15, = Loy

5.3 Attribute reduction in MISDTs

In [48], the reduction of single-scale decision tables based
on modified conditional entropy was discussed. In this sub-
section, based on the positive region optimal scale and the
positive complementary conditional entropy optimal scale,
we study attribute reduction in MISDTs.

Definition 19 Let S = (0,CU {d}) = (O, {c]l.[j =1,2,...,
m,l=1,2,...,L}U {d})be an MISDT and @ # B C C. For
the positive complementary conditional entropy optimal

scale lIT,ICH and the positive region optimal scale l;,lm, we say
that
o y "
(1) B is an I”.._-reduct if PCH" " (d|C'cn) = PCH®""

PCH
7l

T[ T, Tl IT
(d|Blcn) and PCH®™ (d|Cleny # PCH™"" (d| (B — c}%en)
for all c € B.

l', T,
(2) Bis an l;’os-reduct if Posfl[i’;‘ (O/R) = Posfi';’l” (O/RY)

C'pPos B'Pos

Irl

TI
and Pos™"; (O/R,) # Pos™"™ . (O/Rpforallc € B.
C'Pos {B—c}'Pos

Proposition 20 Ler S = (0,C U {d}) = (O, {cJ’.Ij =1,2,...,
ml=1,2,...,L} U{d)) be an MISDT. For B C C and
le{1,2,...,L}, we have

(1) Post, (O/R,) C Pos%,(O/R,).

(2) PCH™ (d|C") < PCH" (d|BY).

Proof (1) It follows immediately from Proposition 1 and
Definition 15.

(2) For any o € Pos®, (O/R,), and R,(0) =D € O/R,,
according to Propositions 1 and 7, we have SCE’,(o) C SCIT;, (0),
and Pos”,(O/R,) C Post,(O/R,) C PosZ,(O/R,). When
0 € PosL,(O/R,) — Pos%,(O/R,), we have SC%,(0) ¢ D,
which means

0 < g(ISC%,(0) N DI, |SCE,(0) N D)
< 8(ISC5,(0) N D), |SCE(0) N D).

Wheno € PosZ,(O/R,) — Pos’,(O/R,). we have SCZ, (0) C D

\'%
0 = g(|SC,(0) N DI, |SCE,(0) n D)

< 8(ISC;(0) N DI, 1SCy(0) 0 DF)).

When o € Pos?,(0/R,), we have SC%,(0) C D, which shows
that

0 = g(ISC%,(0) N DI, |SCE,(0) N DF))

1

= g(ISC%(0) N DI, |SC%,(0) N DY)).

Therefore, by Proof of Proposition 14, we have
PCH" (d|C') < PCH" (d|B"). O

Propositions 21 and 22 can be derived similar to Propo-
sitions 15, 16, and 17.

Proposition 21 Ler § = (0,CU {d}) = (O, {clli=1,2, ..,
m,l= 1,2,...,L} U {d}) be an MISDT. For B g C and

le{1,2,...,L}, if PCH"(d|C")=PCH"(d|B'), then
PosT,(O/R,) = Pos%,(O/R,).

Proposition 22 Ler S = (0,Cu {d}) = (O, {cllj=1,2,...,
ml=1,2,...,L} U{d)) be an MISDT. For B C C and
€ {1,2,....L}, if PosL,(O/R,) = Pos",(O/R,) # @, then
PCH" (d|B") = 0.

Proposition 23 Ler S = (0,C U {d}) = (O, {c]l.[j= 1,2,...,
ml=1,2,..,Lyuld}) be an MISDT. For
l,,,€{1,2,....L}and A, BC C, zijCIT;,‘l(o) =0 for all

= Posg, (O/R,), then PCH™* (d|A%) < PCH™" (d|B").
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Table 5 A description of data sets

ID  Data sets Samples Attributes Deci-
sion
classes

1 Breast cancer 286 9 2

2 Breast tissue 106 9 6

3 Ecoli 336 7 8

4 Fertility 100 9 2

5  Glass identification 214 9 7

6 Iris 150 4 3

7  Wholesale customers (region) 440 6 3

8  Vertebral column 310 6 3

Proof Since SCIT;,II (0) =0 for all o € Posgl(O/Rd), we

obtain that |Sc;’;(o)nDC| <D = |SC§‘1 (0)nD°| and
T] T’

ISC22(0) N D| < |D| = |SCT () N D| for all D€ O/R,.

Table 6 A description of k value selection for data sets

Then, by Proof of Proposition 14, we conclude that
PCH™ (d|A") < PCH™" (d|B") = 1. O

Remark 7 By Propositions 22 and 23, we see that the domain
of positive complementary conditional entropy is [0, 1].

