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Abstract We propose a class of neutral type high-order

Hopfield neural networks with mixed time-varying delays

and leakage delays on time scales. Applying the expo-

nential dichotomy of linear dynamic equations on time

scales, Banach’s fixed point theorem and theory of calculus

on time scales, we obtain several sufficient conditions to

ensure the existence and global exponential stability of

pseudo almost periodic solutions of the proposed neural

networks. Finally, we illustrate the effectiveness of the

obtained results with an example. The example also shows

that the continuous-time neural network and its discrete-

time analogue have the same dynamical behaviors when

considering the pseudo almost periodicity.

Keywords Hopfield neural networks � Mixed time-varying

delays � Leakage delays � Pseudo almost periodic

solutions � Time scales

1 Introduction

Due to the fact that high-order Hopfield neural networks

(HHNNs) have stronger approximation property, faster con-

vergence rate, greater storage capacity, and higher fault

tolerance than lower-order ones, numerous works have inten-

sively analyzed HHNNs in recent years. In particular, there

have been many results on the problem of the existence and

stability of equilibrium points, periodic solutions and almost

periodic solutions of HHNNs in the literatures. We refer the

reader to [1–9] and the references cited therein. In [1], the

problem about global exponential stability properties of high-

order Hopfield-type neural networks was studied applying

Lyapunov functions; in [2], the authors derived some sufficient

conditions for the global asymptotic stability of equilibrium

points of HHNNs with constant time delays in terms of linear

matrix inequality.

It is natural and important that, when describe and

model the dynamics for a complex neural reaction [10],

some information about the derivative of the past state

should be included. Many works investigated the dynami-

cal behaviors of neutral type neural networks. For example,

stabilities, periodic solutions, almost periodic solutions and

pseudo almost periodic solutions for different classes of

neutral type neural networks were studied in [11–16].

It is well known that time delays inevitably exist in

biological and artificial neural networks because of the

finite switching speed of neurons and amplifiers [17–19],

which can also affect the stability of the systems and may

lead to some complex dynamical behaviors such as oscil-

lation, chaos and instability. In [20] the mixed time-varying

delays were taken into account when modeling realistic

neural networks. Moreover, the leakage delay as a type of

time delay in the leakage term of the systems and as a

considerable factor affecting dynamics for the worse in the

systems, is being introduced to the problem studying sta-

bility for neural networks. Such time delay in the leakage

term is difficult to handle, however, it has great impact to

the dynamical behavior [21–27]. It is significant to discuss

neural networks with time delays in the leakage term.
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In history, both continuous-time and discrete-time neu-

ral networks are important in various applications. In Hil-

ger’s Ph.D. dissertation [28], the theory of time scales was

initiated, which can unify the continuous and discrete

systems. Since then, many works have studied the

dynamics of neural networks on time scales [15, 29–31]. In

[30], for a class of neutral type HHNNs with delays in

leakage terms on time scales, some sufficient conditions for

the existence and global exponential stability of almost

automorphic solutions were obtained; in [31], for com-

petitive neural networks with delays in the leakage terms

on time scales, the existence and global exponential sta-

bility of anti-periodic solutions were investigated.

The concept of pseudo almost periodicity, which is the

central subject of this paper, was introduced by Zhang [32].

Dads et al. in [33] pointed out that it would be of great interest

to study the dynamics of pseudo almost periodic systems

with time delays. Pseudo almost periodic solutions, which

are more general and complicated than periodic and almost

periodic solutions, in the context of differential equations

were studied in [16, 34–49]. The work of [48] studied the

existence and the global exponential stability of positive

pseudo almost periodic solutions. In [49], using the expo-

nential dichotomy theory and the contraction mapping fixed

point theorem, the existence and uniqueness of pseudo

almost periodic solutions of the shunting inhibitory cellular

neural networks with time-varying delays in the leakage

terms were discussed. However, few papers are available for

the existence of pseudo almost periodic solutions for discrete

time neural networks with or without delays.

Li and Wang [50] proposed recently the concept of

pseudo almost periodic functions on time scales. There are

few works on the existence and stability of pseudo almost

periodic solutions for neural networks of neutral type with

mixed time-varying delays and leakage delays on time

scales, which have importance in theories and applications,

and is a challenging problem.

In this paper, we propose a neutral type high-order

Hopfield neural network with mixed time-varying delays

and leakage delays on time scales:

xri ðtÞ ¼ �ciðtÞxiðt � diðtÞÞ þ
Xn

j¼1

aijðtÞfjðxjðtÞÞ

þ
Xn

j¼1

bijðtÞgjðxjðt � sijðtÞÞÞ

þ
Xn

j¼1

dijðtÞ
Z t

t�rijðtÞ
hjðxrj ðsÞÞrs

þ
Xn

j¼1

Xn

l¼1

TijlðtÞkjðxjðt � nijlðtÞÞÞklðxlðt � fijlðtÞÞÞ

þ IiðtÞ; t 2 T; ð1Þ

where T is an almost periodic time scale, i ¼ 1; 2; . . .; n,

n corresponding to the number of units in a neural net-

work; xiðtÞ is the activation of the ith neuron at time t;

ciðtÞ[ 0 represents the rate at which the ith unit resets

its potential to the resting state in isolation when dis-

connected from the network and external inputs at time

t; aijðtÞ, bijðtÞ and dijðtÞ are the delayed strengths of

connectivity, neutral delayed strengths of connectivity

between cell i and j at time t, respectively; TijlðtÞ denotes
the second-order connection weight of the neural net-

work; fj, gj, hj and kj are called the activation functions

in the system; IiðtÞ is an external input to the ith unit at

time t; di denotes the leakage delay satisfying

t � diðtÞ 2 T; sij, rij, nijl and fijl are transmission delays

satisfying t � sijðtÞ 2 T , t � rijðtÞ 2 T, t � nijlðtÞ 2 T,

t � fijlðtÞ 2 T with t 2 T.

