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Abstract The paper is concerned with the problem of
H, filter design for delayed static neural networks with
Markovian switching and randomly occurred nonlinear-
ity. The random phenomenon is described in terms of a
Bernoulli stochastic variable. Based on the reciprocally
convex approach, a lower bound lemma is proposed to
handle the double- and triple-integral terms in the time
derivative of the Lyapunov function. Finally, the optimal
performance index is obtained via solving linear matrix
inequalities(LMIs). The result is not only less conser-
vative but the time derivative of the time delay can be
greater than one. Numerical examples with simulation
results are provided to illustrate the effectiveness of the
developed results.
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1 Introduction

As the characteristic of distributed storage, parallel pro-
cessing and self-learning ability, the neural networks have
been successfully applied to signal processing, static image
processing and associative memories etc. But the change of
the actual project, such as time delay [1-3] which is the
main element of many physical processes, may lead to
significantly deteriorated performances of the underlying
neural networks. Therefore, the stability of the neural
network is the core problem that needs to be considered.
When the external states of neurons are taken as basic
variables, the neural networks can be transformed into
static neural networks, because of its extensive application,
such as recursive back propagation neural network and the
optimization of neural network etc., a number of papers
have focus on static neural networks [4-10]. Guaranteed
generalized H, performance state estimation problems of
delayed static neural networks are studied in [4], and a H,
filter is designed for a class of static neural networks in [5].
Furthermore, guaranteed H,, performance state estimation
problems are added in [6]. The state estimation of static
neural networks with delay-dependent and delay-indepen-
dent criteria is presented in [7]. While in [8], by con-
structing a suitable augmented Lyapunov-Krasovskii
function, the H., state estimation problem of static neural
network was further researched. On the other hand, the
stability analysis of static recurrent neural networks has
been researched in [9, 10].

On the other hand, the Markovian jumping system is
very suitable for random mutation model, such as the
change of the working point, sudden environmental inter-
ference, and biomedical error [11, 12]. In order to further
study neural networks, many related results on stability
analysis and filter design for neural networks with
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Markovian jumping parameters have been reported in
[13-23]. However, more attention should be paid to these
disturbances such as uncertainty, which is caused by the
randomness. Strictly speaking, any actual system contains
random factors. It is worth to know that the nonlinear
disturbances may occur in a probabilistic way and are
randomly changeable in terms of their types. Both time-
delay and random disturbance have great influence in the
stability of system, so a lot of reserach on them have been
done in [24-30]. For examples, asynchronous l,—I, filter is
designed for discrete-time stochastic systems where the
sensor nonlinearities is considered in [24]. The randomly
occurring parameter uncertainties with certain mutually
uncorrelated Bernoulli distributed white noise sequences is
introduced in [25]. Hy filtering for a class of discrete-time
stochastic system with randomly occurred sensor nonlin-
earity has been researched in [26]. The effect of both
variation range and distribution probability of the time
delay is taken into account in [27]. Stochastic switched
static neural networks with randomly occurring nonlin-
earities and stochastic delay is introduced and its mean
square exponential stability proved in [28]. The problem of
mean square asymptotic stability of stochastic Markovian
jump neural networks with randomly occurred nonlineari-
ties has been solved in [29]. Moreover, the analysis for the
asymptotic stability of stochastic static neural networks is
proposed in [30], where the time-delays are variable.

In this paper, according to the reciprocally convex
approach [32, 33], which is a special type of function
combination obtained by applying the inequality lemma to
partitioned single integral terms, we will quote the lower
bounder lemma in [5] instead of Wirtinger inequality in
[31] for such a linear combination of the Lyapunov func-
tional with the double- and triple-integral. Based on this
lemma, we will get the lower prescribed level of noise
attenuation compared with [31]. One needs to be noted is
that the time derivative of the time delay can be greater
than one in this paper. Motivated by the above discussion,
the randomly occurred nonlinearity function will be taken
into account with a Bernoulli stochastic variable in the
paper. H, filter is designed to ensure the resultant error
systems are globally stochastic stable. And the H,, filter
performance indexes are obtained by solving linear matrix
inequalities (LMIs). Finally, numerical examples are given
to demonstrate the validity and effectiveness of the pro-
posed approach.

Throughout this paper, R" denotes the n-dimensional
Euclidean space. I is the identity matrix. || -|| denotes
Euclidean norm for vectors. AT stands for the transpose of
the matrix A. For symmetric matrices X and Y, the notation
X > Y (respectively X > Y ) means that the X — Y is pos-
itive definite (respectively, positive semi-definite). The
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symmetric terms in a symmetric matrix are denoted by
and diag{Z,,7Z,,...,Z,} denotes a blockdiagonal matrix.
E{x} stands for the expectation of the stochastic variable.
L,[0,00) is the space of the square integrable vector
functions over [0, c0).

