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Abstract

Probabilistic rough set model and graded rough set model are used to measure relative quantitative information and
absolute quantitative information between equivalence classes and basic concepts, respectively. Since fuzzy concepts are
more common in real life than classical concepts, how to use relative and absolute quantitative information to determine
fuzzy concepts is a extremely important research topic. In this study, we propose a double-quantitative decision theory
rough fuzzy set frame based on the fusion of decision theory rough set and graded rough set, and the framework mainly
studies the fuzzy concepts in multigranulation approximation spaces. Three pairs of double-quantitative multigranulation
decision theory rough fuzzy set models are established. Some basic characteristics of these models are discussed. The
decision rules including relative and absolute quantitative information are studied. The intrinsic relationship between the
double-quantitative decision theory rough fuzzy set and the multigranulation rough set is analyzed. Finally, an illustrative

case of medical diagnosis is conducted to explain and evaluate the dual quantitative decision theory approach.

Keywords Double-quantification - Decision-theoretic rough set - Fuzzy set - Multigranulation rough set

1 Introduction

Rough set theory was proposed by Pawlak [1, 2] in 1982. It
is an extension of classical set theory and can be considered
as a mathematical and soft computing tool for dealing with
inaccuracies, ambiguities and uncertainties in data analysis.
In recent decades, it has attracted the attention of many
researchers around the world [3—7] and has been applied to
many fields, such as, machine learning, artificial intelli-
gence, pattern recognition and decision making [8-11].
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After decades of development and improvement, rough sets
have produced many important fields, including attribute
reduction [12], generalization of rough sets [13], mathe-
matical structure [14] and uncertainty measurement of
rough sets [7, 15-19]. Given there are no fault tolerance
mechanisms between equivalence classes and basic con-
cept set, several proposals of generalized quantitative
rough set models are developed to resolve this limitation by
using a graded set inclusion. The probabilistic rough set
(PRS) introduces the probability uncertainty measure into
rough set [20-22]. The probabilistic rough set extends the
classical Pawlak rough set model. The major change is the
consideration regarding the probability of an element being
in a set to determine inclusion in approximation regions.
Two probabilistic thresholds are used to determine the
division between the boundary-positive region and
boundary-negative region. Over the last two decades,
probabilistic rough set theories, such as, 0.5-probabilistic
rough set [22], decision-theoretic rough set [23], rough
membership function [24], parameterized rough set [25],
Bayesian rough set [26], game-theoretic rough set [27] and
naive Bayesian rough set [26, 28] have been proposed to
solve probabilistic decision-making problems by allowing
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a certain acceptable level of error. The graded rough set
(GRS) model primarily consider the absolute quantitative
information regarding the basic concepts and knowledge
granules and is a generalization of the Pawlak rough set
model.

DTRS and GRS as two useful expanded rough set
models, they can reflect relative and absolute quantitative
information about the degree of overlapping between
equivalence classes and a basic set, respectively. The rel-
ative and absolute quantitative information are two dis-
tinctive objective sides that describe approximate space,
and each has its own virtues and application environments,
so none can be neglected. In recent decades, a lot of
research interests are attracted by the double-quantitative
fusion of relative quantitative information and absolute
quantitative information [29-32].

The method of granular computing (GrC) was proposed
by Zadeh [33], which is based on a single granulation
structure and is another powerful tool in artificial intelli-
gence and data processing. Since we can catch an element
from different aspects [34] or different levels [35, 36], and
we always meet different useful information sources for the
same element, so we need to give an overall consideration
for these information sources. Thus, the theory of granular
computing should be generalized to suit multiple infor-
mation sources. In order to meet actual needs, Qian et al.
[37] first proposed multigranulation rough sets (MGRS). It
has a more widely application scope, for example, decision
making, feature selection, and so on [38-44]. Since for
different requirements, a concept can be described by dif-
ferent multiple binary relations, many extensions of
MGRSs have been proposed. For example, Qian et al. [45]
discussed multigranulation decision-theoretic rough sets.
The topological structures of multigranulation rough sets
were discussed by She et al. [46]. Wu extended classical
MGRS to a novel version based on a fuzzy binary rela-
tion [47]. Furthermore, multigranulation rough sets based
on fuzzy binary relations [48] and multigranulation fuzzy
rough sets based on classical tolerant relations [49] were
defined. Liu et al. [50, 51] proposed fuzzy covering
multigranulation rough sets. Liang et al. [52] proposed an
efficient algorithm for feature selection in large-scale and
multiple granulation data sets. These studies provide an
abundant theoretical basis for studying the approach of
double-quantitative decision-theoretic in multigranulation
approximate space.

Decision making is an important issue in our daily life.
However, the objects of many decision-making problems,
such as measuring student achievement in comprehensive
testing or the credit evaluation of a credit card applicant,
could have more than two states in practice. Moreover, the
states of the decision object are not necessarily disjoint and
opposite each other. For a given student or credit card

@ Springer

applicant, the evaluation results may not be described by
two completely opposite states with Yes or No. That would
be the case if a student is either a good student or a bad
student, or if a credit card applicant is either a good credit
risk or a bad credit risk. As a matter of fact, the evaluation
results could be a semantic state with preferences, such as
excellent or good or medium, high or medium or low and
large or medium or small. This means that the evaluation
results of a student or a credit card applicant could be
excellent or good or medium. Obviously, these decision
states are not completely opposite and disjoint, but they are
fuzzy descriptions of the state of the object in the universe.
So, for these decision-making problems, the states of the
object approximated on the universe are a fuzzy set instead
of a crisp set.

In the viewpoint of information quantification, the
DTRS and GRS can respectively reflect relative and
absolute quantitative information about the degree of
overlap between equivalence classes and concept set. The
relative and absolute quantitative information are two
distinctive objective sides that describe approximate space,
and each has its own virtues and application environments.
Here, we illustrate a examples to highlight the significance
of combining the relative quantification and absolute
quantification in fuzzy approximation space, and the
necessity of these two types of quantitative model is
exhibited. Suppose a company is ready to purchase a large
quantity of products in the near future. x; and x, are the
suppliers of this product(i.e. the universe U = {x,x,}),
and the price difference between them is tiny. Therefore,
the chief executive officer is preparing to check the credit
ratings of the two companies over a period of 20 years to
determine who will win the bid. The set of states is given
by Q={A,B,C}, where A = Excellent(0.7<A<1),
B = Good(0.5<B<0.7) and C = Medium(0< C <0.5)
are three fuzzy sets on universe U. We use the same
symbol to denote a fuzzy set and the corresponding state.
In real life, we only pay attention to whether the credit
rating is up to the standard(=0.5). The survey results show
that company x; has not reached the credit rating stan-
dard(<0.5) for 8 years in 20 years. company x, has failed
to meet the credit rating criteria( <0.5) for 5 years in 20
years. It is clearly that the number of years x; has not
reached the standard is greater than x,(8 > 5). But we still
believe that x; is a better candidate due to rate of com-
pliance is 48% > 37.5%, As this example suggests, the
higher priority should be the relative quantitative infor-
mation not the absolute quantitative information.

Based on these considerations, in this paper we focus on
the rough approximation of a fuzzy concept on proba-
bilistic approximation space. The motivation of this
investigation is to develop a new double-quantitative
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multigranulation rough fuzzy decision approach by com-
bining the graded rough set and decision-theoretic rough
set based on fuzzy concept in multigranulation frame.
There are three pairs of double-quantitative multigranula-
tion decision-theoretic rough fuzzy set models be estab-
lished which consist of two optimistic double-quantitative
multigranulation decision-theoretic rough sets, two pes-
simistic double-quantitative multigranulation decision-
theoretic rough sets and two mean double-quantitative
multigranulation decision-theoretic rough sets.

The rest of this paper is structured as follows. Section 2
provides relevant basic concepts of rough set theory, fuzzy
set, graded rough set, multigranulation rough set and
decision-theoretic rough set. In Sect. 3, we establish sev-
eral novel double-quantitative multigranulation decision-
theoretic rough set models, the properties of these models
are addressed and the decision rules are investigated. In
Sect. 4, studies the relationships among three pairs of the
proposed models. An illustrated case is conducted to
evaluate the proposed double-quantitative multigranulation
decision-theoretic approach and some decision rules are
exhibited in Sect. 5. Finally, Sect. 6 gets the conclusions.