Let ½a; b�T ¼ ftjt 2 ½a; b� \ Tg. We also need the fol-

lowing notations:

cþi ¼ sup
t2T

jciðtÞj; c�i ¼ inf
t2T

jciðtÞj; dþi ¼ sup
t2T

jdiðtÞj;

sþij ¼ sup
t2T

jsijðtÞj;

rþij ¼ sup
t2T

jrijðtÞj; nþijl ¼ sup
t2T

jnijlðtÞj; fþijl ¼ sup
t2T

jfijlðtÞj;

aþij ¼ sup
t2T

jaijðtÞj;

bþij ¼ sup
t2T

jbijðtÞj; dþij ¼ sup
t2T

jdijðtÞj; Tþ
ijl ¼ sup

t2T
jTijlðtÞj;

i; j; l ¼ 1; 2; . . .; n:

The initial condition of the system (1) is of the form

xiðsÞ ¼ uiðsÞ; xri ðsÞ ¼ ur
i ðsÞ; s 2 ½�h; 0�T; ð2Þ

where h ¼ maxfd; s; r; n; fg, d ¼ max1� i� nfdþi g, s ¼
max1� i;j� nfsþij g, r ¼ max1� i;j� nfrþij g, n ¼ max1� i;j;l� n

fnþijlg, f ¼ max1� i;j;l� nffþijlg, i; j; l ¼ 1; 2; . . .; n. ukð�Þ is a

real-valued bounded r-differentiable function defined on

½�h; 0�T.
We organize the paper as follows. In Sect. 2, we intro-

duce some definitions, as preparations for later sections.

We also extend the almost periodic theory on time scales

with the delta derivative to that with the nabla derivative.

We present some sufficient conditions for the existence of

pseudo almost periodic solutions of (1) in Sect. 3, applying

some Banach’s fixed point theorem and the theory of cal-

culus on time scales. In Sect. 4, we prove that the pseudo

almost periodic solution obtained in the previous section is

globally exponentially stable. In Sect. 5, we demonstrate

the feasibility of our results by an example. We make a

conclusion in Sect. 6.

Remark 1.1 This is the first time to study the pseudo

almost periodic solutions of system (1). Since it is a r-
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dynamic system on time scales, the results obtained in

[15, 29, 30, 50, 53, 54] concerning the M-dynamic systems

cannot be directly applied to (1). Besides, since it studies

almost periodic problem, although paper [56] deals withr-

dynamic systems on time scales, its results also cannot be

directly applied to (1).

2 Preliminaries

In this section, we shall first recall some fundamental

definitions and lemmas. Also, we extend the pseudo almost

periodic theory on time scales with the delta derivative to

that with the nabla derivative.

A time scale T is an arbitrary nonempty closed subset of

the real number set R with the topology and ordering

inherited from R. The forward jump operator r : T ! T is

defined by rðtÞ ¼ inf
�
s 2 T; s[ t

�
for all t 2 T, while

the backward jump operator q : T ! T is defined by

qðtÞ ¼ sup
�
s 2 T; s\t

�
for all t 2 T.

A point t 2 T is called left-dense if t[ inf T and

qðtÞ ¼ t, left-scattered if qðtÞ\t, right-dense if t\ supT

and rðtÞ ¼ t, and right-scattered if rðtÞ[ t. If T has a left-

scattered maximum m, then Tk ¼ T n fmg; otherwise

Tk ¼ T. If T has a right-scattered minimum m, then

Tk ¼ T n fmg; otherwise Tk ¼ T. Finally, the backwards

graininess function m : Tk ! ½0;1Þ is defined by

mðtÞ ¼ t � qðtÞ.
A function f : T ! R is ld-continuous provided it is

continuous at left-dense point in T and its right-side limits

exist at right-dense points in T.

Definition 2.1 [51, 52] Let f : T ! R be a function and

t 2 Tk. Then we define f
rðtÞ to be the number (provided its

exists) with the property that given any e[ 0, there is a

neighborhood U of t (i.e, U ¼ ðt � d; t þ dÞ \ T for some

d[ 0) such that

jf ðqðtÞÞ � f ðsÞ � frðtÞðqðtÞ � sÞj� ejqðtÞ � sj

for all s 2 U, we call frðtÞ the nabla derivative of f at t.

Let f : T ! R be ld-continuous. If FrðtÞ ¼ f ðtÞ, then
we define the nabla integral by

R b

a
f ðtÞrt ¼ FðbÞ � FðaÞ.

A function p : T ! R is called m-regressive if 1�
mðtÞpðtÞ 6¼ 0 for all t 2 Tk. The set of all m-regressive and

left-dense continuous functions p : T ! R will be denoted

by Rm ¼ RmðTÞ ¼ RmðT;RÞ. We define the set Rþ
m ¼

Rþ
m ðT;RÞ ¼ fp 2 Rm : 1� mðtÞpðtÞ[ 0; 8t 2 Tg.
If p 2 Rm, then we define the nabla exponential function

by

êpðt; sÞ ¼ exp

�Z t

s

n̂mðsÞ
�
pðsÞ

�
rs

�
; for t; s 2 T

with the m-cylinder transformation

n̂hðzÞ ¼
�
� logð1� hzÞ

h
if h 6¼ 0;

z if h ¼ 0:

Let p; q 2 Rm, then we define a circle plus addition by

ðp�m qÞðtÞ ¼ pðtÞ þ qðtÞ � mðtÞpðtÞqðtÞ, for all t 2 Tk. For

p 2 Rm, define a circle minus p by �mp ¼ � p
1�mp.

Lemma 2.2 [51, 52] Let p; q 2 Rm, and s; t; r 2 T. Then

(i) ê0ðt; sÞ � 1 and êpðt; tÞ � 1;

(ii) êpðqðtÞ; sÞ ¼ ð1� mðtÞpðtÞÞêpðt; sÞ;
(iii) êpðt; sÞ ¼ 1

êpðs;tÞ ¼ ê�mpðs; tÞ;
(iv) êpðt; sÞêpðs; rÞ ¼ êpðt; rÞ;
(v) ðêpðt; sÞÞr ¼ pðtÞêpðt; sÞ.