According to Propositions 16, 17, 21, and 22, we can
obtain the relationship between an lf,,/os-reduct and an lf,,/CH
-reduct as Theorem 4.

Theorem4 Lets— 0. cu(a}) = (0, {elj=1.2..m1=12 . L}uld)
be an MISDT. For B C C, B is an l;,lw-reduct iff Bis an I;ICH
-reduct.

Datasets Breast cancer Breast tissue  Ecoli  Fertility — Glass identification Iris  Wholesale customers (region)  Vertebral column
k 4 7 5 5 5 6 14 7
ool T T T T T T T — ool T T T T T T T —
< A—A A A A A A A < A—k"\HA"\A\
< o7t Wk—*—* E < g7t % ]
> >
Q Q
g g
3968} 1 3 9.8} 1
Q Q
< <
96.6 | | A M1 % M2 M3 96.6 [ | A M1 =k M2 M3

05 055 06 065 07 075 08 085 09
Parameter 7'

(a) the modified conditional entropy

05 055 06 065 07 075 08 085 09
Parameter 7'

(b) the positive complementary conditional
entropy

Fig.2 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Breast cancer
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05 055 06 065 07 075 08 085 0.9 05 055 06 065 07 075 08 085 0.9
Parameter 7' Parameter 7'
(a) the modified conditional entropy (b) the positive complementary conditional
entropy

Fig.3 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Breast tissue
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Fig.4 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Ecoli
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Fig.5 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Fertility
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Fig.6 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Glass identification
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Fig.7 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Iris
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Fig.8 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Wholesale customers
(region)
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Fig.9 A comparison of the performance of optimal scales obtained from three similarity benchmarks in the dataset Vertebral column

@ Springer



International Journal of Machine Learning and Cybernetics (2024) 15:3005-3026 3021

Tablg 7 A comparison of Data sets Ly, " e leo

classification performance at H PCH

various scales Breast cancer 97.16+3.69 97.16+3.69 97.15%3.7 96.69+4.23
Breast tissue 94.84+2.33 94.91+2.36 94.91+2.36 94.84+3.07
Ecoil 96.13+3.93 96.13+£3.93 96.25+3.83 93.48+4.18
Fertility 98.89+1.31 98.91+1.26 98.98+1.1 98.56+1.32
Glass identification 94.84+3.17 94.84+3.17 94.84+3.17 93.85+3.28
Iris 98.75+0.93 98.75+0.93 98.75+0.93 96+4.06
Wholesale customers (region) 96.94+3.97 96.94+3.97 96.94+3.97 96.92+3.98
Vertebral column 96.02+2.09 96.02+2.09 96.03+2.09 95.52+3.36
Average 96.7+2.68 96.71+2.68 96.73+2.64 95.73+3.44

Table 8 A description of the optimal scale of the data sets

Data sets Breast cancer Breast tissue Ecoli Fertility Glass identi-  Iris Wholesale cus- Vertebral column

fication tomers (region)
IZ 1+0 22404 1+0 2.3+0.64 1+0 1+0 22404 1+0
[;ICH 1.2+0.4 22404 1.6+0.49 3.5+0.81 1+0 1.1+0.3 22404 1.3+0.46

Algorithm 3 Calculate an 5., -reduct in an MISDT

PCH

Input: An MISDT S = (0,CU{d}) = (O, {ck[j = 1,2,...,m,l =1,2,..., L} U {d}).

Output: An l;lCH-reduct.

=l

A — 0,

: B—{clj=1,2,...,m};
Compute PCHT (d|BY;

. temp2 — PCH™ (d|BY);

. while PCH™' (d|B!) = temp2 do
A «— B;

B+~ B-— {ci}7

9: if B =0 then

10: break;

11: end if L

12: for o € Pos7,, (O/Rq) do
13: Compute SC}T;Z (0);
14: end for .

15: Compute PCHT (d|B);
16: erlld while

17: 1p o g-reduct «— A;

QN> g Wy

18: return l'IZlCH—reduct.

1 !
. Cf)m.pared' t.o I, c-reduct, the ad.wntage .of [hcy-reduct
lies in its ability to measure the information content of
a dataset as a whole and represent the overall informa-
tion content of the data with a single numerical value.

Algorithm 3 is used to find an l;lCH-reduct. The TC of

steps 12 to 14 is O(n*m). Additionally, in the worst case,

each attribute forms an I°.

PCH

TC of Algorithm 3 is o2 m?).

