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Abstract In this paper, a class of Caputo-type fractional-

order neural networks with mixed delay is introduced. By

employing known inequalities, such as Hölder inequality,

Cauchy–Schwartz inequality and Gronwall inequality,

sufficient conditions are presented to ensure that such

neural network is quasi-uniformly stable. Finally, a

numerical example is presented to prove the theoretical

results.
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1 Introduction

Fractional calculus’s phylogeny dated back to 1695, about

300 years ago, which was used to deal with derivatives and

integrals of arbitrary. Owing to its complexity and lacking

of application background, it didn’t draw much attention

for a long time. Until recently, it has got increasing

interests from researchers and has become a valuable tool

in modeling in various field of engineering, physics, and so

on [1–4], such as the fractional model of viscoelastic liquid

[5], the diffusion and transmission model of ware [6], the

fractional model of colored noise [7].

It has been well known that compared with classical

integer-order models, fractional-order models possesses the

heredity and memory, so that it provide an excellent

instrument to describe the behavior of system. For instance,

fractional-order models of happiness [8] and love [9] have

been developed and are claimed to give a better repre-

sentation than integer-order dynamical approaches.

Recently, some researchers apply the characteristic of

fractional calculus to neural networks to form fractional-

order neural models, which can depict the complex rela-

tionship between the signal input and signal output more

accurately and flexibly. In Ref. [10], it first introduced a

cellular neural network with fractional-order cells. In Ref.

[11], it was suggested that fractional derivatives provide

neurons with a fundamental and general computation

ability that can contribute to efficient information pro-

cessing stimulus anticipation and frequency-independent

phase shifts of oscillatory neuronal firing. Furthermore, in

Refs. [12–15], it was noted that fractional-order neural

networks might play a significant role in parameter esti-

mation, therefore, it is essential to incorporate the frac-

tional calculus into neural network models, which can said

to be an important improvement.

Currently, the analyses of fractional-order artificial

neural networks have received much attention and some

available results about fractional-order neural networks

have been obtained, especially about stability. For exam-

ple, in Ref. [16], stability of fractional-order neural net-

works of Hopfield type is proved by the way of energy-like

function analysis. Besides, employing the stability theory
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of fractional-order system, the asymptotically stability of

fractional-order neural networks of Hopfield type is ana-

lyzed in Refs. [17, 18]. The author of Ref. [19] confirm the

truth of a-stability and a-synchronization for fractional-

order neural networks. In Ref. [20], it was pointed out that

chaotic behaviors can emerge in a fractional network.

What’s more, Refs. [21–23] proposed the chaos control and

synchronization of some simple fractional networks by

mainly using laplace transformation theory and numerical

simulations. Besides, the predecessors also investigate the

discrete-time Hopfield neural networks. For example, the

stability and bifurcation for discrete-time Cohen-Grossberg

neural network is studied in Ref. [24] and the Hopf bifur-

cation and stability analysis on discrete-time Hopfield

neural network with delay is researched in Ref. [25].

To the best of our knowledge, much work has been done

about the stability of fractional-order neural networks, such

as exponential stability, Lyapunov stability, asymptotic

stability and so on. In Ref. [26], it has been demonstrated

the uniform stability of fractional-order neural networks.

Owing to the complexity of the fractional-order neural

networks, it may affected by many factors, so it is mean-

ingful to study fractional-order neural networks with mixed

delay. However, there is not exist a paper to describe the

quasi-uniform stability of fractional neural networks with

mixed delay. So to establish the sufficient criteria for such

neural networks is quite necessary and challenging. Moti-

vated by the above discussions, this paper devotes to pre-

senting sufficient criterions for quasi-uniform stability of a

class of fractional-order neural networks with mixed delay.

The rest of the paper is organized as follows. The

fractional-order network model is introduced and some

necessary definitions and lemmas are given in Sect. 2.

Sufficient conditions ensuring the finite-time stability of

the fractional-order neural networks are presented in Sect.

3. A numerical simulation is obtained in Sect. 4.

2 Model description and preliminaries

In this section we present some definitions, lemmas and

recall some well-known results about fractional differential

equations.

Definition 2.1 [1] The Riemann–Liouville fractional

integral with non-integer order b 2 Rþ of f(s) is given as

follows:

D
�b
0;s f ðsÞ ¼ 1

CðbÞ

Z s

0

ðs � sÞb�1
f ðsÞds; ð1Þ

where Cð�Þ is the Gamma function CðnÞ ¼
Rþ1

0
sn�1e�sds.

Definition 2.2 [1] The Riemann–Liouville derivative

with fractional order b[ 0 of f(s) is defined as

D
b
0;s f ðsÞ ¼ dn

dtn
D

�ðn�bÞ
0;s f ðsÞ ¼ dn

dtn

1

Cðn�bÞ

Z s

0

ðs� sÞn�b�1
f ðsÞds;

ð2Þ

where b is a positive number such that n � 1\b\n 2 Zþ.

Definition 2.3 [1] The Caputo derivative of fractional

order b[ 0 of f(s) is given by

D
b
0;s f ðsÞ ¼ D

�ðn�bÞ
0;s

dn

dtn
f ðsÞ ¼ 1

Cðn � bÞ

Z s

0

ðs � sÞn�b�1
f nðsÞds;

ð3Þ

where n � 1\b\n 2 Zþ.