Lemma 2.3 [51, 52] Let f, g be nabla differentiable

functions on T, then

(i) ðv1f þ v2gÞr ¼ v1f
r þ v2g

r, for any constants

v1; v2;

(ii) ðfgÞrðtÞ ¼ frðtÞgðtÞ þ f ðqðtÞÞgrðtÞ ¼ f ðtÞgrðtÞ
þfrðtÞgðqðtÞÞ;

(iii) If f and fr are continuous, then ð
R t

a
f ðt; sÞrsÞr ¼

f ðqðtÞ; tÞ þ
R t

a
f ðt; sÞrs:

Lemma 2.4 [51, 52] Assume p 2 Rm and t0 2 T. If 1�
mðtÞpðtÞ[ 0 for t 2 T, then êpðt; t0Þ[ 0 for all t 2 T.

Lemma 2.5 Suppose that f(t) is an ld-continuous function

and c(t) is a positive ld-continuous function which satisfies

that cðtÞ 2 Rþ
m . Let

gðtÞ ¼
Z t

t0

ê�cðt; qðsÞÞf ðsÞrs;

where t0 2 T, then

grðtÞ ¼ f ðtÞ � cðtÞ
Z t

t0

ê�cðt; qðsÞÞf ðsÞrs:

Proof

grðtÞ ¼
�Z t

t0

ê�cðt; qðsÞÞf ðsÞrs

�r

¼
�
ê�cðt; t0Þ

Z t

t0

ê�cðt0; qðsÞÞf ðsÞrs

�r

¼ ê�cðqðtÞ; t0Þê�cðt0; qðtÞÞf ðtÞ � cðtÞê�cðt; t0Þ
Z t

t0

ê�cðt0; qðsÞÞf ðsÞrs

¼ f ðtÞ � cðtÞ
Z t

t0

ê�cðt; qðsÞÞf ðsÞrs:

The proof is complete. h
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Definition 2.6 [53, 54] A time scale T is called an almost

periodic time scale if

P :¼ fs 2 R : t 	 s 2 T; 8t 2 Tg 6¼ f0g:

Definition 2.7 Let T be an almost periodic time scale. A

function f 2 CðT;RnÞ is called an almost periodic on T, if

for any e[ 0, the set

Eðe; f Þ ¼ fs 2 P : jf ðt þ sÞ � f ðtÞj\e; 8t 2 Tg

is relatively dense; that is, for any given e[ 0, there exists

a constant lðeÞ[ 0 such that each interval of length lðeÞ
contains at least one s ¼ sðeÞ 2 Eðe; f Þ such that

jf ðt þ sÞ � f ðtÞj\e; 8t 2 T:

The set Eðe; f Þ is called the e-translation set of f(t), s is

called the e-translation number of f(t) and lðeÞ is called the

contain interval length of Eðe; f Þ.

Let APðTÞ ¼ ff 2 CðT;RnÞ: f is almost periodic} and

BCðT;RnÞ denote the space of all bounded continuous

functions from T to Rn. Define the class of functions

PAP0ðTÞ as follows:

PAP0ðTÞ ¼
�
f 2 BCðT;RnÞ : f is r� measurable such that

lim
r!þ1

1

2r

Z t0þr

t0�r

jf ðsÞjrs ¼ 0; where t0 2 T; r 2 P

	
:

Similar to Definition 4.1 in [50], we give

Definition 2.8 A function f 2 CðT;RnÞ is called pseudo

almost periodic if f ¼ gþ /, where g 2 APðTÞ and

/ 2 PAP0ðTÞ. Denote by PAPðTÞ, the set of pseudo

almost periodic functions.

By Definition 2.8, one can easily show that

Lemma 2.9 If f ; g 2 PAPðTÞ, then f þ g; fg 2 PAPðTÞ;
if f 2 PAPðTÞ; g 2 APðTÞ, then fg 2 PAPðTÞ.

Lemma 2.10 If f 2 CðR;RÞ satisfies the Lipschitcz

condition, u 2 PAPðTÞ, h 2 C1ðT;PÞ and g :¼ inft2T

ð1� hrðtÞÞ[ 0, then f ðuðt � hðtÞÞÞ 2 PAPðTÞ.

Proof From Definition 2.8, we have u ¼ u1 þ u2, where

u1 2 APðTÞ and u2 2 PAP0ðTÞ. Set

EðtÞ ¼ f ðuðt � hðtÞÞÞ ¼ f ðu1ðt � hðtÞÞÞ þ ½f ðu1ðt � hðtÞÞ
þ u2ðt � hðtÞÞÞ � f ðu1ðt � hðtÞÞÞ� ¼ E1ðtÞ þ E2ðtÞ:

Firstly, it follows from Theorem 2.11 in [53] that

E1 2 APðTÞ. Next, we show that E2 2 PAP0ðTÞ. Since

lim
r!þ1

1

2r

Z t0þr

t0�r

jE2ðsÞjrs

¼ lim
r!þ1

1

2r

Z t0þr

t0�r

jf ðu1ðs� hðsÞÞ þ u2ðs� hðsÞÞÞ

� f ðu1ðs� hðsÞÞÞjrs

� lim
r!þ1

L

2r

Z t0þr

t0�r

ju2ðs� hðsÞÞjrs

and

0� 1

2r

Z t0þr

t0�r

ju2ðs� hðsÞÞjrs

¼ 1

2r

Z t0þr�hðt0þrÞ

t0�r�hðt0�rÞ

1

1� hrðsÞ
ju2ðuÞjru

� 1

g
r þ hþ

r

1

2ðr þ hþÞ

Z t0þrþhþ

t0�ðrþhþÞ
ju2ðuÞjru ¼ 0;

E2 2 PAP0ðTÞ. Thus E 2 PAPðTÞ. The proof is com-

plete. h

Similar to Definition 2.12 in [53], we give

Definition 2.11 Let A(t) be an n
 n matrix-valued

function on T. Then the linear system

xrðtÞ ¼ AðtÞxðtÞ; t 2 T ð3Þ

is said to admit an exponential dichotomy on T if there

exist positive constant K; a, projection P and the funda-

mental solution matrix X(t) of (3), satisfying

kXðtÞPX�1ðsÞk0 �Kê�maðt; sÞ; s; t 2 T; t� s;

kXðtÞðI � PÞX�1ðsÞk0 �Kê�maðs; tÞ; s; t 2 T; t� s;

where k � k0 is a matrix norm on T (say, for example, if

A ¼ ðaijÞn
m, then we can take kAk0 ¼ ð
Pn

i¼1

Pm
j¼1 jaijj

2Þ
1
2Þ.

