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Abstract This paper aims to investigate the type of fuzzy

multiple attribute group decision making (MAGDM) where

arguments being aggregated are allowed to support each

other. In order to enable decision makers to express their

preferences more comprehensively, we firstly put forward a

hybrid tool, an interval-valued dual hesitant fuzzy lin-

guistic set (IVDHFLS), which employs interval-valued

hesitant membership and nonmembership degrees to assess

linguistic terms. Basic operational laws for IVDHFLS are

discussed, also a distance measure is designed to overcome

irrationality in traditional methodology for hesitant fuzzy

sets, i.e., artificially adding values to mismatching mem-

bership or nonmembership degrees. We next develop fun-

damental generalized power average aggregation operators

for IVDHFLS, including power average operator, power

geometric average operator, power ordered weighted

average operator and power ordered weighted geometric

average operator. Desirable properties and special cases of

these aggregation operators are further analyzed. Further-

more, based on the generalized operators above, we con-

struct two approaches for MAGDM with mutually

supportive arguments being aggregated under interval-

valued dual hesitant fuzzy linguistic environments. Finally,

case studies are conducted to verify effectiveness and

practicality of the developed approaches.

Keywords Multiple attribute group decision making �
Interval-valued dual hesitant fuzzy linguistic set �
Generalized aggregation operators � Power aggregation
operators

1 Introduction

Due to increasing complexity in socioeconomic environ-

ments and fuzziness in human cognition, single decision

maker is usually incompetent in considering all relevant

aspects of complicated decision making problems arising

in different systems, therefore, group decision making

(GDM) becomes common activity and analytics in modern

technological society [3, 33, 39]. The purpose of GDM is to

find most desirable solution(s) from finite alternatives by a

group of experts assessing on a set of criteria [48, 68]. As

an important part of GDM theories, multiple attribute

group decision making (MAGDM) has been widely studied

under different uncertain environments, for which fuzzy set

theory [64] and its extensions have been shown as effective

quantitative fuzzy tools for decision modelling with

uncertainty, such as interval-valued fuzzy set [38], intu-

itionistic fuzzy set (IFS) [1], interval-valued intuitionistic

fuzzy set [2]. However, these fuzzy theories may not

suitable for situations where decision makers are hesitant

and irresolute in establishing membership degrees because

of several possible values, so Torra [35], Torra and Nar-

ukawa [37] defined hesitant fuzzy set (HFS) to allow

membership degrees of an element to be a set of values.

HFS are highly useful in handling complex decision situ-

ations where decision makers hesitate when providing their
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preferences [17, 44]. Recently, in view of that nonmem-

bership degrees play the same important role as member-

ship degrees in describing vague preferences, Zhu et al.

[72] developed dual hesitant fuzzy set (DHFS) to denote

membership and nonmembership degrees of an element to

a given concept by two sets of crisp values. Then Ju et al.

[15] and Farhadinia [8] extended DHFS to interval-valued

environments. Evidently, DHFS is more practical in

MAGDM as it provides an effective and flexible way to

assign values for each element in the domains [8, 71].

With respect to those complex MAGDM problems that

cannot be well-defined for quantification, Zadeh [65] sug-

gested linguistic variables for expressing qualitative fuzzy

preferences. Being capable of enhancing classical decision

models [22, 44], linguistic variables have been studied in

depth [4, 7, 26, 27, 29, 49, 50] and applied into many fields

[5, 9, 14, 43]. Especially, noticing inadequacy of single

linguistic term to reflect decision uncertainty completely,

some novel expression forms have been developed to

accommodate membership and nonmembership degrees of

an element to a particular linguistic term. Such as, based on

IFS, Wang and Li [42] introduced the intuitionistic lin-

guistic set, Liu and Jin [20] studied intuitionistic uncertain

linguistic set, Liu [19] further proposed interval-valued

intuitionistic uncertain linguistic set to incorporate advan-

tages and flexibility of both interval values and uncertain

linguistic variables. In order to tackle more complex

decision situations where exists decision hesitancy among

several possible values, based on HFS, Lin et al. [18]

developed hesitant fuzzy linguistic set whose elements

hold the structure comprising of a certain linguistic term

and a set of possible crisp membership degrees. Wang et al.

[44] studied interval-valued hesitant fuzzy linguistic set to

integrate advantages of both linguistic variables and

interval-valued hesitant fuzzy elements. Meng et al. [23]

presented linguistic hesitant fuzzy set to consider possible

membership degrees of each possible linguistic term.

Unfortunately, above HFS based fuzzy linguistic tools can

only permit possible values for membership degrees.

In practice, for MAGDM problems under ill-defined

circumstances, decision makers may want to state their

preferences by certain linguistic variable with not only a set

of possible membership degrees but also a set of non-

membership degrees. Till now, to our best knowledge, only

Yang and Ju [62] carried out forerunning work based on

DHFS to investigate dual hesitant fuzzy linguistic set

(DHFLS), but only allowing exact numbers to collect

possible membership and nonmembership degrees associ-

ated with a specified linguistic term. However, as noted in

[30, 52, 54], due to time pressure, lack of knowledge or

data, and limited expertise about complicated problems,

decision makers are usually only willing or able to use

interval values to express their preferences. Therefore, this

paper extends DHFLS into interval-valued environments to

propose another desirable hybrid tool, i.e., interval-valued

dual hesitant fuzzy linguistic set (IVDHFLS). IVDHFLS

takes a compound structure hx; s; ~hðxÞ; ~gðxÞi to denote its

elements. For the evaluated object x, s provides certain

linguistic term, ~hðxÞ and ~gðxÞ represent two interval-valued

fuzzy sets to reflect possible membership and nonmem-

bership degrees to s. When ~hðxÞ and ~gðxÞ reduce to exact

sets, IVDHFLS becomes DHFLS. Obviously, IVDHFLS

retains advantages of linguistic variables and DHFS in

depicting fuzzy properties of an complex object, also holds

the flexibility of interval numbers when assigning possible

membership and nonmembership degrees.

During the procedures of MAGDM, aggregation oper-

ators play an indispensable role in aggregating individual

evaluations into collective ones [12]. Based on traditional

aggregation operators [6, 58, 61], such as operators WA,

WG, OWA, OWG, and etc., numerous extended aggrega-

tion operators have been introduced to support decision

making, such as, intuitionistic fuzzy aggregation operators

[63, 70], hesitant fuzzy aggregation operators [24, 45, 46],

linguistic aggregation operators [26, 27, 29, 49, 50],

induced aggregation operators [25, 28] and generalized

aggregation operators [27, 29, 66, 69]. However, most of

extant aggregation operators do not sufficiently consider

supportive correlations among arguments, so Yager [59]

developed power average (PA) operator and power ordered

weighted average (POWA) operator, in which weighting

vectors depend on input arguments and allow arguments

being aggregated to support each other. Then Xu and Yager

[57] developed the power geometric average (PG) operator

and the power ordered weighted average (POWGA) oper-

ator. Following their work, power average aggregation

operators have been further extended to accommodate

MAGDM under different uncertain environments. Such as,

the linguistic power aggregation operators by Zhou and

Chen [67], the power aggregation operators by Xu [55]

under intuitionistic fuzzy and interval-valued intuitionistic

fuzzy decision making environments, the power aggrega-

tion operators by Wan [40] under trapezoidal intuitionistic

fuzzy decision making environments, and generalized

argument-dependent power operators by Zhou et al. [68] to

accommodate intuitionistic fuzzy preferences. In this

paper, we continue to focus on investigating effective

approaches for fuzzy MADGM with arguments being

aggregated to support each other, but in which decision

preferences take the form of IVDHFLS. To do so, firstly, a

novel distance measure for IVDHFLS is put forward to

overcome irrationality in traditional methodology for HFS,

i.e., artificially complementing mismatching membership

or nonmembership degrees [32, 56]. Then, fundamental

generalized power aggregation operators are developed for
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IVDHFLS, including weighted generalized interval-valued

dual hesitant fuzzy linguistic power average

(WGIVDHFLPA) operator, weighted generalized interval-

valued dual hesitant fuzzy linguistic power geometric

average (WGIVDHFLPGA) operator, generalized interval-

valued dual hesitant fuzzy linguistic power ordered

weighted average (GIVDHFLPOWA) operator, and gen-

eralized interval-valued dual hesitant fuzzy linguistic

power ordered weighted geometric average (GIVDHFL-

POWGA) operator. Their desirable properties and special

cases are also discussed. Furthermore, by utilizing the

developed generalized power operators, two effective

approaches are constructed for MAGDM with mutually

supportive arguments being aggregated under interval-

valued dual hesitant fuzzy linguistic environments.

The remainder of this paper is organized as follows.

Section 2 briefly reviews concepts of linguistic variables and

interval-valued dual hesitant fuzzy set. In Sect. 3, we define

the interval-valued dual hesitant fuzzy linguistic set

(IVDHFLS), for which operational rules and a new distance

measure are studied. Section 4 investigates fundamental

generalized power aggregation operators for IVDHFLS,

their properties and special cases. In Sect. 5, two MAGDM

approaches are constructed in details. Additionally, to verify

effectiveness and practicality of the approaches, illustrative

case studies are carried out in Sect. 6. Finally, conclusions

and further research are given in Sect. 7.

2 Preliminaries

2.1 Linguistic variables

Suppose S ¼ fsaja ¼ 0; 1; . . .; la � 1g be a finite and totally
ordered discrete linguistic label set with odd cardinality,

such as 3, 7 and 9, where sa is called a linguistic variable

that represents a possible value in S, la is the cardinality.

Example 1 A linguistic set of nine terms, S, can be

defined as:

S ¼ fs0 ¼ none; s1 ¼ verylow; s2 ¼ low; s3
¼ almostmedium; s4 ¼ medium; s5 ¼ almosthigh; s6
¼ high; s7 ¼ veryhigh; s8 ¼ perfectg:

For the linguistic term set S, it is usually required that

there exist the following characteristics:

1. The set S is ordered: sa � sb if a� b;
2. Negative operator: negðsaÞ ¼ sb such that b ¼ g�

1� a;
3. Max operator: maxðsa; sbÞ ¼ sb if sa � sb;

4. Min operator: minðsa; sbÞ ¼ sb if sa � sb:

In the process of aggregating linguistic information,

however, some results may not exactly match any linguistic

terms presented in S. To preserve all given information,

Herrera et al. [10] extended discrete term set S to the

continuous term set �S ¼ fsaja 2 ½0; la � 1�g: Elements in �S
are called virtual linguistic terms and sa is called a con-

tinuous linguistic variable [49]. Obviously, linguistic

symbolic computational model based on continuous term

set �S is simple and convenient to use in decision making;

most importantly, it can avoid information loss. Therefore,

in the following, we adopt the continuous term set �S to

denote linguistic information.

Consider any two continuous linguistic variables: sa and

sb; k; k1; k2 2 ½0; 1�; Xu [49] defined some operational

laws:

1. sa � sb ¼ sb � sa ¼ saþb;

2. sa � sb ¼ sb � sa ¼ sab;

3. sa=sb ¼ sa=b if b 6¼ 0;

4. ksa ¼ ska;

5. ska ¼ sak ;

6. kðsa � sbÞ ¼ ksa � ksb;
7. k1sa � k2sa ¼ ðk1 þ k2Þsa;
8. ðsa � sbÞk ¼ ska � skb;

9. sk1a � sk2a ¼ sk1þk2
a :

To simplify representation and facilitate calculation, Xu

[51] also presented the following functions to transform

linguistic terms into corresponding term indices.

Definition 2.1 [51] Let �S ¼ fsaja 2 ½0; la � 1�g be a

continuous linguistic term set, where la is the cardinality;

sa 2 �S is a continuous linguistic variable, denoting a virtual

linguistic term. Then the corresponding term index can be

derived by the function I as follows,

I : �S ! ½0; la � 1�;

IðsaÞ ¼
a

la � 1
: ð1Þ

Sometimes, we need to map different linguistic term sets

with different cardinalities into the linguistic term set with

same cardinality. The following transformation function

provide an effective way to map different linguistic term

sets into the one with largest cardinality.

Definition 2.2 [51] Given two continuous linguistic term

sets: �S1 ¼ fsaja 2 ½0; la � 1�g and �S2 ¼ fsbjb 2
½0; lb � 1�g; where la and lb are their cardinalities; sa 2 �S1
and sb 2 �S2 are continuous linguistic variables. Then the

transformation function f between sa and sb can be defined

as follows,

f : �S1 ! �S2
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b ¼ f ðaÞ ¼ a
lb � 1

la � 1
; ð2Þ

f�1 : �S2 ! �S1

a ¼ f�1ðbÞ ¼ b
la � 1

lb � 1
: ð3Þ

The above transformation function can be explained

clearly in Fig. 1. Taken 5-granularity and 7-granularity

linguistic term sets for examples, according to Eq. (2), we

can map them into a 9-granularity linguistic term set as

shown in Fig. 1.

2.2 Interval-valued dual hesitant fuzzy set

(IVDHFS)

Torra [35] and Torra and Narukawa [37] proposed hesitant

fuzzy set (HFS) to handle situations in which several val-

ues are possible for defining a membership function to a

fuzzy set.

Definition 2.3 [35, 37] Let X be a fixed set, a hesitant

fuzzy set (HFS) on X is in terms of a function that when

applied to X returns a subset of [0, 1], which can be rep-

resented as the following symbol,

E ¼ hx; hEðxÞijx 2 Xf g; ð4Þ

where hEðxÞ is a set of values in [0, 1], denoting possible

membership degrees of the element x 2 X to the set E.

For convenience, Xu and Xia [56] named h ¼ hEðxÞ as a
hesitant fuzzy element (HFE) and H as the set of all HFEs.

Whereas, HFS accommodates only membership degrees

of an element to a given set without considering nonmem-

bership degrees. To overcome this limitation, Zhu et al.

[72] proposed the dual hesitant fuzzy set (DHFS).

Definition 2.4 [72] Let X be a fixed set, a dual hesitant

fuzzy set (DHFS) on X is represented as

D ¼ hx; hðxÞ; gðxÞijx 2 Xf g; ð5Þ

where hðxÞ ¼
S

l2hðxÞ flg and gðxÞ ¼
S

m2gðxÞ fmg are two

sets of crisp values in [0, 1], denoting possible membership

degrees and possible nonmembership degrees of the ele-

ment x 2 X to the set D, respectively. l and m satisfy

conditions: l; m 2 ½0; 1� and 0� lþ þ mþ � 1, where l 2
hðxÞ; m 2 gðxÞ; lþ 2 hþðxÞ ¼

S
l2hðxÞ maxflg and mþ 2

gþðxÞ ¼
S

m2gðxÞ maxfmg for all x 2 X:

However, precise membership degrees and nonmem-

bership degrees of an element to a set are sometimes hard

to be specified, to overcome this barrier, Ju et al. [15]

defined the concept of interval-valued dual hesitant fuzzy

set (IVDHFS).

Definition 2.5 [15] Let X be a fixed set, then we can

define an interval-valued dual hesitant fuzzy set (IVDHFS)

on X as:

~D ¼ hx; ~hðxÞ; ~gðxÞijx 2 X
� �

; ð6Þ

where ~hðxÞ ¼
S

½lL;lU �2~hðxÞ f~lg ¼
S

½lL;lU �2~hðxÞ f½lL; lU �g
and ~gðxÞ ¼

S
½mL;mU �2~gðxÞ f~mg ¼

S
½mL;mU �2~gðxÞ f½mL; mU �g are two

sets of interval values in [0, 1], denoting possible mem-

bership degrees and nonmembership degrees of the ele-

ment x 2 X to set ~D; respectively; ~l; ~m 2 ½0; 1�; 0�
ðlUÞþ þ ðmUÞþ � 1; where ðlUÞþ 2 ~hþðxÞ ¼

S
½lL;lU �2~hðxÞ

maxflUg and ðmUÞþ 2 ~gþðxÞ ¼
S

½mL;mU �2~gðxÞ maxfmUg for

all x 2 X:

Here, we denote ~d ¼ f~h; ~gg as an interval-valued dual

hesitant fuzzy element (IVDHFE) and ~D as the set of all

IVDHFEs. Some operational rules for IVDHFEs were

defined as follows.