These three definitions are in general non-equivalent.

Based on the definition of integral derivative and the

above expressions (2) and (3), it is recognized that inte-

gral derivative of a function is only related to its nearby

points, while the fractional derivative has relationship

with all of the function history information. That is, the

next state of a system not only depends upon its current

state but also upon its historical states staring from the

initial time. As a result, a model described by fractional-

order equations possess memory. It is more precise to

describe the state of neuron. On the another hand, from

the Laplace transform of fractional derivative, the main

advantage of the Caputo derivative is that it only requires

initial conditions given in terms of integer-order deriva-

tives, representing well-understood features of physical

situations and thus making it more applicable to real

world problems. So throughout this paper, we deal with

the fractional-order neural networks involving Caputo

derivative, and the notation Db is chosen as the Caputo

fractional derivative operator D
b
o;t. The following proper-

ties of operator Db are provided.

Lemma 2.1 [27] If xðsÞ 2 Cn½0;1Þ, and n � 1\a; b\n

2 Zþ, then

ð1ÞD�aD�bxðsÞ ¼ D�ðaþbÞxðsÞ; a; b� 0:

ð2ÞDbD�bxðsÞ ¼ xðsÞ; b� 0:

ð3ÞD�bDbxðsÞ ¼ xðsÞ �
Xn�1

m¼0

sm

m!
xðmÞð0Þ; b� 0:

ð4Þ

Lemma 2.2 [28] (Hölder inequality). Suppose that

p; q[ 1, and 1=p þ 1=q ¼ 1, if j f ð�Þ jp, j hð�Þ jq 2 L1ðEÞ,
then f ð�Þhð�Þ 2 L1ðEÞ and

Z
E

j f ðxÞhðxÞ j dx�
Z

E

j f ðxÞ jp dx

� �1
p
Z

E

j hðxÞ jq dx

� �1
q

;

ð5Þ

where L1ðEÞ is the Banach space of all Lebesgue mea-

surable functions
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f : E �! R with
R

E
j f ðxÞ j dx\1. Let p; q ¼ 2, it

Converts to the Cauchy–Schwartz inequality as follow:

Z
E

j f ðxÞhðxÞ j dx�
Z

E

j f ðxÞ j2 dx

� �1
2
Z

E

j hðxÞ j2 dx

� �1
2

:

ð6Þ

Lemma 2.3 [29] Let k 2 N, and let x1; x2; . . .; xn be non-

negative real numbers. Then for g [ 1.

Xk

i¼1

xi

 !g

� kg�1
Xk

i¼1

x
g
i : ð7Þ

Lemma 2.4 [30] (Gronwall inequality). If

xðtÞ � f ðtÞ þ
Z t

0

gðlÞxðlÞdl:t 2 ½0; TÞ;

where all the functions involved are continuous on [0, T),

T � 1, and gðtÞ� 0, then x(t) satisfies

xðtÞ� f ðtÞ þ
Z t

0

gðlÞf ðlÞexp

Z t

l
gðmÞdm

� �
dl; t 2 ½0; TÞ:

ð8Þ

If, in addition, f(t) is nondecreasing, then

xðtÞ� f ðtÞexp

Z t

0

gðlÞdl
� �

; t 2 ½0; TÞ: ð9Þ

3 Main results

In this section, two sufficient conditions are derived for a

class of fractional-order neural networks of mixed delay

with order 0\b\0:5 and 0:5� b\1. The dynamic

behavior of a continuous fractional-order neural network

with mixed delay can be described by the following dif-

ferential equation.

DbxiðtÞ ¼ �cixiðtÞ þ
P

aijfjðxjðtÞÞ þ
P

bijgjðxjðt � sÞÞ
þ
P

mij

R t

t�r hiðxiðuÞÞdu þ IiðtÞ;
xiðtÞ ¼ wiðtÞ; t 2 ½�c; 0Þ; c 2 maxfs; rg;

8><
>:

ð10Þ

or equivalently

DbxðtÞ¼�CxðtÞþAFðxðtÞÞþBGðxðt�sÞÞþM
R t

t�rHðxðuÞÞduþ IðtÞ;
xðtÞ¼wðtÞ; t2 ½�c;0Þ;c2maxfs;rg;

(

ð11Þ

where 0\b\1; i ¼ 1; 2. . .; n; n corresponds to the number

of units in a neural network; xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . .; xnðtÞÞT

corresponds to the state vector at time t; FðxðtÞÞ ¼
ðf1ðx1ðtÞÞ; f2ðx2ðtÞ; . . .; fnðxnðtÞÞÞT

, GðxðtÞÞ ¼ ðg1ðx1ðtÞÞ;
g2ðx2ðtÞ; . . .; gnðxnðtÞÞÞT

and HðxðtÞÞ ¼ ðh1ðx1ðtÞÞ;
h2ðx2ðtÞ; . . .; hnðxnðtÞÞÞT

denote the activation function of

the neurons; C ¼ diagðci [ 0Þ, A ¼ ðaijÞ, B ¼ ðbijÞ and

M ¼ ðmijÞ are constant matrices; ci denotes the rate with

which the ith unit will reset its potential to the resting state

in isolation when disconnected from the network.