Consider the following pseudo almost periodic system:

xrðtÞ ¼ AðtÞxðtÞ þ f ðtÞ; t 2 T; ð4Þ

where A(t) is an almost periodic matrix function, f(t) is a

pseudo almost periodic vector function. Similar to the proof

of Theorem 5.2 in [50], we can get the following lemma.

Lemma 2.12 Suppose that A(t) is almost periodic, (3)

admits an exponential dichotomy and function

f 2 PAPðTÞ. Then (4) has a unique bounded solution x 2
PAPðTÞ that can be expressed as follows:

xðtÞ ¼
Z t

�1
XðtÞPX�1ðqðsÞÞf ðsÞrs

�
Z þ1

t

XðtÞðI � PÞX�1ðqðsÞÞf ðsÞrs;
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where X(t) is the fundamental solution matrix of (3).

Similar to the proof of Lemma 2.15 in [53], we have

Lemma 2.13 Let ci : T ! Rþ be a bounded ld-continu-

ous function, ci 2 Rþ
m and min1� i� nfinft2T ciðtÞg[ 0.

Then the linear system

xrðtÞ ¼ diagð�c1ðtÞ;�c2ðtÞ; . . .;�cnðtÞÞxðtÞ

admits an exponential dichotomy on T.

3 Existence of pseudo almost periodic solutions

In this section, we will state and prove the sufficient con-

ditions for the existence of pseudo almost periodic solu-

tions of (1).

Let

B ¼
�
uðtÞ ¼ ðu1ðtÞ;u2ðtÞ; . . .;unðtÞÞ

T : uiðtÞ;ur
i ðtÞ

2 PAPðTÞ; i ¼ 1; 2; . . .; n
�

with the norm kukB ¼ supt2T kuðtÞk, where kuðtÞk ¼
max1� i� nfjuiðtÞj; jur

i ðtÞjg, then B is a Banach space.

Throughout the rest of this paper, we assume that the

following conditions hold:

ðH1Þ ci 2 CðT;RþÞ with ci 2 Rþ
m and c�i [ 0, where

Rþ
m denotes the set of positively regressive func-

tions from T to R, i ¼ 1; 2; . . .; n;

ðH2Þ aij; bij; dij;Tijl 2 APðTÞ, di 2 CðT;PÞ; sij; rij; nijl;
fijl 2 C1 ðT;PÞ; inft2T ð1� srij ðtÞÞ[ 0; inft2T

ð1� rrij ðtÞÞ[ 0; inft2Tð1� nrijlðtÞÞ[ 0; inft2T

ð1� frijlðtÞÞ[ 0 and Ii 2 PAPðTÞ; i; j; l ¼ 1; 2;

. . .; n;

ðH3Þ Functions fj; gj; hj; kj 2 CðR;RÞ and there exist

positive constants L
f
j ; L

g
j ;L

h
j ; L

k
j such that

jfjðuÞ � fjðvÞj � L
f
j ju� vj; jgjðuÞ � gjðvÞj� L

g
j ju� vj;

jhjðuÞ � hjðvÞj � Lhj ju� vj; jkjðuÞ � kjðvÞj � Lkj ju� vj;

where u; v 2 R and fjð0Þ ¼ gjð0Þ ¼ hjð0Þ ¼ kjð0Þ ¼ 0,

j ¼ 1; 2; . . .; n.

Theorem 3.1 Let ðH1Þ–ðH3Þ hold. Suppose that

ðH4Þ there exists a positive constant r such that

max
1� i� n

�
qi
c�i

þ Iþi
c�i

;
cþi þ c�i

c�i
qi þ

cþi þ c�i
c�i

Iþi

	
� r;

max
1� i� n

�
.i
c�i

;
ðcþi þ c�i Þ.i

c�i

	
\1;

where

qi ¼
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l r

�
r;

.i ¼ cþi d
þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlðLkj Lkl þ Lkl L

k
j Þr; i ¼ 1; 2; . . .; n:

Then system (1) has at least one pseudo almost periodic

solution in the region E ¼ fu 2 B : kukB � rg.

Proof Rewrite (1) in the form

xri ðtÞ ¼ �ciðtÞxiðtÞ þ ciðtÞ
Z t

t�diðtÞ
xri ðsÞrsþ

Xn

j¼1

aijðtÞfjðxjðtÞÞ

þ
Xn

j¼1

bijðtÞgjðxjðt� sijðtÞÞÞ þ
Xn

j¼1

dijðtÞ
Z t

t�rijðtÞ
hjðxrj ðsÞÞrs

þ
Xn

j¼1

Xn

l¼1

TijlðtÞkjðxjðt� nijlðtÞÞÞklðxlðt� fijlðtÞÞÞ

þ IiðtÞ; t 2 T; i¼ 1;2; . . .;n:

For any u 2 B, we consider the following system

xri ðtÞ ¼ �ciðtÞxiðtÞ þ Fiðt;uÞ þ IiðtÞ; t 2 T; i ¼ 1; 2; . . .; n;

ð5Þ

where

Fiðt;uÞ ¼ ciðtÞ
Z t

t�diðtÞ
ur
i ðsÞrsþ

Xn

j¼1

aijðtÞfjðujðtÞÞ

þ
Xn

j¼1

bijðtÞgjðujðt� sijðtÞÞÞþ
Xn

j¼1

dijðtÞ
Z t

t�rijðtÞ
hjður

j ðsÞÞrs

þ
Xn

j¼1

Xn

l¼1

TijlðtÞkjðujðt� nijlðtÞÞÞklðulðt� fijlðtÞÞÞ:

Since min1� i�n

�
inft2T ciðtÞ

�
[0, it follows from Lemma

2.13 that the linear system

xri ðtÞ ¼ �ciðtÞxiðtÞ; i ¼ 1; 2; . . .; n ð6Þ

admits an exponential dichotomy on T. Thus, by Lemma

2.12, we know that system (5) has exactly one pseudo

almost periodic solution which can be expressed as

follows:

xu ¼ ðxu1
; xu2

; . . .; xun
ÞT ;

where

xui
ðtÞ ¼

Z t

�1
ê�ciðt; qðsÞÞ

�
Fiðs;uÞ þ IiðsÞ

�
rs; i ¼ 1; 2; . . .; n:
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Define an operator

U : E ! E

ðu1;u2; . . .;unÞT ! ðxu1
; xu2

; . . .; xun
ÞT :

We will show that U is a contraction.