2 Preliminaries

In this section, we review some basic concepts such as
rough set theory, fuzzy set, graded rough set, multigranu-
lation rough set and decision-theoretic rough set.

2.1 Pawlak’s rough set

In the Pawlak’s rough set theory [1], an information system
is a quadruple IS = (U,AT,V,f), where U is a nonempty
finite set of objects, AT is a nonempty, and finite set of
attributes, V = UaeAT V., where V, is called the domain of
the attribute a i.e. V is the union of attribute domains, and
f:UXxAT — V is an information function such that
f(x,a) € V, for each a € AT and x € U.

For VB C AT, there is an associated indiscernibility
relation or equivalence relation Rp:

Rp = {(x,y) € U x U|f(x,a) =f(y,a),Va € B}

Obviously, Rp determines a partition of
UieU/Rg = {[x]g|x € U}, where [x], ={y € U|(x,y) €
Rp} is the equivalence class determined by x € U with
respect to equivalence relation Rp.

In particular, a decision system (DS) is a quadruple
DS = (U,AT UDT,V,f), where AT is the condition attri-
bute set, DT is the decision attribute set, and AT N DT = ¢.

Given an equivalence relation R on the universe U, and
for any X C U, the lower approximation and upper
approximation of X are defined by
R(X) = {x € Ulllg N X # 8} = U{{allixlg N X # 0},
R(X) = {x € Ul € X} = U{[xgllx]p € X}

2.2 Fuzzy set

Zadeh [53] introduced the fuzzy set in which a fuzzy

subset X of U is defined as a function assigning is defined
as a function assigning to each element x of U. The value

X(x) €[0,1] and X(x) is referred to as the membership
degree of x to the fuzzy set X.Let F (U) denotes all fuzzy
subsets of U. For any fuzzy concept X;,X, € F (U), we
say that 3(7 is contained in 5(; , denoted by 3(7 - 5(;, if
S(T(x) §5(;(x) for all x € U, we say thatX, = X, if and
only if X, C X, andX; 2 X, given that 5{1,)?; e F(U)
and Vx € U. The basic computing rules of fuzzy set are
described as follows.

(X1 UX2)(x) = max{X; (x), X2(x)} = X1 (x) V X2 (x)
(X1 N X2)(x) = min{X; (x), X2 ()} = X1 (x) A X2 (x)

X () =1-X(x)
Here “V” and “A “are the maximum operation and min-
imum operation, respectively. The 3(7 ‘s the complemen-
tary set of X;. And, Sarkar [54] proposed a rough-fuzzy
membership function for any two fuzzy sets( X; and X, )

|X‘];T’ ,Xx € U. Here

of the universe of discourse as: ng =
1

(5(7‘ =X (x),x € U.

2.3 Graded rough set

Yao and Lin [55] explored the relationships between rough
set theory and modal logics and proposed the GRS model
based on graded modal logics. Suppose k € N is a non-
negative integer, the lower and upper approximations are
defined by following
AX ={x e U| |x], N X| >k}

= U{ldul Ilxly N X] > K}
AX ={x € Ul || — ¥, N X[ <k}

= U{Ial [s] = IIxa N X[ <k}
These two approximations are called grade k lower and
upper approximations of X with respect to A. If

AX = A X, then X is called a definable set by grade & ;
otherwise, X is called a rough set by grade k. It must be
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pointed out that the lower approximation included in the
upper approximation does not hold usually. So, the
boundary region could be defined as union of lower and
upper boundary regions. Accordingly, we can get the fol-
lowing regions.

posi(X) =AX NAKX;

negi(X) =(ArX UAX);
Ubni(X) =ArX — A X;
Lbni(X) =AiX — AiX;

b (X) =Ubny(X) U Lbni(X).

Moreover, if the set X is generalized to a fuzzy set
X € F(U), the GRS model will be generalized to graded
rough fuzzy set (GRFS) model. The following definition
can be got.
AX)={xe Ul Y X(y) >k

vel,

AX) ={xeul Y (1-X() <k

Y€,

2.4 Multigranulation rough set

The multigranulation rough set(MGRS) is different from
Pawlak rough set. The former is constructed on the basis of
a family of indiscernibility relations instead of single
indiscernibility relation. Let / be an information system in

which Ay,A,,...,A, C AT, for any X € U, the optimistic
multigranulation lower and upper approximations are
denoted by:

m O

> A (X) ={xe Ul, <X
i=1

v[x]Ang\/---v[x]A C X}

m 0 m 0 '
ZAi (X) =~ (ZAi (NX)>-
P =

Where the [x], means the equivalence class of x in terms of
attributes set A; and ~ X is the complement of X. Obvi-
ously, we have the optimistic multigranulation upper

=0
approximation 3" | A; (X) = {x € Ul[x],, N X # DA
Xg, N X # SN ANxy, NX# T}

On the other strategy, the definition of pessimistic
multigranulation lower and upper approximations can be
given as follows:
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m P

D> A (X) ={x € Ul}x],, €X

ANxly, CXA- A, C X}
m ' m_ P
> A (X) =~ (ZA,- (~X)>.
i=1 i=1
Analogously, the pessimistic multigranulation upper

. . . —m 5
approximation can be described as > ;" | A; (X) ={xe U

s, NX# BV, NXF SV V], NX# T}
2.5 Decision-theoretic rough set

Pawlak and Skowron [24] redefined the two approxima-
tions by using a rough membership function and the rough
membership function p, is defined by:

Hx]AﬂX|

|[X]A|

Bayesian decision procedure mainly deals with making
decisions have minimum risk or cost under probabilistic
uncertainty. In the Bayesian decision procedure, a finite set
of states can be written as Q = {w, w, ..., w;}, and a finite
set of r possible actions can be denoted by
A ={ai,a,...,a,}. Let P(wj|x) be the conditional proba-
bility of an object x being in state w; given that the object is
described by x. Let A(a;|w;) denote the loss or the cost for
taking action a; when the state is w; . The expected loss
function associated with taking action g; is given by

pa(x) = P(X[[x],) =

Rlak) = 3 M) P(o)

With respect to the membership of an object in X , we have
a set of two states and a set of three actions for each state.
The set of states is given by Q = {X, X¢} indicating that an
element is in X and not in X, respectively. The set of
actions with respect to a state is given by A = {ap,ap,an},
where P, B and N represent the three actions in deciding
x € pos(X),x € bn(X), and x € neg(X), respectively. The
loss function regarding the risk or the cost of actions in
different states is given in the following:

Jpp, 2pp and ANP denote the losses incurred for taking
actions ap,ap and ay, respectively, when an object belongs
to X . And Apy, Agy and Jyy denote the losses incurred for
taking the same actions when the object does not belong to
X . The expected loss R(a;|[x],) associated with taking the
individual actions can be expressed as [56].
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R(ap|[x],) =2ppP(X|[x],) + 2en P(XE|[]),
R(an|[x]y) =AnpP(X|[x],) + 2w P(XE|[d],),
R(aglx]y) =/spP(X|[x],) + ZenP(X|[],)-
When App < Anp <Agp and Agy < Ayy <Apy, the Bayesian

decision procedure leads to the following minimum-risk
decision rules:

(P) If P(X|[x],) >v and P(X|[x],) > o, decide pos(X);
(N) If P(X|[x],) < and P(X|[x],) <7, decideneg(X);
(B) If B<P(X|[x],) <a, decide bn(X).

Where the parameters o, f§ and y are defined as:

oy — APN — 2BN
(Aen — Zgn) + (Zgp — App)

B ABN — ANN
~ (Zav — Aww) + (Anp — Agp)

. 4PN — ANN
e (Apn — Anw) + (Anp — 2pp)

If a loss function further satisfies the condition that
(;vPN - ;LBN)(;LNP - 7»31’) > (iBN - iNN)(iBP - iPP), then
we can get « >y > ff. Moreover, we can get that o > 7y > f§
if a > f, thus, the DTRS has the decision rules:

(P) If P(X|[x],) > o, decide pos(X);
V) If P(X|[x],) < B, decide neg(X);
(B) If p<P(X|x],) <w, decide bn(X).