A ¼ ðaijÞ, B ¼ ðbijÞ and M ¼ ðmijÞ are referred to the

connection of the jth neuron to the ith neuron at time t,

t � s and t � r, respectively, where s and r is the trans-

mission delay and a nonnegative constant; I ¼
ðI1ðtÞ; I2ðtÞ; . . .; InðtÞÞT

is an external bias vector.

For the initial conditions associated with system (10),it

is usually assumed that wiðsÞ 2 Cð½�c; 0�;RÞ; i 2 N; and

the norm of Cð½�c; 0�;RÞ is denoted by k w k=sups2½�c;0�
k wðsÞ k.

Suppose that x(t) and y(t) are any two solutions of (11)

with different initial functions w 2 C and / 2 C,

wð0Þ ¼ /ð0Þ ¼ 0, let xðtÞ � yðtÞ ¼ eðtÞ=ðe1ðtÞ, e2ðtÞ, ...,

enðtÞÞT
, u =w-/, one obtain the error system

DaeðtÞ¼�CeðtÞþAðFðxðtÞÞ�FðyðtÞÞÞþBðGðxðt�sÞÞ�Gðyðt�sÞÞÞ
þM

R t

t�rðHðxðuÞÞ�HðyðuÞÞÞdu;

eðtÞ¼uðtÞ;t2 ½�c;0Þ;c2maxfs;rg;

8><
>:

ð12Þ

where u 2 C, u(0) = 0 is the initial function of system (11),

define the norm k u k = sups2½�c;0� k uðsÞ k.

Definition 3.1 For any e[ 0, if there exists two constants

0\d\e; T [ 0, when k eðt0Þ k \d, we have k eðtÞ k \e,
8t 2 J ¼ ½t0; t0 þ T �, where t0 is the initial time of obser-

vation, then system (11) is said to be quasi-uniformly

stable.

In order to obtain main results, the following assump-

tions are made:

(1) Denote k x k¼ Rn
i¼1 j xi j and k A k¼ max1� j� n

Rn
i¼1 jaij j, which are the Euclidean vector norm and

matrix norm, respectively ; xi and aij are the

elements of the vector x and the matrix A,

respectively.Let C ¼k C k, A ¼k A k, B ¼k B k,

and M ¼k M k.

(2) The neuron activation functions F(x), G(x) and

H(x) are Lipschitz continuous, namely, there exist

positive constants F, G and H such that

kFðuÞ�FðvÞ k �F k u�v k;kGðuÞ�GðvÞ k �G ku�v k;
kHðuÞ�HðvÞ k �H k u�v k;8u;v2R:

ð13Þ

Theorem 3.1 When 1=2� b\1, if assumption (1) and

(2) hold and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PþQe2t þWðtÞeðWðtÞþ2Þt P

1�e�ð2þWðtÞÞt

2þWðtÞ þQ
1�e�WðtÞt

WðtÞ

� �s
\

e
d
; t 2 J;

ð14Þ
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where

P ¼ 5 � 5M2H2c2Cð2b� 1Þ
C2ðbÞ4b

;

Q ¼ 5M2H2c2Cð2b� 1Þ
C2ðbÞ4b

þ 5B2G2Cð2b� 1Þð1 � e�2cÞ
C2ðbÞ4b

;

L ¼ 10Cð2b� 1Þ½ðC þ AFÞ2 þ B2G2e�2c�
C2ðbÞ4b

;

N ¼ 5M2H2

2bCðbÞ ;

WðtÞ ¼ L þ Nt2bð1 � e�2tÞ;

then system (11) is quasi-uniformly stable.

Proof Let the initial time t0 ¼ 0; e0 ¼ uð0Þ is the initial

condition of system (12). Depend on Lemma 2.1, the

solution of the system (12) can be expressed in the fol-

lowing form:

eðtÞ ¼ uð0Þ þ D�b �CeðtÞ þAðFðxðtÞÞ � FðyðtÞÞÞ½

þBðGðxðt � sÞÞ � Gðyðt � sÞÞÞ

þM

Z t

t�r
ðHðxðuÞÞ � HðyðuÞÞÞdu

�

¼ uð0Þ þ 1

CðbÞ

Z t

t0

ðt � uÞb�1 �CeðuÞ½

þAðFðxðuÞÞ � FðyðuÞÞÞ

þBðGðxðu � sÞÞ � Gðyðu � sÞÞÞ

þM

Z t

t�r
ðHðxðsÞÞ � HðyðsÞÞÞds

�
du:

Trough the Assumptions (1), (2) and the properties of norm

k � k, it obtain

k eðtÞ k� kuð0Þ k þ 1

CðbÞ

Z t

0

ðt� uÞb�1
C k eðuÞ k þAF k eðuÞ k½

þ BG k eðu� sÞ k þ
Z u

u�r
MH k eðsÞ k ds

�
du

¼kuð0Þ k þ 1

CðbÞ

Z t

0

ðt� uÞb�1ðCþAFÞ k eðuÞ k du

þ 1

CðbÞ

Z t

0

ðt� uÞb�1
BG k eðu� sÞ k du

þ 1

CðbÞ

Z t

0

ðt� uÞb�1

Z u

u�r
MH k eðsÞ k ds

� �
du

k eðtÞ k� k uð0Þ k þ 1

CðbÞ

Z t

0

ðt � uÞb�1ðC þ AFÞ k eðuÞ k du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1
BG k eðu � sÞ k du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1