Definition 2.6 [15] Given three IVDHFEs represented by
~d ¼ f~h; ~gg; ~d1 ¼ f~h1; ~g1g; ~d2 ¼ f~h2; ~g2g;, then basic oper-

ations between them can be described as

1. ~dk ¼
S

½lL;lU �2~h;½mL;mU �2~g ff½ðlLÞ
k; ðlUÞk�g; f½1� ð1�

mLÞk; 1� ð1� mUÞk�gg; k[ 0;

2. k~d ¼
S

½lL;lU �2~h;½mL;mU �2~g ff½1� ð1� lLÞk; 1� ð1�
lUÞk�g; f½ðmLÞk; ðmUÞk�gg; k[ 0;

3. ~d1 � ~d2 ¼
S

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;

½mL2 ; mU2 � 2
~g2ff½lL1 þ lL2 � lL1l

L
2 ; l

U
1

þlU2 � lU1 l
U
2 �g; f½mL1mL2 ; mU1 mU2 �gg;

4. ~d1 � ~d2 ¼
S

½lL
1
; lU1 � 2 ~h1; ½lL2 ; lU2 � 2 ~h2; ½mL1 ; mU1 � 2 ~g1;

½mL2 ; mU2 � 2 ~g2ff½lL1lL2 ; lU1 lU2 �g; f½mL1 þ mL2 � mL1m
L
2 ; m

U
1 þ

mU2 � mU1 m
U
2 �gg:

Definition 2.7 [15] Let ~d1 ¼ f~h1; ~g1g and ~d2 ¼ f~h2; ~g2g
be any two IVDHFEs, then basic operational rules between

them can be defined as:

1. ~d1 � ~d2 ¼ ~d2 � ~d1;

2. ~d1 � ~d2 ¼ ~d2 � ~d1;

5-granularity

7-granularity

9-granularity

0 1 2 3 4

0 1 2 3 4 5 6

70 1 2 3 4 5 6 8

11
3

22
3

15
3

26
3

Fig. 1 Mapping 5-granularity and 7-granularity linguistic term sets

into 9-granularity linguistic term set
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3. kð~d1 � ~d2Þ ¼ k~d1 � k~d2; k� 0;

4. ~dk1 � ~dk2 ¼ ð~d2 � ~d1Þk; k� 0:

Ju et al. [15] introduced a score function Sð~dÞ to cal-

culate score of ~d; and also defined an accuracy function

Pð~dÞ of ~d to evaluate accuracy degree of ~d; where

Sð~dÞ ¼ 1

2

1

lð~hÞ
X

½lL;lU �2~h

lL � 1

lð~gÞ
X

½mL;mU �2~g

mL

0

@

þ 1

lð~hÞ
X

½lL;lU �2~h

lU � 1

lð~gÞ
X

½mL;mU �2~g

mU

1

A; ð7Þ

Pð~dÞ ¼ 1

2

1

lð~hÞ
X

½lL;lU �2~h

lL þ 1

lð~gÞ
X

½mL;mU �2~g

mL

0

@

þ 1

lð~hÞ
X

½lL;lU �2~h

lU þ 1

lð~gÞ
X

½mL;mU �2~g

mU

1

A; ð8Þ

where lð~hÞ and lð~gÞ are numbers of interval values in ~h and

~g; respectively. The larger the score Sð~dÞ; the larger the

accuracy Pð~dÞ; the greater the IVDHFE ~d: Then, ordering

relation between ~d1 ¼ f~h1; ~g1g and ~d2 ¼ f~h2; ~g2g can be

described as follows.

If Sð~d1Þ\Sð~d2Þ; then ~d1\~d2:

If Sð~d1Þ ¼ Sð~d2Þ; then

1. If Pð~d1Þ ¼ Pð~d2Þ; then ~d1 ¼ ~d2;

2. If Pð~d1Þ\Pð~d2Þ; then ~d1\~d2:

2.3 Power aggregation operators

In this section, we briefly review some fundamental power

aggregation operators in literatures.

Definition 2.8 [59] A power average (PA) operator of

dimension n is a mapping: Rn ! R; according to following

formula:

PAða1; a2; . . .; anÞ ¼
Pn

i¼1 ð1þ TðaiÞÞaiPn
i¼1 ð1þ TðaiÞÞ

; ð9Þ

where

TðaiÞ ¼
Xn

j¼1;j6¼i

Supðai; ajÞ: ð10Þ

Supðai; ajÞ is the support function to calculate the degree

that ai receives support from aj: Supðai; ajÞ satisfies fol-

lowing three properties:

1. Supðai; ajÞ 2 ½0; 1�;
2. Supðai; ajÞ ¼ Supðaj; aiÞ;

3. Supðai; ajÞ� Supðak; asÞ; if jai � ajj � jak � asj:

PA operator is a non-linear weighted average aggrega-

tion operator, allowing arguments to support each other in

the aggregation process. Corresponding weight

ð1þ TðaiÞÞ
�Pn

i¼1 ð1þ TðaiÞÞ of argument ai depends on

all input arguments aiði ¼ 1; 2; . . .; nÞ. The closer two

values are, the more they support each other.

Yager [59] also defined the power ordered weighted

average (POWA) operator as follows.

Definition 2.9 [59] A power ordered weighted average

(POWA) operator of dimension n is a mapping: Rn ! R;

according to the following formula:

POWAwða1; a2; . . .; anÞ ¼
Xn

i¼1

wiarðiÞ; ð11Þ

where

wi ¼ g
Ri

TV

� �

� g
Ri�1

TV

� �

; Ri ¼
Xi

j¼1

VrðjÞ;

TV ¼
Xn

i¼1

VrðiÞ; VrðiÞ ¼ 1þ TðarðiÞÞ;

TðarðiÞÞ ¼
Xn

j¼1;j 6¼i

SupðarðiÞ; arðjÞÞ: ð12Þ

Here, arðiÞ denotes the i th largest arguments ajðj ¼
1; 2; . . .; nÞ; g: ½0; 1� ! ½0; 1� is a basic BUM function [60]

which satisfies: gð0Þ ¼ 0; gð1Þ ¼ 1; gðxÞ� gðyÞ if x[ y:

SupðarðiÞ; arðjÞÞ indicates to what degree the jth largest

argument supports the ith largest argument; TðarðiÞÞ
denotes the support that the ith largest argument receives

from all the other arguments.

Xu and Yager [57] further proposed the power geomet-

ric (PG) operator and the power ordered weighted

geometric (POWG) operator.

Definition 2.10 [57] A power geometric (PG) operator of

dimension n is a mapping: Rn ! R; according to the fol-

lowing formula:

PGða1; a2; . . .; anÞ ¼
Yn

i¼1

a

1þTðaiÞPn

i¼1
ð1þTðaiÞÞ

i ; ð13Þ

where TðaiÞ satisfies Eq. (10).

Definition 2.11 [57] A power ordered weighted geo-

metric (POWG) operator of dimension n is a mapping:

Rn ! R; according to the following formula:

POWGða1; a2; . . .; anÞ ¼
Yn

i¼1

awi

rðiÞ; ð14Þ
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where wi satisfies Eq. (12), and arðiÞ is the ith largest

among the arguments ajðj ¼ 1; 2; . . .; nÞ:
By combining PA operator with generalized mean

operator, Zhou et al. [68] defined the following weighted

generalized power average (WGPA) operator, and gener-

alized power ordered weighted average (GPOWA)

operator.

Definition 2.12 [68] Given parameter A weighted gen-

eralized power average (WGPA) operator of dimension n is

a mapping: Rn ! R; according to the following formula:

WGPAða1; a2; . . .; anÞ ¼
Pn

i¼1 xið1þ TðaiÞÞakiPn
i¼1 xið1þ TðaiÞÞ

� �1=k

;

ð15Þ

where

TðaiÞ ¼
Xn

j¼1;j6¼i

xjSupðai; ajÞ: ð16Þ

Here,xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1; Supðai; ajÞ is the

support that ai receives from aj; k 2 ð�1;þ1Þ and k 6¼ 0:

Definition 2.13 [68] A generalized power ordered

weighted average (GPOWA) operator of dimension n is a

mapping: Rn ! R; defined by following formula:

GPOWAw;kða1; a2; . . .; anÞ ¼
Xn

i¼1

wia
k
rðiÞ

 !1=k

; ð17Þ

where wi satisfied Eq. (12); k 2 ð�1;þ1Þ and k 6¼ 0:

3 Interval-valued dual hesitant fuzzy linguistic set
(IVDHFLS)

For better tackling complex MAGDM problems, dual

hesitant fuzzy linguistic sets (DHFLS) [62] managed to

represent decision maker’s preferences by certain linguistic

term with possible membership degrees and nonmember-

ship degrees to indicate decision maker’s hesitancy. While

usually under circumstances of high complexity, due to

time pressure and knowledge limitations, decision makers

are only willing or able to provide their preferences with

interval values [30, 52, 54]. To accommodate this kind of

situations, inspired by DHFLS [62], here we define the

concept of interval-valued dual hesitant fuzzy linguistic set

(IVDHFLS), and study its basic operational rules; then, we

propose an effective distance measure for IVDHFLS to

overcome irrationality in conventional method.

3.1 Definition of IVDHFLS

Definition 3.1 Let X be a fixed set, �S be a finite and

continuous linguistic term set, then an interval-valued dual

hesitant fuzzy linguistic set (IVDHFLS) SD on X is defined

as

SD ¼ hx; saðxÞ; ~hðxÞ; ~gðxÞijx 2 X
� �

; ð18Þ

where saðxÞ is selected from predefined �S to represent

decision maker’s judgment to an object x being evaluated;
~hðxÞ ¼

S
½lL;lU �2~hðxÞ f~lg ¼

S
½lL;lU �2~hðxÞ f½lL; lU �g is a set of

closed interval values belonging to ½0; 1� for denoting

possible membership degrees to which x belongs to

saðxÞ; ~gðxÞ ¼
S

½mL;mU �2~gðxÞ f~mg ¼
S

½mL;mU �2~gðxÞ f½mL; mU �g is a

set of closed interval values belonging to ½0; 1� for denoting
possible nonmembership degrees to which x belongs to

saðxÞ; that is, possible degrees to which x does not belong to

saðxÞ: ~hðxÞ and ~gðxÞ satisfy: ~l; ~m 2 ½0; 1�; 0�ðlUÞþ þ
ðmUÞþ � 1; where ðlUÞþ 2 ~hþðxÞ ¼

S
½lL;lU �2~hðxÞ maxflUg

and ðmUÞþ 2 ~gþðxÞ ¼
S

½mL;mU �2~gðxÞ maxfmUg for 8x:
When X ¼ fx1; x2; . . .; xng has only one element, SD

reduces to ðsa; ~h; ~gÞ: For convenience, sd ¼ sa; ~h; ~g
� �

is

called an interval-valued dual hesitant fuzzy linguistic

number (IVDHFLN), and IVDHFLNs represent all ele-

ments in IVDHFLS.

3.2 Operational rules for IVDHFLS

Definition 3.2 Given three IVDHFLNs: sd ¼ ðsa; ~h; ~gÞ;
sd1 ¼ ðsa1 ; ~h1; ~g1Þ and sd2 ¼ ðsa2 ; ~h2; ~g2Þ; k 2 ½0; 1�; basic

operations on these sets are defined by

1. ksd ¼
[

sa;~h;~gð Þ2sd ska;ð S
½lL;lU �2~h;½mL;mU �2~g ff½1� ð1�

lLÞk; 1� ð1� lUÞk�g; f½ðmLÞk; ðmUÞk�ggÞ ¼
S

sa;~h;~gð Þ2sd
ska;

S
½lL;lU �2~h;

	
½mL; mU � 2 ~gff½1� ð1� lLÞk; 1�

ð1� lUÞk�g; f½ðmLÞk; ðmUÞk�ggÞ;
2. sdk ¼

[

sa;~h;~gð Þ2sd sak ;
[

½lL;lU �2~h;½mL;mU �2~g

	
ff½ðlLÞk;

ðlUÞk�g; f½1� ð1� mLÞk; 1� ð1� mUÞk�ggÞ ¼
S

sa;~h;~gð Þ2sd sak ;
S

½lL;lU �2~h;½mL;mU �2~g ff½ðlLÞ
k;

	
ðlUÞk�g;

f½1� ð1� mLÞk; 1� ð1� mUÞk�ggÞ;
3. sd1 � sd2 ¼

S
ðsa1 ;~h1;~g1Þ

2 sd1; ðsa2 ; ~h2; ~g2Þ 2 sd2 sa1þa2 ;ð
S

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

ff½lL1 þ lL2 � lL1l
L
2 ;

lU1 þlU2 � lU1 l
U
2 �g; f½mL1mL2 ; mU1 mU2 �ggÞ;
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4. sd1 � sd2 ¼
S

ðsa1 ;~h1;~g1Þ2sd1;ðsa2 ;
~h2; ~g2Þ 2 sd2 sa1a2 ;ð

S
½lL

1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;

½mL1 ; mU1 � 2 ~g1; ½mL2 ; mU2 � 2 ~g2ff½lL1lL2 ;
lU1 l

U
2 �g; f½mL1 þ mL2 �mL1m

L
2 ; m

U
1 þ mU2 � mU1 m

U
2 �ggÞ:

It can be easily proven that all results given above are

also IVDHFLNs, then we can have the following theorem.

Theorem 3.1 Let sd ¼ ðsa; ~h; ~gÞ; sd1 ¼ ðsa1 ; ~h1; ~g1Þ and

sd2 ¼ ðsa2 ; ~h2; ~g2Þ be any three IVDHFLNs, then following

properties are true:

1. sd1 � sd2 ¼ sd2 � sd1;
2. sd1 � sd2 ¼ sd2 � sd1;

3. kðsd1 � sd2Þ ¼ ksd1 � ksd2; k 2 ½0; 1�;
4. sdk1 � sdk2 ¼ ðsd1 � sd2Þk; k 2 ½0; 1�;
5. k1sd � k2sd ¼ ðk1 þ k2Þsd; k1; k2 2 ½0; 1�;
6. sdk1 � sdk2 ¼ sdk1þk2 ; k1; k2 2 ½0; 1�:

Proof See Appendix 1. h

In order to compare two IVDHFLNs, we next define

score function and accuracy function, based on which a

comparison method for two IVDHFLNs is presented.

Definition 3.3 Let sd ¼ ðsa; ~h; ~gÞ be an IVDHFLN, then

score function SðsdÞ can be denoted as following

SðsdÞ ¼ IðsaÞ 	
1

2

1

lð~hÞ
X

½lL;lU �2~h

lL � 1

lð~gÞ
X

½mL;mU �2~g

mL

0

@

þ 1

lð~hÞ
X

½lL;lU �2~h

lU � 1

lð~gÞ
X

½mL;mU �2~g

mU

1

A; ð19Þ

where I is the function in Definition 2.1, lð~hÞ and lð~gÞ are
the numbers of interval values in ~h and ~g; respectively.

Definition 3.4 Let sd ¼ ðsa; ~h; ~gÞ be an IVDHFLN, then

accuracy function PðsdÞ can be denoted as following

PðsdÞ ¼ IðsaÞ 	
1

2

1

lð~hÞ
X

½lL;lU �2~h

lL þ 1

lð~gÞ
X

½mL;mU �2~g

mL

0

@

þ 1

lð~hÞ
X

½lL;lU �2~h

lU þ 1

lð~gÞ
X

½mL;mU �2~g

mU

1

A; ð20Þ

where I is the function in Definition 2.1, lð~hÞ and lð~gÞ are
the numbers of interval values in ~h and ~g; respectively.

Definition 3.5 Let any two IVDHFLNs sd1 ¼ ðsa1 ; ~h1; ~g1Þ
and sd2 ¼ ðsa2 ; ~h2; ~g2Þ; then

1. If Sðsd1Þ\Sðsd2Þ; then sd1\sd2:

2. If SðsdÞ ¼ SðsdÞ; then

(a) If Pðsd1Þ ¼ Pðsd2Þ; then sd1 ¼ sd2;

(b) If Pðsd1Þ\Pðsd2Þ; then sd1\sd2:

3.3 An improved distance measure for IVDHFLS

When it comes to calculating distance between hesitant fuzzy

elements in HFS and its extensions, the first problem is that

lengths of membership set or nonmembership set in hesitant

fuzzy elements could be unequal. Normally for this kind of

situations, the complementing method [32, 56] is suggested to

construct distance measures, that is, to make the lengths equal

by adding values into membership set or nonmembership set

with shorter length. While artificially adding some values will

inevitably cause information distortion to some extent. There-

fore, without inserting any artificial values, here we define a

novel normalized Euclidean distance in following Defini-

tion 3.6 for IVDHFLS. It is worth noticing that Definition 3.6

is capable of calculating distance between any two IVDHFLNs

using linguistic term sets with different cardinalities.