First, we show that for any u 2 E, we have Uu 2 E.

Note that

jFiðs;uÞj ¼




ciðsÞ

Z s

s�diðsÞ
ur
i ðuÞruþ

Xn

j¼1

aijðsÞfjðujðsÞÞ

þ
Xn

j¼1

bijðsÞgjðujðs� sijðsÞÞÞ

þ
Xn

j¼1

dijðsÞ
Z s

s�rijðsÞ
hjður

j ðuÞÞru

þ
Xn

j¼1

Xn

l¼1

TijlðsÞkjðujðs�nijlðsÞÞÞklðulðs� fijlðsÞÞÞ






�cþi






Z s

s�diðsÞ
ur
i ðuÞru





þ
Xn

j¼1

aþij


fjðujðsÞÞ





þ
Xn

j¼1

bþij


gjðujðs� sijðsÞÞÞ





þ
Xn

j¼1

dþij






Z s

s�rijðsÞ
hjður

j ðuÞÞru







þ
Xn

j¼1

Xn

l¼1

Tþ
ijl



kjðujðs�nijlðsÞÞÞklðulðs� fijlðsÞÞÞ




�cþi d
þ
i jur

i ðsÞjþ
Xn

j¼1

aþij L
f
j



ujðsÞ




þ
Xn

j¼1

bþij L
g
j



ujðs� sijðsÞÞ




þ
Xn

j¼1

dþij r
þ
ij L

h
j



ur
j ðsÞ





þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l



ujðs�nijlðsÞÞ




ulðs� fijlðsÞÞ





�
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l kukB

�
kukB

�
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l r

�
r¼ qi; i¼ 1;2; . . .;n:

Therefore, by ðH4Þ, we can get

sup
t2T

jxui
ðtÞj ¼ sup

t2T






Z t

�1
ê�ciðt; qðsÞÞ

�
Fiðs;uÞ þ IiðsÞ

�
rs







� sup
t2T

Z t

�1
ê�c�

i
ðt; qðsÞÞ



Fiðs;uÞ


rsþ Iþi

c�i

� qi
c�i

þ Iþi
c�i

� r; i ¼ 1; 2; . . .; n:

On the other hand, for i ¼ 1; 2; . . .; n, by ðH4Þ, we have

sup
t2T

jxrui
ðtÞj¼sup

t2T





Fiðt;uÞþIiðtÞ�ciðtÞ
Z t

�1
ê�ciðt;qðsÞÞ

�
Fiðs;uÞþIiðsÞ

�
rs







�
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l r

�
rþIþi þcþi

Z t

�1
ê�c�

i
ðt;qðsÞÞ

�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlL

k
j L

k
l r

�
rrsþ Iþi

c�i

� cþi þc�i
c�i

qiþ
cþi þc�i
c�i

Iþi �r:

Hence, we obtain

kUðuÞkB ¼ max
1� i� n

�
sup
t2T

jxui
ðtÞj; sup

t2T
jxrui

ðtÞj
	
� r;

which implies that Uu 2 E. Therefore, the mapping U is a

self-mapping from E to E. Next, we shall prove that U is a

contraction mapping. For any u;w 2 E, we denote

Hiðs;u;wÞ ¼ ciðsÞ
Z s

s�diðsÞ
½ur

i ðuÞ � wr
i ðuÞ�ru

þ
Xn

j¼1

aijðsÞ
�
fjðujðsÞÞ � fjðwjðsÞÞ

�

þ
Xn

j¼1

bijðsÞ
�
gjðujðs� sijðsÞÞÞ � gjðwjðs� sijðsÞÞÞ

�

þ
Xn

j¼1

dijðsÞ
Z s

s�rijðsÞ

�
hjður

j ðuÞÞ � hjðwr
j ðuÞÞ

�
ru

þ
Xn

j¼1

Xn

l¼1

TijlðsÞ
�
kjðujðs� nijlðsÞÞÞklðulðs� fijlðsÞÞÞ

� kjðwjðs� nijlðsÞÞÞklðwlðs� fijlðsÞÞÞ
�
; i ¼ 1; 2; . . .; n:

Thus, for i ¼ 1; 2; . . .; n, we have
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sup
t2T



xui
ðtÞ � xwi

ðtÞ


¼ sup

t2T






Z t

�1
ê�ciðt;qðsÞÞHiðs;u;wÞrs







� sup
t2T

Z t

�1
ê�c�

i
ðt;qðsÞÞ

�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j

þ
Xn

j¼1

dþij r
þ
ij L

h
j þ

Xn

j¼1

Xn

l¼1

Tþ
ijlðLkj Lkl þ Lkl L

k
j Þr

�
rsku�wkB

� .i
c�i

ku�wkB;

sup
t2T



ðxui
ðtÞ � xwi

ðtÞÞr


¼ sup

t2T






�Z t

�1
ê�ciðt;qðsÞÞHiðs;u;wÞrs

�r





¼ sup
t2T





Hiðt;u;wÞ � ciðtÞ
Z t

�1
ê�ciðt;qðsÞÞHiðs;u;wÞrs







�jHiðt;u;wÞj þ cþi sup
t2T






Z t

�1
ê�c�

i
ðt;qðsÞÞHiðs;u;wÞrs







�
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlðLkj Lkl þ Lkl L

k
j Þr

�
ku�wkB

þ cþi
c�i

�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij r
þ
ij L

h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijlðLkj Lkl þ Lkl L

k
j Þr

�
ku�wkB

¼ ðcþi þ c�i Þ.i
c�i

ku�wkB:

By ðH4Þ, we have

kUðuÞ � UðwÞkB\ku� wkB:

Hence, we obtain that U is a contraction mapping. By the

fixed point theorem of Banach space [55], it follows that U
has a fixed point in E; that is, system (1) has a unique

pseudo almost periodic solution. This completes the proof

of Theorem 3.1. h

4 Global exponential stability of pseudo almost
periodic solution

In this section, we will study the exponential stability of

pseudo almost periodic solutions of (1).

