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Abstract This paper is concerned with the anti-periodic
solution problem for a class of neutral type cellular neural
networks with D operator. By using the Banach fixed point
theorem and applying inequality techniques, some new suf-
ficient conditions are established to ensure the existence
and exponential stability of the unique anti-periodic solu-
tion for the proposed neural networks. Finally, an example
with its numerical simulation is provided to show the cor-
rectness of our study.
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1 Introduction

Recently, neural networks have been a subject of intensive
research activities in the existing literature and have found
widespread applications in various fields, such as target
tracking, machine learning system identification, asso-
ciative memories, pattern recognition, solving optimiza-
tion problems, image processing, signal processing, and
so on [1-4]. In particular, it has been recognized that the
time delays often occur in various neural networks, and
may cause undesirable dynamic behaviors such as oscil-
lation and instability. Therefore, the stability analysis for
delayed cellular neural networks (CNNs) has become a
topic of great theoretic and practical importance in the
literature [5—7]. In addition, neutral-type phenomenon
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always appears in the study of automatic control, popula-
tion dynamics and vibrating masses attached to an elastic
bar, and so forth. Hence, the stability and other dynamic
behaviors for different classes of CNNs with neutral type
delays were studied in [8—15]. It should be pointed out
that all neutral type CNNs models considered in the afore-
mentioned references can be described as non-operator-
based neutral functional differential equations (NFDEs)
and D-operator-based NFDEs, respectively. Usually,
based on the complex neural reactions, D-operator-
based CNNs can be defined as the following NFDEs (see
[16-18]):

[0 — q;(Ox;t = ri ()] = = ci(O)x, (1) + Z a(NF;(x; (1))

=1

+ ) bi(6)Gi(xi(t — 7:(8)))
Z{ A v (1.1)

" +o00
+ z d,-j(t)/ U,-j(M)Gj(xj(t — u))du
= 0

+ 1),

where i€J=1{1,2,...,n}x,),x,(0),...,x,[") corre-
sponds to the state vector, ¢,(f) represents the rate of decay,
F;G; and Gj are the activation functions of signal transmis-
sion. The detailed biological explanation of the coefficients
a,_-/-(t), b,_-].(t), dii(t) and delays Tii(t),ri(t), o-l_-].(u) can be found in
[18, 19].

As discussed in [20], when investigating the exponen-
tial stability criteria, the exponential convergence rate can
be utilized in ascertaining the speed of neural calculations.
For this reason, studying the exponential stability has prac-
tical significance, and it is useful to estimate and ensure the
exponential convergence rate of delayed CNNs [21-25]. On
the other hand, anti-periodic phenomenon often occurs in
the signal transmission among the neurons, and therefore,
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the existence and exponential stability of anti-periodic
solutions of delayed CNNs have been an attractive subject
of research [26-31]. However, it should be mentioned that
all above results on anti-periodic problem were obtained
only for non-operator-based CNNs. We only found that the
reference [18] dealt with the global exponential conver-
gence on the zero vector of CNNs with neutral type delays
and D operator. Meanwhile, it is difficult to construct a
suitable Lyapunov functional to study the stability of anti-
periodic solutions of neutral type CNNs with D operator.
Consequently, to the best of our knowledge, there exist
few works on the existence and global exponential stabil-
ity of anti-periodic solutions of neutral type CNNs with D
operator.

Inspired by the above discussions, the aim of this paper
is to provide a criterion to guarantee that all state vectors
of (1.1) converge to a anti-periodic solution with a positive
exponential convergence rate.

The initial condition associated with neutral type CNNs
(1.1) is of the form

x;(s) = ¢;(s), s € (—o0, 0],

where ¢,(-) is a real-valued bounded and continuous func-
tion defined on (—oo0, 0].

iel, (1.2)

2 Preliminary results

Throughout this paper, we denote by R*(R = R') the set
of all n—dimensional real vectors (real numbers). For any
x =X, Xy ..., x,) T €RY we let {x;} = (x;, xp,...,x,)T,
IxI denote the absolute-value vector given by |x| = {|x;]},
and define ||x|| = max,; |x;|. Given a bounded and continu-
ous function & defined on R, we denote

n* = sup |h(r)|

teR

and A~ =inf |A@)].

teR
Also, BC(R,R") denotes the set of bounded and contin-
ued functions from R to R". Note that (BC(R,R"), || - ||)
is a Banach space where || - ||, denotes the sup norm
lfllo: = sup,eg Ilf ()]l Furthermore, let

