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Abstract In this paper, we propose and study the pseudo
almost periodic high-order cellular neural networks with
oscillating leakage coefficients and complex deviating argu-
ments, which has not been studied in the existing literature.
Applying the contraction mapping fixed point theorem and
inequality analysis techniques, we establish a set of criteria
for the existence and uniqueness of pseudo almost periodic
solutions for this model, which can be easily tested in prac-
tice by simple algebra computations. The obtained results
play an important role in designing high-order cellular neu-
ral networks with state-dependent delays. Moreover, some
illustrative examples are given to demonstrate our theoretical
results.
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1 Introduction

Over the past 30 years, compared with the ordinary neu-
ral networks, the high-order neural networks (HNNs) have
stronger approximation property, faster convergence rate,
great stronger capacity and higher fault tolerance, and high-
order cellular neural networks (HCNNs) has become an
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active research topic in different application areas, such as
associtative memory, pattern recognition and signal process-
ing (see [1-7] and the references cited therein). Recently, as
pointed out in [8], it is significantly important in theory and
application to study cellular neural networks (CNNs) with
complex deviating arguments, which has a wider meaning
than CNNs with time-varying delays or distributed delays
since the models describing the complexity of real problems
should reflect the effects of fluctuation factors (see [9-12]).
Furthermore, a typical time delay called Leakage (or “for-
getting”) delay may exist in the negative feedback terms of
the neural network system, and these terms are variously
known as forgetting or leakage terms (see [1, 13, 14]). Usu-
ally, HCNNs with complex deviating arguments and involv-
ing time-varying delays, and continuously distributed delays
in the leakage terms can be described as follows:

X(1) = =0t = n(0) + ) az(Ofi(() + Y by(0)g;(x(x,(1)))
j=1 j=1

+ Z Z (D8 (x,(x; (D)8, (x, (1)) + [(1), i=1,2,...,n,

j=1 1=1

(1.1)
and
+o0
x/(1) = —c;(1) / 8;(8)x;(t — s)ds
0
+ Z a,;,‘(t)]j‘(xj(t)) + Z bij([)gj(xj(xj(t)))
=1 =1
IR QT CTETONIHEACAD))
i=1 =1
' (1.2)

+1@®),i=1,2,...,n,
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respectively. Here n corresponds to the number of units in
a neural network, x;(¢) corresponds to the state vector of
the ith unit at the time ¢, c,(¢) represents the rate with which
the ith unit will reset its potential to the resting state in iso-
lation when disconnected from the network and external
inputs at the time 7, a;(7), b;(r) and e;;(7) are the connection
weights at the time ¢, #;(f) > 0 denotes the leakage delay,
6;(s) > 0 denotes the leakage delay kernel, and /;(¢) denotes
the external inputs at time ¢, f, 8 and g;are activation func-
tions of signal transmission, i,j € J = {1,2,...,n}. From the
basic theory on state-dependent delay-differential equations
in [15], HCNNs (1.1) and (1.2) are special types of state-
dependent delay-differential equations.

It should be mentioned that, compared with almost peri-
odic phenomenon, pseudo almost periodic phenomenon
which can be represented as an almost periodic process plus
a ergodic component is more common [10, 16]. Therefore,
it is more realistic to study the pseudo almost periodic phe-
nomenon in neural networks models [17-22]. However, to
the best of our knowledge, there is no result on the existence
of pseudo almost periodic solutions for HCNNs with oscil-
lating leakage coefficients and complex deviating arguments.
This motivates us to derive some sufficient criteria on the
existence of pseudo almost periodic solutions for Egs. (1.1)
and (1.2).

The remaining of this paper is organized as follows. In
Sect. 2, we recall some basic definitions and lemmas, which
play an important role in Sect. 3 to establish the existence
and uniqueness of pseudo almost periodic solutions of Eqgs.
(1.1) and (1.2). The paper concludes with two examples to
illustrate the effectiveness of the obtained results.