2 Problem description

Firstly, for >0, r;, taking values from a finite set
N ={1,2,...,n}, is a right-continuous Markov chain
defined on a complete probability space (Q,F,P). Its
transition probability between different modes are given by

m;A + o(A) i#J,
P, — iy =) = J )
(riva =]l = 1) {1+ A+ o(A) =]
where A >0, lima_o "(AA> =0; n; >0, Vi#j, and for

ieN, m = _27:1#,'”&-
Next, we consider the following static neural networks with
Markovian switching and randomly occurred nonlinearity:

(1) = = Alr)x(t) +f(W(ro)x(t — d(1)) +J(ri)) + Bi (r)w(1),

(1)

(1) = a()p(C(ri)x(1)) + (1 — a(t)) C(ri)x(1) 2)
+ D(ro)x(t — d(1)) + Ba(r)w(t),

2(1) = E(r)x(1), (3)

x(1) = (1), t€[=d,0], (4)

where x(r) = [x;(1)x2(r) - - - x,(¢)]" € R" is the state vector
of the neural networks with »n neurons, A(r,) =
diag{a,(r;),ax(r;),...,an(r;)} is a constant diagonal
matrix with a,,(r;) > 0, w(r) € R” is the disturbance input
in L,[0,00), y(¢) € R? is the measured output and z(#) is the
signal to be estimated, f(x(¢)) = [fi(x1(F)),fa(x2(2)),
.. Ju(x,(2))] denotes the neuron activation function, for
rt) € N, W(r:),C(r,),D(r;), Bi(r:), Ba(r,), E(ry) are the
constant matrices with compatible dimensions, and J(r;) is
an external input vector. ¥ (x(¢)) = [y, (x1(2)), ¥, (x2(2)),
< ¥, (x,(2))] is an output nonlinear signal. ¢(7) is a real
valued initial function. d(¥) is a time-varying delay with an
upper bound d > 0 and scalar u, such that d(r) satisfies

0<d(r)<d, d(t) <. (s)

To simplify the notations, in the sequel, for each
r(t) = i € N, we denote the matrix A(r,) to be A; and so on.

For the neural network (1)-(4), the state estimator is
constructed as follows:

(1) = —A&(0) + f(Wik(s — d(0)) + i) + Ki[y(1)
— (1 = 0)Cix(1) — Dix(r — d(1)) — op(Cix(1))],
(6)
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ZA(I) = E,-)?(l), (7)
£0)=0, 1€ [~d,0], (8)

where £(¢) € R" and Z(7) € R, and K; are to be designed
matrices with compatible dimensions.

Defining the error signals to be x(r) = x(¢) — x(¢), and
Z(t) = z(¢r) — z(¢). It is easy to follow the above discussion
that the estimation error systems are

x(1) = (—A; — (1 — 0)K;C)X(1) + g(Wix(t — d(1)))

— K,'D,')Z(l‘ — d(l)) + (BU — KiBzi)W(l)

— oKy (Cix(1)) + (a(r) — o) (K;Cix(1)

— Ky (Cix(1))), 9)
Z(t) = Eix(1), (10)
where
g(Wix(t —d(t)) = f(Wix(t — d(t) + Ji) — f(Wix(t — d(t) + J),

(11)

Y, (Cix(1)) = Y (Cix(r)) — (Cix(1)). (12)

The following presentation will give us a detailed under-
standing of the problem.

Remark 1 Markovian switching systems are considered in
this paper, but the state of Markovian switching may be dif-
ferent with the state of systems. For example, many papers
[1,2, 11,13, 18] have considered the impulsive neural network
model, which belongs to a new category of dynamical systems,
soitis neither purely continuous-time nor purely discrete-time.

Remark 2 According to the given hypothesis [25,29], «(¢) is
a Bernoulli process white sequence taking values of 1 and O,
and indicating that the output of the plant y(¢) is linear or not,
with Prla(t) =1 =a, Prla(t) =0]=1—0o, where o€
[0, 1] is a known constant, for further calculation, we get

E(a(t)) =a  E(x(t) —a) =0, (13)

a=+/a(l —oa). (14)

Remark 3 Following from Remark 2, a(#) is not constant
and time-varying, which means the output nonlinear signal
will randomly appear in the measured output y(f). There-
fore, the advantage of the model is more flexible and adapt
to changes of the working conditions, even in some
unexpected situations.

Assumption 1 The activation function f{r) in (1) and
nonlinear function Y(¢) in (2) are both continuous and satisfy

<M ZI0) g (15)
my < WV e (16)

where f(0) =0, (0) =0, i=1,2,...,n.u#v, [; and
lf, m; and ml+ are real scalars, and they maybe positive,

negative, or zero.