APT(R,R"): = {h € BCR,RM)|h(t + T) = —h(z) for all t € R}

designate the set of T—anti-periodic functions from R to R".
Moreover, it will be assumed that

7. 1R > [0, +00) € BC(R,R),

¢ q;, 1, a;, bu,d- € BC(R,R),

¢t+T)=c), qt+T) =g,

a(t + DF W) = —a;(OF,(~u), Vi,u € R, @D
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by(t + T) = —by(1), Gj(u) = G;(—u) }
(or byt +T) = by (1), G,w) = —G () J* " ER
2.2)
dij(t + T) = =dy(1), G;(w) = G;(—u)
(or dijft+ T) =d, (;ﬁ G(u) -G, (—u)) } ViueR
2.3)
and
;¢ +T)=71(0), rt+T)=r0),
2.4)

Lt+T)=-[,(n), VieR, ijel.

Fori,j € J, the following assumptions will be adopted:

(H,) there exist a bounded and continuous function
¢;:R — (0, +o0) and a positive constant K; such that

e Jawde < ko= [ EWd for all 1 s € R

and tr—s2>0.

(H,) there exist nonnegative constants L‘; , Lf and Lf such
that

|F;w) = ;0| < L Ju—v],1Gy(w) -
|Gj(u) -

G| < Lflu -,
- 8
G| < Lj lu— v,

for all u, veR.
(H,) the delay kernel o-l_-]-:[O, +00) — R is continuous, and
|ai]-(t)|e’“ is integrable on [0, +oc0) for a certain positive
constant .

(H;) there exist positive constants &;,¢&,,...,&, and

A, A,, ..., A, such that
<u£~() [k g0 +& Zla,,(t)lLfé +¢&! Zlbl,(mv’
tel i

+&! Z |d;(0)] /0 |a,-j(u)|duL_§?é,-] <A
j=1

teR

sup {—Ei(l‘) +K; ll—% le(Dg; (D] + 51—1

Z DI g +& Z |b,,<r)|Lg§,—+
J
_ [t 1
+&! Z |dij(t)|L}~g/ |U,-j(1/l)|du§jl_—+ <0,
=1 0 9
and
g +A < 1.
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Remark 2.1 1t follows from (H;) that we can choose a  Define
constant A € (0, min{x, mljn ¢;}) such that1 — p; +oM s 0,
1S E ‘
x?(1) ={ / O (5)qi()i(s = ri(s) + &
G, = SUP =5 [IC g0l + & Z Ia,,(l)ILff +&! o
J=1 —
\ . Y aOF &) + &
2 1B OILE + & Z ;0] / |a,~,-(u>|duL_§r:,] <A, ~
j=1 Jj=1 0 3 2
25) 3 by Gy (s - Ty + & (3:2)
and j=1
D di(s) /0 0(1)G;(&;(s — u))du
art j=1
- _ e _ _
Ii(4) = f;%j{ A=&(O+K; [ — leiDgq: (D] + & +&7 1(s)1ds ).
n _ ) Then, arguing as that in the proof of Lemma 2.1 in [28],
Z |a,~,~(f)|Lj;§_,-ﬁ + & from (2.1)—(2.4), we can show that x? € APT. Moreover,
= I—gye we define a mapping Q:AP” — APT by setting
Db olge T —— + ¢! 2.6)
= I=gev Q) = {g:(D@(t = r ()} +x°(), VYo €APT.  (33)

. 1
Z|d (t)|Lg/ |o ()] e* dufjﬁ}

_q]e j
<0, i,jelJ.

3 Main results

Theorem 3.1 Let(H,), (H,), (H,) and(H;) hold. Then,
there exists a uniqueT—anti-periodic solutionx™(t) of (1.1),
and every solutionx(t) of (1.1) with initial condition (1.2)
converges exponentially tox*(t) ast - +oo.

Proof Let

y,‘(t) = fl._lxi(t), Y,(t) = yi(t) - qi(t)yi(t - iel.