2 Preliminaries

In this section, we shall first recall some basic defini-
tions, lemmas which are used in what follows. We des-
ignate by AP(R,R") the set of the almost periodic func-
tions from R to R”. Hereafter, we denote by R*R = R!)
the set of all n—dimensional real vectors (real numbers).
For any {x;} = (x|, x,,...,x,) € R", we let |x| denote the
absolute-value vector given by |x| = {|x;|}, and define
|lx|l = max,c; |x;|. A matrix or vector A > 0 means that all
entries of A are greater than or equal to zero. A > 0 can be
defined similarly. For matrices or vectors A;and A,, A; > A,
(resp. A; > A,) means that A} —A, > 0 (resp. A, — A, > 0).
BC(R,R™) denotes the set of bounded and continuous
functions from R to R”, and BUC(R, R") denotes the set
of bounded and uniformly continuous functions from R to
R". Note that (BC(R,R"), || - ||,) is a Banach space, where
| - I, denotes the supremum norm ||f||,: = sup,eg IIf (Il
For h € BC(R, R), let h* and A~ be defined as
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h* = sup |A(®)|,

teR

h = rlélﬂ{ |h(2)].

Besides, we define the class of functions PAPy (R, R") as
follows:

T
f € BOR.RM| lim 5 / F(o)ldi =0,
i

A function f € BC(R, R") is called pseudo almost periodic
if it can be expressed as

f=h+eo,

where h € AP(R,R") and ¢ € PAP,(R, R"). The collection
of such functions will be denoted by PAP(R, R"). Then,
(PAP(R,R"), ||.]l,) is a Banach space and AP(R,R") is a
proper subspace of PAP(R, R") [23].

Fori, j € J,it will be assumed that ¢;:R — R is an almost
periodic function, #;:R — [0, 4+00),1;, a;, bij, €l ‘R - Rare
pseudo almost periodic on R.

LetL >0, [ > 0and0 < @ < 1Dbe three constants such that

BY = {plp € PAP(R,R"), {|p,(t}) — ¢,(t)|} < {Llt; — 1]},
for all ,,¢, € R},

and
" ol

where

t
%0 = {/ / C"(W)dwlf(s)ds}’
IF cf
{max {Kli (1 +Kif)li+} } <{I}.
g ap

We also make the following assumptions which will be used
later.
(Sy) Foreachi € J,

t+T

M[C,’] = Tl—iH—]oo % / cl-(s)ds >0,

t

and there exist a bounded and continuous function
¢;:R = (0, +o0) and a positive constant K; such that

e~ Iy etwdu < Kie_/xl Gdu for allt,se Randt—s > 0.

S,) For each j € J, there exist nonnegative constants I JLE,
1 J g oo L

L‘f' and Mf’ such that
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i) =i < L lu = vl 1g;(u) = g;("] < L fu—vl, G-, 1__ <l icl

1g;(w) — 8,(v)| < L;”lu —v|, for all u, veR, K; C,~ (3.3)

g,(0) = £,(0) = g;(0) = 0, sup |gw): = MJ? < +00.

Lemma 2.1 (see [19, Lemma 4 and Remark 5]). Let
Z = {f|f.f’ € PAP(R,R")} be equipped with the induced
norm defined by

Ifllz = max{|[fll - Il ll o} = max { sup |lF @I, sup [lF D)l }
teR teR
Then, Z is a Banach space.

Lemma 2.2 (see [5, Lemma 2.2]) B is a closed subset of
PAP(R,R"™).

3 Main results
In this section, we establish some sufficient conditions on the
existence and uniqueness of pseudo almost periodic solutions

of Egs. (1.1) and (1.2).

Theorem 3.1 Let (S,) and (S,) hold. Suppose that there
exist constants 0 > 0, a; > 0 and L > 0, such that

K, -
= + ot +1f 4 prr8
H—Hileajx{<1+ci E‘)lcini + E <aiij+biij)

? lcﬂfr + Z (a+Lf + b+Lg) + Z Z ;ng ] }

j=1 I=1

3.1
+ +.+ +rf +78
{ lci + ¢ +Z (aiij +b[.ij>
+78178 +
+ ,Z‘; U[LJM] — < {L} (3.2)

and

~ & +K; lc+n++z +Lf+2b+Lg(1+L)

Jj=1

* 2 Z e+ LML +M]5Lf)] <-a,

j=1 I=1

Then (1.1) has a unique pseudo almost periodic solution in
the region B = BL (] B*.