Remark 4 From Assumption 1, we know that the bound
of activation function f(f) can be positive or negative,
which means it will be more general than usual Lipschitz
condition in [7].

Remark 5 The randomly occurred disturbance of neural
network has been deeply researched in literatures
[24, 26, 28, 29], where the nonlinear function /() satisfies
the sector bounded condition. In this paper, in order to
compare with [31], we will consider the same assumption
for the activation function in [31]. Here the nonlinear
functions f(r) and () satisfy the conditions (15)—(16).
Then with the stochastic variable o(z), the occurrence
probability of the event of (z) is defined.

The following lemmas are given which will be used in
our main results.

Lemma 1 [34] If there exists function v(t) : [0,d] — R",

such that f(gl vI(s)Xv(s)ds and f(;] v(s)ds are well defined,

the following inequality holds for any pair of symmetric
positive definite matrix X € R™"and d > 0.

_ /0 T () (s)ds < 75 < /0 dv(s)ds)TX /0 " s)s

Lemma 2 [5] For the given scalar d > 0, real matrix
Sand G satisfy
.S
>0,
S

then with e(r) = [x(r) & (0)]", w(t) = W' (1) w'(2)]",
one has

S G

_d/,_td ¢ (s)Sé(s)ds < — fTWTL S

}If(z‘).

where

{n)=1e"() ' (t—d) e'(t—d1))

I 0

H, filter problem can be utilized as: given a prescribed
level of noise attenuation p > 0, such that the following
conditions hold.

@ Springer



906

Int. J. Mach. Learn. & Cyber. (2018) 9:903-915

1. The error systems (9)—(10) with w(z) = 0 are globally
stochastic stable.
2.  Under the zero-initial condition

12012 <pllw(@®)]l,-

holds for any nonzero w(t) € L;[0, c0).

(18)

3 Main results

Theorem 1 For the given scalar d >0 and pu, the
resulting estimation error systems (9)—(10) are globally
stochastic stable with Hy, performance p, if there exist
positive matrices Pi1, Py, O11i, Q13is Q210> Q23i O11, O,
Ri1, Ry, Ri1, Rio, Si1, S2, Sit1, Sinp, diagonal matrices
T, = diag{l‘i17ti2, .. .,tin} >0, U= diag{uil,uiz, . .,I/t,‘n}

>0, and X;, Q2, Q12i» Qi Ri2, Rz, Si2, Sz, Gi =

G Gz with appropriate dimension, such that the
Gp1 G
following LMIs hold for i € N
Pi 0 i i
P = { ! ] >0, Q= {Q“ Q”] >0, (19)
*  Pp L LY
Or1i O On On
P = > 0, = >0, (20
Q> [ * Qz3:} Q [ * sz} (20)
Ry R Rii R
R— { 11 12} -0, Ri:[ 1 12] -0, (1)
* 2 * R
S S Si S;
G [ 1 12} -0, S = [ 1 12} =0, (22)
* Sy *  Spo
Si G
KED 23)
* S,'
> w0+ Ym0y <0, (24)
STt =
Z ;iR <R, Z m;S; < S, (25)
= =
Yir Vi Vi
=1 % 4 s | <O (26)
* * Y6
where
Q Qo Q3 0
*  Qu Qs 0
Vit = * x Qe 0|
* * *  Qp

@ Springer

Y2 =

Vi3 =

Yis =

©
Il

Qig =

[Pn 0 PyB;y 0 Ay 07
0 Py 0 Aig 0 Ap
0 0 0 0 0 0
0 0 0 0 0 0
Ao O 0 o 0 0]
0 Ao 0 0 0 0
0 0 0 0 0 0
L O 0 0 0 0 0 J
(—dATPy 0 0 adCTX']
0 Ain 0 0
0 0 0 0
0 0 0 0
0 0 0 0 ’
0 —dpx” 0 0
0 0 0 0
L o o o 0 |
Y =diag{—=T;,=T;,—p*I,—p*I, —U;, — Ui},
[ dPj 0 0 0
0 dP; 0 0
dBT,P; 0 0 0
0  dBTP,—dBLXT 0O 0 ’
0 0 0 —&dx”
L o —wdX” 0 0
(A2 Az 0 0
*  ANja O 0
* A Az |’
L * * * Aia
(A A g_lz’GiT'l éGgl
*  An]’ = L r L |
) EGilz aGi22
S S| 1, 1
_EGmJFaSill _gGi21+gSi12
_—éng +$S,-T12 _$G£2+$Si22_XiDi
—Qo1i — éSm — Oni — ésnz
i * — O — éSQZ
r1 1 1 1
*EGM +ES”1 *EGilerESilz
_—éGm +$S,-T12 —gllGizz +$sz2
A Ass - éRill - éRiu
* Ai6:|’ = 1 ’
- s - ERi22