Z t

�r
MH k eðsÞ k ds

� �
du

¼k uð0Þ k þ 1

CðbÞ

Z t

0

ðt � uÞb�1ðC þ AFÞ k eðuÞ k du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1
BG k eðu � sÞ k du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1

Z t

0

MH k eðsÞ k ds

� �
du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1

Z 0

�r
MH k eðsÞ k ds

� �
du

� k uð0Þ k þ 1

CðbÞ

Z t

0

ðt � uÞb�1ðC þ AFÞ k eðuÞ k du

þ 1

CðbÞ

Z t

0

ðt � uÞb�1
BG k eðu � sÞ k du

þ MHtb

bCðbÞ

Z t

0

k eðuÞ k du þ MHr k u k
CðbÞ

Z t

0

ðt � uÞb�1
du:

h

According to Cauchy–Schwartz inequality (6), one gets

k eðtÞ k� ku k þ 1

CðbÞ

Z t

0

ðt� uÞb�1
euðC þAFÞ k eðuÞ k e�udu

þ 1

CðbÞ

Z t

0

ðt� uÞb�1
euBG k eðu� sÞ k e�udu

þ MHtb

bCðbÞ

Z t

0

eu k eðuÞ k e�udu

þMHr ku k
CðbÞ

Z t

0

euðt� uÞb�1
e�udu

� ku k þ 1

CðbÞ

Z t

0

ðt� uÞ2b�2
e2udu

� �1
2

Z t

0

ðC þAFÞ2 k eðuÞ k2 e�2udu

� �1
2

þ 1

CðbÞ

Z t

0

ðt� uÞ2b�2
e2udu

� �1
2

Z t

0

B2G2 k eðu� sÞ k2 e�2udu

� �1
2

þ MHtb

bCðbÞ

Z t

0

e2udu

� �1
2
Z t

0

k eðuÞ k2 e�2udu

� �1
2

þMHr ku k
CðbÞ

Z t

0

e2uðt� uÞ2b�2
du

� �1
2
Z t

0

e�2udu

� �1
2

:

ð15Þ
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Since
Z t

0

ðt � uÞ2b�2
e2udu ¼

Z t

0

z2b�2e2ðt�zÞdz ¼ e2t

Z t

0

z2b�2e�2zdz

¼ e2t

22b�1

Z 2t

0

u2b�2e�udu\
2e2t

4b
Cð2b� 1Þ:

ð16Þ

Substituting (16) into (15), one obtains

keðtÞk� kukþ 1

CðbÞ
2Cð2b�1Þe2t

4b

� �1
2

Z t

0

ðCþAFÞ2 keðuÞk2 e�2udu

� �1
2

þ 1

CðbÞ
2Cð2b�1Þe2t

4b

� �1
2

Z t

0

B2G2 keðu�sÞk2 e�2udu

� �1
2

þ MHtb

bCðbÞ
e2t�1

2

� �1
2
Z t

0

keðuÞk2 e�2udu

� �1
2

þMHrkuk
CðbÞ

2Cð2b�1Þe2t

4b

� �1
2 1�e�2t

2

� �1
2

:

ð17Þ

From Lemma 2.2, let k¼5 and g¼2, it follows from (17)

that

k eðtÞ k2� 5kuk2 þ10Cð2b�1Þe2t

C2ðbÞ4b

Z t

0

ðCþAFÞ2 k eðuÞ k2 e�2udu

þ10Cð2b�1Þe2t

C2ðbÞ4b

Z t

0

B2G2 k eðu�sÞ k2 e�2udu

þ5M2H2t2bðe2t�1Þ
2bCðbÞ

Z t

0

k eðuÞ k2 e�2udu

þ5M2H2r2 kuk2 Cð2b�1Þðe2t �1Þ
C2ðbÞ4b

� 5þ5M2H2r2Cð2b�1Þðe2t �1Þ
C2ðbÞ4b

� �
kuk2

þ 10Cð2b�1ÞðCþAFÞ2
e2t

C2ðbÞ4b
þ5M2H2t2bðe2t�1Þ

2bCðbÞ

" #

Z t

0

k eðuÞ k2 e�2udu

þ10Cð2b�1Þe2t

C2ðbÞ4b

Z t

�s
B2G2e�2s k eðuÞ k2 e�2udu

� 5þ5M2H2r2Cð2b�1Þðe2t �1Þ
C2ðbÞ4b

� �
kuk2

þ 10Cð2b�1ÞðCþAFÞ2
e2t

C2ðbÞ4b
þ5M2H2t2bðe2t�1Þ

2bCðbÞ

" #

Z t

0

k eðuÞ k2 e�2udu

þ10Cð2b�1Þe2t

C2ðbÞ4b

Z t

0

B2G2e�2s k eðuÞ k2 e�2udu

þ10Cð2b�1Þe2t

C2ðbÞ4b

Z 0

�s
B2G2e�2s k eðuÞ k2 e�2udu

k eðtÞ k2� 5þ5M2H2r2Cð2b�1Þðe2t �1Þ
C2ðbÞ4b

� �
kuk2

þ 10Cð2b�1Þ½ðCþAFÞ2þB2G2e�2s�e2t

C2ðbÞ4b
þ5M2H2t2bðe2t�1Þ

2bCðbÞ

( )