Definition 3.6 Given two IVDHFLNs sd1 ¼ ðs#1
; ~h1; ~g1Þ

and sd2 ¼ ðs#2
; ~h2; ~g2Þ. Let l~h1 ; l~h2 ; l~g1 and l~g2 be the lengths of

~h1; ~h2; ~g1 and ~g2 respectively, that is, denote the number of

elements in ~h1; ~h2; ~g1 and ~g2. Suppose �S1 ¼ fs#1
j#1 2

½0; g1 � 1�g and �S2 ¼ fs#2
j#2 2 ½0; g2 � 1�g be two sets of

continuous linguistic terms, where g1\g2: Then the nor-

malized Euclidean distance for IVDHFLNs can be defined as

dðsd1; sd2Þ ¼
1

2

1

l~h1 l~h2

Xl ~h1

j¼1

Xl ~h2

k¼1

f ða1Þ
g2 � 1

lLj~h1
� a2
g2 � 1

lLk~h2



















2
 0

@

0

@

þ f ða1Þ
g2 � 1

lUj

~h1
� a2
g2 � 1

lUk

~h2



















2
!

þ 1

l~g1 l~g2

Xl ~g1

j¼1

Xl ~g2

k¼1

f ða1Þ
g2 � 1

mLj~g1 �
a2

g2 � 1
mLk~g2



















2
 

þ f ða1Þ
g2 � 1

mUj

~g1
� a2
g2 � 1

mUk

~g2



















2
!!!1=2

ð21Þ

Especially, if and only if #1 ¼ #2; ~h1 ¼ ~h2 and ~g1 ¼ ~g2;
we call sd1 and sd2 are perfectly consistent, and the

distance between sd1 and sd2 is equal to 0.

Theorem 3.2 The above interval-valued dual hesitant

fuzzy linguistic Euclidean distance satisfies following fun-

damental properties:

1. 0� dðsd1; sd2Þ� 1;

2. dðsd1; sd2Þ ¼ 0 if and only if sd1 and sd2 are perfectly

consistent;

3. dðsd1; sd2Þ ¼ dðsd2; sd1Þ:
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4 Generalized power aggregation operators
for IVDHFLS

In this section, we carry out extension study of traditional

power average operators to accommodate interval-valued dual

hesitant fuzzy linguistic information. A series of generalized

power aggregation operators for IVDHFLS are proposed, their

desirable properties and special cases are also discussed.

4.1 Weighted generalized interval-valued dual

hesitant fuzzy linguistic power aggregation

operators

Definition 4.1 For a collection of IVDHFLNs sdjðj ¼
1; 2; . . .; nÞ; a weighted generalized interval-valued dual

hesitant fuzzy linguistic power average (WGIVDHFLPA)

operator is a mapping Sn ! S:

WGIVDHFLPAx;kðsd1; sd2; . . .; sdnÞ

¼
�n

j¼1ðxjð1þ TðsdjÞÞsdkj ÞPn
i¼1 xið1þ TðsdiÞÞ

 !1=k

; ð22Þ

where

TðsdjÞ ¼
Xn

k¼1;k 6¼j

xkSupðsdj; sdkÞ ð23Þ

x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for

sdjðj ¼ 1; 2; . . .; nÞ with conditions xj 2 ½0; 1� and

Pn
j¼1 xj ¼ 1 Parameter k 2 ð0;þ1Þ Supðsdj; sdkÞ is the

support function to calculate the degree that sdj
receives from sdk Supðsdj; sdkÞ satisfies following three

properties:

1. Supðsdj; sdkÞ 2 ½0; 1�;
2. Supðsdj; sdkÞ ¼ Supðsdk; sdjÞ;
3. Supðsdj; sdkÞ� Supðsdi; sdsÞ if dðsdj; sdkÞ\dðsdi; sdsÞ

where d is a distance measure between two

IVDHFLNs.

Theorem 4.1 Let sdj ¼ sa; ~hj; ~gj
� �

be a collection of

IVDHFLNs, then aggregation results from Definition 4.1

are still IVDHFLNs, and we have

where x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for

sdjðj ¼ 1; 2; . . .; nÞ: And x satisfies xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1:

Proof Theorem 4.1 can be proved by mathematical

induction method. See Appendix 2. h

Theorem 4.2 Given a collection of IVDHFLNs sdj ¼
ðsaj ; ~hj; ~gjÞðj ¼ 1; 2; . . .; nÞ: k is a parameter and k[ 0:

x ¼ ðx1;x2; . . .;xnÞT is weighting vector for sdj;xj 2
½0; 1� and

Pn
j¼1 xj ¼ 1: If x ¼ ð1=n; 1=n; . . .; 1=nÞT ; op-

erator WGIVDHFLPA reduces to following generalized

interval-valued dual hesitant fuzzy linguistic power aver-

age (GIVDHFLPA) operator:

WGIVDHFLPAx;kðsd1; sd2; . . .; sdnÞ ¼
[

saj ;
~hj;~gjð Þ2sdj s

Pn

j¼1

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

ðajÞk
� �1=k ;

0

B
B
@

[½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yn

j¼1

ð1� ðlLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xjð1þTðsdiÞÞ

 !1=k

; 1�
Yn

j¼1

ð1� ðlUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;
;

0

@

1� 1�
Yn

j¼1

ð1� ð1� mLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� mUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A

ð24Þ
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Besides, along with variations of k and x; the

WGIVDHFLPA operator reduces to several other special

cases, which are listed in Theorem 4.3.

Theorem 4.3 Given a collection of IVDHFLNs sdj ¼
ðsaj ; ~hj; ~gjÞðj ¼ 1; 2; . . .; nÞ: k is a parameter and k[ 0:

x ¼ ðx1;x2; . . .;xnÞT is weighting vector for sdj;xj 2
½0; 1� and

Pn
j¼1 xj ¼ 1: Then

1. If k ¼ 1 and x ¼ ð1=n; 1=n; . . .; 1=nÞT ; then

WGIVDHFLPA reduces to the interval-valued dual hesi-

tant fuzzy linguistic power average (IVDHFLPA) operator:

2. If k ¼ 1;x ¼ ð1=n; 1=n; . . .; 1=nÞT and

Supðsdi; sdjÞ ¼ k (i.e., a constant) for all i 6¼ j; then

WGIVDHFLPA reduces to the interval-valued dual hesi-

tant fuzzy linguistic average (IVDHFLA) operator:

IVDHFLAðsd1; sd2; . . .; sdnÞ ¼
1

n
�
n

j¼1
sdj ¼

[

ðsaj ;~hj;~gjÞ2sdj

s1
n

Pn

j¼1
aj
;

�

[
½lL

j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yn

j¼1

ð1� lLj Þ
1
n; 1

"((

�
Yn

j¼1

ð1� lUj Þ
1
n

#)

;
Yn

j¼1

ðmLj Þ
1
n;
Yn

j¼1

ðmUj Þ
1
n

" #( ))!

:

ð27Þ

Definition 4.2 For a collection of IVDHFLNs: sdjðj ¼
1; 2; . . .; nÞ; a weighted generalized interval-valued dual

hesitant fuzzy linguistic power geometric average

(WGIVDHFLPGA) operator is a mapping Sn ! S:

WGIVDHFLPGAx;kðsd1; sd2; . . .; sdnÞ

¼ 1

k
�
n

j¼1
ðksdjÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !

; ð28Þ

GIVDHFLPAkðsd1; sd2; . . .; sdnÞ ¼
�
n

j¼1
ð1þ TðsdjÞÞsdkj

Pn
i¼1 ð1þ TðsdiÞÞ

0

B
@

1

C
A

1=k

¼
[

saj ;
~hj;~gjð Þ2sdj s

Pn

j¼1

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

ðajÞk
� �1=k ;

0

B
B
@

[½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yn

j¼1

ð1� ðlLj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k

; 1�
Yn

j¼1

ð1� ðlUj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;
;

8
<

:

1� 1�
Yn

j¼1

ð1� ð1� mLj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� mUj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A

ð25Þ

IVDHFLPAðsd1; sd2; . . .; sdnÞ ¼
�
n

j¼1
ð1þ TðsdjÞÞsdj

Pn
i¼1 ð1þ TðsdiÞÞ

¼
[

saj ;
~hj;~gjð Þ2sdj sPn

j¼1

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

aj
;

0

@

[½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yn

j¼1

ð1� lLj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ; 1�

Yn

j¼1

ð1� lUj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

" #( )(

Yn

j¼1

ðmLj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ;

Yn

j¼1

ðmUj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

" #( ))!

: ð26Þ
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where TðsdjÞ is the same as Eq. (23). x ¼ ðx1;

x2; . . .;xnÞT is the weighting vector for sdj;xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1. k is a parameter and k 2 ð0;þ1Þ:

Theorem 4.4 Let sdj ¼ ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ be a

collection of IVDHFLNs, then aggregation results from

Definition 4.2 are still IVDHFLNs, and we have

where x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for

sdj;xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1:

Proof Theorem 4.4 can be proved by mathematical

induction method. See Appendix 3. h

Theorem 4.5 For a collection of IVDHFLNs: sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ: k is a parameter and k[ 0:

x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for sdj;xj 2
½0; 1� and

Pn
j¼1 xj ¼ 1: If x ¼ ð1=n; 1=n; . . .; 1=nÞT ; then

WGIVDHFLPGA reduces to following generalized inter-

val-valued dual hesitant fuzzy linguistic power geometric

average (GIVDHFLPGA) operator,

Theorem 4.6 For a collection of IVDHFLNs: sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ: k is a parameter and k[ 0:

WGIVDHFLPGAx;kðsd1; sd2; . . .; sdnÞ ¼
[

saj ;
~hj;~gjð Þ2sdj

s

1
k

Qn

j¼1
ðkajÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

;
[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

0

B
@

1� 1�
Yn

j¼1

ð1� ð1� lLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� lUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

8
<

:
;

1�
Yn

j¼1

ð1� ðmLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1�
Yn

j¼1

ð1� ðmUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A;

ð29Þ

GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ ¼
1

k
�
n

j¼1
ðksdjÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !

¼
[

saj ;
~hj;~gjð Þ2sdj

s

1
k

Qn

j¼1
ðkajÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

;
[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

0

B
@

1� 1�
Yn

j¼1

ð1� ð1� lLj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� lUj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

8
<

:
;

1�
Yn

j¼1

ð1� ðmLj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k

; 1�
Yn

j¼1

ð1� ðmUj Þ
kÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A:

ð30Þ
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x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for sdj;xj 2
½0; 1� and

Pn
j¼1 xj ¼ 1; Then

1. If k ¼ 1 and x ¼ ð1=n; 1=n; . . .; 1=nÞT ; then

WGIVDHFLPGA reduces to the interval-valued dual

hesitant fuzzy linguistic power geometric average

(IVDHFLPGA) operator:

2. If k ¼ 1;x ¼ ð1=n; 1=n; . . .; 1=nÞT ; Supðsdi; sdjÞ ¼ k

(i.e., a constant) for all i 6¼ j; then WGIVDHFLPGA

reduces to the interval-valued dual hesitant fuzzy linguistic

geometric average (IVDHFLGA) operator:

Now, we can analyze some properties of operators

developed above.

Theorem 4.7 GIVDHFLPA operator and GIVDHFLPGA

operator hold following properties:

1. Commutativity: Let ðsd
1 ; sd
2 ; . . .; sd
nÞ be any permu-

tation of ðsd1; sd2; . . .; sdnÞ; then

GIVDHFLPAkðsd
1 ; sd
2 ; . . .; sd
nÞ
¼ GIVDHFLPAkðsd1; sd2; . . .; sdnÞ;

GIVDHFLPGAkðsd
1 ; sd
2 ; . . .; sd
nÞ
¼ GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ:

2. Idempotency: Let sdj ¼ sd; for all j ¼ 1; 2; . . .; n; then

GIVDHFLPAkðsd1; sd2; . . .; sdnÞ ¼ sd;

GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ ¼ sd:

3. Boundedness: The GIVDHFLPA operator and the

GIVDHFLPGA operator lie between the max and min

operators,

sd� �GIVDHFLPAkðsd1; sd2; . . .; sdnÞ� sdþ;

sd� �GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ� sdþ:

Proof See Appendix 4. h

Similar to GIVDHFLPA and GIVDHFLPGA, operators

IVDHFLPA, IVDHFLA, IVDHFLPGA and IVDHFLGA

also hold properties of commutativity, idempotency and

boundedness.

Clearly, operators WGIVDHFLPA and

WGIVDHFLPGA are idempotent and bounded, but they do

not hold commutativity. Take WGIVDHFLPA for exam-

ple, if ðsd
1 ; sd
2; . . .; sd
nÞ is any permutation of ðsd1;
sd2; . . .; sdnÞ; then Tðsd
j Þ ¼

Pn
k¼1;k 6¼j xkSupðsd
j ; sd
kÞ:

Since ðTðsd
1Þ; Tðsd
2Þ; . . .; Tðsd
nÞÞ may not be the permu-

tation of ðTðsd1Þ; Tðsd2Þ; . . .; TðsdnÞÞ; then
WGIVDHFLPAkðsd1; sd2; . . .; sdnÞ

¼ WGIVDHFLPAkðsd
1; sd
2 ; . . .; sd
nÞ

generally does not hold. And it is the same with operator

WGIVDHFLPGA.

Lemma 4.1 [36] Assume that xj [ 0; kj [ 0; j ¼
1; 2; . . .; n; and

Pn
j¼1 kj ¼ 1; then

IVDHFLPGAðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1
sd

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

j

¼
[

ðsaj ;~hj;~gjÞ2sdj

s
Qn

j¼1
a

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

j

;
[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

0

B
B
@

Yn

j¼1

ðlLj Þ
1þTðsdjÞPn

i¼1
1þTðsdiÞ;

Yn

j¼1

ðlUj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

" #( )

;
Yn

j¼1

ðmLj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ;

Yn

j¼1

ðmUj Þ
1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

" #( )( )!

:

ð31Þ

IVDHFLGAðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1
sd

1
n

j ¼
[

saj ;
~hj;~gjð Þ2sdj

sQn

j¼1
a
1
n
j

;

�

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

Yn

j¼1

ðlLj Þ
1
n;
Yn

j¼1

ðlUj Þ
1
n

" #( )

;
Yn

j¼1

ðmLj Þ
1
n;
Yn

j¼1

ðmUj Þ
1
n

" #( )( )
1

C
A:

ð32Þ
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Yn

j¼1

x
kj
j �

Xn

j¼1

kjxj;

with equality if and only if x1 ¼ x2 ¼ � � � ¼ xn:

Theorem 4.8 For a collection of IVDHFLNs sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ;x ¼ ðx1;x2; . . .;xnÞT is the

weighting vector for sdj;xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1; then

IVDHFLPGAxðsd1; sd2; . . .; sdnÞ
� IVDHFLPAxðsd1; sd2; . . .; sdnÞ:

Proof See Appendix 5. h

Theorem 4.8 shows that values obtained by

IVDHFLPGA operator are not bigger than the ones

obtained by the IVDHFLPA operator. Considering varia-

tions of parameter k; we also can derive the following

Theorems 4.9 and 4.10.

Theorem 4.9 For a collection of IVDHFLNs: sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ;x ¼ ðx1;x2; . . .;xnÞT is the

weighting vector for sdj;xj 2 ½0; 1� and
Pn

j¼1 xj ¼
1; k[ 0; then

IVDHFLPGAxðsd1; sd2; . . .; sdnÞ
�GIVDHFLPAx;kðsd1; sd2; . . .; sdnÞ:

Proof See Appendix 6. h

Theorem 4.10 For a collection of IVDHFLNs: sdj ¼ ðsaj ;
~hj; ~gjÞ;x ¼ ðx1;x2; . . .;xnÞT is the weighting vector for

sdj;xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1; k[ 0j ¼ 1; 2; . . .; n; then

GIVDHFLPGAx;kðsd1; sd2; . . .; sdnÞ
� IVDHFLPAxðsd1; sd2; . . .; sdnÞ:

Proof See Appendix 7. h

Theorems 4.9 and 4.10 give us the result that values

obtained by IVDHFLPGA operator are not bigger than the

ones obtained by IVDHFLPA operator, no matter how

parameter k changes.

4.2 Generalized interval-valued dual hesitant fuzzy

linguistic power ordered weighted aggregation

operators

In the above developed operators WGIVDHFLPA and

WGIVDHFLPGA, weighting vectors only depend upon

the mutually supportive input arguments themselves.