A = —PaA; — Al Py + Z TP + Qi + Qi

J=1

1 1
+dQi +dRi +§d2R11 —;lsm -

CluM; C;,
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1 1
A = Qi + Oni +dQ1 +dRi12 + Edlez - 351'127

Ais = —PpA; — A] P — (1 = 0)XiC;

- (1—a)cix] + Z TiPp + Quzi + Qi + d0x
=

1 1
+dRix + Edszz - Sm = clum, C; + E'E,,

2 1 1
Aig = _ES”] +2Gi11 +3G51 — (1 = w)Quii — W/ TNy Wi,

2 1 1,
Ais = *gSilz JFgGilZ JrgGm — (1 = ) Q1

2 1 1
Ais = —35522 +3Gi22 +EG£2 — (1= w)Quzi — W TNy Wi
A7 = —Cl'UMy, A = PoBy; — XiBa,

A = —ClUMp — aXi,  Ajo = —W/ T:Np,

Aiy = —dAT Py —d(1 — o) CTXT,
1 1
Aijp = —2P;1 +=5; =S,
12 1+d 11-%-2 11
A *15 +1S Ajig = —2P —|—lS -I—lS
il3 _d i12 2 12, il4 = 2 d 22 ) 225
I 1
Na =171, Ni2:_gv
2
mp +m}

R _
My =m;m, Mp=— >

The gain matrices K; can be designed as

K; = P,'X;. (27)

Proof Combing (1)-(4) and (9)-(10), one has
e(t) =T (t) #(0], z2(t) =7 (r) Z7(1)]", we get the
following augmented system governing the estimation
error dynamics:

é(t) = &u(t) + (o) — ) Ei(1), (28)
Z(t) = Ee(t), (29)
where

&i(t) = Ae(t) + Die(t — d(t)) + Biw
Exi(t) = Cie(t) + Kidai(1),

, {—A, 0 } . {Bh 0 }
Ai = ) Bi = ’
0 —A—(1-0)KGC 0 Bu—KiBy

(30)
_ 0 0 _ 0 0 _
Ci:|: :|7 Dl:|: :|7 El:[o Ei]?
K.C; 0 0 —KD;
(31)
_ 0 0 _ 0 0
Gi:[ } Ki:[ } (32)
0 —okK; -K; 0

([) + 515(l) + Giézi(l‘),

Now we need to show the augmented error systems (28)—
(29) are globally stochastic stable, we choose the following
Lyapunov functions to begin this proof

V(t) =Vi(t) + Va(r) + V(1) + Va(t), (33)
where
Vi(t) = e’ (t)Pie(t), (34)
wo = [ ol + /t_tdeT(s)ine(S)ds
/ /, 0 5)dsd0), (35)
-], /,w
+[ / /MeT(s)Re(s)dsdocdH, (36)
- [ s
/ / / ] s)dsdod0. (37)

Firstly, we define the weak infinitesimal operator £ as

1
LV(t,e,i) = lim—

A0 A [E(V([ + A7 €A, rt+A|et7 = l) -

V(t, e, Q).

where E is defined as

E{V(t,e;, 1))} = V(0,e0,1:) + [E{/Ot V(s, es, rx)ds}.

Then for each i € NV, according to the weak infinitesimal
operator £, we have the stochastic differential

LV(1) = LVI(1) + LVa(1) + LV3(1) + LVa(0), (38)
where
LVi(1) = 267 (0Pié(s) + Z e ()P )
LV5(1) = ¢ (1) uielr) — G— d(e)e’ (1 - d(n)
X Quielt — d(1)) + Z - / (5)Quje(s)ds
T 0ae0) Tl = e~ )

+ Z Tclj / Q2]

T de" (1)0e(t) / e (5)Qe(s)ds,
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LV3(1) = de” (O)Rie(t) — / tdeT(s)Rie(s)ds

t

+zn:n[j/(;/t;0_eT( )Rje(s)dsd0

Jj=1

1
0l2 T 1)Re(t // s)Re(s)dsdo,
+6

LV,(1) = dé” (1)S:é(t) + EdzéT(t)Sé(t) — /Hi é"(s)S:é(s)ds
n 0 t
+Zn,-j /_ /wéT(s)Sjé(s)dst

Ll

Noting that m; >0, when j # i, and m; <0, one has

Zn,,/ (s)Qyje(s)ds < Z n,,/ (5)Qyje(s

J=1#

<Y [ e 60uels)as

j=Lj#i

$)dsd®.