Using these decision rules, we get the probabilistic
approximations, namely, the lower and upper approxima-
tions of DTRS model as follows:

App)(X) ={x € UIP(X][x],) > B}
App)(X) ={x € UIP(X][x],) > o}

If A, p)(X) = A ) (X), then X is a definable set, otherwise
X is a rough set. Here, posgp(X)=A;pX),

negup(X) = (Aup) (X)) bnep(X) = Awp(X) —App
(X) are the positive region, negative region and boundary
region, respectively.

Sun et al. [57] introduced the PRS model and its
extensions. Let U be a non-empty finite universe and A be
an equivalence relation of U and P be the probabilistic
measure. For any X € F(U), P(X|[x],) is called the con-
ditional probability of fuzzy event X given the description

[x],. TheP(X|[x],) is defined as follows:

Z}'E[X]A X(y)

P()?|[x]A) = Hx} ’
A

The P(X|[x],) can also be explained as the probability that
a randomly selected object x € U belongs to the fuzzy

concept X given the description [x],. Based on the above

conditional probability of fuzzy event X, the upper and

lower approximations of fuzzy set X with respect to o and
p are defined as follows:

A (X) ={x € UIP(X|[x],) > B}
Ay (X) ={x € UIP(X]|[x],) = o}

3 Double-quantitative multigranulation
decision-theoretic rough fuzzy set model

DTRS model based on Bayesian decision principle was
initially proposed by Yao [56], which implies the relative
quantitative information. The decision-theoretic approxi-
mations are made with 0 < f <a < 1. The parameters o and
f were obtained from the losses of the Bayesian decision
procedure, which are related to the relative quantitative
information. The GRS is related to the absolute quantita-
tive information. Therefore, the combination of DTR and
GRS will further contribute to the relative and absolute
quantification of the approximate space, so as to have
relative and absolute fault tolerance. We know that there is
a solid necessity to approximate a fuzzy concept in prob-
abilistic approximation space or to discuss the theory of
probabilistic rough set in a fuzzy environment for man-
agement decision-making in practice. Therefore, this paper
attempts to establish double-quantitative multigranulation
decision-theoretic rough fuzzy set(DgMDTRFS) model by
using the idea of multigranulation in fuzzy space.

3.1 Decision-theoretic rough fuzzy set of Type-1
optimistic double-quantitative
multigranulation (Type-1 0-DqMDTREFS)

Based on previous introduction, we will combine the
DTRS and GRS models in a multigranulation framework to
define an optimistic double-quantitative multigranulation
decision theory rough fuzzy set model. The model that we
discuss is a fuzzy concept that comprehensively describes
relative and absolute quantitative information.

Definition 3.1 Let IS = (U,AT,V,f) be an information
system, given Ay,Az,...,A, € AT(m< Z‘AT‘) are granular
structures, for any X € F(U),f<« € [0,1], and k € N.
Then, the lower and upper approximations of the first type

of optimistic double-quantitative multigranulation deci-
sion-theoretic rough fuzzy set are recorded as

m 0/v <m 50 v .
(1)1 Ai (X) and (I9)301 Ay, 5 (X), respectively.
They are defined as follows:
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Vv Y (1= X)) <k

ye [X]Am

(X) ={x € UIP(X|xl,,) > B

AP(X[[xy,) > B
A= AP(X[[Ay,) > B}

Based on this pair of approximation operators, the
positive region, negative region, upper boundary region
and lower boundary can be achieved as follows:

10
Ros(X) =903 A, BI04 ()
lilm ‘o ':1m o)
(1°)Ves(®) =((1)(3 A (D)UY 4, ()
m’:1 Ok ’*:1 (Zﬂ)
1)U (E) =134 (%)~ (1034, (%)
z;l Z’ﬁ) mz:l - .
) =730 (-0 4
(I°)Bn(X) :(10)Ubn()?k) U (I°)Lbn(X) |
0
L3 A @034 (©)
=l =1 (wp)

Here the “A” is the symmetric difference of the upper and
lower approximation sets.

Based on Definition 3.1, we can obtain some proposi-
tions of Type-1 O-DgMDTREFS, which are represented as
follows:

Proposition 3.1 Ler IS = (U,AT,V,f) be an information
system, given Ay,As,...,Ay € AT(m < 2|AT‘) are granular
structures, for any X € F(U),p<a € [0,1], and k € N.
Then, the following properties hold.

1. (IO)iAiO()?) D A (X):
=g

0

2. (Io)iAi (X) C Aifyp) (X);

= (ap)
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when

when k; <k, € N;

m 0 m
8. (0% (X)200%4  (X)
=1 (op) =
hi<heo
0. (194 (XUT)2(0%A (%)
“ed =1 ()

when

m

u(I9)>" A,
=1 (1)
m 0

10, (19354 (®UT) 5 054, @)U
i i=1 k

(Y),VX,Y € F(U);

(IO)fA,.O(?), VX, ¥ € F(U);

0] _—
m m

1. (9% 4 (XNY)C 9,
=1 (wp) ) =1

m

Al (X)) A
=1 (o)
m o

2. (934 (Xn¥)c (10)§Ai,9(;?) n (19)
=k =

(Y), VX, Y € F(U);

m 0 _ —
S A; (Y),VX,Y € F(U).
i=1 &

Proof It can be easily verified by the Definition 3.1 and
fuzzy set theory. O

The Type-1 O-DgMDTRES is a generalization of opti-
mistic multigranulation rough set model. According to
Definition 3.1, we can get that

1. If X is a crisp set of the wuniverse, then

(193" AC(X) = 32 A (X) if and only if k = 0;
f X is a crisp set of the
(IO Ay (X) = S A (X) if and only if
p=0.

2.

—

universe, then
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Table 1 Initial medical data =

U ap a as d U ap a» as d U ap a» as d

X 0 0 0 0.1 X13 0 0 1 0 X5 0 2 0 0.5
X 1 1 1 0.4 Xi4 2 1 2 0.8 X26 2 2 2 1

X3 0 2 1 0.6 Xis 0 1 2 0.3 X7 1 1 0 0.2
Xy 2 1 2 0.8 X16 1 1 0 0.5 X8 2 0 1 0.4
Xs 1 0 1 0.3 X17 0 2 1 0.5 X29 2 1 2 0.5
X6 2 2 2 1 X18 2 1 2 0.8 X30 0 0 2 0

X7 0 0 0 0.1 X19 0 0 0 0 X3 1 2 1 0.7
X8 1 2 1 0.7 X0 1 2 2 0.8 X3 0 1 0 0.1
X9 2 2 2 0.9 X1 2 0 1 0.8 X33 2 1 1 0.7
X10 1 1 1 0.5 X0 0 0 0 0 X34 1 1 1 0.6
X11 1 2 1 1 X3 2 1 0 0.6 X35 0 0 0 0.1
X1 2 0 0 0.5 X4 1 2 2 0.7 X36 2 0 1 0.5

Based on the descriptions of the regions and Proposi-
tion 3.1, the decision rules of Type-1 O-DgMDTRES can
be obtained as follows:
((I%)P) If 3A; such that 37, (1 - X(y)) <k and
P(X|[x]Aj) > f for any A;, decide (IO)Pos()?).
((IO)N) If 30 g (1= X(y)) >k for any A; and 34
such that P(}~(|[x]A;) < B, decide (I)Neg(X).
(I°)UB) 1t 3,y (1—X(y)) >k for any A; and
P(X|[x], ;) > B for anly Aj, decide (1°)Ubn(X).
((IO)LB) If 34; such that 37, (1 X(y)) <k and 34;
such that P(X|[x], ,) < B, decide (IO)Lbn( ).

With these rules, one can make decisions based on the
following positive, upper boundary, lower boundary and
negative rules. For Type-1 O-DgMDTRES model, we have
the following decisions:

Des([x],) — Des 10>P()~(),f0rx € (I%)Pos(X)

Des([x],) — Des oy (X X),forx € (I°)Neg(X)

Des([x] 1°)Ubn(X)
(1] 1°)Lbn(X)

[x

—~

)
4) — Des(po) Ub( ), forx €
)

Des([x],) — Deso Lb( ), forx €

—~

Corresponding to the first kind of optimistic double-quan-
titative multigranulation decision-theoretic rough fuzzy set
model, we can define the anther model by following way.