Proof By Lemmas 2.1 and 2.2, one can show that
B is a closed subset of Z. For any ¢ € B, notice that
Mlc;] >0, i=1, 2,...,n, using a similar argument as that
in the proof of Theorem 3.1 in [11], we obtain that the non-
linear pseudo almost periodic differential equations,

t

x(1) = = c;(Ox(1) + ¢,(1) / @/(s)ds + ). ay(Of (@,(1))
Jj=1

1—n;(1)

+ Y by(0g (@, (,1)))

a2
+ Z Z e (8@ (@ (ONZ(@ @) + 1(1), i € U,

j=1 I=1
(3.4
has exactly one pseudo almost periodic solution:

x4 (1) ={x§"(t)}

s

- ’c,(u)du "
={ / e [q-(s) / @iwdu+ Y ay(s)f(,(s))
e J=1

s=1;()
+ D by($)2,(@,(@,(5))
j=1
+ €;(9)8;(@(@;(NE (@ (@,(5))) + [;(s) ds}s

Jj=1 =1

3.5)
and

(e = { [c,(t) / oldu+ Y, ay(Of (1)
=1

1=n;(1)

+ Z b(1)g;(@;(9,(1))

Jj=1

+ Z Z ;i (OZ (@@, ONE (@ (@,(1)) + (1)

j=1 I=1

- ci(t)xf’(t)} € PAP(R, R"). (3.6)

Now, we define a mapping 7:B — PAP(R, R") by setting
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(To)) =5*@). Vo e B 1701l <1170 = oollo + ol < o0 +1= ——,
First we show that forany p € B, T = x®? € B.
Note that

t

[(Te)®))'| = {I — (T P)®); + ci(1) @;(s)ds

t—n;(t)

t
leol| = max {supl e s '(W)dwli(s)dsl}

teR

+ 2 a0 (@,0) + Y by(0g(@;(0;1))
j=1 =1

sup K;| e JTwmawy (s)dsl} noon
+ 2D €03 @) (@02 @@ D) + (1) }

j=1 I=1
< majx <L @y n
1€ + ++ +7f +78
{ S{ ci+cini+z<aiij+biij)

@]l = max § sup | = ¢ () + L,(0)] }
+ZZ ehLs ] +Ii+}§{L}, VieR,

(1+K ) }sz. s
and

|(To)(1) — (To)t,)]
0l

llellz < 1le —@ollz + l@ollz < +1= l - (37 = {|(((T(P)(t))i)" N )(tl - f2)|} < {L|t1 _t2|}’
=1, 4+A(t,—t

1-06 1-0
(3.9
It follows from Egs. (3.1), (3.2) and (3.3) that

: —fli‘l(u)du s , "
(Tp)(0) — @y < {K,- / e e [ olwdut Y ay)fi(@(s)
e s=n;(s) j=1

+ Z b;(5)8;(@,(@;(s)) + Z Z ,,l(s)g,((p,((p](s)»gl((pz((p,(s)))] |ds}

j=1 =1

n n n
= [l e dup o+ +7f +78 +78148
{ / [chnt + 2} <aiij +biij> + 2 e i ]dsll(pllz}
j:

j=1 =1

ernt + 5 (0t 4 b1 0l
S{F[Ci”i+2<aiiLj+bng> ZZ ”Ij ] }S{m},VIER,
1 j=

j=1 1=l

and

[(T@)(®) = @o(1))|

(o)l

Consequently, where for all #,,1, € R, A€ (0, 1), and ¢, + A(t, — t;) is
the mean point in Lagrange’s mean value theorem. Thus,
o1 Egs. (3.8) and (3.9) yield T € B. So, the mapping T is a

ol .
Te — @olle < -9 (T — (,00)’||oo < -5 (3.8) self-mapping from B to B.