We obtain from (1.1) that

ri(0),

Y/(0) = = ¢(OY,(0) = OOyt = ri(0) + & Za,,(t)F(éy,(t))

Jj=1

+ & Z by(NG(&y,(t = T(1))
j=1

+ & 2 d; (1) / o WGyt — w)du + & 1(1), i € J.
=l 0
(3.1

It follows from (2.5), (3.2), (3.3), (Hy), (H)), (H,) and (H;)
that

[(Qe)(®) — (Qy) ()|
< {q,.* + / e K awdeg [1c()g,(s)] + &

2 la@ILg + & Y by + &

Jj=1 j=1

D 1dy(s)] / |a,;,~(u>|duL§’:j] ds}n«p - vl
Jj=1 0

t
< {q,*+A,-/ e Ji Etwdu L
1
< {q,++/\,-e7}ll(p—wllw

and

Ei(s)ds} le — vl

109 = Qwlles < pllg = Wlleos P =max{g] +A;} <1,

which implies that the mapping Q:APT — APT is a con-
traction mapping, and so it possesses a unique fixed point
x* = {x*(1)} € APT such that

{0} = X (1) = (Qx*)(1) = {q;(Ox*(t = ri(t)} + X ()
= {q,(Ox* (1 — r ()} + (& (0},

@ Springer
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Fig. 1 Numerical solutions of system (1.1) with (4.1) and three
groups of different initial values (1, =3), (2, —1), (=2, 1), respectively

and

X =q(Ox(t = r ) +x7 @), i€,

which involves that x**(¢) is a T—anti-periodic solution

of system (3.1). So (1.1) has a T—anti-periodic solution

xH(1) = {&x;" (D}

Finally, we prove that x*(¢) is globally exponentially
stable. Suppose that x(¢) = {x;(¢)} is an arbitrary solution
of (1.1) associated with initial value ¢(r) = {¢;(t)} satis-
fying (1.2).

Let

Yi =& X ),

and

Y1) = yi(0) — q(0)y; (t — ri(0)),

z(t) = y;(1) = y; (1),
Then

ZO=Y,@®) =Y (),i€J.

ZU(0) = = ¢,(0Z(1) = (g7t = ri(0) + &

+ Y a;OIF,Ey,(0) — F&y )]

J=1

+ &Y b (IG &t — 7)) = G/t — 7,(1)]
j=1

+ &Y dy(o) / o WIG/(&,(t — w)
J=1 0

+ =Gy(&y!(t —w)ldu, i € J.
(3.4)
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Let

For any € > 0, we obtain

1ZOll < lells + o),

and

(3.6)

IZOIl < loll; + )™ < M(ll@ll: + &)™ for all 1 € (~c0, 0],

3.7
where M is a sufficiently large constant such that
M>1+K;, foralliel. (3.8)
In the following, we will show
IZONl < M(ll@ll: + e)e™*  for allz> 0. (3.9)

Otherwise, there must existi € J and @ > 0 such that

1ZO)] = 12Ol = Ml @ll; + )™, 310
IZ@)ll < M(llgll; + e)e™*  for all £ € (—co, 0).310)

Furthermore,

Mz sMlgll; + ) +g7e™’ sup e*lzo)l, (311

sE(—o0, 1]

for all v &€ (—o, t], t € (—00, 0),j €J, which entails
that

Mlgll; +¢)

Art
l—q;rerf

0),jeJ.

€M|Zj(t)| < sup eM|Zj(S)| <
SE(—00, 1] (312)
for all ¢t € (—o0,

Note that

Z,-,(s) + ¢,(8)Zi(s) — c(5)q;()z,(s — r,(s)) + ‘5;1

= Y a;(F &) = Fi&y NIg +
j=1

bySIGHEY,(s = 7)) = Gi&Y (s = Ty + &
j=1

Z d;(s) / o, (W[G(&y;(s — u) — G,—(é,y;‘(s — u))]du,
Jj=1 0

s €0, r],t €0, 0].
(3.13)
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Multiplying both sides of (3.13) by e/o <4 and integrat-
ing it on [0, 8], with the help of (2.6), (3.1), (3.6)—(3.8),
(3.10) and (3.12), we obtain

0 0 6
|Z;(0)] =‘Zi(0)€_/" €i(du +/ e/ C[(u)du{ = c(8)q;(5)z;,(s — 1,(5))
0

+ fl_l Z aij(s)[Fj(ijj(S)) - F,(f,yf(s))]
=1

J

Remark 3.1 Because neutral type cellular neural networks
with D operator is a class of D-operator-based NFDE:s,
the stability of its anti-periodic solutions is not easy to be
established. Here, the map construction (3.3) and the vari-

+fi_1 2 b[j(s)[Gj(gjyj(s - TU(S))) - Gj(éjy;'k(s - TU(S)))]
=1

+&7 Y dys) /0 oG (& (s — 1) — G(&y7 (s - u))]du}ds
j=1

0 =
< (lgll; +e)e™ K e o eitw=Ade
rr

? /”[”() Aldi ell
- c;\u)— u
+/ e Js L€ Ki [ —
0

5
1— q?—e/lr’