3.2 Decision-theoretic rough fuzzy set of Type-2
optimistic double-quantitative
multigranulation(Type-2 O-DgMDTRFS)

Based on the Type-1 O-DgMDTRFS model, we can
achieve the following definition for second type of double-
quantitative optimistic multigranulation decision-theoretic
rough fuzzy set.

Definition 3.2 Let IS = (U,AT,V,f) be an information
system, given A, A, ..., A, € AT(m<27l) are granular
structures, for any X € F(U),f <« € [0,1], and k € N.
Then, the lower and upper approximations of the second
type of optimistic double-quantitative multigranulation
decision-theoretic rough fuzzy set are respectively recor-

ded as (H9)Y, A0 (X) and (11°)S Ay (X). They
are defined as follows:

m o _
(%) A (X)

=L (ap)

—{x € UIP(X|l], ) > o

P(X][xly,) > o
Ve VP(X[[,, ) > o}

x € U| Z

=l YERy,

ADDX() >k

Ve

X(y) >k

A A Y X(y) >k

ye,,

For the same reason, according to the definitions of
lower and upper approximations, we can define the positive
region, negative region, upper boundary region and lower
boundary by following way:
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m 0
(I1%)Pos(X) =(11°)> " A;  (X)
EL ()
m 0
N> A (X))
. 0 o\
(I1°)Neg(X) = | (1°)Y " Ai (X)L (H®)> A (X)
=L ) =Lk

0
(°)Ubn(X) =(11°)> " A; (X)

i=1 k
m o

) ICY

() Lbn(X) =(11°)Y " A;  (X)
=L _@p)

)34 (®)

i=1 k

Analogously, we can achieve the following propositions
for Type-2 O-DgMDTREFS.

Proposition 3.2 Ler IS = (U, AT, V,f) be an information
system, given Ay, A,, ..., A, € AT(m <217) are granular

structures, for any X € F(U),p<a € [0,1], and k € N.
Then, the following properties hold.

m o

L ()X A

m o m o
5. (IS A,  (X)c % S A (Y), when
EL_(ap) El_(wp)
XCYeFU,
m o 0
6. (II°)Y A; (X) CI°)> A (Y), when
i=l K i=1 k)
XCYeFUU),
m 0 ~ m 0 ~
7. (1) A; (X) 2 (I9)Y A (X),
i=1 ky i=1 k>

when k; <k, € N;

m 0 m 0

8. (I A,  (X)2W9X A (X), when
EL_(m.p) El (o)

o <op € [0,1];

m 0 0]

9. (II°)>A; (XUY)2D(I°) STA; (X) U (I9)
=l f =l k
0

S A (Y), VX, Y € F(U);
=l k
m o m o

10. (%)Y A, (XUY) DO A (X)
EL_(up) EL_@p
mo 0
U(lI®)>>A;  (Y),VX,Y € F(U);
=l _wp)
m o —~ —~
1. (19> A; (XNnY)C 19
i=1
m ‘ m 0
ST A (X)N (IO A; (Y), VX, Y € F(U);
i=1 i=1
km o N k N . o N
12. (%)Y A (XN Y)C (19 A (X)
EL_(ap) EL_op)
mo 0
N> A, (Y),VX,Y € F(U).
)
Proof It can be easily verified by the definition. O

The Type-2 O-DgMDTRES is also a generalization of
optimistic multigranulation rough set model. According to
the Definition 3.2, we can get that

1. If X is a crisp set of the universe, then
ey 1A,-Z@ﬁ)(;?):z;": (A(X) if and only if
o=1; ’

2. If X is a crisp set of the wuniverse, then

=—0,~. —=m—0
(L)Y Ay (X) =X A (X) if and only if kK = 0.
Based on the previous discussions, we can obtain the
decision rules for Type-2 O-DgMDTREFS, and the decision
rules of Type-2 O-DgMDTREFS are listed as follows:
((I1°)P) 1f 3A; such that P(X|[x],)>a and
Zye[x]Aj X(y) > k for any A;, decide (II°)Pos(X).
((II°)N) If P(X|[x], ) <« for any A; and 3A; such that
Z}EMA/_ X(y) <k , decide (II°)Neg(X).
((°)UB) It P(X|[x],)<a for any A; and
Zye[xhj X(y) > k for any Aj, decide (II°)Ubn(X).
((II°)LB) If 3A; such that P(X|[x], ) > o and 34; such

that 37,1, X (y) <k, decide (1I°)Lbn(X).

With these decision rules, one can make decisions based on
the following positive, upper boundary, lower boundary
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and negative rules. For Type-2 O-DgMDTRES model, we
have the following decisions:

S

es

[x]) — Desoyp(X), for x € (I1°)Pos(X)
Des(]|

(Ixla)
([X]4) — Desqop (X)), for x € (11°)Neg(X)
(]4) — Desqoyu(X), for x € (11°)Ubn(X)
es([x],) — Des(yoy,(X), for x € (II°)Lbn(X)

S

es([x],

S

3.3 Decision-theoretic rough fuzzy set of Type-1
pessimistic double-quantitative
multigranulation (Type-1 P-DgMDTRFS)

Similar to the double-quantitative optimistic multigranu-
lation decision-theoretic rough fuzzy set, we will establish
pessimistic double-quantitative multigranulation decision-
theoretic rough set fuzzy models and discuss the decision
rules of these models.

Definition 3.3 Let IS = (U,AT,V,f) be an information
system, given Aj,A,,...,A, € AT(m<217l) are granular
structures, for any X € F(U),f <« € [0,1], and k € N.
Then, the lower and upper approximations of the first kind
of optimistic double-quantitative multigranulation deci-
sion-theoretic rough fuzzy set are respectively recorded as

m P/ —mn ;¢
("), Ai (X) and (I7)307 Ay, 5 (X). They are defined

as follows:

m

(1" ZA ={xeUl Y (1-X()<k

YER,,

A (1=X() <k

Y€y,

peen 3 (1-R0) <k

Y€,

(X) = {x € UIP(X|[x],,) > B
VP(X|[Hs,) > B

VeV P(X([xy,) > B}

Identically, the positive region, negative region, upper
boundary region and lower boundary can be achieved as
follows:

@ Springer

(I"YPos(X) =(1" f:A ZA,- (X)
i= (z,/;> C
(I"\Neg(X) = (I") ZA ZAi (X)
=1 ()
(I UbR(X) =(I")Y A (X) = (")) _Ai (X)
=1 (wp) =l g
(I")Lbn(X) =(I")Y A (X) = (")) A (X)
=l g = (@p)

According to Definition 3.3 and the description of these
rough regions, we can achieve some propositions of Type-1
P-DgMDTRES.

Proposition 3.3 Let IS = (U,AT,V,f) be an information
system, given Ay, A,, ..., A, € AT(m <2%7) are granular
structures, for any X € F(U),p<a €[0,1], and k € N.
Then, the following properties hold.

m

L. (1”)ZA ( X) C A (X);
m—l;
2 (IP)ZA,- (X) D Ai(ap) (X);
=1 (a.p)
m P _
3. (LA (X) = N Ay (X);
i=1 1=
m kP m
4. (XA (X)= UAipX):
=l (2p) =l
m P ~ m P
5. (IN)Y A (X) C (U)X A (Y), when
i=1 & i=1 X
XCYeF{U),
m P m P
6. (IN)>X A  (X)CcUh)> A (Y), when
=1 (ap) =l (a.p)
XCYeFU),
m P P
7. ()X A (X) C(IP)Y A (X),
i=1 K i=1 k
when k; <k, € N;
P
8. (I"YX A (X)2 (N A (X),  when
i=1 (“'ﬁ]) i=1 (aﬁ2>

Bi<PB, €0, 1];
P
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10. (M)A (RUT) 2 (17)
i=1 &

m P _ m P - -
SA (X)UUIP)Y A (Y), VX, Y € F(U);
i=1 i=1
e k
1. ()X A  (Xny)c (b
=l ()
m P —~ m P ~ ~ o~
SA (X)NUD)S A (Y), VX, Y € F(U);
= (w.p) =1 (@)
m P m P
12. (IS A (XNY)=(UP)S A
=1 =l g

®)n (1324, (7). VK. F € F(U).
=g

Proof These propositions can be proved directly based on
Definition 3.3. O

The Type-1 P-DgQMDTREFS is a generalization of pes-
simistic multigranulation rough set model. According to
Definition 3.3, we can get that

1. If X is a crisp set of the wuniverse, then

(IP)Z”A (X) = ZHA (X) if and only if k = 0;

2. If X is a crisp set of the then

< 4t oy _~wm 4 . .