�
Z t

0

k eðuÞ k2 e�2uduþ5B2G2Cð2b�1Þð1�e�2sÞe2t

C2ðbÞ4b
kuk2

¼ 5þ5M2H2r2Cð2b�1Þðe2t �1Þ
C2ðbÞ4b

þ5B2G2Cð2b�1Þð1�e�2sÞe2t

C2ðbÞ4b

� �

kuk2 þ 10Cð2b�1Þ½ðCþAFÞ2þB2G2e�2s�e2t

C2ðbÞ4b
þ5M2H2t2bðe2t�1Þ

2bCðbÞ

( )

�
Z t

0

k eðuÞ k2 e�2udu

� 5�5M2H2c2Cð2b�1Þ
C2ðbÞ4b

þ½5M2H2c2Cð2b�1Þ
C2ðbÞ4b

�

þ 5B2G2Cð2b�1Þð1�e�2cÞ
C2ðbÞ4b

�e2t

�
kuk2

þ 10Cð2b�1Þ½ðCþAFÞ2þB2G2e�2c�e2t

C2ðbÞ4b

(

þ 5M2H2t2bðe2t�1Þ
2bCðbÞ

�Z t

0

k eðuÞ k2 e�2udu;

let

P ¼ 5 � 5M2H2c2Cð2b� 1Þ
C2ðbÞ4b

;

Q ¼ 5M2H2c2Cð2b� 1Þ
C2ðbÞ4b

þ 5B2G2Cð2b� 1Þð1 � e�2cÞ
C2ðbÞ4b

;

L ¼ 10Cð2b� 1Þ½ðC þ AFÞ2 þ B2G2e�2c�
C2ðbÞ4b

;

N ¼ 5M2H2

2bCðbÞ ;

since

k eðtÞ k2 �ðP þ Qe2tÞ k u k2 þðLe2t þ Nt2bÞðe2t � 1ÞZ t

0

k eðuÞ k2 e�2udu

which is equivalent to

k eðtÞ k2 e�2t �ðPe�2t þ QÞ k u k2 þ½ðL þ Nt2bÞ

ð1 � e�2tÞ�
Z t

0

k eðuÞ k2 e�2udu:

According to the Gronwall inequality (8), it obtain

k eðtÞ k2 e�2t�ðPe�2t þQÞ kuk2 þ
Z t

0

ðPe�2uþQÞ kuk2

�½ðLþNt2bÞð1�e�2tÞ�e
R t

u
ðLþNt2bÞð1�e�2tÞds

du

�ðPe�2t þQÞ kuk2 þ½ðLþNt2bÞð1�e�2tÞ� kuk2

�
Z t

0

ðPe�2uþQÞeðt�uÞ½ðLþNt2bÞð1�e�2tÞ�du;
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let

WðtÞ ¼ L þ Nt2bð1 � e�2tÞ;

then

k eðtÞ k2 e�2t �ðPe�2t þ QÞ k u k2 þWðtÞetWðtÞ k u k2

Z t

0

ðPe�2u þ Qe�WðtÞuÞdu

¼ ðPe�2t þ QÞ k u k2 þWðtÞetWðtÞ k u k2

Z t

0

Pe�2udu þ Q

Z t

0

e�WðtÞudu

� �

�ðPe�2t þ QÞ k u k2 þWðtÞetWðtÞ

P
1 � e�ð2þWðtÞÞt

2 þ WðtÞ þ Q
1 � e�WðtÞt

WðtÞ

� �
k u k2

¼ Pe�2t þ Q þ WðtÞetWðtÞ
h

P
1 � e�ð2þWðtÞÞt

2 þ WðtÞ þ Q
1 � e�WðtÞt

WðtÞ

� �i
k u k2;

so

k eðtÞ k2 � P þ Qe2t þ WðtÞeðWðtÞþ2Þt
h

P
1 � e�ð2þWðtÞÞt

2 þ WðtÞ þ Q
1 � e�WðtÞt

WðtÞ

� ��
k u k2;

therefore

k eðtÞ k �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PþQe2t þWðtÞeðWðtÞþ2Þt P

1� e�ð2þWðtÞÞt

2þWðtÞ þQ
1� e�WðtÞt

WðtÞ

� �s
k u k :

ð18Þ

It follows that when k u k \d, if (3.1) is satisfied, then

k eðtÞ k \e, from Definition 3.1, one can obtain system

(11) is quasi-uniformly stable.