Definition 4.1 The pseudo almost periodic solution

x�ðtÞ ¼ ðx�1ðtÞ; x�2ðtÞ; . . .; x�nðtÞÞ
T
of system (1) with initial

value u�ðtÞ ¼ ðu�
1ðtÞ;u�

2ðtÞ; . . .;u�
nðtÞÞ

T
is said to be

globally exponentially stable if there exist a positive con-

stant k with �mk 2 Rþ
m and M[ 1 such that every solution

xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞÞT of system (1) with initial

value uðtÞ ¼ ðu1ðtÞ;u2ðtÞ; . . .;unðtÞÞT satisfies

kxðtÞ � x�ðtÞk�Me�mkðt; t0Þkwk; 8t 2 ð0;þ1ÞT;

where kwk ¼ supt2½�h;0�T max1� i� nfjuiðtÞ � u�
i ðtÞj; jur

i ðtÞ
�ðu�

i Þ
rðtÞjg, t0 ¼ maxf½�h; 0�Tg.

Theorem 4.2 Assume that ðH1Þ–ðH4Þ hold, then system

(1) has a unique almost periodic solution that is globally

exponentially stable.

Proof From Theorem 3.1, we see that system (1) has at

least one pseudo almost periodic solution x�ðtÞ ¼
ðx�1ðtÞ; x�2ðtÞ; . . .; x�nðtÞÞ

T
with initial value u�ðtÞ ¼ ðu�

1ðtÞ;
u�
2ðtÞ; . . .;u�

nðtÞÞ
T
. Suppose that xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . .;

xnðtÞÞT is an arbitrary solution of (1) with initial value

uðtÞ ¼ ðu1ðtÞ;u2ðtÞ; . . .;unðtÞÞT . Then it follows from

system (1) that

zri ðtÞ ¼ �ciðtÞziðt � diðtÞÞ þ
Xn

j¼1

aijðtÞ
�
fjðxjðtÞÞ � fjðx�j ðtÞÞ

�

þ
Xn

j¼1

bijðtÞ
�
gjðxjðt � sijðtÞÞÞ � gjðx�j ðt � sijðtÞÞÞ

�

þ
Xn

j¼1

dijðtÞ
Z t

t�rijðtÞ

�
hjðxrj ðsÞÞ � hjððx�j Þ

rðsÞÞ
�
rs

þ
Xn

j¼1

Xn

l¼1

TijlðtÞ
�
kjðxjðt � nijlðtÞÞÞklðxlðt � fijlðtÞÞÞ

� kjðx�j ðt � nijlðtÞÞÞklðx�l ðt � fijlðtÞÞÞ
�
; ð7Þ

where ziðtÞ ¼ xiðtÞ � x�i ðtÞ; i ¼ 1; 2; . . .; n.
The initial condition of (7) is

wiðsÞ ¼ uiðsÞ � u�
i ðsÞ; wr

i ðsÞ ¼ ur
i ðsÞ � ðu�

i Þ
rðsÞ;

where s 2 ½�h; 0�T, i ¼ 1; 2; . . .; n.
Rewrite (7) in the form

zri ðtÞ þ ciðtÞziðtÞ ¼ ciðtÞ
Z t

t�diðtÞ
zri ðsÞrs

þ
Xn

j¼1

aijðtÞ
�
fjðxjðtÞÞ � fjðx�j ðtÞÞ

�

þ
Xn

j¼1

bijðtÞ
�
gjðxjðt � sijðtÞÞÞ � gjðx�j ðt � sijðtÞÞÞ

�

þ
Xn

j¼1

dijðtÞ
Z t

t�rijðtÞ

�
hjðxrj ðsÞÞ � hjððx�j Þ

rðsÞÞ
�
rs

þ
Xn

j¼1

Xn

l¼1

TijlðtÞ
�
kjðxjðt � nijlðtÞÞÞklðxlðt � fijlðtÞÞÞ

� kjðx�j ðt � nijlðtÞÞÞklðx�l ðt � fijlðtÞÞÞ
�
; i ¼ 1; 2; . . .; n:

ð8Þ
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Multiplying the both sides of (8) by ê�ciðt0; qðsÞÞ and

integrating over ½t0; t�T, where t0 2 ½�h; 0�T, by Lemma

2.5, we get

ziðtÞ ¼ ziðt0Þê�ciðt; t0Þ þ
Z t

t0

ê�ciðt; qðsÞÞ
�
ciðsÞ

Z s

s�diðsÞ
zri ðuÞru

þ
Xn

j¼1

aijðsÞ
�
fjðxjðsÞÞ � fjðx�j ðsÞÞ

�

þ
Xn

j¼1

bijðsÞ
�
gjðxjðs� sijðsÞÞÞ � gjðx�j ðs� sijðsÞÞÞ

�

þ
Xn

j¼1

dijðsÞ
Z s

s�rijðsÞ

�
hjðxrj ðuÞÞ � hjððx�j Þ

rðuÞÞ
�
ru

þ
Xn

j¼1

Xn

l¼1

TijlðsÞ
�
kjðxjðs� nijlðsÞÞÞklðxlðs� fijlðsÞÞÞ

� kjðx�j ðs� nijlðsÞÞÞklðx�l ðs� fijlðsÞÞÞ
��

rs; i ¼ 1; 2; . . .; n:

ð9Þ

Let Si and Ri be defined as follows:

SiðbÞ ¼ c�i �b� expðb sup
s2T

mðsÞÞ
�
cþi d

þ
i expðbd

þ
i Þþ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j expðbsþij Þ

þ
Xn

j¼1

dþij L
h
j r

þ
ij expðbrþij Þþ

Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l expðbn

þ
ijlÞ

þLkl L
k
j expðbf

þ
ijlÞ

�
r

�

and

RiðbÞ ¼ c�i �b�
�
cþi expðb sup

s2T
mðsÞÞþ c�i �b

�

�
cþi d

þ
i expðbd

þ
i Þþ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j expðbsþij Þ

þ
Xn

j¼1

dþij L
h
j r

þ
ij expðbrþij Þ

þ
Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l expðbn

þ
ijlÞþLkl L

k
j expðbf

þ
ijlÞ

�
r

�
;

i¼ 1;2; . . .;n:

By ðH4Þ, we get

Sið0Þ ¼ c�i �
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij L
h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l þ Lkl L

k
j

�
r

�
[ 0

and

Rið0Þ ¼ c�i � ðcþi þ c�i Þ
�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j

þ
Xn

j¼1

dþij L
h
j þ

Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l þ Lkl L

k
j

�
r

�
[ 0;

i ¼ 1; 2; . . .; n:

Since Si and Ri are continuous on ½0;þ1Þ and

SiðbÞ;RiðbÞ ! �1, as b ! þ1, there exists fi; ci [ 0

such that SiðfiÞ ¼ RiðciÞ ¼ 0 and SiðbÞ[ 0 for b 2 ð0; fiÞ,
RiðbÞ[ 0 for b 2 ð0; ciÞ. Take a ¼ min1� i� n

�
fi; ci

�
, we

have SiðaÞ� 0, RiðaÞ� 0. So, we can choose a positive

constant 0\k\min
�
a;min1� i� nfc�i g

�
such that

SiðkÞ[ 0; RiðkÞ[ 0; i ¼ 1; 2; . . .; n;

which implies that

cþi expðksup
s2T

mðsÞÞ

c�i �k

�
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j þ

Xn

j¼1

dþij L
h
j

þ
Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l þLkl L

k
j

�
r

�
\1

and

�
1þ

cþi expðk sup
s2T

mðsÞÞ

c�i � k

��
cþi d

þ
i þ

Xn

j¼1

aþij L
f
j þ

Xn

j¼1

bþij L
g
j

þ
Xn

j¼1

dþij L
h
j þ

Xn

j¼1

Xn

l¼1

Tþ
ijl

�
Lkj L

k
l þ Lkl L

k
j

�
r

�
\1;

i ¼ 1; 2; . . .; n:

Let

M ¼ max
1� i� n�

c�i

cþi d
þ
i þ

Pn

j¼1

aþij L
f
j þ

Pn

j¼1

bþij L
g
j þ

Pn

j¼1

dþij L
h
j þ

Pn

j¼1

Pn

l¼1

Tþ
ijl

�
Lkj L

k
l þ Lkl L

k
j

�
r

	
;

then by ðH4Þ we have M[ 1.

Hence, it is obvious that

kzðtÞk�Mê�mkðt; t0ÞkwkB; 8t 2 ½�h; t0�T;

where �mk 2 Rþ
m . We claim that

kzðtÞk�Mê�mkðt; t0ÞkwkB; 8t 2 ðt0;þ1ÞT: ð10Þ

To prove (10), we show that for any P[ 1, the following

inequality holds:

kzðtÞk\PMê�mkðt; t0ÞkwkB; 8t 2 ðt0;þ1ÞT; ð11Þ
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which implies that, for i ¼ 1; 2; . . .; n, we have

jziðtÞj\PMê�mkðt; t0ÞkwkB; 8t 2 ðt0;þ1ÞT
and

jzri ðtÞj\PMê�mkðt; t0ÞkwkB; 8t 2 ðt0;þ1ÞT:

If (11) is not true, then there must be some t1 2 ðt0;þ1ÞT
and some i1; i2 2 f1; 2; . . .; ng such that

kzðt1Þk ¼ maxfjzi1ðt1Þj; jzri2 ðt1Þjg�PMê�mkðt1; t0ÞkwkB

and

kzðtÞk�PMê�mkðt; t0ÞkwkB; t 2 ðt0; t1�T; t0 2 ½�h; 0�T:

Therefore, there must exist a constant c� 1 such that

kzðt1Þk ¼ maxfjzi1ðt1Þj; jzri2 ðt1Þjg ¼ cPMê�mkðt1; t0ÞkwkB
ð12Þ

and

kzðtÞk� cPMê�mkðt; t0ÞkwkB; t 2 ðt0; t1�T; t0 2 ½�h; 0�T:

In view of (9), we have

jzi1ðt1Þj ¼




zi1ðt0Þe�ci1

ðt1; t0Þ þ
Z t1

t0

e�ci1
ðt1; qðsÞÞ
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j êkðqðsÞ;s�fi1jlðsÞÞ

�
r

�
rs� ê�ci1
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and
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\cPMê�mkðt1; t0ÞkwkB:

The above two inequalities imply that

kzðt1Þk\cPMê�mkðt1; t0ÞkwkB;

which contradicts (12), and so (11) holds. Letting P ! 1,

then (10) holds. Hence, the pseudo almost periodic solution

of system (1) is globally exponentially stable. The proof is

complete. h

5 An example

In this section, we give an example to illustrate the feasi-

bility and effectiveness of our results obtained in Sects. 3

and 4.