However, in many group decision making problems, we

need to rearrange all given arguments in descending (or

ascending) order, then weight the ordered positions of

input arguments so as to relieve influence of unfair

arguments on decision results by assigning low weights to

those ‘‘false’’ or ‘‘biased’’ ones. Therefore, based on ideas

of OWA operator [58] and power average aggregation

operator [59], in this section, we study fundamental

generalized power ordered weighted operators for

IVDHFLS.

Definition 4.3 For a collection of IVDHFLNs sdjðj ¼
1; 2; . . .; nÞ; sdrðjÞ be the jth largest of them, parameter k 2
ð0;þ1Þ: Then a generalized interval-valued dual hesitant

fuzzy linguistic power ordered weighted averaging

(GIVDHFLPOWA) operator is a mapping Sn ! S:

GIVDHFLPOWAw;kðsd1; sd2; . . .; sdnÞ

¼ �
n

j¼1
ðwjsd

k
rðjÞÞ

� �1=k

; ð33Þ

where

wj ¼ g
Rj

TV

	 �
� g

Rj�1

TV

	 �

with wj 2 ½0; 1� and
Xn

j¼1

wj ¼ 1; Rj ¼
Xj

k¼1

VrðkÞ:

TV ¼
Xn

j¼1

VrðjÞ; VrðjÞ ¼ 1þ TðsdrðjÞÞ;

TðsdrðjÞÞ ¼
Xn

k¼1;k 6¼j

SupðsdrðjÞ; sdrðkÞÞ:
ð34Þ

In Eq. (34), TðsdrðjÞÞ denotes support that jth largest

argument receives from all the other arguments,

SupðsdrðjÞ; sdrðkÞÞ indicates support for sdrðjÞ from sdrðkÞ:

g : ½0; 1� ! ½0; 1� is a basic BUM function [60] which

satisfies gð0Þ ¼ 0; gð1Þ ¼ 1 and gðxÞ� gðyÞ if x[ y:

Theorem 4.11 Let sdj ¼ ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ be a

collection of IVDHFLNs, aggregation results yielded from

Definition 4.3 are still IVDHFLNs, and we have
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where wj satisfies Eq. (34) and sdrðjÞ be the jth largest of

sdjðj ¼ 1; 2; . . .; nÞ: k is a parameter and k 2 ð0;þ1Þ:

Proof Similar to proof of Theorem 4.1, Theorem 4.11

can also be proved by mathematical induction method,

detailed proof steps are omitted here for conciseness.

Theorem 4.12 For a collection of IVDHFLNs: sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ; then we have

1. If k ¼ 1; then GIVDHFLPOWA operator reduces to

the following interval-valued dual hesitant fuzzy linguistic

power ordered weighted averaging (IVDHFLPOWA)

operator:

IVDHFLPOWAwðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1
wjsdrðjÞ

¼
[

ðsarðjÞ ;~hrðjÞ;~grðjÞÞ2sdrðjÞ

sPn

j¼1
wjarðjÞ

;
[

½lL
rðjÞ;l

U
rðjÞ�2~hrðjÞ;½mLrðjÞ;m

U
rðjÞ�2~grðjÞ

0

B
@

1�
Yn

j¼1

ð1� lLrðjÞÞ
wj ; 1�

Yn

j¼1

ð1� lUrðjÞÞ
wj

" #( )

;

(

Yn

j¼1

ðmLrðjÞÞ
wj ;
Yn

j¼1

ðmUrðjÞÞ
wj

" #( ))!

:

ð36Þ

2. If k ¼ 1 and w ¼ ð1=n; 1=n; . . .; 1=nÞT ; then GIVD

HFLPOWA reduces to the following interval-valued dual

hesitant fuzzy linguistic average (IVDHFLA) operator:

IVDHFLAðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1

1

n
sdj

¼
[

ðsaj ;~hj;~gjÞ2sdj

sPn

j¼1

1
n
aj
;

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

0

B
@

1�
Yn

j¼1

ð1� lLj Þ
1
n; 1�

Yn

j¼1

ð1� lUj Þ
1
n

" #( )

;

(

Yn

j¼1

ðmLj Þ
1
n;
Yn

j¼1

ðmUj Þ
1
n

" #( ))!

:

ð37Þ

Definition 4.4 For a collection of IVDHFLNs sdjðj ¼
1; 2; . . .; nÞ; let sdrðjÞ be the jth largest of them, k is a

parameter and k 2 ð0;þ1Þ: A generalized interval-valued

dual hesitant fuzzy linguistic power ordered weighted

geometric average (GIVDHFLPOWGA) operator is a

mapping Sn ! S:

GIVDHFLPOWGAw;kðsd1; sd2; . . .; sdnÞ

¼ 1

k
�
n

j¼1
ðksdrðjÞÞwj

� �

; ð38Þ

in which wj satisfies Eq. (34).

Theorem 4.13 Let sdj ¼ ðsaj ; ~hj; ~gjÞ be a collection of

IVDHFLNs, then aggregation results from Definition 4.4

are still IVDHFLNs, and we can have

GIVDHFLPOWAw;kðsd1; sd2; . . .; sdnÞ ¼
[

sarðjÞ ;
~hrðjÞ;~grðjÞ

	 �
2sdrðjÞ

s Pn

j¼1
wjðarðjÞÞk

	 �1=k ;

0

@

[½lL
rðjÞ;l

U
rðjÞ�2~hrðjÞ;½mLrðjÞ;m

U
rðjÞ�2~grðjÞ

1�
Yn

j¼1

ð1� ðlLrðjÞÞ
kÞwj

 !1=k

; 1�
Yn

j¼1

ð1� ðlUrðjÞÞ
kÞwj

 !1=k
2

4

3

5

8
<

:

9
=

;
;

8
<

:

1� 1�
Yn

j¼1

ð1� ð1� mLrðjÞÞ
kÞwj

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� mUrðjÞÞ
kÞwj

 !1=k
2

4

3

5

8
<

:

9
=

;

9
=

;

1

A

ð35Þ
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where wj satisfies Eq. (34), sdrðjÞ is the jth largest of

sdjðj ¼ 1; 2; . . .; nÞ; k is a parameter and k 2 ð0;þ1Þ:

Proof Similar to proof of Theorem 4.4, Theorem 4.13

can be proved by mathematical induction method, and

proof steps are omitted here.

Theorem 4.14 For a collection of IVDHFLNs sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ; then

1. If k ¼ 1; then operator GIVDHFLPOWGA reduces to

interval-valued dual hesitant fuzzy linguistic power

ordered weighted geometric average (IVDHFLPOWGA)

operator, where

2. If k ¼ 1;w ¼ ð1=n; 1=n; . . .; 1=nÞT ; then operator

GIVDHFLPOWGA reduces to interval-valued dual hesi-

tant fuzzy linguistic geometric average (IVDHFLGA)

operator, where

In resemblance to proof of Theorem 4.7, operators

IVHFLPOWA and IVHFLPOWGA can be proved holding

properties of commutativity, idempotency and bounded-

ness. Besides, similar to Theorems 4.8, 4.9 and 4.10, we

can also conclude the theorems as follows.

Theorem 4.15 For a collection of IVDHFLNs: sdj ¼
ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ; k[ 0; then,

GIVDHFLPOWGAw;kðsd1; sd2; . . .; sdnÞ
�GIVDHFLPOWAw;kðsd1; sd2; . . .; sdnÞ:

Theorem 4.16 Let sdj ¼ ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ be a

collection of IVDHFLNs, k[ 0; then,

GIVDHFLPOWGAw;kðsd1; sd2; . . .; sdnÞ ¼
[

sarðjÞ ;
~hrðjÞ;~grðjÞ

	 �
2sdrðjÞ

s1
k

Qn

j¼1
ðkarðjÞÞxj ;

�

[½lL
rðjÞ;l

U
rðjÞ�2~hrðjÞ;½mLrðjÞ;m

U
rðjÞ�2~grðjÞ

1� 1�
Yn

j¼1

ð1� ð1� lLrðjÞÞ
kÞwj

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� lUrðjÞÞ
kÞwj

 !1=k
2

4

3

5

8
<

:

9
=

;
;

8
<

:

1�
Yn

j¼1

ð1� ðmLrðjÞÞ
kÞxj

 !1=k

; 1�
Yn

j¼1

ð1� ðmUrðjÞÞ
kÞxj

 !1=k
2

4

3

5

8
<

:

9
=

;

9
=

;

1

A

ð39Þ

IVDHFLPOWGAwðsd1; sd2; . . .; sdnÞ ¼
[

ðsarðjÞ ;~hrðjÞ;~grðjÞÞ2sdrðjÞ

sQn

j¼1
a
wj

rðjÞ
;

�

[

½lL
rðjÞ;l

U
rðjÞ�2~hrðjÞ;½mLrðjÞ;m

U
rðjÞ�2~grðjÞ

Yn

j¼1

ðlLrðjÞÞ
wj ;
Yn

j¼1

ðlUrðjÞÞ
wj

" #( )

; 1�
Yn

j¼1

ð1� mLrðjÞÞ
wj ; 1�

Yn

j¼1

ð1� mUrðjÞÞ
wj

" #( ))(
1

C
A:

ð40Þ

IVDHFLGAðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1
ðsdjÞ

1
n ¼

[

ðsaj ;~hj;~gjÞ2sdj

sQn

j¼1
ðajÞ

1
n
;

�

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

Yn

j¼1

ðlLj Þ
1
n;
Yn

j¼1

ðlUj Þ
1
n

" #( )

; 1�
Yn

j¼1

ð1� mLj Þ
1
n; 1�

Yn

j¼1

ð1� mUj Þ
1
n

" #( ))(
1

C
A:

ð41Þ
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IVDHFLPOWGAwðsd1; sd2; . . .; sdnÞ
�GIVDHFLPOWAw;kðsd1; sd2; . . .; sdnÞ:

Theorem 4.17 Let sdj ¼ ðsaj ; ~hj; ~gjÞ ðj ¼ 1; 2; . . .; nÞ be a

collection of IVDHFLNs, k[ 0; then,

GIVDHFLPOWGAw;kðsd1; sd2; . . .; sdnÞ
� IVDHFLPOWAwðsd1; sd2; . . .; sdnÞ:

5 Approaches for MAGDM with interval-valued
dual hesitant fuzzy linguistic information

In this section, we apply afore-developed generalized power

aggregation operators to construct effective approaches for

MAGDM under interval-valued dual hesitant fuzzy linguistic

environments. Let A ¼ fA1;A2; . . .;Ang be a discrete set of

alternatives, G ¼ fG1;G2; . . .;Gmg be the set of attributes,

x ¼ ðx1;x2; . . .;xmÞT be the weighting vector for attribute

vector G, where xj � 0; j ¼ 1; 2; . . .;m and
Pm

j¼1 xj ¼ 1:

D ¼ fd1; d2; . . .; dtg denotes the set of decision makers, g ¼
ðg1; g2; . . .; gtÞ represents the weighting vector for experts,

with gk � 0; and
Pt

k¼1 gk ¼ 1; k ¼ 1; 2; . . .; t: Suppose that

Rk ¼ ðrkijÞn	m is the decision matrix, where rkij ¼ ðskaij ; ~h
k
ij; ~g

k
ijÞ

takes the form of IVDHFLN, given by decision maker dk for

alternative Ai with respect to attribute Gj:

Then, depending on actual decision situations where

whether weighting information for decision makers and

attributes can be determined in advance, in the following,

we propose MAGDM approaches based on the developed

generalized power aggregation operators for two basic

cases: (1) case I, where expert weights and attribute

weights are known; (2) case II, where expert weights and

attribute weights are totally unknown.

5.1 Approach for MAGDM with known expert

weights and attribute weights (case I)

Aiming at actual decision situations in which weighting

vectors for decision makers and attributes can be obtained

in advance, we apply WGIVDHFLPA and

WGIVDHFLPGA operators to construct the following

Approach I to resolve MAGDM under interval-valued dual

hesitant fuzzy linguistic environments.

5.1.1 Approach I: MAGDM with known expert weights

and attribute weights

Step I-1 According to Eqs. (2) or (3), transform decision

matrices Rk ¼ ðrkijÞn	m given with linguistic term sets of

different cardinalities into the decision matrices R
_k

¼

ðr_k

ijÞn	m denoted with same linguistic term set, where r
_k

ij ¼

ðs_k

a
_

ij
; ~hkij; ~g

k
ijÞ: Normally, we transform linguistic term sets of

different cardinalities into the one with largest cardinality.

Step I-2 Calculate support degrees by the following

function:

Supðr_k

ij; r
_l

ijÞ ¼ 1� dðr_k

ij; r
_l

ijÞ;
k; l ¼ 1; 2; . . .; t; k 6¼ l; i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;m;

ð42Þ

which satisfies the conditions for support functions in

Definition 2.8. dðr_k

ij; r
_l

ijÞ is calculated by normalized

Euclidean distance measure defined in Eq. (21).

Step I-3 Calculate the support degree Tðr_k

ijÞ that IVDHFLN

r
_k

ij receives from other IVDHFLNs r
_l

ijðl ¼ 1; 2; . . .; t; l 6¼
kÞ; where

Tðr_k

ijÞ ¼
Xt

l¼1;l 6¼k

glSupðr
_k

ij; r
_l

ijÞ: ð43Þ

Step I-4 Utilize weights gkðk ¼ 1; 2; . . .; tÞ for decision

makers dk to calculate weights nkij associated with the

IVDHFLN rkij;

nkij ¼
gkð1þ Tðr

_k

ijÞÞ
Pt

k¼1 gkð1þ Tðr_k

ijÞÞ
; k ¼ 1; 2; . . .; t; ð44Þ

where nkij � 0 and
Pt

k¼1 n
k
ij ¼ 1:

Step I-5 Aggregate all individual decision matrices R
_k

¼

ðr_k

ijÞn	mðk ¼ 1; 2; . . .; tÞ into group decision matrix R ¼
ðrijÞn	m by use of WGIVDHFLPA operator, or into group

decision matrix RG ¼ ðrGij Þn	m by use of WGIVDHFLPGA

operator, where
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or

Step I-6 Calculate support degrees Supðrij; ripÞ and

SupðrGij ; rGipÞ by following functions:

Supðrij; ripÞ ¼ 1� dðrij; ripÞ;
i ¼ 1; 2; . . .; n; j; p ¼ 1; 2; . . .;m; j 6¼ p;

ð47Þ

SupðrGij ; rGipÞ ¼ 1� dðrGij ; rGipÞ;
i ¼ 1; 2; . . .; n; j; p ¼ 1; 2; . . .;m; j 6¼ p; ;

ð48Þ

which satisfy the conditions for support functions in Def-

inition 4.1. Here, dðrij; ripÞ and dðrGij ; rGipÞ are calculated

according to Eq. (21).

Step I-7 Calculate support degree TðrijÞ that IVDHFLN rij
receives from other IVDHFLNs ripðp ¼ 1; 2; . . .;m; p 6¼ jÞ;
or TðrGij Þ of IVDHFLN rGij by rGipðp ¼ 1; 2; . . .;m; p 6¼ jÞ;
where

TðrijÞ ¼
Xm

p¼1;p 6¼j

xpSupðrij; ripÞ; ð49Þ

TðrGij Þ ¼
Xm

p¼1;p6¼j

xpSupðrGij ; rGipÞ: ð50Þ

Step I-8 Calculate weighting vector wijði ¼ 1; 2; . . .; n; j ¼
1; 2; . . .;mÞ associated with rij; and wG

ij associated with rGij :

wij ¼
xjð1þ TðrijÞÞPm
j¼1 xjð1þ TðrijÞÞ

; ð51Þ

wG
ij ¼

xjð1þ TGðrGij ÞÞPm
j¼1 xjð1þ TGðrGij ÞÞ

: ð52Þ

Step I-9 Use WGIVDHFLPA operator or WGIVDHFLPG

operator to aggregate all evaluation values rijði ¼
1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ or rGij into overall evaluation

values riði ¼ 1; 2; . . .; nÞ or rGi corresponding to each

alternative Aiði ¼ 1; 2; . . .; nÞ:
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or

Step I-10 Calculate scores sðriÞ or sðrGi Þ for the overall

interval-valued dual hesitant fuzzy linguistic numbers

riði ¼ 1; 2; . . .; nÞ or rGi of alternatives Aiði ¼ 1; 2; . . .; nÞ by
Definition 3.5.