(") 220 i (X) =227 A (X) if and only if
p=0.

Based on the representation of rough regions and Propo-

sition 3.3, we can achieve the decision rules of Type-1
P-DgMDTRES as follows:

(1" It Zye[x (1 — X(y)) <k for any A, and 3A; such
that P(X|[x], ) > f, decide (I")Pos(X).

((I")N) 1f 34; such that >, (1 —X(y)) >k and
P()~(|[x]Af) < B for any A;, decide (’IP)Neg(f().

(I")UB) 1f 3A; such that 30,y (1 — X(y)) >k and
34; such that P(X|[x], ) > B, demde (I"YUbn(X).
((I")LB) 1f 3A; such that Y0,y (1~ X(y)) <k and
P(X|[x], ) < B for any 4;, decide (I*)Lbn(X).

Similarly, for Type-1 P-DgMDTRFS model, we have the
following decisions:

universe,

Des([x],) — Desr) p(X),for x € (I")Pos(X)
y) — Desgrn(X), P)Neg(X)
[x]4) — Desry Ub(X) for x € IP)Ubn( )
1a) 1")Lbn(X)

forx € (I

—~

— Desr Lb(X) for x €

—~

3.4 Decision-theoretic rough fuzzy set of Type-2
pessimistic double-quantitative
multigranulation(Type-2 P-DgMDTRFS)

Similar to the Type-1 P-DgQMDTREFS, we can establish the
second type of pessimistic double-quantitative decision-
theoretic rough fuzzy set model. It can be denoted by
following way.

Definition 3.4 Let IS = (U,AT,V,f) be an information
system, given Aj,A;,...,A, € AT(m< Z‘AT‘) are granular
structures, for any X € F(U),f <« € [0,1], and k € N.
Then, the lower and upper approximations of the first kind
of optimistic double-quantitative multigranulation deci-
sion-theoretic rough fuzzy set are respectively recorded as

() AL (X) and ()7, Ay (X). They are
defined as follows:
m P
YA (X) ={x € UP(X|}],,) 2
i=1
(5h)

Analogously, the positive region, negative region, upper
boundary region and lower boundary of Type-2 P-
DgMDTRES can be obtained as follows:

(I1")Pos(X) :(IIP)iA,»P (X)n (IIP)iA,:()N()
=L__p) =

(117 )Neg(X) = <HP>§A,~P <i>u<11P>iAi:<>?> F
L (wp) =l

(1) Ubn(X) =<11P>iAi:<)?> - (HP)iAiP ()
=l L)

(1) Lbn(X) (HP)XMIA:P (??)—(HP)Zm:Ai:(P?)
=l @p) =

From the definition of Type-2 P-DqQMDTREFS, we can get
the following propositions.
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Proposition 3.4 Ler IS = (U,AT,V,f) be an information
system, given Ay, A,, ..., A, € AT(m <2U7) are granular
structures, for any X € F(U),p<a € [0,1], and k € N.
Then, the following properties hold.
m P
1. (IIP);Ai (X) C A Ai, ﬁ)(x)
)

P

2. (IIP)fin (X) D Au(X);
=1 g

m P ~
3. (11P)2Ai (X)=u Ai(a’ﬁ)(x);
= (@B a

6. (11")%- 4 (X) C ()32 A; (T), when

—p
m ~ m ~
T (") A (X) 2 (IIP)Y A (X),
i=1 ky i=1 k>
when ki <k, € N;

. (11P)iAiP (X);(u”)iAf (X), when

(o1,8) (02,B)
o <op € [0, 1];

9. (IIP)gmin (XUY)= (IIP)fjA,- (X)u (1"
i=1 [ i=1  k
S A (V). VX, ¥ € F(U);

=l k

10, (IIP)f:AiP (XUY)2 (IIP)iAiP (X)U
(wf)

(IIP)ZA (Y), VX, Y € F(U);
(@)
P

()24 (XNT)CU)S- A LX) (7). A
=1 i=1 i=1

KP(Y), VX, Y € F(U);

@ Springer

12 m P —~ —~ m P ~
YA, (Xny)=W")> A (X)N
=1 (ap) Bl (ap)
m P
"> A, (Y),VX,Y € F(U).
i=1
(@.8)

Pr

oof These propositions can be proved directly based on

the Definition 3.4. O

The Type-2 P-DgMDTRES is also a generalization of

pessimistic multigranulation rough set model. According to
Definition 3.4, we can get that

1.

If X is a crisp set of the wuniverse, then
(HP)ZZ”]A (X) =X A"(X) if and only if
o=1;

If X is a crisp set of the universe, then

(W) Ay (X) = S A; (X) if and only if k = 0.

Based on the description of rough regions and Proposi-
tion 3.4, the decision rules of the Type-2 P-DqgMDTRFS
can be achieved as follows:

((II*)P) If P(X|[x],) >« for any A; and 34; such that
el X(y) > k , decide (II”)Pos(X).

((IIP)N) If 3A; such that P(X|[x] 4) <o and
Zye[xh/ X(y) <k for any Aj, decide (1I")Neg(X).
((II")UB) 1f 3A; such that P(}~(|[x]A[) <o and JA; such
that Zye[x X(y) > k for any A;, decide (II")Ubn(X).
((11")LB) If P(X|[x],,) > « for any A; and 3A; such that
Zye[x]Aj X(y) <k, decide (1I")Lbn(X).

For Type-2 P-DgMDTRFS model, we have also the fol-
lowing decisions:

D
D

UU

es([x],) — Desqr p(X) for x € (1I")Pos(X)

es([x],) ), for x € (II")Neg(X)

es([x],) — Des(rup(X), for x € (II")Ubn(X)
(Ix]4)

es([x],) — Des(yr) 1(X), for x € (II')Lbn(X)

A) — DES(”P N(X

3.5 Decision-theoretic rough fuzzy set of Type-1

mean double-quantitative
multigranulation(Type-1 M-DqMDTREFS)

We will establish two kinds of mean double-quantitative
multigranulation decision theory rough fuzzy set models
through the mean.
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Definition 3.5 Let IS = (U,AT,V,f) be an information
system, given A, A,,...,A, € AT(m<2M7l) are granular
structures, for any X € F(U),f <« € [0,1], and k € N.
Then, the lower and upper approximations of the first kind
of optimistic double-quantitative multigranulation deci-
sion-theoretic rough fuzzy set are respectively recorded as

m M3 —m M fore
(IM)Z,':1Aik (X) and (IM)>77, A, 5 (X). They are
defined as follows:

YA @) =dxevl [ T 0 -x0)
=l YE[,,
Y (- RO)
}'G[X]Az

ot > (1=X0) | <k

yepy,,

Based on this pair of lower and upper approximation
operators, the positive region, negative region, upper
boundary region and lower boundary can be also obtained
by following way.

(IM)Pos(X) :(IM)zm:A,- ()?)mzm:Ai (X)
=l g =1 (@p)
(I")Neg(X) = | (IM) ZA X)u (M iA,- (X)
=1 (a,8)
(P UB(R) =M)> A (%)~ (A (X)
= (h) =l g
(P Lon(R) =>4 (K)— ("3 A (R)

=l =L (wp)

According to Definition 3.5, we know that there is a dif-
ference between this model and classical multigranulation
rough set model. Both the lower and upper approximations
depend on a parameter that be induced by an average value
of multi granular structures. Some essential mathematical
properties of this model may be changed. Thus, we conduct
an investigation on Type-1 M-DgMDTREFS and the fol-
lowing propositions are obtained.