In the view of (24), we obtain

Z T /l_d (s)Qyje(s)ds + Z Tj / (s)Qoje(s

j=1
t
—/ e’ (s)Qe(s)ds <O0. (39)
t—d
From (25), we also have the following calculation:
Zn,// / s)Rje(s)dsd0 — / / 5)dsd0 <0,
+0 +0
(40)
Zn,/ / 5)S;é(s)dsd0) — / / 5)dsd0 < 0.
+0 +0
(41)

By Lemma 1 and 2, it is known that

- [ et < - /trde<s>ds>TR,- [ et

Si G
* Si

1

- [ eoséwas - jor|

@ Springer

For any T; = diag{t“ Jling ooy tin} >0, U; = diag{u,-] ,Up,
. Uin} >0, considering the conditions in (15)—(16),
similar to [27], we obtain

Wie(t — d(1)) "TTNy TN Wie(t —d(1)) 44
|: (Su(t) :| |:Tl'N,'2 Ti :| |: 51/(’) :| §07 ( )
- T -
Cie(1) |:Z/liMi1 UiMp ] Cie(t) <0, (45)
92 (1) UM U, 02i(t)
where

T = diag{T;, T;},
N = diag{N;1,Ni },
N = diag{Np,Np},

W; = diag{W;, W;},

ui = diag{Uh U,‘}7
My = diag{M;1,M; },
My = diag{Mj»,Mp},
C; = diag{C;, C;}.
Considering the (39)—(45) and noting (5), then we take the

mathematical expectation of LV(f) with the conditions
(13)—(14), and we finally get

E{LV(1)} < E{ZeT(t)Pi(Aie(t) + De(r — d(r))

+ Bow(1) + 61,(1) 4+ Gidxi(1))
+ zn: e’ (t)Pie(t) + e’ (1)Quie(t)
(l—u)eT(t d(1))Quie(r — d(t))

¢! (1)Qaie(t) — €' (t — d)Que(t — d)
+de() e(t) + de” (1)Rie (1)

([ e )TR,

+ EdzeT(t)Re(t) —= fT(t)ZT {Sl G

0

+&ul0) (dS + s )m )+ E50)
X (dS,» +%d23> Eat) — [W,-e(t—d(t))r

(Sll‘(l)
[Ti/\/il TiNiZ] {Wie(t —d(1)) }
X
TNo T; 01;(1)
| Gie(r) ! [uiMil uiMi2:| Cie(t)
o2(t) | UM Ui 82 (1)
Now, we define a function:
T = LV(t) + 7 (0)z(t) — p*w" (t)w(2).
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Taking (17) into consideration,

it is not difficult to

Qi :PiA_i+AiTPi+Z7Tiij+Q1i+Q2i+dQ+dRi

obtain .
j=1
T 2=T 1 1 1 5 ~T ~ ~rs L
E{j}SE 4 (l) +d =04 dS +ZS S +§d R—CiL{,-M“C,-—kE[ E,'—gS,‘,
22 (46) Q —1GT Qi3 = 1GT 15 P:D
+d‘:§l<d5+ S)_zlﬂé(;), 2= 50 B= T i+2 i + PiD;,
- 1 - 1 1
Letting $; = 1S; 4+ 15, and we obtain Qy =— 0 — d Qs = _EGi + ESi’
- 2 1 _ _
. T &= DT & Qi =—=35; G; GT i — WITNaW,
E{J} <E{" (1)[Zy; + B[ SiE 1 + I’ @ ELSEn]E(1)} 6 =gt gbity (1= @)Qui =W, I
v = - 1
= E{& (0Z1¢(1)} (47) Qp=-— R
where -
If X4; <0, by Schur complement, it follows from (47) that
[Q1 Qo Q5 O P; PB; PG, —C'UiM, dATS; daC's;]
x Qu Qs 0 0 0 0 0 0
* * Qi6 0 - WiTT[le 0 0 dD_,'TS,‘
* * * * -7; 0 0 ds; 0 <0, (48)
* * * * * — p?I 0 dB;TS; 0
* * * * * * —U; dG;TS; dakK"S;
* * * * * * * —S; 0
L * * * * * * * * - gz J
Ei=[A 0 D; 0 1 B G Then pre-. and Post-multiplying (48) by diag{l, 1,1,
Zx=[C, 0000 0 K] LIL1,I,PS; ' P;S;~'} and its transpose, we get
2y =2y + B SiEy + A @ ELS By,
[Qn Qo Q3 O P; PB; PG —ClUiMy
* Q,‘4 Q,’5 0 0 0 0
x ok Qg 0 —WT N, 0 0
Zi=| o+ % o+ Qp 0 0 0 ,
£ % % % e 0 0
* * * * * — p21 0
| * * * * * * —U; ]
Q1 Qn Qs 0 P; PB; PG, —ClUiMp  dA"P; daCi"P; |
« Qu Qs 0 0 0 0 0 0
* * Qi6 0 - WiTTile 0 0 dD_iTPi 0
* * * * —T; 0 0 dP; 0 <0, (49)
* * * * * — p?I 0 dB;TP; 0
* * * * * * — Z/[,‘ dGiTPi dO_CIEiTPi
* * * * * * * — PSP 0
L * * * * * * * * — P,»STFIP,_
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Thus, J <0, in the view of the fact that —P;S;”"'
P; < —2P; + S;, by noting (27), (19)=(23) and (30)—(32), it
is noting that £ <0 implies (26) holds, since w(r) # 0, we
have J <0, that is ||Z(7)]l, <p|[lw(®)]|,-