Step I-11 Rank all alternatives Aiði ¼ 1; 2; . . .; nÞ and select

the best one(s) in accordance with the ranking order of

riði ¼ 1; 2; . . .; nÞ or rGi ði ¼ 1; 2; . . .; nÞ:

5.2 Approach for MAGDM with unknown expert

weights and attribute weights (case II)

To tackle more uncertain decision situations where

weighting information for decision makers and attributes

are totally unknown, we choose GIVDHFLPOWA or

GIVDHFLPOWGA operators to develop following

Approach II for MAGDM under interval-valued dual

hesitant fuzzy linguistic environments.

5.2.1 Approach II: MAGDM with unknown expert weights

and attribute weights

Step II-1 Same as step I-1.

Step II-2 Calculate support degrees according to following

function

Supðr_rðkÞ
ij ; r

_rðlÞ
ij Þ ¼ 1� dðr_rðkÞ

ij ; r
_rðlÞ
ij Þ;

k; l ¼ 1; 2; . . .; t; k 6¼ l; i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .;m;

ð55Þ

which satisfies conditions for support functions given in

Definition 2.8. Here, dðr_rðkÞ
ij ; r

_rðlÞ
ij Þ is calculated by nor-

malized Euclidean distance measure in Eq. (21).

Step II-3 Calculate support degree Tðr_rðkÞ
ij Þ that the kth

largest IVDHFLN r
_rðkÞ
ij receives from other IVDHFLNs

r
_rðlÞ
ij ðl ¼ 1; 2; . . .; t; l 6¼ kÞ; where

ri ¼ WGIVDHFLPAw;kðri1; ri2; . . .; rimÞ ¼
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Tðr_rðkÞ
ij Þ ¼

Xt

l¼1;l 6¼k

Supðr_rðkÞ
ij ; r

_rðlÞ
ij Þ: ð56Þ

Step II-4 Utilize Eq. (34) to calculate weights gkij associated

with the kth largest IVDHFLN r
_k

ij; we have gkij ¼ gðRk

TV
Þ �

gðRk�1

TV
Þ with gkij 2 ½0; 1� and

Pt
k¼1 g

k
ij ¼ 1; g is the BUM

function [60], Rk ¼
Pk

l¼1 V
rðlÞ
ij ; TVij ¼

Pt
l¼1 V

rðlÞ
ij ;V

rðlÞ
ij

¼ 1þ Tðr_rðlÞ
ij Þ:

Step II-5 Aggregate all individual decision matrices R
_k

¼

ðr_k

ijÞn	mðk ¼ 1; 2; . . .; tÞ into group decision matrix R ¼
ðrijÞn	m or RG ¼ ðrGij Þn	m by GIVDHFLPOWA or

GIVDHFLPOWG operator, where

or

Step II-6 Calculate support degrees SupðrirðjÞ; rirðpÞÞ or

SupðrG
irðjÞ; r

G
irðpÞÞ according to following functions:

SupðrirðjÞ; rirðpÞÞ ¼ 1� dðrirðjÞ; rirðpÞÞ;
i ¼ 1; 2; . . .; n; j; p ¼ 1; 2; . . .;m; j 6¼ p;

ð59Þ

SupðrGirðjÞ; rGirðpÞÞ ¼ 1� dðrGirðjÞ; rGirðpÞÞ;
i ¼ 1; 2; . . .; n; j; p ¼ 1; 2; . . .;m; j 6¼ p;

ð60Þ

which satisfy conditions for support functions in Defini-

tion 4.1. Here, dðrij; ripÞ and dðrGij ; rGipÞ are calculated by

Eq. (21).

Step II-7 Calculate support degree TðrirðjÞÞ that the jth

largest IVDHFLN rirðjÞ receives from other IVDHFLNs

rirðpÞðp ¼ 1; 2; . . .;m; p 6¼ jÞ:

TðrirðjÞÞ ¼
Xm

p¼1;p 6¼j

SupðrirðjÞ; rirðpÞÞ; ð61Þ

or support degree TðrG
irðjÞÞ that the jth largest IVDHFLN

rG
irðjÞ receives from IVDHFLNs rG

irðpÞðp ¼ 1; 2; . . .;m; p 6¼
jÞ; where
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rGij ¼ GIVDHFLPOWGAkðr_
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TðrGirðjÞÞ ¼
Xm

p¼1;p 6¼j

SupðrGirðjÞ; rGirðpÞÞ: ð62Þ

Step II-8 Utilize Eq. (34) to calculate weights wijði ¼
1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ or wG

ij :

wij ¼ gðRij

TV
Þ � gðRiðj�1Þ

TV
Þ with wij 2 ½0; 1� and

Pm
j¼1 wij ¼ 1;

g is the BUM function [60],

Rij ¼
Xj

p¼1

VirðpÞ; TV ¼
Xm

j¼1

VirðjÞ; VirðjÞ ¼ 1þ TðrirðjÞÞ;

or wG
ij ¼ gð RG

ij

TVGÞ � gðR
G
iðj�1Þ
TVG Þ with wG

ij 2 ½0; 1� and
Pm

j¼1 w
G
ij ¼

1; g is the BUM function [60], RG
ij ¼

P j
p¼1

VG
irðpÞ; TV

G ¼
Pm

j¼1 V
G
irðjÞ;V

G
irðjÞ ¼ 1þ TðrG

irðjÞÞ:
Step II-9 Utilize WGIVDHFLPOWA operator or

WGIVDHFLPOWG operator to aggregate rijði ¼
1; 2; . . .; n; j ¼ 1; 2; . . .;mÞ or rGij into overall values riði ¼
1; 2; . . .; nÞ or rGi related to each alternative Ai; where

or

Step II-10 Calculate scores sðriÞ ði ¼ 1; 2; . . .; nÞ or sðrGi Þ
for ri ði ¼ 1; 2; . . .; nÞ or rGi related to alternatives Ai ði ¼
1; 2; . . .; nÞ according to Definition 3.5;

Step II-11 Rank all the alternatives Ai ði ¼ 1; 2; . . .; nÞ and
select the best one(s) in accordance with the ranking of

ri ði ¼ 1; 2; . . .; nÞ and rGi :

For more clarity, Fig. 2 shows flowcharts of the above-

proposed IVDHFLS-based approaches for MAGDM under

the situations of cases I and II.

5.3 Advantages of proposed approaches

Based on IVDHFLS and its generalized power operators,

the above-proposed approaches can effectively tackle

MAGDM problems where arguments being aggregated are

mutually supportive [41, 47, 55]. The main advantages of

proposed approaches can be outlined as follows.

1. The newly defined expression form of IVDHFLS holds

advantages of linguistic variables and DHFS when
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depicting decision hesitancy in ill-defined problems.

IVDHFLS is specially suitable for complex decision

situations where experts are willing to or only capable

of indicating their hesitancy with interval values rather

than crisp ones on both membership and nonmember-

ship degrees. On the other hand, by setting upper

bounds and lower bounds as equal in ~hðxÞ and ~gðxÞ;
IVDHFLS flexibly reduces to accommodate such

decision scenarios where membership or nonmember-

ship degrees can be assigned exactly with crisp values.

2. For calculating distances between IVDHFLNs, the

improved distance measure defined in Eq. (21) man-

ages to help proposed MAGDM approaches avoid the

information distortion caused by conventional com-

plementing method [32, 56].

3. As for MAGDM case I with known expert weights and

attribute weights, approach I derives synthesized

expert weights (using Eq. (44)) and attribute weights

(using Eqs. (51) or (52)) by taking into account known

weighting information and supportive correlations

among arguments simultaneously, so that approach I

manages to consider characteristics of problems in

case I more comprehensively. While for more complex

MAGDM in case II without weighting information

(i.e., expert weights and attribute weights are totally

unknown), approach II utilizes BUM function [60] to

objectively derive appropriate expert weights and

attribute weights from supportive correlations among

interval-valued dual hesitant fuzzy linguistic argu-

ments. Overall, by employing IVDHFLS to depict

decision preferences, the proposed approaches I and II

can exploit decision information more adequately, so

as to effectively resolve MAGDM with mutually

supportive arguments being aggregated.

In what follows, application and comparative studies are

carried out to verify our proposed MAGDM approaches.

6 Illustrative examples

6.1 Case study

Emergency management is a very important issue in social

systems because frequently happening emergency events

may cause disastrous consequences, especially in countries

Fig. 2 Flowcharts of proposed IVDHFLS-based approaches for MAGDM
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with high population density, such as China. One of the

most important components in emergency management is

to evaluate the emergency response capacity (ERC) of

emergency departments or emergency solutions [16]. In

this subsection, we apply approaches developed in Sect. 5

to evaluate emergency response capacity of emergency

solutions.

To implement rescue to a urban fire happened in China,

for effective response, local emergency department have to

select the most appropriate alternative from prepared

emergency solutions (adapted from Ju et al. [16]). Suppose

there are three emergency solutions to select: A1;A2;A3f g:
Three decision making teams dk ðk ¼ 1; 2; 3Þ; including

employees team (d1), external experts team (d2), senior

managers team (d3), are organized to evaluate the emer-

gency solutions under four attributes: emergency process

capability (G1), emergency forecasting capability (G2),

emergency support capability (G3), after-disaster process

capability (G4). Due to uncertainty and time pressure,

decision makers are usually hesitant and are more likely

willing to express their preferences by use of linguistic

terms. Then the fuzzy tool of IVDHFLS defined in this

paper is provided to all teams to assess the alternatives.

Then, three interval-valued dual hesitant fuzzy linguistic

decision matrices, i.e., Rk ¼ ðrkijÞ3	4ðk ¼ 1; 2; 3Þ; are col-

lected and shown in Tables 1, 2 and 3. Suppose R1 given

by d1 uses the nine-granularity linguistic term set S ¼
fs0; s1; s2; s3; s4; s5; s6; s7; s8g; R2 given by d2 uses the five-

granularity linguistic term set S ¼ fs0; s1; s2; s3; s4g; and R3

given by d3 uses the eleven- granularity linguistic term set

S ¼ fs0; s1; s2; s3; s4; s5; s6; s7; s8; s9; s10g: Subsequently, we
use the developed decision making approaches to derive

ranking order of the three emergency solutions. Decision

steps are detailed as follows.

Case I Suppose that weighting information is known.

The weighting vector for decision making teams is g ¼
ð0:4; 0:3; 0:3ÞT ; weighting vector for attributes is x ¼
ð0:2; 0:3; 0:3; 0:2ÞT : For this case, we use Approach I to

obtain ranking order of the emergency solutions.

Step I-1 Transform decision matrices into the ones by use

of linguistic term set with largest cardinality (i.e., the ele-

ven-granularity linguistic term set) according to Eq. (2).

Therefore, R1 ¼ ðr1ijÞ3	4 is mapped into R
_1

¼ ðr_1

ijÞ3	4 as

shown in Table 4, R2 ¼ ðr2ijÞ3	4 is mapped into R2 ¼

ðr2ijÞ3	4 as shown in Table 5, R
_3

¼ R3.

Step I-2 Calculate support degrees Supðr_k

ij; r
_l

ijÞ ðk; l; i ¼
1; 2; 3; j ¼ 1; 2; 3; 4; k 6¼ lÞ by Eq. (42). For simplicity, we

denote Supðr_k

ij; r
_l

ijÞ by Supkl referring to support degrees

between R
_k

and R
_l

; then we have
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[0
.1
,
0
.2
]}
)

(s
4
,
{
[0
.3
,
0
.4
],
[0
.4
,
0
.5
]}
,
{
[0
.4
,
0
.5
]}
)

(s
2
,
{
[0
.5
,
0
.6
],
[0
.7
,
0
.8
]}
,
{
[0
.1
,
0
.2
]}
)

(s
5
,
{
[0
.5
,
0
.7
]}
,
{
[0
.1
,
0
.2
],
[0
.2
,
0
.3
]}
)
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.2
]]
}
)
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]}
)

(s
6
,
{
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.6
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],
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.3
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)
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,
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0
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]}
)
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Sup12 ¼ Sup21 ¼
0:8234 0:9077 0:8387 0:7849

0:7699 0:7615 0:4285 0:8449

0:6797 0:8096 0:7319 0:7812

0

B
@

1

C
A;

Sup13 ¼ Sup31 ¼
0:7644 0:7446 0:8222 0:798

0:7309 0:7891 0:4909 0:7738

0:9243 0:9065 0:7536 0:7333

0

B
@

1

C
A;

Sup23 ¼ Sup32 ¼
0:8016 0:8268 0:7109 0:9214

0:5455 0:8354 0:9278 0:717

0:6487 0:8361 0:7895 0:8391

0

B
@

1

C
A:

Step I-3 Calculate support degree Tðr_k

ijÞ of r
_k

ij by r
_l

ijðl ¼
1; 2; 3; l 6¼ kÞ using Eq. (43). We denote Tðr_k

ijÞ by Tk as

follows,

T1 ¼
0:4763 0:4957 0:4983 0:4749

0:4502 0:4652 0:2758 0:4856

0:4812 0:5148 0:4456 0:4543

0

B
@

1

C
A;

T2 ¼
0:5698 0:6111 0:5487 0:5904

0:4716 0:5552 0:4497 0:5531

0:4665 0:5747 0:5296 0:5642

0

B
@

1

C
A;

T3 ¼
0:5462 0:5459 0:5422 0:5956

0:456 0:5663 0:4747 0:5246

0:5643 0:6134 0:5383 0:545

0

B
@

1

C
A:

Step I-4 Utilize Eq. (44) to calculate the weights nkijðk ¼
1; 2; 3Þ associated with rkij; we denote ðnkijÞ3	4 by nk as

follows,

n1 ¼
0:3871 0:3871 0:3926 0:3817

0:3978 0:3849 0:3678 0:3916

0:3945 0:3878 0:3859 0:3841

0

B
@

1

C
A;

n2 ¼
0:3087 0:3128 0:3044 0:3087

0:3027 0:3064 0:3134 0:307

0:293 0:3024 0:3062 0:3098

0

B
@

1

C
A;

n3 ¼
0:3041 0:3001 0:3031 0:3097

0:2995 0:3086 0:3188 0:3014

0:3125 0:3098 0:3079 0:306

0

B
@

1

C
A:

Step I-5 Suppose k ¼ 2; then aggregate individual decision

matrices R
_k

¼ ðr_k

ijÞ3	4ðk ¼ 1; 2; 3Þ into group decision

matrix R ¼ ðrijÞ3	4 by WGIVDHFLPA operator as shown

in Table 6, or RG ¼ ðrGij Þ3	4 by WGIVDHFLPGA operator,

as shown Table 7.