Z < +Lf + bZLf) + Z 2 ;ngMg] }

j=1 =1
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Furthermore, for @, y € B, according to (Sy), (S;), Eqgs.
(3.1), (3.2), (3.5) and (3.6), we get

N

e Jv citwdu [lci(s)l @) (u) =y (w)|du
s—n;(s)

(To)t) - (Ty)D)] < { /

—o0

+ ) at o (s) — wi(s)] + Z bELE|9(@;(9)) — vy ()]
J=1

+ 20 ) e ML |9(0,(5)) — wiwysD| + MEL |y, (s) - wl(wl(S))I)] ds}

j=1 1=l

) s=1;(s)

< { / e-ff“f@d“[lc,»(s)l 1) — vl w)ldu + Y ar L g;(s) = wi(s)|
_ &
+ Z bELY(10(01(9) = wil @] + [w(@(9) — w(w()))
- Z Z LML (10(@;(9) = (@] + w(9() — wy(w(sD])

j=1 =1

+ ML (19(@/(8) = wi @y (D] + [wi(i(s)) — WI(W[(S))I))] dS}
< {/_ ‘(u)duK [c +2{a;r.L5+2b+Lg(1+L)
© Jj=

+ 2 D e+ DML + MfL?)] dsl| () - w(t)llz}

j=1 I=1
< { / e—A’a(W’Md(- / Z’i(u)du> —a / ‘(”)d”ds}ll(p(t)—u/(t)llz
< {1 ) / e‘ffz‘f*d“ds} llo®) = @)l < { - } @) =y @l G-10)
and

[(T@)®) = (Ty)®) |le{ [c+n+ + Z atLl + Z BELEL+ L)+ ), Y eh (1 + (ML + Mfo’)] le® =yl

j=1 =1
+ct / o~ i citudu [C+71+ + Z +Lf + 2 bELE(L+ 1)+ Y D e (1 + LML + Mng)] ds|lp(t) — 1//(t)||Z}
— j=11=1

g

4 - — - -
+ct / g [C+n+ + 2 atLl + 2 BELE(L+ L) + Z} IZ} e (1+ D(M{LE + MEL)]dsllg(t) - w(r)uz}
e Pl

it + Z atll + meg(l +L0)+ Z Z e (1 + DML + ML) ] o) —w®)ll

= j=1 i1

o —a ;
< { lK +cf(1- E)}II(P(I)—W(f)Hz- (3.11)

i
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In view of Eq. (3.3), we have

0<1-2i o -
- — , p=max < max - — 7,
zf b 1<i<n ¢t
l
¢ —a; a;
i 1 + i
max +c(1—-— <1,
lSiSn{ K, i < Ej)}}

which, together with Eqgs. (3.10) and (3.11), give us that
ITe —Tyl|lz < plle — wllz, and the mapping T:B — B is
a contraction mapping. Therefore, the mapping 7 possesses
a unique fixed point

= (X} (), x5(0), ...

By Eq. (3.6), x* satisfies Eq. (1.1). So Eq. (1.1) has a unique
continuously differentiable pseudo almost periodic solution
x*. The proof of Theorem 3.1 is now completed.

,X0(1) €B, Tx* =x".

Remark 3.1 Obviously, Theorem 3.1 of [11] is only
a special case of Theorem 3.1 without high-order term

Y1 Xy en(08;005(0)g (X (x (1))

Remark 3.2 From (3.1), (3.2) and (3.3), one can check that
the conditions in Theorem 3.1 can be easily satisfied under
the sufficiently small leakage delays #,(¢), and (3.3) is not
satisfied when the leakage delays in (1.1) are sufficiently
large. This implies that the delays (oscillating leakage coef-
ficients) effect the stability of (1.1).

Next, we will show the existence of pseudo almost peri-
odic solutions of (1.2). We assume that the following condi-
tions are satisfied.