Theorem 3.2 When 0\b\1=2, if assumption (1) and (2)

hold and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~P þ ~Qeqt þ

~WðtÞ~Pðeð ~WðtÞþqÞt � 1Þ
q þ ~WðtÞ

þ
~WðtÞ ~Qeð ~WðtÞþqÞtð1 � e� ~WðtÞtÞ

~WðtÞ
q

s

\
e
d
; t 2 J;

ð19Þ

where

~E ¼ ½Cðpb� p þ 1Þ
CpðbÞppb�pþ1

�
q
p; ~P ¼ 5q�1;

~Q ¼ 5q�1BqGq ~Eð1 � e�qcÞ
q

þ 5q�1MqHqcq ~E;

~L ¼ 5q�1 ~EðC þ AFÞq þ 5q�1BqGqe�qc ~E;

~N ¼ 5q�1MqHq

bqCqðbÞ ; ~WðtÞ ¼ ~L þ ~Ntqb;

p ¼ 1 þ b; q ¼ 1 þ 1=b, then system (11) is quasi-uni-

formly stable.

Proof As the same in Theorem 3.1, we have the follow-

ing estimate form of solution of system(12).

k eðtÞ k� kuð0Þ k þ 1

CðbÞ

Z t

0

ðt� uÞb�1½C k eðuÞ k þAF k eðuÞ k

þBG k eðu� sÞ k þ
Z u

u�r
MH k eðsÞ k ds�du

¼ kuð0Þ k þ 1

CðbÞ

Z t

0

ðt� uÞb�1ðC þAFÞ k eðuÞ k du

þ 1

CðbÞ

Z t

0

ðt� uÞb�1
BG k eðu� sÞ k du

þ 1

CðbÞ

Z t

0

ðt� uÞb�1

Z u

u�r
MH k eðsÞ k ds

� �
du:

Let p ¼ 1þb;q ¼ 1þ 1=b, we can see that, p;q[1 and

1=pþ 1=q ¼ 1. By using the Hölder inequality (5), one

obtain

keðtÞk� kukþ 1

CðbÞ

Z t

0

ðt�uÞb�1
euðCþAFÞkeðuÞke�udu

þ 1

CðbÞ

Z t

0

ðt�uÞb�1
euBGkeðu�sÞke�udu

þ MHtb

bCðbÞ

Z t

0

eu keðuÞke�udu

þMHrkuk
CðbÞ

Z t

0

euðt�uÞb�1
e�udu

�kukþ 1

CðbÞ

Z t

0

ðt�uÞpb�p
epudu

� �1
p

Z t

0

ðCþAFÞq keðuÞkq e�qudu

� �1
q

þ 1

CðbÞ

Z t

0

ðt�uÞpb�p
epudu

� �1
p

Z t

0

BqGq keðu�sÞkq e�qudu

� �1
q

þ MHtb

bCðbÞ

Z t

0

epuduÞ
1
pð
Z t

0

keðuÞkq e�qudu

� �1
q

þMHrkuk
CðbÞ

Z t

0

epuðt�uÞpb�p
du

� �1
p
Z t

0

e�qudu

� �1
q
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k eðtÞ k� k u k þ 1

CðbÞ

Z t

0

ðt � uÞpb�p
epudu

� �1
p

Z t

0

ðC þ AFÞq k eðuÞ kq e�qudu

� �1
q

þ 1

CðbÞ

Z t

0

ðt � uÞpb�p
epudu

� �1
p

Z t

0

BqGq k eðu � sÞ kq e�qudu

� �1
q

þ MHtbept

bCðbÞ

Z t

0

k eðuÞ kq e�qudu

� �1
q

þ MHr k u k
CðbÞ

Z t

0

epuðt � uÞpb�p
du

� �1
p

:

ð20Þ

Note that

Z t

0

ðt�uÞpb�p
epudu¼

Z t

0

zpb�pepðt�zÞdz¼ ept

Z t

0

zpb�pe�pzdz

¼ ept

ppb�pþ1

Z pt

0

upb�pe�udu

\
ept

ppb�pþ1
Cðpb�pþ1Þ: ð21Þ

h

Substituting (21) into (20), we has

keðtÞk� kukþ eptCðpb�pþ1Þ
CpðbÞppb�pþ1

� �1
p

Z t

0

ðCþAFÞq keðuÞkq e�qudu

� �1
q

þ eptCðpb�pþ1Þ
CpðbÞppb�pþ1

� �1
p

Z t

0

BqGq keðu�sÞkq e�qudu

� �1
q

þ MHtbept

bCðbÞ

Z t

0

keðuÞkq e�qudu

� �1
q

þ MHrkuk eptCðpb�pþ1Þ
CpðbÞppb�pþ1

� �1
p

:

Then form Lemma 2.2, let k¼5 and g¼q, one gets

k eðtÞ kq � 5q�1 k u kq þ5q�1 eptCðpb� p þ 1Þ
CpðbÞppb�pþ1

� �q
p

Z t

0

ðC þ AFÞq k eðuÞ kq e�qudu

þ 5q�1 eptCðpb� p þ 1Þ
CpðbÞppb�pþ1

� �q
p

Z t

0

BqGq k eðu � sÞ kq e�qudu

þ 5q�1MqHqtqbept

bqCqðbÞ

Z t

0

k eðuÞ kq e�qudu

þ ð5q�1MqHqrq k u kqÞ eptCðpb� p þ 1Þ
CpðbÞppb�pþ1

� �q
p

;

let

~E ¼ Cðpb� p þ 1Þ
CpðbÞppb�pþ1

� �q
p

;

then

k eðtÞ kq� ð5q�1þ5q�1MqHqrq ~EeqtÞ kukq

þ 5q�1 ~EðCþAFÞq
eqt þ5q�1MqHqtqbeqt

bqCqðbÞ

� �

Z t

0

k eðuÞ kq e�qudu

þ5q�1 ~Eeqt

Z t

0

BqGq k eðu�sÞ kq e�qudu

� ð5q�1þ5q�1MqHqrq ~EeqtÞ kukq

þ 5q�1 ~EðCþAFÞq
eqt þ5q�1MqHqtqbeqt

bqCqðbÞ

� �

Z t

0

k eðuÞ kq e�qudu

þ 5q�1 ~Eeqt

Z t

0

BqGqe�qs k eðuÞ kq e�qudu

þ5q�1 ~Eeqt

Z 0

�s
BqGqe�qs k eðuÞ kq e�qudu

� 5q�1þ5q�1MqHqrq ~Eeqt þ5q�1BqGq ~Eð1�e�qsÞeqt

q

� �
kukq

þ 5q�1 ~EðCþAFÞq
eqt þ5q�1MqHqtqbeqt

bqCqðbÞ

�

þ5q�1BqGqe�qs ~Eeqt
	Z t

0

k eðuÞ kq e�qudu

� 5q�1þ5q�1MqHqcq ~Eeqt þ5q�1BqGq ~Eð1�e�qcÞeqt

q

� �
kukq

þ 5q�1 ~EðCþAFÞq
eqt þ5q�1MqHqtqbeqt

bqCqðbÞ

�

þ5q�1BqGqe�qc ~Eeqt
	Z t

0

k eðuÞ kq e�qudu;
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let

~P ¼ 5q�1

~Q ¼ 5q�1BqGq ~Eð1 � e�qcÞ
q

þ 5q�1MqHqcq ~E;

~L ¼ 5q�1 ~EðC þ AFÞq þ 5q�1BqGqe�qc ~E;

~N ¼ 5q�1MqHq

bqCqðbÞ ;

one gets

k eðtÞ kq �ð~P þ ~QeqtÞ k u kq

þ ð~Leqt þ ~NtqbeqtÞ
Z t

0

k eðuÞ kq e�qudu;

then

k eðtÞ kq e�qt �ð~Pe�qt þ ~QÞ k u kq

þ ð~L þ ~NtqbÞ
Z t

0

k eðuÞ kq e�qudu:

Form the Gronwall inequality (8),it follows that

k eðtÞ kq e�qt �ð~Pe�qt þ ~QÞ ku kq þ

�ð~Lþ ~NtqbÞ
Z t

0

ð~Pe�qu þ ~QÞ ku kq e

R t

u
ð~Lþ ~NtqbÞds

du:

let

~WðtÞ ¼ ~L þ ~Ntqb;

then

k eðtÞ kq e�qt �ð~Pe�qt þ ~QÞ k u kq þ ~WðtÞ k u kq

Z t

0

ð~Pe�qu þ ~QÞe ~WðtÞðt�uÞdu

¼ ð~Pe�qt þ ~QÞ k u kq þ ~WðtÞ k u kq e
~WðtÞt

�
Z t

0

~Pe�qu� ~WðtÞudu þ ~Q

Z t

0

e�u ~WðtÞdu

� �

¼ ð~Pe�qt þ ~QÞ k u kq þ ~WðtÞ k u kq e
~WðtÞt

� ~P
1 � e�ðqþ ~WðtÞÞt

q þ ~WðtÞ
þ ~Q

1 � e�
~WðtÞt

~WðtÞ

 !
;

so

k eðtÞ kq � ~P þ ~Qeqt þ
~WðtÞ~Pðeð ~WðtÞþqÞt � 1Þ

q þ ~WðtÞ

"

þ
~WðtÞ ~Qeð

~WðtÞþqÞtð1 � e�
~WðtÞtÞ

~WðtÞ

#
k u kq;

therefore

keðtÞk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~Pþ ~Qeqtþ

~WðtÞ~Pðeð ~WðtÞþqÞt�1Þ
qþ ~WðtÞ

þ
~WðtÞ ~Qeð ~WðtÞþqÞtð1�e� ~WðtÞtÞ

~WðtÞ
q

s
kuk :

It follows that when k u k \d, if (19) is satisfied, then

k eðtÞ k \e, from Definition 3.1, one can obtain system

(11) is quasi-uniformly stable.

4 An illustrative example

In this section, a numerical example is presented to illus-

trate the result. Let us consider the two-state fractional-

order mixed delay neural network model.