Example 4 In Example 3, we have l;’m =
calculated that

PCH

-reduct. Therefore, the overall

= 2. It can be
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Table 9 A description of the l;’CH-reduct classification performance

PosT, |.(O/R,) = {og}, PCH™ (d|{¢;}?) =0,

Data sets I;ICH-reduct : ,
Breast cancer 97.79+3.77 Poszcz}Z(O/Rd) =0, PCH" (d| {C2}2) =077
242,
E:Z‘ft tissue 222;;223 Since  Poss,(O/R)=Post. (O/R)  and
Fertility 98.79+138  PCH® (d|{c,}?) = PCH" (d|C?), we conclude that {c,} is
Glass identification 94.73+243  both an /%, -reduct and an 5., -reduct.
Iris 96.94+3.97
Wholesale customers (region) 96.54+4.09
Vertebral column 96.73+2.64
Average 96.5+3.05

6 Experiments

In this section, we validate the feasibility and effective-

2 ness of the proposed MISDT model, as well as its corre-
5Cie Hor.03:0.05.01). Loy, 01.05. 1.4 {01.03.01,05.01). sponding optimal scale selection algorithm and attribute
. 0 = {06}, 0= {05}, {06}, 0 =~ {0}, 02, 04, 05,017,051 }, reduction algorithm with experiments. All experimental
SC;cz}z ={0 = {0,}.{0,,04,05, 07,05}, 0 = {05}, hardware setups are configured as Windows 10, Intel(R)
0,0,0 - {0,},0,0}. Core(TM) i7-6700HQ CPU @ 2.60GHz, and 8GB memory.

And,
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31
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Fig. 10 The impact of different parameter settings on the optimal scale performance
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Fig. 11 The impact of different parameter settings on the optimal scale performance

The software environment for executing the algorithm is
MATLAB R2019a.

The experimental data is obtained from 8 datasets in the
UCI database, as shown in Table 5. Since no existing MIS-
DTs are available in the datasets, it is necessary to preproc-
ess the data and construct the corresponding MISDTs.

The construction of MISDTs is based on the data con-
struction methods analogized in [9] and [47]. The specific
construction processes are as follows:

step 1. If an object’s attribute value is a semantic data
value, it must be converted to an integer value.

step 2. Following the construction method of MDTs in
[9], we determine the domain of any attribute under any
scale. In this experiment, we first standardize all attribute
values of the initial ISs, and we then adjust the cardinality
to 8 within the domain of each attribute at the finest scale.
As the scale becomes coarse by one unit, the cardinality of
the domain of each attribute decreases by one unit until they
reach 3, completing the construction of domains of each
attribute under each scale. Hence, in this experiment, the

scales of each conditional attribute in all the datasets are
uniformly set to 6.

step 3. Following the construction method of ISDTs in
[47], we construct an ISIS for each IS that has been stand-
ardized at the finest scale. In construction, a fixed number
of missing values are randomly assigned to an original IS
to create interval sets. Here, the parameter 6 represents the
extent of missing data, where, for example, 6 = 0.25 indi-
cates a 25% loss of items ¢(0) in the original information
system.

step 4. We achieve the interval set transformation at each
scale using the domain information transformation mapping
y"*! defined in Definition 11, which results in an MISDT.
Moreover, we describe the parameter 7! as the threshold in
the similarity relation Rgl at the finest scale.

Our experiments utilize Algorithms 1 and 2 to obtain the
modified conditional entropy optimal scale and the positive
complementary conditional entropy optimal scale, respec-
tively. Then, we obtain an 15 -reduct through Algorithm 3.

PCH
In this experiment, we employ the ten-fold cross-validation
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method and the K-Nearest Neighbor (KNN) classifier to
evaluate the classification performance of two optimal scales
and l; cp-reduct. To obtain the best classification accuracy in
the KNN classifier, we select the k values for each dataset,
as shown in Table 6. Additionally, Eq. (4) is employed to
construct the distance function Dis(&X, ))) between any two
interval sets X and ) on the power set of a finite set V. The
specific expression of the distance function Dis(X, )) is as

follows:

Dis(X,)) = 1 — GS(X, ). 31)

6.1 Similarity measures comparison experiments

In [48], the authors compared the effects of different similar-
ity measures on the classification performance of attribute
reduction. However, there needs to be more research on the
impact of distinct similarity measures on the classification
performance of the optimal scale in MISDTs. To address this
gap, we compare the performance of entropy optimal scales
with three similarity measures. These similarity measures
are derived from Eq. (4), [14] and [46]. For any two interval
sets ¥ = [X,, X,]and Y = [Y}, ¥,] on the power set of a finite
set V, the similarity degree in [46] is denoted as follows:

GS(X.Y) = |X; N Y] + X, N Y| 3
S T A ARE AT AL 32)

while the similarity degree in [14] is described as follows:

|Ui(X) n UV

100 0T (33)

GS(X,)) = Z

where U, (X) = X, Uy(X) = X, — X, and U3(X) = O — X,.