When w(t) = 0, the augmented system will be:

é(t) = &;(t) + (a(r) — ) &ai(1),

where

Eii(t) = Ase(t) + Die(t — d(1)) + S1:(t) + Gidni (1),
(1) = Cie(t) + Kidoi(1),

We choose the same Lyapunov functions (33) and calculate
the weak infinitesimal operator LV (z). In this case, by the
similar line of the derivative of (46), we get:

E{J} <E{&(1)[Z); + d°ELS,E); + d*a*EL.SiEx]E(1)}

where
&n=le"(1) ' (1—d) (f*d(l))/ttd (s)ds o7,(r) d5(r))"
Ei=[4 0 D; 01 G,
=[G 0000 K],
[Qn Qo Q3 0 pP; PG, — C’ UM T
x Qu Qs 0 0 0
s, - % Qg 0 —W/TNp 0
* % % Qp 0 0
* * * * —-T; 0
L * * * * * —U; ]

With similar step (48)—(49), we get the following matrix
inequality:

Q1 Qo Qs O P; P,G; — CTU;M;,
x Qu Qs 0 0 0
* x Qi 0 —WITNp 0
* * x  Qp 0 0
* * * * - T; 0
* * * * * —U,;
* * * * * *
L * * * * * *

Remark 6 The measurement model is proposed in (2),
which provides a novel unified framework for the phe-
nomenon of randomly occurred nonlinearities. The stochastic
variable «(#) characterizes the random nature of nonlineari-
ties, when o(f) # 0, it works normally. When «(7) = 0, the
static neural networks (1)—(4) have the following formin [31]:

X(t) = —A(r)x(t) + f(W(r)x(t = d(1)) + I (r1)) + Bi(re)w(1),
(51)
y(t) = C(r)x(t) + D(r)x(t — d(1)) + Ba(r)w(r),  (52)
z(t) = E(r)x(1), (53)
x(t) = ¢(r), re€[-d,0]. (54)
the state estimator is constructed as follows:
x(1) = —A&() + f(Wik(r — d(1)) + ;)
+ Kily(r) — Cix(r) — Dix(z — d(1))],
ZA(t) = Ei-f(t)7
x(0)=0, te][-d,0].
and we finally get the error systems:
#(e) = ~(As + K COE(0) + g(Wil(t — d() 55)
— K;Dix(t — d(t)) + (By; — KiBo)w(t),
Z(t) = Ex(1). (56)

Corollary 1 For the given scalars d > 0 and p in (5),
considering (51)—(54), the resulting error systems (55)—
(56) are globally stochastic stable with H, performance
p, if there exist real matrices P; >0, Q1; >0, Oy >0,
0>0, R>0, R, >0, §>0, S; >0, diagonal matrix

dA;TP; dac;'p;
0 0
dD;TP; 0
0 0 <0, (50)
dP; 0
dG"P; daK;"P;
— PSP, 0
* — PSP, ]

In the view of the fact that —P;S;”'P; < — 2P; + S;, by
noting (27), (19)—(23) and (30)—(32), it is noting that (26)
implies (50) holds. Therefore, the estimation error sys-
tems with w(z) = 0 are stochastically stable, this ends the
proof. O

@ Springer

T; = diag{ti1,ti2, .., tin} >0, G; and X;. Such that the
following LMIs hold for i € N

n

Z 701 + Z 7;;02; <0,

=l =1

(57)
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n n
DmRISR, Y mS<S, (58)
j=1 j=1
[S; G;
’ } >0, (59)
L*x S
o, ) ) ) -
Q; p G; Qp 0 P Qp Qy
~ 1 1
Q; G +-=S 0 0 0 0
ot ity
o Qis 0 Q; 0 —dD'X"
1 <0,
——R; O 0 0
* * * p
* * * * -7, O dP;
* * * * * — p2I Q,-g
L * * * * * * éig i
(60)
where
- n
Qil = 7PiA,' 7AITP,7X,C,*CITXZT+ZTC,]P]
j=1

+ Q1 + 02 +dQ + dR;

1 1
~d’R+E'E;, — =5,
+5d°R+E, y

- 1 1 .
Qp = _EGiT +5Si— X:D;, Q3 = PiB1; — X;By;,
~ ~ 1
Qi = —dA]Pi — dC{X], Qis = =021 = =S,
o = — 28+ G+ 267 (1 — )01 — WIT,Ny W,
i6 d i d i d i n li i Vil Vi,
Q7 = =W/ NuT;, Qi = d(B[,Pi — BX]),
~ 1 1
Q= 2P+ -8 +=5.
9 +d +2

Then the gain matrices K; is designed as K; = P,.‘IX,-.