Proposition 3.5 Ler IS = (U, AT, V,f) be an information
system, given Ay, Ay, ..., A, € AT(m <2U7) are granular
structures, for any X € F(U),p<a € [0,1], and k € N.
Then, the following properties hold.

L3t (®)C (35, (%) C 10304, (%)
=g =l g =g
P -M
2 M5A B 20M5A (®)2003A
=1 (@) =1 (ap) =l (a,
B)°(X)
m M M
3. (M)A (X)C (YA (T), when
XCcvy ek]—‘(U), k
4 (IM)gAi( ﬁ)(x)g(zM)ilA, (0, )M (V),  when
XCYe ’(U);
5. (M)A (X)C (M3 A (X), whenk <k € N
=g, =g
6. M¥%A  (X)2(™) A (X).  when
=1 (o)) =1 (o,py)
ﬁl SﬁZ € [Ov 1}
Proof

1. On the one hand, for any x € (IP)ZQ"ZIA{(}?), we
know that for all A; have Z}E[x (1 —X(y)) <k where

i=1,2,...,m. So, we obtain that
S (S, (1= X0)) <mek That
IS (S, 1-X0)) <k that s
x € (IM)M]( (X), ie.
(ML, Ay (X) € (M), A, (X). On the other
hand, for any x € (IM)&](M()?), we can get that
it (el =N (1 —X(y))) <k, It indicates that there
is at least one A; that makes Zye[x]Ai (1-X(y) <k

xe (10 A (X), e
(1%, A%(X) So,
C (MY, Ay (X) €

means

true, that is

(MY, A (X) €

achieve that IP)Zi:IAik (X) C
m 0/v

(IO)ZizlAik (X)

It’s similar to the process of (1).

we can

3. For any «x¢€ (IM)Z?“:IAif(}?), we  have
w2 (e, 1= X())) <k, when X CVe
F(U), we have > veld, X0) <2 ven, Y(y). So, we

can obtain that %Z:":l (e, (l -Y(y) <L
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S (Sye, (- X0)) <k That
X e (IM)Zi:lAik (YV), ie (IMYL Atiw()?) <
(M AM(Y), when X C Y € F(U).

4. 1It’s similar to the process of (3).

5. For any xe (IM)>", A,-zl()?), we have L3,
(Lyepg, 1 =XO)) ki <o
xe (M) A 1A, (X) ie.
(M) Aiy (X )€ (S, A ().
whenk; <k, E N.

X (T Ay (R), we

Ly (P(X][x]y,)) >ﬂ2 > fB,. So, we can achieve

that x € (IM)S7 | A; 1A (@, )( ), ie.

means

That means

6. For any have

ST A, () 2 (ST A ()
I B2
when f; <f, € [0, 1].
Thus, the proof is accomplished. O
The Type-1 M-DgMDTRES is a generalization of pes-

simistic multigranulation rough set model. According to
Definition 3.5, we can get that

1. If X is a crisp set of the wuniverse, then
(M), AL (X) = X, A (X) if and only if k = 0;

2. If X is a crisp set of
(") Ay ) (X) = S0 A7 (X) if and only if
p=0.

Similar to the previous double-quantitative multigranula-

tion decision-theoretic rough fuzzy set, we can obtain the
decision rules of Type-1 M-DgMDTRES as follows:

the universe, then

@p 1 A S (1-X0) | <k and
=\ yed,,

%i(P()?H 14 )) > B, decide (I™) Pos

i=1

(N 1 LS and
i=1 )’EHA

i

m

;g(P(X\[x]AI,)) B, decide (IM)Neg(X).

> >k and

VE

1
m

n%f:(P()?\[x]Al)) > B, decide (IM)Ubn(X).

Il
-

@ Springer

m

("MLB) It LS S (1-X(»)| <k  and

=1 \»em,,

LS (P, ) < B, decide (I")Lbn(X).

i=1
With these decision rules, for Type-1 M-DgMDTRFS
model, we have the following decisions:

) — DES(]M)N( ) for x € (IM)Neg(X)
1) — Despyyp(X X),for x € (I")Ubn(X)
) — DeWM)Lb( ), for x € (IM)Lbn(X)

3.6 Decision-theoretic rough fuzzy set of Type-2
mean double-quantitative
multigranulation(Type-2 M-DqMDTRFS)

Based on the previous discussion, we can achieve the fol-
lowing propositions for second type of double-quantitative
mean multigranulation decision-theoretic rough fuzzy set.

Definition 3.6 Let IS = (U,AT,V,f) be an information
system, given Ay, A,,...,A, € AT(m<2M7l) are granular
structures, for any X € FU),p<ae0,1], and k €N.
Then, the lower and upper approximations of the first kind
of optimistic double-quantitative multigranulation deci-
sion-theoretic rough fuzzy set are respectively recorded as

()7, A (%) and (1) [A;, (X). They are
defined as follows:
m M

(UM)ZA,- (X) = {x € U|%(P()~(|[x]A])

(2,)

+ P(X|[x,,) + P(??\MA,,,D Za}(HM)zm:Ai (X)
i=1 k
=dxeu [ 3 xw)
ye[x]Al
+ X0+t Y X0 | >k
ye[-x]A2 yey,

Uniformly, we can characterize the rough regions by
following way.
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Table 3 The lower and upper approximations approximations of d with respect to k =2, = 0.6 and ff = 0.4

Model Lower approximation Upper approximation

1° U —x17,192235 X2,4,6,8,9,10,11,14,18,20,24,26,29,31,33 34

e X2,3,4,5,6,8,9.10,11,14,15,17,18,20,21,23,24,26,28,29,31,33 34,36 X2,4,6,8,9,10,11,14,18,26,29,31,33,34

1 X3.4,6,9,14,15,17,18,20,24,26,29,33 U- X1,7,13,19,22,30,32,35

g X4,6,8,9,11,14,20,24,26,29,31 U — x17,12,13,19,22,25,30,32,35

o X3.4,6,8,9,11,14,15,17,18,20,23,24,26,29,31,33 X2,3,4,5,6,89,10,11,12,14,17,18,20,21,23,24,26,28,29,31,33,34,36
m X4,6,8,9,11,14,18,20,24,26,29,31,33 X234,56,89,10,11,14,17,18,20,21,23,24,26,28,29,31,33,34 36

(IIM)Pos(X) :(IIM)Zm:A,» (X)N (IIM)Zm:A,» (X)

(2,)

(IMNeg(X) = (M3 "4, (R)U)> "4, (%)
i=1 (.8) i=1 k

() Ubn(X) =13 A (X)— (")> 4 (X)
=1 =1 ,p)

(11" Lbn(X) <HM>ZA,- (®) - (>4 (%)
(.p) =k

And, we can also achieve the propositions of Type-2
M-DgMDTRES and they are represented as follows.

Proposition 3.6 Ler IS = (U,AT,V,f) be an information
system, given Ay, A,, ..., A, € AT(m <2U7) are granular

structures, for any X € F(U),p<a € [0,1], and k € N.
Then, the following properties hold.

P

L ()4 (X)C M)
i=1
= _(wp)
m M m o _
YA (X)C WOy (X);
=L (op) EL_(wp)
" P P -M 10}
2. (M)A (X) D ()Y A (X) 2 (19)3- A (X);
i=1 i=1 i=1
m Alil k m M —~ k
3. (MY A (X) < M) S A (Y), when
EL (ap) EL (p)
XCYeFU),
m M m M
4. (IMS A (X) C (MY A (Y), when
i=l  k =1k
XCYeFU);,
m M M
5. (MY A; (X) D (UMY A; (X), whenk; <k, €N
i=1 ki i=1 ko

M - m
(X) 2 (") A;
(21,8) =l
oy <op €[0,1];

6. (M)A, (00, M (X), when

Proof It is similar to the proof of Proposition 3.5. O

According to Definition 3.6, we can get that

1. If X is a crisp set of the universe, then
s ,A/(‘i ﬁ>()~():ZT:1A,-P(X) if and only if
o=1; 7

2. If X is a crisp  set of the universe, then

(M A; 1A,k( ) =S A ( ) if and only if £ = 0.