(S‘O) For eachi € J,

1 +T
Mlc;] = Tlim T / c;(s)ds > 0,
—+0o0 t

and there exist a bounded continuous function
¢;:R — (0, +00) and a positive constant K, such that

o= i e [ simdvdu o g o= [ 2w [ 8i0v)dvdu
- L
for allt,s€e Randt—s > 0.

(3'2) for i €J, the delay kernel 6;:R — [0, +00) is a
continuous function with 0 < fooo 0,(v)dv < +c0 and
/0°° vé;(v)e*'dv < +oo for a certain positive constant k.

Let L>0, /> 0and 0 < # < 1 be three constants such
that

Bt {(P|(P € PAP(R,R"), {|(P () (Pi(fz)|} < {L|t1 _12|},

for all ¢,t, € R},

@ Springer

and
- _ 0l
B =qo|le-allz<—p ¢€Z,
where
t ' +00
N It cf
{max {Kim;, (1 +Ki-_l)1i+}} = {l}
7 8,(ndve; - i

Then, we get
Theorem 3.2 Let (30), (S,) and (3'2) hold. Moreover,

assume that there exist constants 0 > 0, a; > 0 and L > 0,
such that

K. +oo
# = max { <1 + c.+_—‘> [c.+ / v8,(v)dv
ieJ ¢~ "Jo

n n n
+rf L ptrs g
+Z<“i;‘Lj+bi]‘Lj>+ZZ ulLM]

= =1 I=1

K. +00 n
i [cj / vEmdv+ Y, <a;Lf + oL )
0 j=1 ’

Jo 8:(dve; -

+ i i ;rngMg] } <1,

j=1 =1

+00 +00 n

{[cj /0 8:(dv + ¢ /0 v8,(V)dv + Z‘{(a;Lj + b L)
j:
+ZZ ;ngMg] +1i+} < {L}

j=1 I=1

+o0
- / o;(v)dve; ~ + K;
0

+ Z bELE(1 + L)

j=1

+
cr / V8, (v)dv + +Lf
A Z

+ ) D e+ DML + Mfo)] <-a,
j=1 I=1

and
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f0+°° o,(vydve; - —a
K.

l

s [ I
+c; o;()av| 1 s
0 o 6;(vdvet

<l,iel.

i

Then Eq. (1.2) has a unique pseudo almost periodic solution
in the region B = B (] B*.

Proof For any ¢ € B, in view of (8,), an argument similar
to the one used in Lemma 3.1 of [17] shows that

/ 5,'(5)/ qo;(u)duds:/ 5,(s)dsq;(t)
0 t—-s 0

- / B 5,()@,(t — s)ds € PAP(R, R),
0

for all i € J. Thus, the nonlinear pseudo almost periodic dif-
ferential equations,

+0o0 +0o0 1
xl/.(t) =- ci(t)/ 6;(Wdvx;(t) + ci(t)/ 51‘(")/ (pl/.(u)dudv
0 0 t—v

+ Y aOfi(@0) + Y by(g,(e,(e,(1))
= =

+ DY e300 @ @) + 1,(0), i €,

j=1 I=1

+ Lsinv31 |§1n\/_l|

L sin(xy (x (1)) + "“1‘0‘0/3" sin(x, (x, (1))

1000

| sin \/_tl

1000
+ |sin2¢|

L —t*cost
+ e
100 ’

X(6) = — (2sind00z + Dx, (¢ — L) 4 L8 arctan(x, (1)
'”fo‘o/_" sin(x; (x, (1)) + % sin(x, (%, (1))
+ L o5 3, () cos(r, (o (1) + L0203
90V G ey (1) oty (3, (1) + L5222
+ Le—ﬁ sin? 1
D, 100 ’
X = — 2(2sind00r + Dxy(r — B 4 B arctan(x,

(t))+ |sm\/_t|

has exactly one pseudo almost periodic solution:

t +co s
x2(1) :{ / e—j; () i 8;(v)dvdu |:C,-(S)/ 5;‘(")/ (p:(u)dudv

+ Z ay(s)f(@,(s)) + Z b;(5)g,(0;(@,(5))