Remark 7 Compared with [31], in order to handle the
integral terms in the time derivative of the Lyapunov
function, the number of time variable is reduced by the
Wirtinger inequality at the expense of conservatism in [31].
The number of decision variables for time complexity is
£(5n* +9n) +3n(n+1). While in Corollary 1, by
employing Jensens inequality and the reciprocally convex
combination technique [32, 33], a lower bounder inequality
in Lemma 2 is qutoed to reduce conservativeness with the
number % (7n* 4+ 9n) +3n(n+ 1). The difference of the
number of decision variables are AN = in2, which caused
by the freely matrices G;. Here, G; in (59) is introduced in
the reciprocally convex approach. However, the less con-
servativeness are achieved at the expense of introducing
more number of variables with AN = in?, which will bring
computational burdens.

Remark 8 1Tt is noticed that the filter design problem
studied in [31] is a special case of this paper, and we can
easily obtain the much less conservative result in Corollary
1. It should be noted that the derivative of delay p in [31]
will be invalid if ¢ > 1. But in this paper, the finally con-
dition holds for any u (see Table 3).

4 Numerical examples

Example 1 Considering the neural networks (51)-(54)
with parameters in [31]:

Mode 1:
074 0 032 —0.17]
Tl o 098] ' 029 043 |
—-0.05 0.21
By = By =[0.08 0.25], C;=[0.20 —0.11],
0.13 —-0.32
0.78 —0.531
Dy =[-0.10 0.14]E, = , 17 =031, If =0.81.
~1.02 046 |
Mode 2:
0.82 0 —0.13 0.74
Ay = { }7 L= { ]7
0 0.67 —-048 —0.17
0.12 —0.30
Bp = { }
—0.54 0.06
Byp =[018 —020], C,=[026 0.09],
D, =[037 —0.51]
063 035 ]
E, = { },2 =021, If =06l
099 —-041

Suppose the transition probability matrix is given by

-3 3
N
5 =5

Firstly, we let u = 0.3, and change the upper bounder d of
time delay with IT;, the results are listed in Table 1. Then
according to [31], we have u = 0.8, d = 0.9, for different
o with my = —m;p = —0.5, the results are shown in
Table 2. Finally, we let d=0.7, u=12 with
m = —mp = —0.5, for different 7m,,, the results are
summarized in Table 3. And “—” means that the result is
not applicable to the corresponding case. In this Corollary 1,
utilizing the inequality in Lemma 2 of this paper which is
different from Lemma 2 of [31], the conservatism of the
results is reduced when compared with the method in [31].
From these tables, we can see the prescribed level of noise
attenuation p is much lower and the time derivative of the
time-varying delay is no longer required to be smaller than
one. The number of decision variables for time complexity
in [31] are 47, while in Cor ollary 1 are 55 for the reason of
the introduced matrices G| and G,.
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Table 1 The optimal H,,
performance indices p,,;, for
different d

Table 2 The optimal H,
performance indices p,,;, for
different 7y

d 0.4 0.6 0.8 1.0 1.2
Theorem 1 [31] 1.6684 2.3948 3.3094 5.4958 53.6441
Corollary 1 0.3301 0.3527 0.3990 0.5221 0.7168
K, 0.7611 0.7608 0.7578 0.7667 0.8182
—0.9354 —0.9302 —0.9233 —0.9793 —0.9207
K 1.5821 1.5365 1.1131 0.4555 0.0902
—1.5236 —1.2565 —0.9489 —0.7938 —0.5314
5% —0.1 -0.3 -0.5 -0.7 -0.9
Theorem 1 [31] 2.9829 4.8477 8.1468 14.5513 30.1896
Corollary 1 0.4374 0.4491 0.4599 0.4704 0.4789
K, 0.9669 0.9210 0.9471 0.9065 0.8842
—0.7389 —0.7804 —0.7298 —0.7638 —0.7861
K> 0.6458 0.7185 0.7434 0.7914 0.8416
—-0.9134 —0.9736 —0.8938 —0.8601 —0.8309