Similar to the previous double-quantitative multigranula-
tion decision-theoretic rough fuzzy set, we can obtain the
decision rules of Type-2 M-DgQMDTRES as follows:

%; (Zye[x]
LS (P(X|Ix], ) > . decide (I1")Pos(X).
()N 1L (Zye[m X)) <k and
ity (P(X|[ ,)) o, decide (HM)Neg(X)
(rUB) 1 L0 (e, ( ))) >k and
Ly (P(X|[x], ) <o, decide (IIM)Ubn( ).
(ML) 1t A5 (e, (1= X0)) <k
LS (P(X|[x],,)) > o decide (II")Lbn(X).
Analogously, for Type-2 M-DgMDTRFS model, we have
the following decisions:

("\p) I ) >k and

nd

o
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Table 4 The lower and upper approximations of d with respect to k =2, =0.5 and f = 0.3

Model Lower approximation Upper approximation

1° U — x17,192235 U — x157,12,13,15,19,22,25,30,32,35

1° U — x1,7,13,16,1922,27,30,32,35 X2,4,6,8.9,10,11,14,18,26,29.31,33,34

r X3.4,69,14,15,17,18,20,24,26,29,33 U- X1,7,19,22,30,35

nr X4,6,8,9,11,14,18,20,24,26,29,31,33 U — x17,12,13,1922,25,30,32,35

™ X3,4,6,89,11,14,15,17,18,20,23,24,26,29,31,33 X2,3,4,5.6,8,9,10,11,12,14,15,16,17,18,20,21,23,24,25,26,27,28,29,31,33,34,36
m X2.3,4,6,8,9,10,11,14,17,18,20,21,23,24,26,28,29,31,33,34,36 X2,3,45,6,8,9,10,11,14,17,18,20,21,23,24,26,28,29,31,33,34,36

4 Relationships among three pairs
of D@QMDTRFS models

Based on previous discussions, we obtain six DgQMDTRFS
models in this study. In these models, the conditional
probability value (thresholds « and f§) and grade (threshold
k) decide their detailed form of rough set. In this section,
we shall investigate the relationships among the six types
of DQMDTRFS models introduced in Sect. 3.

From the definitions of DgMDTREFS, we can obtain the
following theorem.

Theorem 4.1 Ler IS = (U,AT,V,f) be an information
system, given Ay,As,...,Ay € AT(m < 2|AT‘) are granular

structures, for any XeF (U), and k € N, we have that

m ¢ m 0
' LIO)ZAfO(??C) = ()Y A (X);
=1, i=1 %
2 [(1”)%& ()| = )y ()
Lk i=1
Proof
I We know that (I°)X7, A7 (X) ={xeU|

2 yeli,, X(y) <kV Yo, X(0) <-

, then, we can have that [(10)2;’1 AC(X

U150, X0) > kA Ty, X0) > ki
Azye X(y) >k} = ()Y A; 1Azk( X).

2. It is similar to the proof of (1).

Yo tre

O

Theorem 4.2 Ler IS = (U,AT,V,f) be an information
system, given Ay, Ay, ...,Ay, € AT(m < 2|AT‘) are granular
structures, for any X € F(U),a < f € [0,1], we have that

@ Springer

P

2 ML A X)) A (X).
=L gp) =l (af)
Proof By definition, they are easy to prove. O

Combining Proposition 3.5 of (1), Proposition 3.6 of (2)
and Theorem 4.2, we can get that

Theorem 4.3 Ler IS = (U,AT,V,f) be an information

system, given Ay, Ay, ..., A, € AT(m <217) are granular

structures, for any X € F(U),p =a € [0,1], and k € N,
we have that

M

L (IP)ZA ( X) C (M)A (X) € (1°)

Proof These properties are easy to prove. O

5 Case study

Compared with the multigranulation decision-theoretic
rough fuzzy set model, the double-quantitative multigran-
ulation decision-theoretic rough fuzzy set models consider
not only the relative quantitative information but also the
absolute quantitative information between the indiscerni-
bility classes and fuzzy concept set. With the application of
thresholds &, cand f the fault-tolerant ability of model is
improved. In this section, in order to exhibit the decision
approach that combining relative and absolute quantitative
simultaneously, we conduct an medical example.

Let IS = (U,AT U 3) be a fuzzy decision system, where
U = {x1,x2,...,x36} is composed of 36 patients, and the
condition attributes ay,a,,as represent fever, headache,
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Table 5 The lower and upper

~ Model Lower approximation Upper approximation
approximations of d with
respect to k = 2,00 = 0.7 and ° U —x17,192235 X4,6,8,9,11,14,18,20,24,26,31 33
=03 1° X3,4,6,89,11,14,17,18,20,23,24,26,29,31,33 X2,4,6,89,10,11,14,18,26,29,31,33,34
1 X3,4,69,14,15,17,18,20,24,26,29,33 U — x1713,16,19,2227,30,32.35
i X6,9,20,24,26 U — X17,12,13,19,22,25,30,32,35
m X3,4,6,8,9,11,14,15,17,18,20,23,24,26,29,31,33 X2,3,4,6,89,10,11,14,17,18,20,21,23,24,26,28,29,31,33,34,36
M X4,6,9,14,18,20,24,26,29 X2,3,4,5,6,8,9,10,11,14,17,18,20,21,23,24,26,28,29,31,33,34,36

cough, respectively. And, decision attribute d indicate that
cold and the fuzzy decision attribute is represented as
d =1{0.1,0.4,0.6,...,0.6,0.1,0.5}. The detailed charac-
teristics of the datasets are showed in Table 1.

For simplicity and without loss of generality, suppose
there are three granular structures that A; = {aj,az},
A, ={ai,a3}, A3 ={asz,as}, respectively. So, we can

[X]A,-’ Zye[x]Ai d(y). P(de]Ai)’
— d(y)) with respect to Aj,A; and As. These

compute the

2sep,, (1

variables to characterize the double-quantitative decision-
theoretic approach, which are listed in Table 2.

In the Bayesian decision procedure, the decision-making
is based on a pair of threshold (a, f8). In general, it is
divided into three cases that o+ f > 1, o+ = land
o+ <1, respectively. In the calculation process, we can
achieve the results for an arbitrary thresholds pair («, f5).
Then, we will discuss the decision rules based on different
combinations of parameters.

For convenience and without loss of generality, we
choose the grade k = 2 throughout this case study. In the
Bayesian decision procedure, from the losses, one can give
the values A;1, 4, and i = 1,2,3. We make some changes
to the loss function defined in [53], and the parameters can
be calculated as follows.

Case 1 a+f=1.
function:

Consider the following loss

ipp =0, 2py = 18,
Agp =9,y =2,
Anp = 12, Avy = 0.

Then, we can get o = 0.6, =04 i.e. o + f = 1. We can

obtain the lower and upper approximations of d for the
proposed double-quantitative multigranulation decision-
theoretic rough fuzzy set models, respectively. They are
shown in Table 3.

According to Table 3, we can compute the rough
regions of Type-1 O-DgMDTRES, Type-2 O-DgMDTREFS,
Type-1 P-DgMDTRES, Type-2 P-DgMDTREFS, Type-1 M-
DgMDTRES and Type-2 M-DgMDTREFS with respect to
o=0.6,=04 and k=2, respectively. In order to
illustrate the effectiveness of our proposed models, we only

calculate the rough region of Type-1 O-DgMDTRES as an
illustration. They are listed as follows:

(I9)Pos(d) ={x2, X4, X6, Xg, X0, X10, X11, X14, X1g,

x207-x247x267x297x317x337x34};

(I°)Neg(d) ={x1,%x7,X19,X22, X35 };

(1°)Ubn(d) =

(IO)Lb"(;?) ={x3, X5, %12, %13, X15, X16, X17,
le,x23,x25,x27,xzs,x30,x32,x36}-

For o = 0.6, = 0.4 and k = 2, these models have their
own quantitative semantics for the relative and absolute
degree quantification. Furthermore, we can obtain the
decision rules in practiced applications by using Type-1
O-DgMDTREFS model as follows:

((IO)P) The patients X2,X4,X6,X8,X9,X10,X11,
X144, X185, X20, X245 X26,X29, X31, X33 and X34 are suffering
from cold with respect to these diagnostic indexes and
given parameters;

((I°)N) The patients xj,x7,X19,% and x3s are not
suffering from cold regarding current diagnostic
conditions;

(([O)B) The patients X3,X5,X12,X13,X15, X16,X17, X21 ,
X23,X25,X27,X28,X30,X32 and X3¢ can not be diagnosed
with respect to present information. A further diagnosis
is need to them.