J=1 J=1

+) Z (0200 (ONZ (@ (@) + 1,.(5)] ds},

j=1 1=1

and

+o0 t
@) = { [ci(t)/ 5;(v) @ (u)dudy
0 t—v
+ Z a;(Of (D) + Z by(18(@;(@;(1)

+ Z Z e (OZ @D ONZ (@ (@) + I,(D)

j=1 I=1

- c,-(t)/ 5i(v)dvxl(.”(t)} € PAP(R,R™).
0

Then we complete the proof similarly to that of Theorem 3.1.

4 Examples and remarks

Consider the following HCNNs with oscillating leakage
coefficients and complex deviating arguments:

4 Leosva |cos\/—t|

00 arctan(x,(?))

cos(x; (x; (1)) cos(x, (x,()))

c0s(x,(x,(2))) cos(x, (x,(1)))

“.1)

00 arctan(x,(z))

4+ Lsin V21| cos(x, (x, (1)) cos(x, (x, (1)) + Ly Vil cos(x; (x; (£))) cos(x, (x, (1))

+ =000 €08(x, (X, (2))) cos(x (x (1)) 1000 €08 (X, (x,(1))) cos(x,(x,(1)))
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and
X)) = —3(2sind00r + 1) "% e7x, (¢ - s)ds + = arctan(x, (1) + '“’fo\({_" arctan(x, (1))
+ '°°f00f" sin(r, (ry (1)) + L2V iy ey (1))
+ ! C‘;j)aof" cos(x, (x, (1))) cos(x; (x, (1)) + ! °°1;(‘)é_" cos(x; (x; (1)) cos(x, (¥, (1))
+ ! j(;:)o £);"“i?ls(xz(xz(z))) cos(x, (x; (1)) + L2231 cos(x, (x(1))) o8 (x, (4(1))
< T 4.2)
X0 = —{2sind00r+ 1) [7 e xy(t — s)ds + 'S“”' arctan(x, (1)) + '““ \f” arctan(x, (7))
4 LIS i, (1) + LT s1n(x2(x2(t)))
4 BV o, (e, (1)) oy ey (6)) + V3 o, (x, (1)) cos(ey (e (1))
+ ! “]“ 3{" 008, (1)) cos(x; (x; (1)) + EERL cos(x, (x (1)) cos(x (x,(1))
+ @e—r cos4t.

Obviously, it is straightforward to show directly that system
(4.1) and system (4.2) satisfy the conditions in Theorem 3.1
and Theorem 3.2, respectively. Therefore, either system (4.1)
or system (4.2) has exacqy one pseudo almost periodic solu-
tion in the region B = B3 | B*.

Remark 4.1 Systems (4.1) and (4.2) are a very simple
HCNN s with oscillating leakage coefficients and complex
deviating arguments in [1-5, 7], only HCNNs with nonos-
cillating leakage coefficients are studied. One can observe
that all results there and the references cited therein can not
be applicable for system (4.1) or (4.2). Moreover, the exist-
ence of pseudo almost periodic solutions on HCNNs with
complex deviating arguments has not been touched in [1,
6, 8—33] and hence the results there cannot be applied to
system (4.1) or (4.2).

5 Conclusions

In this paper, the existences and uniqueness of pseudo
almost periodic solutions for high-order cellular neural net-
works models with complex deviating arguments and involv-
ing time-varying delays, and continuously distributed delays
in the leakage terms have been discussed. By employing
differential inequality techniques, several sufficient condi-
tions have been obtained to ensure the existence and unique-
ness of pseudo almost periodic for the considered neural
networks. The proposed results extend and improve some
known results. In order to demonstrate the usefulness of the
presented results, some numerical examples are given. The
established results are compared with those of recent meth-
ods existing in the literature. We expect to extend this work
to the anti-periodic solution and weighted pseudo almost
periodic solution problems on high-order cellular neural

@ Springer

networks models with oscillating leakage coefficients and
complex deviating arguments.
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