Table 3 The optimal H,, performance indices p,,;, for p=1.2

Example 2 Considering the delay static neural networks
(1)—(4) with the following parameters:

%y —0.1 —-0.3 -0.5 -0.7 -0.9
Theorem 1 [31] - - - - - Mode 1:
Corollary 1 04269 04317 04377 04434  0.4486 _ [0-84 0 ] Wi — [0-12 —0-37]
"“lo o09)] "' lo22 013 ]
The activation functions are chosen as f(Wx By, = [—0.15 0.22 } By — [0.01 —0.21]
(t — d(1)) = 0.25sin(Wy1) +0.55, and f(Wax(t — d(t)) = —0.33 —0.62 001 02 |
0.2sin(Wyt) + 0.4, the noise disturbance is chosen as 040 —0.11 —-0.23 0.14
w(t) = e ¥s5in(0.6t), when u=0.3, d=12, p=0.72, L= [_0_11 021 ]’ = { 0.1 0.1 }
and IT; are taken with the initial condition x(0) = [—12]”, 014 —0.22 - .
#(0) = [0.51]", the simulation results are plotted in Figs. = [0_02 —2.46]’ L =031 I =081,
1, 2'. One needs to pay attention is that the value of K; and mT =031, mi =05l
K5 in Tables 1, 2 are calculated from Corollary 1.
Fig. 1 State trajectories, 25 . . . . . . . . .
estimation and Markov chain r,
(Corollary 1) 3
2 - -
g 2f |
150 E; -
) =1
1f 0 : : : -
\ 0 0.5 1 1.5 2
t/sec
0.51" .
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Fig. 2 Estimation error 15

(Corollary 1)

05}

€1

— — — e

0 0.2 0.4

Table 4 The optimal H, performance indices p,,, for different
dand u

d 0.5 0.1 1.5 2.0 2.5
nw=04 0.2752 0.3256 0.4137 0.7909 1.5932
w=1.1 0.2752 0.3262 0.4208 0.8032 1.7266
Mode 2:
0.62 0 0.22 0.14
A2 = ’ W2 = )
0 0.87 —-0.28 —-0.47
—-0.12 -0.20 0.28 —-0.45
By, = 20 = ,
—-0.14 0.26 0.02 0.31
1.36 1.09 0.17 -0.51
C, = y 2=
—-0.3 0.04 0.13 0.21
0.23 —-0.55 3
h = , I, =021, 12+ = 0.61,
0.19 -0.21
m; = 0.1/, m; =0.31.

Suppose the transition probability matrix is given by

. — -5 5

P33
Let « =0.82, for u=0.4 and p= 1.1, we change the
values of time delay d with I1, respectively. The results are

0.6 0.8 1 1.2 1.4 1.6 1.8 2

presented in Table 4. From Table 4, when the time-delay
d increase, the optimal H,, performance indices p,,, is
increasing for different u.

We choose the same activation functions f(Wx(r —
d(1)) and f(Wax(t — d(1)), noise disturbance w(r) in Exam-
ple 1, initial conditions x(0) = [—12]", £(0) = [0.51]".
When (Cix(t)) = 0.1sin(C1t) + 0.4, (Cox(r)) = 0.1
sin(Cat) + 0.2, u=1.1, d=25, p=1.7266 with Iy,
then the simulation results are plotted in Figs. 3, 4.

5 Conclusions

This paper has addressed the problem of H, filter design
for delayed static neural networks with Markovian
switching and randomly occurred nonlinearity. Bernoulli
stochastic variable and the double- and triple-integral
terms of the Lyapunov functions are taken into account.
In the process of the derivation without the Bernoulli
stochastic variable, the double integral terms will be
easy to handled and we end up with a smaller prescribed
level of noise attenuation. Two numerical examples have
demonstrated the effectiveness of the proposed approach.
Based on the analysis in this paper, the other further
results can be extended to more complex systems. For
example, it is possible to generalize reciprocally convex
approach subject to the asymmetric static neural
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Fig. 3 State trajectories, 2.5 T T

estimation and Markov chain r,

3
Theorem 1
( ) ol |
N Il I
8
150 2, I
1F 0 : : ! y 7
0 1 2 3 4 5
\
t/sec
0.5¢ :
|
0 —%’*;;%%H*%ﬁ*%%%*%%*%%*H%—Hﬁ%*%ﬁe%e**H%«*se
> * T
-0.5f v & b
_1** 2 .
— = =y
_1 5 1 1 1 1 1 1 1 1 1

Fig. 4 Estimation error 1.5 T T

1.5 2 2.5 3 3.5 4 4.5 5
t/sec

(Theorem 1)

051 |

_2 1 1

networks with Markovian jumping or fuzzy neural net-
works with Markovian jumping. It will be interesting to
be investigated in future.
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