Dbðx1ðtÞÞ ¼ �0:1x1ðtÞ þ 0:2f1ðx1ðtÞÞ � 0:1f2ðx2ðtÞÞ
� 0:5g1ðx1ðt � sÞÞ � 0:1g2ðx2ðt � sÞÞ

þ
Z t

t�r
½0:4h1ðx1ðuÞÞ � 0:1h2ðx2ðuÞÞ�du

Dbðx2ðtÞÞ ¼ �0:1x2ðtÞ þ 0:1f1ðx1ðtÞÞ � 0:2f2ðx2ðtÞÞ
� 0:2g1ðx1ðt � sÞÞ � 0:1g2ðx2ðt � sÞÞ

þ
Z t

t�r
½0:1h1ðx1ðuÞÞ þ 0:2h2ðx2ðuÞÞ�du

Where the activation function is described by the function

fiðxiðtÞÞ ¼ giðxiðtÞÞ ¼ hiðxiðtÞÞ ¼ tanhx ði ¼ 1; 2Þ. So

F ¼ G ¼ H ¼ 1.

C ¼
0:1 0

0 0:1

� �
; A ¼

0:2 � 0:1

0:1 � 0:2

� �
;

B ¼
�0:5 � 0:1

�0:2 � 0:1

� �
; M ¼

0:4 � 0:1

0:1 0:2

� �
:

Obviously, C ¼ 0:1, A ¼ 0:3, B ¼ 0:7, M ¼ 0:5. Next is

needs to verify the quasi-uniform stability. Let t0 ¼ 0,

d=0.1, e=1, r=0.05.

On one hand, when b=0.7, through employing the

MATLAB, it could be verified that P ¼ 4:9938, Q ¼ 0:2278,

L ¼ 2:7994, N ¼ 0:6878, WðtÞ ¼ 3:0884. By the inequalityffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P þ Qe2t þ WðtÞeðWðtÞþ2ÞtðP 1�e�ð2þWðtÞÞt

2þWðtÞ þ Q 1�e�WðtÞt

WðtÞ Þ
q

\ e
d,

it could be obtained that T ¼ 0:6690. On the other hand, when

b ¼ 0:3, by means of the MATLAB, it could be noted that ~E ¼
2:4949; ~P ¼ 213:7470; ~Q ¼ 9:2269; ~L ¼ 83:7659; ~N ¼
16:9440; ~WðtÞ ¼ 84:1261, form calculating the inequalityffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~P þ ~Qeqt þ ~WðtÞ ~Pðeð ~WðtÞþqÞt�1Þ
qþ ~WðtÞ þ ~WðtÞ ~Qeð ~WðtÞþqÞtð1�e� ~WðtÞtÞ

~WðtÞ
q

r
\ e

d, it

gets T ¼ 0:0522.

Then with fixed order b, show the trajectories of x1 with

different initial values. Here choose s ¼ 0:1; r ¼
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0:05; b ¼ 0:7, give the time evolution of state with x1ðtÞ ¼
0:8; 0:5; 0:1;�0:1;�0:5;�0:8 (see Fig. 1), and under the

same conditions show the trajectories of x2 with different

initial values. Chosen to be x2ðtÞ ¼ 0:8; 0:5; 0:1;�0:1;

�0:5;�0:8 (see Fig. 2).

On the other hand, with fixed order b=0.3, show the

trajectories of x1 and x2 with the same conditions as above

(see Figs. 3, 4).

Furthermore, with fixed delay r ¼ 0:1, confirmed order

b ¼ 0:7, unchangeable initial values x1ðtÞ ¼ 0:5,

x2ðtÞ ¼ 0:5, give the trajectories of x1 and x2 with different

the other delay s ¼ 0:1; 0:5; 0:8 (see Figs. 5, 6).

Following, with fixed delay s ¼ 1, confirmed order

b=0.7, unchangeable initial values x1ðtÞ ¼ 0:5, x2ðtÞ ¼ 0:5,

show the trajectories of x1 and x2 with different the other

delay r ¼ 0:05; 0:1; 0:2 (see Figs. 7, 8).

From the above numerical results, we could note that the

neural network in this example is quasi-uniformly stable,
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−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

t

x2

β=0.7

Fig. 2 The trajectories of x2 with initial values x2ðtÞ ¼ 0:8; 0:5; 0:1;
�0:1;�0:5;�0:8
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Fig. 1 The trajectories of x1 with initial values x1ðtÞ ¼ 0:8; 0:5; 0:1;
�0:1;�0:5;�0:8
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Fig. 3 The trajectories of x1 with initial values

x1ðtÞ ¼ 0:8; 0:5; 0:1;�0:1; nbsp;�0:5; nbsp;�0:8
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Fig. 4 The trajectories of x2 with initial values x2ðtÞ ¼ 0:8; 0:5; 0:1;
�0:1; nbsp;�0:5; nbsp;�0:8
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Fig. 5 The trajectories of x1 with the same r ¼ 0:1, the different

s ¼ 0:1; 0:5; 0:8
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and also the influence on quasi-uniform property with

varying initial values and delays.

5 Conclusions

In this paper, quasi-uniform stability problems of a class of

fractional-order neural networks with mixed delay is

investigated. Not as in the integer-order delayed systems, it

is very difficult to construct Lyapunov functions for frac-

tional-order case. So by using only the inequality scaling

skills in this paper, sufficient conditions ensuring quasi-

uniform stability are derived. Finally, it can obtain that the

fractional-order neural networks with mixed delay con-

sidered in this paper is quasi-uniformly stable through the

numerical example and corresponding numerical

simulation.
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