Step I-6. Calculate support degrees Supðrij; ripÞ ði ¼
1; 2; 3; j; p ¼ 1; 2; 3; 4; j 6¼ pÞ by Eq. (47), and SupðrGij ; rGipÞ
by Eq. (48). Here, we denote Supðrij; ripÞ by Supjp, and

SupðrGij ; rGipÞ by SupGjp; referring to support degrees between

jth row and pth row in R and RG; respectively. We have

Sup12 ¼ Sup21 ¼
0:8998

0:8281

0:636

0

B
@

1

C
A;

Sup13 ¼ Sup31 ¼
0:7138

0:909

0:7014

0

B
@

1

C
A;

Sup14 ¼ Sup41 ¼
0:9098

0:8647

0:6511

0

B
@

1

C
A;

Sup23 ¼ Sup32 ¼
0:6199

0:8352

0:923

0

B
@

1

C
A;

Sup24 ¼ Sup42 ¼
0:9301

0:7178

0:9696

0

B
@

1

C
A;

Sup34 ¼ Sup43 ¼
0:6462

0:8715

0:9376

0

B
@

1

C
A;

and

SupG12 ¼ SupG21 ¼
0:8299

0:8577

0:6345

0

B
@

1

C
A;

SupG13 ¼ SupG31 ¼
0:7461

0:8586

0:6499

0

B
@

1

C
A;

SupG14 ¼ SupG41 ¼
0:8791

0:8261

0:6248

0

B
@

1

C
A;

SupG23 ¼ SupG32 ¼
0:585

0:9501

0:9477

0

B
@

1

C
A;

SupG24 ¼ SupG42 ¼
0:8889

0:7455

0:961

0

B
@

1

C
A;

SupG34 ¼ SupG43 ¼
0:6398

0:7793

0:9592

0

B
@

1

C
A:

Step I-7 Calculate support degree TðrijÞ of rij by ripðp ¼
1; 2; 3; 4; p 6¼ jÞ according to Eq. (49), and support degree

TGðrijÞ of rGij by rGipðp ¼ 1; 2; 3; 4; p 6¼ jÞ according to

Eq. (50). Here, we denote ðTðrijÞÞ3	4 and ðTGðrijÞÞ3	4 by

T and TG, respectively. Then we have
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T ¼
0:666 0:5519 0:458 0:6549

0:6941 0:5597 0:6067 0:6497

0:5314 0:598 0:6047 0:7024

0

B
@

1

C
A;

TG ¼
0:6486 0:5193 0:4527 0:6344

0:6801 0:6057 0:6126 0:6227

0:5103 0:6034 0:6061 0:701

0

B
@

1

C
A:

Step I-8 Use Eqs. (51) and (52) to calculate weighting

vectors: wijði ¼ 1; 2; 3; j ¼ 1; 2; 3; 4Þ and wG
ij associated

with rij and rGij ; respectively. Here, we denote ðwijÞ3	4 and

ðwG
ij Þ3	4 by w and wG: Then we have

w ¼
0:2126 0:2971 0:2791 0:2112

0:2093 0:2891 0:2978 0:2038

0:1905 0:2982 0:2995 0:2118

0

B
@

1

C
A;

wG ¼
0:213 0:2944 0:2815 0:2111

0:2067 0:2962 0:2975 0:1996

0:1882 0:2997 0:3002 0:2119

0

B
@

1

C
A:

Step I-9 Use WGIVDHFLPA operator or

WGIVDHFLPGA operator to aggregate all the evaluations

rijði ¼ 1; 2; 3; j ¼ 1; 2; 3; 4Þ or rGij ði ¼ 1; 2; 3; j ¼ 1; 2; 3; 4Þ
to overall evaluation values riði ¼ 1; 2; 3Þ or rGi ði ¼ 1; 2; 3Þ
corresponding to each alternative Ai; where

r1 = (s6:0648, {[0.3849, 0.5333], [0.4045, 0.5516],

[0.3923, 0.5397], [0.4114, 0.5576], [0.3871, 0.5356],

[0.4065, 0.5538], [0.3945, 0.542], [0.4134, 0.5597]},

{[0.1906, 0.3099], [0.2049, 0.3197], [0.1926, 0.3125],

[0.2072, 0.3224], [0.2032, 0.322], [0.2186, 0.3322],

[0.2054, 0.3247], [0.221, 0.3351], [0.2037, 0.3225],

[0.2192, 0.3328], [0.206, 0.3252], [0.2217, 0.3356],

[0.2173, 0.3352], [0.234, 0.346], [0.2197, 0.3381],

[0.2366, 0.349], [0.1994, 0.32], [0.2145, 0.3302],

[0.2015, 0.3227], [0.2168, 0.333], [0.2126, 0.3326],

[0.2289, 0.3433], [0.2149, 0.3354], [0.2314, 0.3463],

[0.2132, 0.3331], [0.2295, 0.3439], [0.2155, 0.336],

[0.232, 0.3468], [0.2275, 0.3464], [0.2451, 0.3577],

[0.23, 0.3494], [0.2479, 0.3608], [0.196, 0.3167],

[0.2108, 0.3267], [0.1981, 0.3193], [0.2131, 0.3295],

Table 6 Group decision matrix R yielded by WGIVDHFLPA operator

G1 G2 G3 G4

A1 (s6:1432, {[0.2252, 0.4027],

[0.2443, 0.4194]},

{[0.1925, 0.3016],

[0.2198, 0.334]})

(s3:1721, {[0.4922, 0.6175]}, {[0.1301,

0.2332], [0.1602, 0.2634], [0.1617, 0.2647],

[0.2, 0.3], [0.1506, 0.2583], [0.1859,

0.2925], [0.1876, 0.294], [0.2332, 0.3343]})

(s8:9385, {[0.216, 0.354],

[0.2638, 0.3937]},

{[0.4268, 0.5269],

[0.4477, 0.5475]})

(s4:053, {[0.4731, 0.6522],

[0.5369, 0.7049]}, {[0.1233,

0.256], [0.1719, 0.2951]})

A2 (s5:8107, {[0.527, 0.7133],

[0.5781, 0.7355]},

{[0.1311, 0.2645]})

(s4:6017, {[0.3759, 0.5013]}, {[0.157, 0.307],

[0.2391, 0.3561]})

(s6:4504, {[0.4357,

0.6259]}, {[0.2459,

0.3602], [0.2582,

0.3741]})

(s8:2156, {[0.5092, 0.6315]},

{[0.1817, 0.3204]})

A3 (s9:2096, {[0.5953,

0.7441]}, {[0.1361,

0.2424], [0.1463,

0.2559]})

(s4:3966, {[0.5297, 0.6343], [0.5501, 0.6543]},

{[0.234, 0.3457]})

(s5:5426, {[0.4792, 0.6112],

[0.5798, 0.7059]},

{[0.1381, 0.2446],

[0.1711, 0.2775]})

(s4:8962, {[0.4913, 0.6362]},

{[0.1234, 0.278], [0.1496,

0.2949], [0.161, 0.3271],

[0.1962, 0.3479]})

Table 7 Group decision matrix RG yielded by WGIVDHFLPGA operator

G1 G2 G3 G4

A1 (s6:037, {[0.1865, 0.3441],

[0.2332, 0.3954]},

{[0.2446, 0.3397],

[0.3369, 0.4308]})

(s2:3537, {[0.2737, 0.5462]}, {[0.1474,

0.2443], [0.1753, 0.2732], [0.1763,

0.2744], [0.2, 0.3], [0.2044, 0.2973],

[0.2249, 0.3207], [0.2257, 0.3217],

[0.2443, 0.3432]})

(s8:8713, {[0.1813, 0.32],

[0.1958, 0.3398]},

{[0.434, 0.5341],

[0.4759, 0.5769]})

(s3:7682, {[0.4184, 0.622],

[0.4363, 0.6461]}, {[0.1391,

0.2669], [0.2112, 0.3539]})

A2 (s4:6951, {[0.4633, 0.6885],

[0.5229, 0.7259]},

{[0.1485, 0.2741]})

(s4:0498, {[0.3157, 0.4488]}, {[0.3012,

0.4075], [0.3684, 0.463]})

(s4:4118, {[0.3397,

0.4795]}, {[0.3603,

0.4555], [0.4232,

0.5205]})

(s8:0239, {[0.4201, 0.5617]},

{[0.2164, 0.3543]})

A3 (s9:1796, {[0.5476,

0.6729]}, {[0.1848,

0.2772], [0.2378,

0.3271]})

(s4:0545, {[0.4385, 0.5386], [0.4977,

0.5963]}, {[0.3083, 0.4037]})

(s4:5825, {[0.3838, 0.5896],

[0.4241, 0.6473]},

{[0.1877, 0.2801],

[0.2105, 0.3058]})

(s4:1146, {[0.4424, 0.571]},

{[0.1393, 0.3064], [0.2432,

0.3537], [0.1758, 0.3351],

[0.2649, 0.378]})
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[0.209, 0.3291], [0.2249, 0.3397], [0.2113, 0.3319],

[0.2274, 0.3426], [0.2096, 0.3296], [0.2256, 0.3402],

[0.2119, 0.3324], [0.2281, 0.3431], [0.2236, 0.3427],

[0.2409, 0.3538], [0.2261, 0.3456], [0.2436, 0.3569],

[0.205, 0.3271], [0.2207, 0.3376], [0.2073, 0.3299],

[0.2231, 0.3404], [0.2187, 0.34], [0.2355, 0.3511],

[0.2211, 0.3429], [0.2382, 0.3541], [0.2193, 0.3406],

[0.2362, 0.3516], [0.2217, 0.3435], [0.2388, 0.3547],

[0.2341, 0.3542], [0.2524, 0.3659], [0.2367, 0.3573],

[0.2552, 0.3691]}),

r2 = (s6:2718, {[0.4585, 0.6195], [0.4728, 0.6265]},

{[0.1774, 0.3143], [0.1799, 0.3177],

[0.2002, 0.3279], [0.2031, 0.3315]}),

r3 = (s6:0166, {[0.5221, 0.6536], [0.5516, 0.6812],

[0.5284, 0.6593], [0.5574, 0.6863]}, {[0.1568, 0.2774],

[0.1634, 0.2809], [0.166, 0.287], [0.173, 0.2906],

[0.1672, 0.2883], [0.1743, 0.2919], [0.1771, 0.2983],

[0.1847, 0.3021], [0.159, 0.2804], [0.1657, 0.2839],

[0.1683, 0.2901], [0.1755, 0.2937], [0.1696, 0.2914],

[0.1768, 0.2951], [0.1796, 0.3016], [0.1873, 0.3054]});

and

rG1 = (s4:6157, {[0.243, 0.4288], [0.2448, 0.4313],

[0.2485, 0.4369], [0.2504, 0.4395], [0.2552, 0.4426],

[0.2571, 0.4453], [0.2611, 0.4511], [0.2631, 0.4539]},

{[0.2814, 0.3782], [0.2902, 0.3922], [0.3026, 0.3994],

[0.3107, 0.4124], [0.2858, 0.3835], [0.2945, 0.3972],

[0.3066, 0.4043], [0.3146, 0.4171], [0.286, 0.3837],

[0.2946, 0.3975], [0.3068, 0.4045], [0.3148, 0.4173],

[0.2903, 0.3889], [0.2988, 0.4024], [0.3108, 0.4093],

[0.3187, 0.4219], [0.2911, 0.3884], [0.2997, 0.4019],

[0.3116, 0.4088], [0.3194, 0.4214], [0.2954, 0.3935],

[0.3037, 0.4067], [0.3155, 0.4136], [0.3232, 0.426],

[0.2956, 0.3937], [0.3039, 0.407], [0.3156, 0.4138],

[0.3234, 0.4262], [0.2997, 0.3987], [0.308, 0.4118],

[0.3195, 0.4185], [0.3271, 0.4307], [0.301, 0.3975],

[0.3092, 0.4106], [0.3207, 0.4173], [0.3283, 0.4296],

[0.3051, 0.4025], [0.3132, 0.4153], [0.3245, 0.422],

[0.332, 0.434], [0.3053, 0.4027], [0.3133, 0.4155],

[0.3246, 0.4222], [0.3321, 0.4342], [0.3093, 0.4075],

[0.3172, 0.4202], [0.3284, 0.4267], [0.3357, 0.4386],

[0.3101, 0.407], [0.318, 0.4197], [0.3291, 0.4262],

[0.3365, 0.4381], [0.314, 0.4118], [0.3218, 0.4243],

[0.3328, 0.4307], [0.34, 0.4424], [0.3142, 0.412],

[0.322, 0.4245], [0.3329, 0.4309], [0.3402, 0.4426],

[0.3181, 0.4167], [0.3257, 0.429], [0.3365, 0.4354],

[0.3437, 0.4469]}),

rG2 = (s4:9095, {[0.3682, 0.5176], [0.3763, 0.5215]},

{[0.2834, 0.391], [0.31, 0.4167], [0.3066, 0.4095],

[0.3311, 0.4337]}),

rG3 = (s4:9209, {[0.4384, 0.5825], [0.4524, 0.5983],

[0.455, 0.6013], [0.4698, 0.6182]}, {[0.2238, 0.3279],

[0.2416, 0.3379], [0.2291, 0.3338], [0.2464, 0.3435],

[0.2298, 0.3346], [0.2471, 0.3443], [0.2348, 0.3403],

[0.2518, 0.3498], [0.233, 0.3363], [0.2501, 0.3459],

[0.238, 0.342], [0.2547, 0.3514], [0.2387, 0.3428],

[0.2553, 0.3522], [0.2435, 0.3483], [0.2599,0.3575]}).

Step I-10 Calculate scores sðriÞði ¼ 1; 2; 3Þ and sðrGi Þ of the
above overall interval-valued dual hesitant fuzzy linguistic

values riði ¼ 1; 2; 3Þ and rGi related to solutions Aiði ¼
1; 2; 3Þ; we have

sðr1Þ ¼ 1:1739; sðr2Þ ¼ 1:8052; sðr3Þ ¼ 2:2481;

sðrG1 Þ ¼ �0:0786; sðrG2 Þ ¼ 0:4204; sðrG3 Þ ¼ 1:1529:

Step I-11 Rank all solutions Aiði ¼ 1; 2; 3Þ in accordance

with scores sðriÞði ¼ 1; 2; 3Þ and sðrGi Þði ¼ 1; 2; 3Þ; then we

can obtain the following ranking orders:

A3 � A2 � A1 by WGIVDHFLPA operator;

A3 � A2 � A1 by WGIVDHFLPGA operator:

Thus we can derive that the most desirable solution is

A3.

Case II Suppose weighting vectors for decision making

teams and attributes are unknown, for this kind of situa-

tions, we can apply Approach II to select the most appro-

priate emergency solution.

Step II-1 See step I-1.

Step II-2 We denote ðr_rðkÞ
ij Þ3	4 by R

_rðkÞ
; where r

_rðkÞ
ij is kth

largest IVDHFLN of all the IVDHFLNs r
_k

ijðk ¼ 1; 2; 3Þ:

R
_rðkÞ

ðk ¼ 1; 2; 3Þ are shown in Tables 8, 9 and 10. Then

calculate support degrees Supðr_rðkÞ
ij ; r

_rðlÞ
ij Þ ðk; l; i ¼

1; 2; 3; j ¼ 1; 2; 3; 4; k 6¼ lÞ by Eq. (55), referring to the

support degrees between R
_rðkÞ

and R
_rðlÞ

: We denote

Supðr_rðkÞ
ij ; r

_rðlÞ
ij Þ by Supkl for clarity, then

Sup12 ¼ Sup21 ¼
0:8234 0:8268 0:8387 0:7849

0:7699 0:7891 0:9278 0:7738

0:9243 0:8361 0:7536 0:7333

0

B
@

1

C
A;

Sup13 ¼ Sup31 ¼
0:6273 0:6979 0:7109 0:798

0:5455 0:7615 0:4285 0:717

0:6487 0:8096 0:7895 0:7812

0

B
@

1

C
A;

Sup23 ¼ Sup32 ¼
0:6822 0:8671 0:8222 0:9214

0:7309 0:8354 0:4909 0:8449

0:6797 0:9065 0:7319 0:8391

0

B
@

1

C
A:
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A
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A
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2
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0
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)
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Step II-3 Calculate support degree Tðr_rðkÞ
ij Þ of r

_rðkÞ
ij by

r
_rðlÞ
ij ðl ¼ 1; 2; 3; l 6¼ kÞ according to Eq. (56). We denote

Tðr_rðkÞ
ij Þðk ¼ 1; 2; 3Þ by Tk; then we have

T1 ¼
1:4507 1:5247 1:5496 1:583

1:3153 1:5506 1:3563 1:4908

1:573 1:6457 1:5431 1:5145

0

B
@

1

C
A;

T2 ¼
1:5056 1:6939 1:6609 1:7064

1:5007 1:6245 1:4187 1:6187

1:604 1:7425 1:4855 1:5725

0

B
@

1

C
A;

T3 ¼
1:3095 1:565 1:5331 1:7194

1:2764 1:5969 0:9195 1:5619

1:3284 1:7161 1:5214 1:6203

0

B
@

1

C
A:

Step II-4 Let gðxÞ ¼ x2; then utilize Eq. (34) to calculate

weights wk
ij associated with the kth largest IVDHFN r

_k

ij:We

denote ðwk
ijÞ3	4 by wkðk ¼ 1; 2; 3Þ; then

w1 ¼
0:1138 0:1052 0:1084 0:104

0:1066 0:1077 0:1239 0:1054

0:1175 0:1066 0:1135 0:1064

0

B
@

1

C
A;

w2 ¼
0:3516 0:3443 0:3444 0:3322

0:3545 0:3357 0:3849 0:3382

0:3583 0:3355 0:3302 0:3292

0

B
@

1

C
A;

w3 ¼
0:5347 0:5505 0:5472 0:5638

0:5389 0:5566 0:4912 0:5564

0:5242 0:558 0:5564 0:5644

0

B
@

1

C
A:

Step II-5 Let k ¼ 2; then use GIVDHFLPOWA operator to

aggregate all individual decision matrices Rk ¼

ðr_k

ijÞ3	4ðk ¼ 1; 2; 3Þ into group decision matrix R ¼
ðrijÞ3	4; as shown in Table 11; or use GIVDHFLPOWGA

operator to obtain group decision matrix RG ¼ ðrGij Þ3	4; as

collected in Table 12.