Additionally, we provide specific experimental results
depicted in Figs. 2, 3,4, 5, 6,7, 8, 9, in which the parameter
7! € {0.5,0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9} and the
parameter 6 = 0.25. In the legends of Figs. 2, 3,4, 5,6, 7,
8, 9, M1, M2, and M3 indicate the classification accuracy
achieved by the optimal scale obtained via formulas Eqs.
(4), (32), and (33) as similarity measures, respectively. Fig-
ures 2, 3,4, 5, 6,7, 8,9 demonstrate that using the similarity
in Eq. (4) as a benchmark, the positive complementary con-
ditional entropy optimal scale yields the highest classifica-
tion accuracy for most datasets. Similarly, the performance
evaluation of the modified conditional entropy optimal scale
also leads to the same conclusion. Figures 2, 3,4,5,6,7, 8,9
suggest that the similarity formula used in this paper can bet-
ter evaluate the relationship between different interval sets,
thus we obtain an appropriate scale for knowledge discovery

@ Springer

and rule extraction. In addition, in Figs. 6 and 7, the clas-
sification accuracy based on the optimal scales of two entro-
pies is the same, which indicates positive complementary
conditional entropy simplifies information complexity while
ensuring classification capability.

6.2 Optimal scale performance experiments

For each dataset, we compare the classification accuracies
under the finest scale [j;,, the coarsest scale /,,, the modi-
fied conditional entropy optimal scale I7, and the positive
complementary conditional entropy optimal scale I;CH

Experimental results are shown in Table 7, where the
parameters used are 6 = 0.25 and 7! = 0.5. From Table 7,
the proposed optimal scales perform well on most datasets.
Among the eight datasets, the positive complementary con-
ditional entropy optimal scale achieves the highest classifi-
cation accuracy in seven datasets. In comparison, the modi-
fied conditional entropy optimal scale achieves the highest
classification accuracy in five datasets. Experimental results
indicate that the optimal scale balances the fitting effect on
training data and the generalization ability, resulting in
higher classification accuracy on test datasets.

Additionally, under the conditions of 6 = 0.25 and
7! = 0.5, Table 8 illustrates the average optimal scale
obtained through ten-fold cross-validation, while Table 9
shows the classification accuracy achieved through an l;lCH
-reduct.

6.3 Parameter evaluation experiments

Finally, we discuss the impact of parameters  and 7! on
the performance of the positive complementary conditional
entropy optimal scale. Figures 10 and 11 describe the effect
of parameter variations. The x-axis represents parameter 7',
ranging from 0.5 to 0.9. The y-axis indicates parameter &,
ranging from 0.25 to 0.55. Furthermore, the z-axis expresses
the classification accuracy obtained using the KNN classi-
fier. From Figs. 10 and 11, we can observe that parameter
6 significantly impacts the classification accuracy across all
datasets. However, parameter 7! minimizes classification
accuracy for specific datasets, as shown in Fig. 10a. More-
over, different combinations of parameter values result in
varying classification accuracy. For instance, in Fig. 11a, the
classification accuracy reaches its minimum value of 93.23%
when § = 0.4 and 7! = 0.65, and the classification accuracy
reaches its maximum value of 95.79% when 6 = 0.3 and
7! = 0.9 in Fig. 10b.
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7 Conclusion

Multi-scale data analysis has attracted significant attention in
the research of GrC. However, the study of information sys-
tems that involve multiple scales and interval sets of attrib-
ute values still needs to be explored. In this paper, we have
studied optimal scale selection and attribute reduction in
MISDTs. We have first introduced the concept of an MISIS,
and have defined a scale-adaptive similarity relation for each
attribute set with each scale. In consistent MISDTs, we have
proposed two optimal scale selection methods based on the
positive region and modified conditional entropy, and exam-
ined their equivalence through rigorous proof. For inconsist-
ent MISDTs, we have defined a new entropy measure called
positive complementary conditional entropy, established the
positive complementary conditional entropy optimal scale,
and investigated its relationship with those above two opti-
mal scales. Based on an optimal scale, we have also devel-
oped attribute reduction methods in MISDTs. Finally, we
have conducted experiments on our proposed algorithms to
verify three points, i.e., the reasonableness of the similarity
formula used in this paper, the advantages of the effective-
ness of the proposed optimal scale, and the productivity of
the presented algorithm.

Our future research will consider optimal scale selec-
tion by integrating various measures of uncertainty and will
focus on rule extraction in MISDTs. Moreover, we will aim
to investigate knowledge acquisition in generalized MISDTs
and incomplete MISDTs.
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