Example 5.1 Let n ¼ 2. Consider the following neural

network system on time scale T:

xri ðtÞ ¼�ciðtÞxiðt� diðtÞÞþ
X2

j¼1

aijðtÞfjðxjðtÞÞ

þ
X2

j¼1

bijðtÞgjðxjðt� sijðtÞÞÞþ
X2

j¼1

dijðtÞ
Z t

t�rijðtÞ
hjðxrj ðsÞÞrs

þ
X2

j¼1

X2

l¼1

TijlðtÞkjðxjðt� nijlðtÞÞÞklðxlðt� fijlðtÞÞÞþ IiðtÞ;

ð13Þ

where i¼ 1;2, t 2T and the coefficients are follows:
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f1ðxÞ ¼
cos4 xþ 1

16
; f2ðxÞ ¼

cos3 xþ 1

12
;

g1ðxÞ ¼
2 sin3 xþ 3

24
; g2ðxÞ ¼

sin3 xþ 7

12
;

h1ðxÞ ¼
sin4 xþ 2

16
; h2ðxÞ ¼

5� 3 cos2 x

24
;

k1ðxÞ ¼
cos3 xþ 7

12
; k2ðxÞ ¼

7� 2 sin2 x

16
;

c1ðtÞ ¼ 0:5þ 0:1j sin tj; c2ðtÞ ¼ 0:7� 0:1j cos tj;
I1ðtÞ ¼ 0:2 sin t; I2ðtÞ ¼ 0:15 cos t;

a11ðtÞ ¼ 0:1j sinð
ffiffiffi
2

p
tÞj; a12ðtÞ ¼ 0:2j cosð

ffiffiffi
3

p
tÞj;

a21ðtÞ ¼ 0:1j cos tj; a22ðtÞ ¼ 0:2j sin tj;
b11ðtÞ ¼ 0:2j cosð

ffiffiffi
2

p
tÞj; b12ðtÞ ¼ 0:15j sin tj;

b21ðtÞ ¼ 0:1j cos tj; b22ðtÞ ¼ 0:25j sinð
ffiffiffi
3

p
tÞj;

d11ðtÞ ¼ 0:15 sin2 t; d12ðtÞ ¼ 0:2 cos2 t; d21ðtÞ ¼ 0:1j
cosð

ffiffiffi
3

p
tÞj; d22ðtÞ ¼ 0:15 cos4 t;

T111ðtÞ ¼ T211ðtÞ ¼ 0:015j cos tj;
T112ðtÞ ¼ T212ðtÞ ¼ 0:01j sin tj;

T121ðtÞ ¼ T221ðtÞ ¼ 0:02 sin2 t;

T122ðtÞ ¼ T222ðtÞ ¼ 0:015j cos tj;
d1ðtÞ ¼ 0:02j cosð2ptÞj; d2ðtÞ ¼ 0:03 sin jð2ptÞj;

sijðtÞ ¼ 0:1 sin2ð4ptÞ;
rijðtÞ ¼ 0:4 sin2ðptÞ; nijlðtÞ ¼ fijlðtÞ ¼ 0:3 sin2ð2ptÞ;

i; j; l ¼ 1; 2:

By a simple calculation, we have L
f
1 ¼ L

f
2 ¼ L

g
1 ¼ L

g
2 ¼

Lh1 ¼ Lh2 ¼ Lk1 ¼ Lk2 ¼ 1
4
,
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�
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f
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k
j L

k
l r
�
r ¼ 0:2095r þ 0:00375r2;

q2 ¼
�
cþ2 d
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2 þ

X2
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aþ2jL
f
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X2

j¼1

bþ2jL
g
j þ
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j¼1

dþ2jr
þ
2jL

h
j

þ
X2

j¼1

X2

l¼1

Tþ
2jlL

k
j L

k
l r
�
r ¼ 0:2085r þ 0:00375r2;

.1 ¼ cþ1 d
þ
1 þ

X2

j¼1

aþ1jL
f
j þ

X2

j¼1

bþ1jL
g
j þ

X2

j¼1

dþ1jr
þ
1jL

h
j

þ
X2

j¼1

X2

l¼1

Tþ
1jlðLkj Lkl þ Lkl L

k
j Þr ¼ 0:2095r þ 0:0075r2;

.2 ¼ cþ2 d
þ
2 þ

X2

j¼1

aþ2jL
f
j þ

X2

j¼1

bþ2jL
g
j þ

X2

j¼1

dþ2jr
þ
2jL

h
j

þ
X2

j¼1

X2

l¼1

Tþ
2jlðLkj Lkl þ Lkl L

k
j Þr ¼ 0:2085r þ 0:0075r2;

and we let r ¼ 1, then we obtain

max
1� i� 2

�
qi
c�i

þ Iþi
c�i

;
cþi þ c�i

c�i
qi þ

cþi þ c�i
c�i

Iþi

	

¼ maxf0:8265; 0:60375; 0:90915; 0:784875g\1 ¼ r;

and

max
1� i� 2

�
.i
c�i

;
cþi þ c�i

c�i
.i

	
¼ maxf0:434; 0:36; 0:4774; 0:468g\1:

Therefore, for 1� mðtÞciðtÞ[ 0, i ¼ 1; 2, all the condi-

tions of Theorem 4.2 are satisfied, hence, we know that

system (13) has a unique pseudo almost periodic solution

that is globally exponentially stable. Especially, whether

T ¼ R or T ¼ Z, all the conditions of Theorem 4.2 are

satisfied. Therefore, system (13) has a unique pseudo

almost periodic solution that is globally exponentially

stable when T ¼ R or T ¼ Z. This is, the continuous-time

neural network and its discrete-time analogue have the

same dynamical behaviors for the pseudo almost period-

icity (see Figs. 1, 2).
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Fig. 1 T ¼ R: Numerical solution x1ðtÞ and x2ðtÞ of system (7) for

ðu1ðtÞ;u2ðtÞÞ ¼ ð1:3; 0:8Þ:
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Fig. 2 T ¼ Z: Numerical solution x1ðnÞ and x2ðnÞ of system (7) for

ðu1ðnÞ;u2ðnÞÞ ¼ ð1:7; 1:3Þ:
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Remark 5.2 All the results obtained in [16, 33–49, 56]

cannot be applied to obtain that system (13) has a unique

pseudo almost periodic solution.

6 Conclusion

In this paper, we proposed a class of neutral type high-order

Hopfield neural networks with mixed time-varying delays

and leakage delays on time scales. Based on the exponential

dichotomy of linear dynamic equations on time scales,

Banach’s fixed point theorem and the theory of calculus on

time scales, we obtained the existence and global exponen-

tial stability of pseudo almost periodic solutions for this class

of neural networks that effectively unified the continuous-

time and discrete-time neural network cases. The results of

this paper are essentially new.Ourmethods used in this paper

can be used to study the pseudo almost periodic problem for

other types’ neural networks. For example, fuzzy neural

networks that are very important in implementation and

applications (see [57–63]).
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