_ c 1 o
+&7! Z} |hij(s)|Lf§jTei i
= 1

art
J e
n . +00 1
+&7 Y Ndys)IL] / |6 ()| e dug; —
= 7 Jo 1—q;re j

K. _
< M(H(Pllg + 5)6_/16 [(Ml — 1>e_/06("i(”)—1)du + 1]

<M(llgll; +e)e™,

e + &7 Y |a,-,»<s>|Lj.’:,1—
J=1 -

1

T
q;_exlrj

———— |dsM(lloll; + )™

which contradicts the first equation in (3.10). Hence,
Eq. (3.9) holds. Letting e — 0%, we have from Eq. (3.9)
that

IZON < Mllpllze™  for allz > 0. (3.14)

Then, by a similar argument as the proof of (3.11) and
(3.12), it follows from (3.18) that

, Mol
MOl < sup eFs)] € ———,
SE(—00, 1] ’ 1— q;'ebj
and
Mol
I2,(0)] < —f “# forall t>0, jeEJ,
1- q;re ’j
which ends the proof. O

able substitution Y;(¢) = y;(¢) — q;(0)y,(t — r;(¢)) play a key
role in the proof of Theorem 3.1, which can be used to ana-
lyze the anti-periodic solution problem for other D-opera-
tor-based NFDEs.

4 An example and its numerical simulations

Example 4.1 Let

n=2, Fx) = ;—Ox, Gi(x) = Gi(x) = 21—0 arctanx,
r(6) = 3Isintl, rp(0) = 3| costl, (1) = 551 sintl, g2(t) = 551 cost,
() = 51+ 2sin 100), ¢5()) = 5-(1 + 3 cos 100, 1, (1) = 10sin,
L(t) = 20sint, ay(t) = g sin2t,b;(1) = § cos 21,
dy(0) = ésin4t, oy() = %e—zqu(z) = %}| sint|.
@4.1
Obviously,

@ Springer
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Fig. 2 Numerical solutions 2000
x(8) = (x;(0), x,())T of system
(4.1) with ¢, (#) = =8 and
¢,(t) = —13 for initial values 15001
(200, —=300)"
1000
500
0
-500|
-1000}
-1500|
-2000|
-2500
-3000 ‘
1 15 2
=1 =1, T= =1, L=0f=1°
C,(f)—m, =1 =r k=L L=L=L
Lk —ew 1,2
=, K,=ew, ij=12,
207 /
and the D operator satisfies
1 1 .
D[xl(t)] _ xl(t)—5|smt|x1<t—5|smt|) “2)
X(1) X, (1) — %l cos tlxz(t— %l cos tl)

This implies that neutral type CNNs (1.1) with parameters
(4.1) satisfies all the conditions mentioned in Sect. 2, so
it has a unique anti-periodic solution x*(r) € AP*(R, R?).
Moreover, all solutions of system (1.1) with (4.1) and ini-
tial value (1.2) converge exponentially to x*(¢) as t — +o0.
Here, the exponential convergence rate A ~ 0.01. This can
be seen by the numerical simulations given in Fig. 1.

Remark 4.1 In Example (4.1), the problem of global
exponential stability of anti-periodic solutions of neutral
type CNNs (1.1) with parameters (4.1) and D operator (4.2)
has not been studied before. One can see that all results
obtained in [8-31] are invalid for Example (4.1).

Remark 4.2 In Example 3.1, replacing

¢,(t) = -(1+ 2 sin 107) and cy() = (1 + 3 cos 107) with
c;(t) = =8 and ¢,(¢) = —13, respectively, it is easily to see

@ Springer

2.5 3 3.5 4 4.5 5 5.5 6

that (H)) and (H5) are not satisfied. Some numerical simula-
tions in Fig. 2 illustrate that the exponential stability does
not exist. This demonstrate the validity of the theoretical
result of this paper.

5 Conclusions

In this paper, a class of neutral type cellular neural net-
works described by neutral functional differential equations
with D operator is considered. By means of fixed point
theorem, Lyapunov functional method and differential
inequality techniques, it is the first time to derive criteria
on the existence and global exponential stability of anti-
periodic solutions of the addressed model. Many adjustable
parameters are introduced in criteria to provide flexibility
for the design and analysis of the system. The results of
this paper are new and they supplement previously known
results. The method affords a possible method to analyze
the global exponential stability of anti-periodic solutions
for other neural networks with neutral type delays and D
operator.
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