Step II-6 Calculate support degrees SupðrirðjÞ; rirðpÞÞði ¼
1; 2; 3; j; p ¼ 1; 2; 3; 4; j 6¼ pÞ by Eq. (59), and

SupðrG
irðjÞ; r

G
irðpÞÞ by Eq. (60). We denote SupðrirðjÞ; rirðpÞÞ

and SupðrG
irðjÞ; r

G
irðpÞÞ by Supjp and SupGjp; referring to sup-

port degrees between jth row and pth row in R and RG;

respectively. Then we have

T
a
b
le
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Sup12 ¼ Sup21 ¼
0:9159

0:7699

0:7331

0

B
@

1

C
A;

Sup13 ¼ Sup31 ¼
0:868

0:8015

0:6311

0

B
@

1

C
A;

Sup14 ¼ Sup41 ¼
0:6485

0:8577

0:6621

0

B
@

1

C
A;

Sup23 ¼ Sup32 ¼
0:8184

0:8964

0:8891

0

B
@

1

C
A;

Sup24 ¼ Sup42 ¼
0:5998

0:7381

0:9076

0

B
@

1

C
A;

Sup34 ¼ Sup43 ¼
0:7735

0:8208

0:9407

0

B
@

1

C
A;

and

SupG12 ¼ SupG21 ¼
0:8864

0:7199

0:6714

0

B
@

1

C
A;

SupG13 ¼ SupG31 ¼
0:8448

0:8138

0:6088

0

B
@

1

C
A;

SupG14 ¼ SupG41 ¼
0:6362

0:8368

0:6796

0

B
@

1

C
A;

SupG23 ¼ SupG32 ¼
0:7746

0:7992

0:9198

0

B
@

1

C
A;

SupG24 ¼ SupG42 ¼
0:5718

0:7611

0:9385

0

B
@

1

C
A;

SupG34 ¼ SupG43 ¼
0:7794

0:9495

0:9137

0

B
@

1

C
A:

Table 11 The group decision matrix R obtained by GIVDHFLPOWA operator

G1 G2 G3 G4

A1 (s6:2795, {[0.1883, 0.3618],

[0.2141, 0.3835]},

{[0.2623, 0.3671],

[0.3368, 0.4461]})

(s2:3753, {[0.4316, 0.5734]}, {[0.1457,

0.2491], [0.1798, 0.2888], [0.1855, 0.287],

[0.2304, 0.3345], [0.1567, 0.26], [0.1937,

0.3019], [0.2, 0.3], [0.2491, 0.3503]})

(s8:4987, {[0.1713, 0.3104],

[0.1942, 0.3277]},

{[0.4505, 0.5505],

[0.4927, 0.5922]})

(s3:701, {[0.3817, 0.6051],

[0.407, 0.6234]}, {[0.1253,

0.2872], [0.2318, 0.3766]})

A2 (s4:6903, {[0.4511, 0.6668],

[0.5586, 0.7132]},

{[0.1273, 0.2868]})

(s5:1646, {[0.286, 0.423]}, {[0.2306, 0.4071],

[0.3782, 0.4883]})

(s7:3049, {[0.3644, 0.54]},

{[0.3258, 0.4353],

[0.3493, 0.46]})

(s8:9346, {[0.4083, 0.553]},

{[0.2309, 0.3694]})

A3 (s9:4536, {[0.5305,

0.6863]}, {[0.1747,

0.2836], [0.1994,

0.3137]})

(s4:796, {[0.4452, 0.5472], [0.483, 0.5852]},

{[0.3079, 0.4148]})

(s6:1192, {[0.3936, 0.5646],

[0.506, 0.6608]},

{[0.1809, 0.2899],

[0.1961, 0.3041]})

(s4:4254, {[0.4539, 0.5693]},

{[0.1471, 0.3356], [0.2107,

0.3763], [0.1584, 0.3517],

[0.2277, 0.395]})

Table 12 The group decision matrix RG obtained by GIVDHFLPOWGA operator

G1 G2 G3 G4

A1 (s6:1394, {[0.1628, 0.3161],

[0.2091, 0.3688]},

{[0.285, 0.3836],

[0.4141, 0.5124]})

(s1:8361, {[0.2067, 0.4997]}, {[0.1632,

0.2605], [0.2342, 0.3287], [0.1921, 0.2913],

[0.2546, 0.3526], [0.1726, 0.2703], [0.2407,

0.3362], [0.2, 0.3], [0.2605, 0.3595]})

(s8:4527, {[0.1418, 0.27],

[0.1457, 0.2756]},

{[0.4588, 0.5589],

[0.5255, 0.6267]})

(s3:5022, {[0.3513, 0.5711],

[0.3551, 0.5764]}, {[0.1417,

0.2914], [0.256, 0.4236]})

A2 (s3:4486, {[0.4207, 0.6487],

[0.5197, 0.7088]},

{[0.144, 0.2912]})

(s4:9332, {[0.2503, 0.3775]}, {[0.3896,

0.4976], [0.4442, 0.543]})

(s5:2987, {[0.2922,

0.4241]}, {[0.4047,

0.5028],

[0.4759,0.5759]})

(s8:7381, {[0.3561, 0.5202]},

{[0.2552, 0.3848]})

A3 (s9:4156, {[0.4855,

0.6044]}, {[0.2297,

0.3239], [0.3028,

0.3956]})

(s4:644, {[0.3814, 0.4824], [0.453, 0.5526]},

{[0.3492, 0.4474]})

(s5:0879, {[0.2964, 0.5482],

[0.3205, 0.5898]},

{[0.2353, 0.3298],

[0.2422, 0.3378]})

(s3:7869, {[0.3886, 0.4961]},

{[0.1645, 0.3539], [0.3125,

0.4236], [0.1739, 0.3608],

[0.3172, 0.4291]})
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Step II-7 Calculate support degree TðrijÞ of rij by ripðp ¼
1; 2; 3; 4; p 6¼ jÞ; and TGðrijÞ of rGij by rGipðp ¼ 1; 2; 3; 4; p 6¼
jÞ: We denote ðTðrijÞÞ3	4 by T, ðTGðrijÞÞ3	4 by TG; where

T ¼
2:4324 2:3341 2:4599 2:0218

2:4291 2:4044 2:5187 2:4166

2:0263 2:5298 2:4609 2:5104

0

B
@

1

C
A;

TG ¼
2:3674 2:2328 2:3988 1:9874

2:3705 2:2802 2:5625 2:5474

1:9598 2:5297 2:4423 2:5318

0

B
@

1

C
A:

Step II-8 Use Eq. (34) to calculate weights wijði ¼
1; 2; 3; j ¼ 1; 2; 3; 4Þ and wG

ij associated with rij and rGij ;

respectively. Here, we denote ðwijÞ3	4 by w, ðwG
ij Þ3	4 by

wG; then

w ¼
0:0671 0:1937 0:335 0:4042

0:062 0:1843 0:319 0:4347

0:05 0:1848 0:3134 0:4517

0

B
@

1

C
A;

wG ¼
0:0672 0:1911 0:3345 0:4072

0:06 0:1736 0:3173 0:4491

0:0483 0:184 0:3118 0:4558

0

B
@

1

C
A:

Step II-9 For each solution Aiði ¼ 1; 2; 3Þ; use

GIVDHFLPOWA operator to aggregate all evaluations

rijði ¼ 1; 2; 3; j ¼ 1; 2; 3; 4Þ into overall evaluation values

riði ¼ 1; 2; 3Þ; or use GIVDHFLPOWGA operator to

aggregate all evaluations rGij into overall evaluation values

rGi . Then we have

r1 = (s5:7855, {[0.3309, 0.5126], [0.3435, 0.5229],

[0.3348, 0.5156], [0.3472, 0.5258], [0.3319, 0.5135],

[0.3444, 0.5238], [0.3358, 0.5165], [0.3481, 0.5266]},

{[0.2021, 0.3463], [0.2619, 0.3879], [0.2069, 0.3463],

[0.2683, 0.3879], [0.2108, 0.3571], [0.2736, 0.4005],

[0.2158, 0.3571], [0.2805, 0.4005], [0.2121, 0.3567],

[0.2754, 0.4], [0.2172, 0.3567], [0.2823, 0.4],

[0.2213, 0.3679], [0.2879, 0.4132], [0.2266, 0.3679],

[0.2952, 0.4132], [0.2051, 0.3494], [0.2659, 0.3915],

[0.21, 0.3494], [0.2725, 0.3915], [0.2139, 0.3604],

[0.2779, 0.4043], [0.219, 0.3604], [0.2848, 0.4043],

[0.2153, 0.3599], [0.2797, 0.4038], [0.2204, 0.3599],

[0.2867, 0.4038], [0.2246, 0.3713], [0.2925, 0.4172],

[0.23, 0.3713], [0.2999, 0.4172], [0.2053, 0.3506],

[0.2662, 0.3929], [0.2102, 0.3506], [0.2728, 0.3929],

[0.2141, 0.3616], [0.2782, 0.4058], [0.2193, 0.3616],

[0.2851, 0.4058], [0.2155, 0.3611], [0.28, 0.4052],

[0.2206, 0.3611], [0.287, 0.4052], [0.2248, 0.3726],

[0.2927, 0.4187], [0.2302, 0.3726], [0.3002, 0.4187],

[0.2084, 0.3538], [0.2703, 0.3966], [0.2133, 0.3538],

[0.277, 0.3966], [0.2173, 0.3649], [0.2825, 0.4096],

[0.2225, 0.3649], [0.2896, 0.4096], [0.2187, 0.3645],

[0.2844, 0.4091], [0.2239, 0.3645], [0.2915, 0.4091],

[0.2282, 0.376], [0.2974, 0.4227], [0.2337, 0.376],

[0.305, 0.4227]}),

r2 = (s7:616, {[0.3784, 0.5378], [0.3885, 0.5428]},

{[0.2471, 0.3893], [0.2523, 0.3958], [0.2699, 0.4018],

[0.2756, 0.4086]}),

r3 = (s5:413, {[0.4392, 0.5712], [0.4738, 0.6043],

[0.4467, 0.578], [0.4805, 0.6104]}, {[0.1806, 0.3298],

[0.2128, 0.347], [0.1868, 0.3367], [0.2204, 0.3544],

[0.1852, 0.3349], [0.2184, 0.3525], [0.1916, 0.342],

[0.2262, 0.36], [0.1818, 0.3315], [0.2143, 0.3488],

[0.1881, 0.3385], [0.2219, 0.3563], [0.1864, 0.3366],

[0.2199, 0.3543], [0.1929, 0.3438], [0.2277, 0.362]});
and

rG1 = (s4:3165, {[0.2196, 0.4062], [0.2204, 0.4074],

[0.2217, 0.4093], [0.2225, 0.4106], [0.2234, 0.4107],

[0.2243, 0.4119], [0.2255, 0.4139], [0.2264, 0.4152]},

{[0.3058, 0.4115], [0.333, 0.4532], [0.3456, 0.4507],

[0.3692, 0.4876], [0.314, 0.4199], [0.3404, 0.4605],

[0.3527, 0.4581], [0.3757, 0.4941], [0.3088, 0.415],

[0.3357, 0.4563], [0.3482, 0.4538], [0.3716, 0.4904],

[0.3169, 0.4233], [0.343, 0.4635], [0.3552, 0.4611],

[0.378, 0.4968], [0.3067, 0.4126], [0.3338, 0.4542],

[0.3464, 0.4517], [0.3699, 0.4885], [0.3149, 0.4209],

[0.3412, 0.4614], [0.3535, 0.459], [0.3764, 0.4949],

[0.3097, 0.4161], [0.3365, 0.4572], [0.349, 0.4548],

[0.3723, 0.4912], [0.3178, 0.4244], [0.3438, 0.4644],

[0.356, 0.462], [0.3787, 0.4976], [0.3159, 0.4212],

[0.3421, 0.4617], [0.3543, 0.4593], [0.3772, 0.4952],

[0.3238, 0.4293], [0.3493, 0.4688], [0.3612, 0.4664],

[0.3835, 0.5015], [0.3188, 0.4246], [0.3447, 0.4646],

[0.3568, 0.4623], [0.3795, 0.4978], [0.3266, 0.4326],

[0.3518, 0.4717], [0.3636, 0.4693], [0.3858, 0.5041],

[0.3168, 0.4222], [0.3429, 0.4626], [0.3551, 0.4602],

[0.3779, 0.496], [0.3246, 0.4303], [0.35, 0.4696],

[0.3619, 0.4673], [0.3842, 0.5023], [0.3196, 0.4257],

[0.3455, 0.4656], [0.3576, 0.4632], [0.3802, 0.4986],

[0.3274, 0.4336], [0.3526, 0.4726], [0.3644, 0.4702],

[0.3865, 0.5049]}),
rG2 = (s6:3849, {[0.3168, 0.4642], [0.3202, 0.4659]},

{[0.3321, 0.4436], [0.3633, 0.474], [0.3446, 0.4536],

[0.3745, 0.4831]}),

rG3 = (s4:504, {[0.3586, 0.5133], [0.3679, 0.5243],

[0.3695, 0.5264], [0.3792, 0.5378]}, {[0.235, 0.3654],

[0.2951, 0.398], [0.238, 0.3685], [0.2975, 0.4008],

[0.2372, 0.3677], [0.2968, 0.4], [0.2401, 0.3707],

[0.2991, 0.4027], [0.239, 0.3688], [0.2983, 0.4011],

[0.242, 0.3718], [0.3005, 0.4038], [0.2412, 0.371],

[0.2999, 0.403], [0.2441, 0.374], [0.3022, 0.4057]}).

Step II-10 Calculate scores sðriÞði ¼ 1; 2; 3Þ and sðrGi Þ of
the above overall interval-valued dual hesitant fuzzy lin-

guistic values riði ¼ 1; 2; 3Þ and rGi ; respectively. Then we

have
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sðr1Þ ¼ 0:6546; sðr2Þ ¼ 1:0041; sðr3Þ ¼ 1:3587;

sðrG1 Þ ¼ �0:3781; sðrG2 Þ ¼ �0:1075; sðrG3 Þ ¼ 0:539:

Step II-11 Rank alternatives Aiði ¼ 1; 2; 3Þ in accordance

with the scores sðriÞði ¼ 1; 2; 3Þ or sðrGi Þði ¼ 1; 2; 3Þ; we
have

A3 � A2 � A1 by GIVDHFLPOWA operator;

A3 � A2 � A1 by GIVDHFLPGOWA operator:

Thus, A3 is identified as the most desirable solution.

6.2 Comparative studies

In this section, we conduct comparative studies to

demonstrate the feasibility and effectiveness of our pro-

posed approach.

6.2.1 Comparison with conventional aggregation-

operator-based MAGDM approach with known

expert weights and attribute weights

Weighted averaging (WA) operator [31], as an effective

aggregation operator, has been widely employed to con-

struct conventional aggregation-operator-based models to

accommodate decision making under different environ-

ments [53]. To compare with traditional aggregation-op-

erator-based MAGDM approach, in the following, we

firstly utilize WA operator to define the interval-valued

dual hesitant fuzzy linguistic weighted averaging

(IVDHFLWA) operator. Based on IVDHFLWA, we then

construct an aggregation-operator-based MAGDM

approach as detailed in approach III. Subsequently, we

apply approach III to solve the same case in Sect. 6.1 with

known attribute weights and expert weights.

Definition 6.1 For a collection of IVDHFLNs sdjðj ¼
1; 2; . . .; nÞ; an interval-valued dual hesitant fuzzy linguis-

tic weighted averaging (IVDHFLWA) operator is a map-

ping Sn ! S; where

Suppose x ¼ ðx1;x2; . . .;xmÞT be the known attribute

weighting vector, g ¼ ðg1; g2; . . .; gtÞ be the known expert

weighting vector. Rk ¼ ðrkijÞn	mðk ¼ 1; 2; . . .; tÞ denotes the
decision matrices given by decision maker dk for alterna-

tive Ai with respect to attribute Gj; r
k
ij ¼ ðskaij ; ~h

k
ij; ~g

k
ijÞ takes

the form of IVDHFLNs. Then, based on IVDHFLWA

operator, we here put forward the following Approach III

to support MAGDM under interval-valued dual hesitant

fuzzy linguistic environments.

6.2.1.1 Approach III: MAGDM based on IVDHFLWA

operator Step III-1 See step I-1.

Step III-2 Obtain group decision matrix.