Case 2
function:

o+ f<1. Consider the following loss

}vpp = 071}71\/ = 19,
/IBP = 12, ;LBN =3,
}VNP = 19, /INN =0.

Based on the loss function, we can get o = 0.5, = 0.3,
ie. a4+ ff<l. We can obtain the lower and upper

approximations of d for these constructed double-quanti-
tative multigranulation decision-theoretic rough fuzzy set
models and they are exhibited in Table 4.

Table 4 indicates that the lower and upper approxima-
tions of Type-1 O-DgMDTREFS, Type-2 O-DgMDTREFS,
Type-1 P-DgMDTRES, Type-2 P-DgQMDTREFS, Type-1 M-
DgMDTRES and Type-2 M-DgMDTREFS with respect to
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o=0.5,f=0.3 and k = 2, respectively. Based on these
results, we can di-rectly obtain the rough regions by the
definitions. For simplicity and without loss of generality,
we choose the Type-1 P-DgQMDTREFS as an example, and
the rough regions are exhibited by following way.

(I")Pos(d) ={x3, x4, %6, %9, X14, X135, X17,
X18, X20, X24, X265, X29, X33 };
(I")Neg(d) ={x1,x7,x19, %22, X30, X35}
(I")Ubn(d) ={x2, %5, X3, X10, X1, X16, %21,
X23, X7, X28, X31, X34, X36 };
(I")Lbn(d) =.

For o« = 0.5, f = 0.3 and k = 2, these models have their
own quantitative semantics for the relative and absolute
degree quantification. Analogously, the thresholds can be
determined by the real acquirements. Then, the decision
rules can be simply achieved based on these studied deci-
sion mechanisms as follows:

((I")P)  The  patients
X18,X20,X24, X26, X29 and x33 are suffering from cold with
respect to these diagnostic indexes and given parameters;
((I’)N) The patients xi,x7,X19,X22,%30 and X35 are not
suffering from cold regarding current diagnostic
conditions;

X3, X4,X6,X9,X14,X15,X17,

((IP)B) The patients X2, X5,X8,X10,X11,X16, X21, X23,X27,
X28,X31, %34 and x3¢ can not be diagnosed with respect to
present information. We need to take a further diagnosis
to make decisions.

Case 3
function:

Zpp =0, 4py =21,
/gp =1, gy = 2,
Ave =9, vy = 0.

o+ f > 1. Consider the following loss

According to the loss function, we can get that
o=0.7,=0.5, i.e. x+ f > 1. We can obtain the lower
and upper approximations of d for the designed double-
quantitative multigranulation decision-theoretic rough set
modes and results as shown in Table 5.

According to Table 5, we can compute the rough
regions of Type-1 O-DgMDTREFS, Type-2 O-DgQMDTREFS,
Type-1 P-DgMDTRES, Type-2 P-DgMDTREFS, Type-1 M-
DgMDTREFS and Type-2 M-DgMDTREFS with respect to
o=0.7,f = 0.5 and k = 2, respectively. Without loss of
generality, we take the Type-1 M-DgMDTRFS as an
example, and the rough regions of this model are exhibited
as follows:

@ Springer

(I")Pos(d) ={x3, x4, X6, X5, X0, X11, X14, X17,
X185 %20, X23, X24, X265 X29, X31, X33 };
(I")Neg(d) ={x1,xs,x7,X12, X13, X16,
X19, X22, X25, X27, X30, X32, X35 };
(MY Ubn(d) ={x2, X10, %21, X258, X34, X36 }

(IMLbn(d) ={x;5}.

For « = 0.7, f = 0.5 and k = 2, these rough regions have
their own quantitative semantics for the relative and
absolute degree quantification. Based on these results, we
can get that the rough regions are varied with the changes
of thresholds. Furthermore, we can get the decision rules
by using Type-1 M-DgMDTRFS model as follows:

((IM)P) The patients x3, X4, X6, Xg, X9, X11, X14,X17, X18, X20,
X23,X24,X26, X29, X31 and x33 are suffering from cold with
respect to these diagnostic indexes and given parameters;
(([M)N) The patients X1,X5,X7,X12,X13,X16,X19,X22,
X25,X27,X30, X32 and x35 are not suffering from cold with
respect to current diagnostic conditions;

((IM)B) The patients X2,X10,X15, X21, X28, X34 and x3g can
not be diagnosed with respect to present information. A
further diagnosis is need to them.

With regard to one information system, the rough
regions and decision rules rely on the parameters to solve
different issues. According to these case studies, we can
obtain that the rough regions and decision rules are varied
with respect to different thresholds. For the same patient,
the decision rule depends on the models and thresholds. For
the thresholds are o = 0.6, f = 0.4 and k = 2, the decision
rule indicate that the patientsx;,x4,X6,X8,X9,X10,X11,X14>X18»
X20,X24, X26,X29,X31,X33 and X34 are suffering from cold. The
patient x; is diagnosed with a cold in the model of Type-1
O-DgMDTRES, but the patient not be treated as sick in
original Table 1. We analyzed the symptoms of x;, the
possibility of misdiagnosis is present in initial medicinal
data. For the thresholds are o = 0.5, f = 0.3 and k = 2, we
can achieve that X3,X4,X6,X9,X14,X15,X17,X18,X20,
X24,X26, %29 and x33 are diagnosed with a cold in the model
of Type-1 P-DgMDTREFS, we can get that the patient x5 is
diseased but can not be diagnosed with respect to present
information in Type-1 P-DgMDTRFS. Combining the
symptoms of x5 that shown in the Table 1, we can think
that x5 is not likely to catch a cold. For the thresholds are
o=0.7, f=0.5 and k=2, the results show that the
patients X3, X4, Xg,
X8, X9, X11,X14, X17, X18, X20, X23, X24, X26, X29, 31 and x33 are
suffering from cold in Type-1 M-DgMDTRFS. These
diagnostic results are consistent with previous diagnostic
results in Type-1 O-DgMDTREFS. The sets of health human
are different in these models, but the people
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X1,X7,X19,X22,X35are health that are diagnosed by model
Type-1 O-DgMDTRES, Type-1 P-DgMDTRES, Type-1
M-DgMDTREFS. The symptoms of them indicate that they
are certainly healthy. Utilizing these models, we can per-
form some preliminary diagnostic analysis for patients. The
diagnostic results for different models and thresholds are
not completely consistent. Thus, we should choose an
appropriate model and thresholds based on practical
requirements in applications.

6 Conclusions

In this paper, in order to study double-quantification
decision-theoretic approach which fuses the relative and
absolute quantitative information in fuzzy approximate
space, we introduce the idea of double-quantification
decision-theoretic into the framework of multigranulation.
This paper mainly investigates double-quantification,
namely the relative and absolute information by combining
DTRFS and GRFS models together with a fuzzy concept.
By recombining the DTRFS and GRFS models, three pairs
of DgMDTRFS models are established. We not only
research the basic properties of three pairs of models, but
also derive the decision rules of each model based on
Bayesian decision-making methods, analyse the relation-
ship between each model and multigranulation rough sets,
and discuss the relationships among three pairs of
DgMDTRFS models. At the same time, a case of a
patient’s cold, prove the feasibility of the proposed model
and method. Using these models, we can make some pre-
liminary diagnostic analysis of patients. The diagnostic
results of different models and thresholds are not com-
pletely consistent. Therefore, we should choose the
appropriate model and threshold according to the actual
needs of the application. The proposed decision theory
rough fuzzy set model opens up a way for decision making
research of probabilistic rough sets in fuzzy environment.
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