Aggregate all individual decision matrices Rk ¼

ðr_k

ijÞn	mðk ¼ 1; 2; . . .; tÞ into group decision matrix R ¼
ðrijÞn	m by use of IVDHFLWA operator, where

IVDHFLWAðsd1; sd2; . . .; sdnÞ ¼ �
n

j¼1
sd

xj

j ¼
[

ðsaj ;~hj;~gjÞ2sdj

sQn

j¼1
a
xj
j

;

�

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yn

j¼1

ð1� lLj Þ
xj ; 1�

Yn

j¼1

ð1� lUj Þ
xj

" #( )

;
Yn

j¼1

ðmLj Þ
xj ;
Yn

j¼1

ðmLj Þ
xj

" #( )( 9
=

;

1

C
A:

ð65Þ

rij ¼ IVDHFLWAðr_1

ij; r
_2

ij; . . .; r
_t

ijÞ ¼
[

ð s
_k

a

_

ij
;~hkij;g

k
ij
Þ2 r

_k

ij

s
_

Pt

k¼1
gk
ij
a
_k

ij

;[½lLk
ij
;lUk

ij
�2~hkij;½mLkij ;mUkij �2~gk

ij

 

1�
Yt

k¼1

ð1� lLkij Þ
gkij ; 1�

Yt

k¼1

ð1� lUkij Þ
gkij

" #( )

;
Yt

k¼1

ðmLkij Þ
gkij ;
Yt

k¼1

ðmUkij Þ
gkij

" #( ) !

:

ð66Þ
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Step III-3 Calculate overall evaluation values of

alternatives.

Aggregate all evaluation values rijði ¼ 1; 2; . . .; n; j ¼
1; 2; . . .;mÞ into overall evaluation values ri corresponding

to each alternative Ai by use of IVDHFLWA operator, we

have

Step III-4 Calculate scores of alternatives.

Calculate scores sðriÞði ¼ 1; 2; . . .; nÞ of the above

overall interval-valued dual hesitant fuzzy linguistic values

riði ¼ 1; 2; . . .; nÞ of alternatives Ai by use of

Definition 3.5.

Step III-5 Rank all alternatives Aiði ¼ 1; 2; . . .; nÞ in

accordance with the ranking of ri; then and select the most

appropriate one(s).

After applying approach III to solve the case in Sect. 6.1,

we obtain scores of the solutions as: sðr1Þ ¼ 0:8252; sðr2Þ ¼
1:4463 and sðr3Þ ¼ 1:9927: Thus ranking order of the solu-

tions can be derived as A3 � A2 � A1: As can be seen, both

approach I and approach III can significantly differentiate the

three solutions and identifyA3 as the best option.Although the

derived ranking orders are the same, there are differences

between the two comparing approaches. Approach III is a

conventional decision approach based on the assumption that

attributes and preferences of decisionmakers are independent

between one another. While for real decision making prob-

lems, there is always some kind of correlations among attri-

butes or argument values [13, 21, 34]. When the arguments

being aggregated support or reinforce each other [47],

approach I, based on power average operator, can capture the

correlations among arguments so as to provide more versa-

tility in the information aggregation process. And by consid-

ering the correlations, the proposed approach I can utilize

decision information more adequately in supporting

MAGDM with mutually supportive arguments.

6.2.2 Comparison with conventional TOPSIS-based

MAGDM approach with unknown expert weights

and attribute weights

In this subsection, we focus on comparative studies in the

more complex situations where attribute weights and

expert weights cannot be determined in advance. Here we

adopt the TOPSIS [11] method for comparison, because of

its straight mathematical calculation but robustness in

supporting multiple attribute decision making. We here

firstly put forward the following Approach IV by extending

conventional TOPSIS to accommodate group decision

making under interval-valued dual hesitant fuzzy linguistic

environments. Then we apply Approach IV to solve the

same case in Sect. 6.1 when attribute weights and expert

weights are totally unknown.

6.2.2.1 Approach IV: TOPSIS-based MAGDM with inter-

val-valued dual hesitant fuzzy linguistic information Step

IV-1 See step I-1.

Step IV-2 Obtain group decision matrix.

In conventional TOPSIS-based methods for group

decision making, expert weights are treated as undiffer-

entiated when expert weights are unknown. Therefore,

expert weights are configured as equal to 1/t, where t is the

number of experts. Then we can aggregate all individual

decision matrices Rk ¼ ðr_k

ijÞn	mðk ¼ 1; 2; . . .; tÞ into group

decision matrix R ¼ ðrijÞn	m by IVDHFLA operator, where

ri ¼ IVDHFLWAðri1; ri2; . . .; rimÞ ¼
[

ðsaij ;~hij;gijÞ2rij

s
_

Pt

k¼1
gk
ij
a
_k

ij

;
[

½lL
ij
;lU

ij
�2~hij;½mLij;mUij �2~gij

0

B
@

1�
Ym

j¼1

ð1� lLijÞ
xj ; 1�

Ym

j¼1

ð1� lUij Þ
xj

" #( )

;
Ym

j¼1

ðmLijÞ
xj ;
Ym

j¼1

ðmUij Þ
xj

" #( ) !

:

ð67Þ
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Step IV-3 Calculate the separating measure from positive

and negative ideal solutions.

Determine positive ideal solution (PIS) Xþ ¼
ðrþ1 ; rþ2 ; . . .; rþi ; . . .; rþn Þ and negative ideal solution (NIS)

X� ¼ ðr�1 ; r�2 ; . . .; r�i ; . . .; r�n Þ; where
rþi ¼ ðf1g; f0gÞ; r�i ¼ ðf0g; f1gÞ:

Then we can calculate the separating measure from the

PIS and NIS for each alternative according to the distance

measure introduced in Definition 3.6:

dþi ¼
Xm

j¼1

dðrij; rþi Þ; d�i ¼
Xm

j¼1

dðrij; r�i Þ: ð69Þ

Step IV-4 Calculate the relative closeness to the ideal

solution.

The relative closeness of the alternative Ai with respect

to Xþ is defined as ci:

ci ¼
d�i

d�i þ dþi
: ð70Þ

Step IV-5 Ranking the alternatives according to the

descending order of ci:

After applying approach IV to solve the case in

Sect. 6.1, we obtain the relative closeness of all three

alternatives as: c1 ¼ 0:5562; c2 ¼ 0:6274 and c3 ¼
0:6690: Thus the ranking order can be derived as A3 �
A2 � A1: Although approach IV can identify the same

final ranking result as that by approach II, assumption

for undifferentiated experts and neglect of attribute

weights obviously make approach IV lack of exploiting

decision information. While the proposed approach II

can objectively determine expert weights and attribute

weights reasonably by modelling supportive relationship

among arguments. Therefore, when resolving MAGDM

problems in which arguments are mutually supportive

and weighing information (i.e., expert weights and

attribute weights) is totally unknown, the proposed

Approach II can derive decision results more reasonably

and objectively.

6.2.3 Comparative study with approach based on dual

hesitant fuzzy linguistic set

In order to further inspect feasibility and effectiveness of

proposed group decision making model, this subsection

presents comparative study with decision making approach

proposed in Yang and Ju [62] most recently under dual

hesitant fuzzy linguistic decision situations.

We take the same case problem used in Yang and Ju [62]

for discussion. That is, suppose that an investment company

wants to invest money in the most appropriate project. There

is a panel with four alternative companies: (1) A1 is a car

company; (2) A2 is a food company; (3) A3 is a computer

company; (4) A4 is an arms company. The investment

company must make a decision according to the following

three attributes: (1) C1 is the risk factor; (2) C2 is the growth

factor; (3) C3 is the environmental impact factor.

In Yang and Ju [62], they defined this investment problem

as a single-person decisionmaking problemwith dual hesitant

fuzzy linguistic information. x ¼ ð0:35; 0:25; 0:40ÞT is the

known weighting vector for attributes. Here for comparison,

we firstly transform original dual hesitant fuzzy linguistic

decisionmatrix in [62] into interval-valued dual hesitant fuzzy

linguistic preference information. The crisp membership

degrees and nonmembership degrees aremapped into interval

values with equal upper and lower limits (e.g., 0.2 turns out to

be [0.2, 0.2]). Then, we can obtain the interval-valued dual

hesitant fuzzy linguistic decisionmatrix as shown inTable 13.

Since attribute weighing vector is known, approach I can be

applied to resolve this investment decision problem.

After similar computing steps of approach I detailed in

Sect. 6.1, ranking order of solutions obtained by

WGIVDHFLPA operator is A4 � A1 � A3 � A2 and

ranking order by WGIVDHFLPGA operator is A4 � A3 �
A1 � A2; which indicates the same best solution (A4) and

the worst solution (A2) as those in the ranking order A4 �
A1 � A3 � A2 reported in Yang and Ju [62]. Difference in

ranking order of A1 and A3 can be ascribed to that the

WGIVDHFLPA and WGIVDHFLPGA additionally con-

sider support degrees among arguments being aggregated.

rij ¼ IVDHFLAðr_1

ij; r
_2

ij; . . .; r
_t

ijÞ ¼
[

ð s
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a
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In general, when coping with practical decision making

problems of high uncertainty, it is sometimes difficult for

decision makers to provide their assessments using crisp

numbers, while they are more willing to indicate their

preference with certain linguistic term set, additionally,

they may also have difficulty and hesitancy in giving crisp

membership and nonmembership degrees to a linguistic

term. Under these decision environments, the developed

fuzzy tool of interval-valued dual hesitant fuzzy linguistic

set (IVDHFLS) is suitable for decision makers to convey

their preference information more comprehensively, and

the generalized power aggregation operators for IVDHFLS

manage to consider supportive correlations among argu-

ments. Therefore, the proposed approaches I and II, based

on IVDHFLS and its power aggregation operators, can

serve as effective models for MAGDM with mutually

supportive arguments being aggregated.

7 Conclusions

Based on a newly defined hybrid fuzzy tool of interval-valued

dual hesitant fuzzy linguistic set (IVDHFLS), we have

developed two effective approaches for MAGDM allowing

arguments being aggregated to support each other. IVDHFLS

manages to attain the flexibility of interval numbers in

assigning membership and nonmembership degrees, as well

as the advantages of linguistic variable and dual hesitant fuzzy

set in depicting fuzzy properties of evaluated objects. For

IVDHFLS, we have put forward a novel distance measure to

overcome irrationality in traditional methodology, i.e. artifi-

cially adding values to mismatching membership or non-

membershipdegrees.Then to consider supportive correlations

among arguments being aggregated, we have developed

fundamental generalized power aggregation operators,

including WGIVDHFLPA, WGIVDHFLPGA,

GIVDHFLPA, GIVDHFLPGA, GIVDHFLPOWA and

GIVDHFLPOWGA. Their desirable properties, i.e. commu-

tativity, idempotency, boundedness and monotonicity, have

been inspected. Subsequently, two approaches for MAGDM

under interval-valued dual hesitant fuzzy linguistic environ-

ments have been constructed and verified by case studies.

In future research, empirical studies can be carried out

on applying the developed approaches to different areas,

such as supply chain management, operations manage-

ment, and intelligent interactive systems. Decision support

system should be further developed to facilitate resolving

practical problems. When different types of correlations

exist among attributes in complex MAGDM, suitable ag-

gregation operators should be studied for IVDHFLS, such

as operators based on Choquet integral. Other methods,

such as social network analysis, could also be integrated to

tackle situations of high complexity.T
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(s
2
,
{
[0
.4
,
0
.4
],
[0
.5
,
0
.5
]}
,

{
[0
.3
,
0
.3
],
[0
.4
,
0
.4
]}
)

(s
5
,
{
[0
.4
,
0
.4
],
[0
.5
,
0
.5
]}
,

{
[0
.4
,
0
.4
],
[0
.5
,
0
.5
]}
)

(s
3
,
{
[0
.2
,
0
.2
],
[0
.5
,
0
.5
],
[0
.6
,
0
.6
]}
,

{
[0
.2
,
0
.2
],
[0
.4
,
0
.4
]}
)

A
3

(s
4
,
{
[0
.5
,0
.5
],
[0
.7
,
0
.7
]}
,

{
[0
.2
,
0
.2
],
[0
.3
,
0
.3
]}
)

(s
3
,
{
[0
.2
,
0
.2
],
[0
.4
,
0
.4
],
[0
.5
,
0
.5
]}
,

{
[0
.3
,
0
.3
],
[0
.4
,
0
.4
]}
)

(s
3
,
{
[0
.4
,
0
.4
],
[0
.5
,
0
.5
],
[0
.7
,
0
.7
]}
,

{
[0
.2
,
0
.2
],
[0
.3
,
0
.3
]}
)

A
4

(s
4
,
{
[0
.4
,
0
.4
],
[0
.6
,
0
.6
],

[0
.8
,
0
.8
]}
,
{
[0
.1
,
0
.1
],
[0
.2
,
0
.2
]}
)

(s
2
,
{
[0
.5
,
0
.5
],
[0
.6
,
0
.6
]}
,

{
[0
.2
,
0
.2
],
[0
.4
,
0
.4
]}
)

(s
5
,
{
[0
.6
,
0
.6
],
[0
.7
,
0
.7
]}
,

{
[0
.1
,
0
.1
],
[0
.3
,
0
.3
]}
)
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Appendix 1: Proof of theorem 3.1

Obviously, rules (1) and (2) are correct. For rule (3), we

have

kðsd1 � sd2Þ ¼ k
[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 sa1þa2 ;
[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

�

ff½lL1 þ lL2 � lL1l
L
2 ; l

U
1 þ lU2 � lU1 l

U
2 �g; f½mL1mL2 ; mU1 mU2 �gg

�

¼
[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 skða1þa2Þ;
[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

�

ff½1� ð1� ðlL1 þ lL2 � lL1l
L
2ÞÞ

k; 1� ð1� ðlU1 þ lU2 � lU1 l
U
2 ÞÞ

k�g; f½ðmL1mL2Þ
k; ðmU1 mU2 Þ

k�gg
Eo

;

ksd1 ¼
[

sa1 ;
~h1;~g1ð Þ2sd1 ska1 ;

[

½lL
1
;lU

1
�2~h1;½mL1 ;mU1 �2~g1

ff½1� ð1� lL1Þ
k; 1� ð1� lU1 Þ

k�g; f½ðmL1Þ
k; ðmU1 Þ

k�gg
� �

ksd2 ¼
[

sa2 ;
~h2;~g2ð Þ2sd2 ska2 ;

[

½lL
2
;lU

2
�2~h2;½mL2 ;mU2 �2~g2

ff½1� ð1� lL2Þ
k; 1� ð1� lU2 Þ

k�g; f½ðmL2Þ
k; ðmU2 Þ

k�gg
� �

ksd1 � ksd2 ¼
[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 skða1þa2Þ;
[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

�

ff½1� ð1� ðlL1 þ lL2 � lL1l
L
2ÞÞ

k; 1� ð1� ðlU1 þ lU2 � lU1 l
U
2 ÞÞ

k�g; f½ðmL1mL2Þ
k; ðmU1 mU2 Þ

k�gg
�

¼ kðsd1 � sd2Þ;

For rule (4),

sdk1 ¼
[

sa1 ;
~h1;~g1ð Þ2sd sak

1
;
[

½lL
1
;lU

1
�2~h1;½mL1 ;mU1 �2~g1

ff½ðlL1Þ
k; ðlU1 Þ

k�g; f½1� ð1� mL1Þ
k; 1� ð1� mU1 Þ

k�gg
� �

;

sdk2 ¼
[

sa2 ;
~h2;~g2ð Þ2sd2 sak

2
;
[

½lL
2
;lU

2
�2~h2;½mL2 ;mU2 �2~g2

ff½ðlL2Þ
k; ðlU2 Þ

k�g; f½1� ð1� mL2Þ
k; 1� ð1� mU2 Þ

k�gg
� �

;

sd1 � sd2 ¼
[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 sa1a2 ;
[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

�

ff½lL1lL2 ; lU1 lU2 �g; f½mL1 þ mL2 � mL1m
L
2 ; m

U
1 þ mU2 � mU1 m

U
2 �gg

�
;

sdk1 � sdk2 ¼
[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 sða1a2Þk ;
[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

�

ff½ðlL1lL2Þ
k; ðlU1 lU2 Þ

k�g; f½1� ð1� ðmL1 þ mL2 � mL1m
L
2ÞÞ

k; 1� ð1� ðmU1 þ mU2 � mU1 m
U
2 ÞÞ

k�gg
�

¼ ðsd1 � sd2Þk;

For rule (5),
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k1sd ¼
[

ðsa;~h;~gÞ2sd
sk1a;

[

½lL;lU �2~h;½mL;mU �2~g

ff½1� ð1� lLÞk1 ; 1� ð1� lUÞk1 �g; f½ðmLÞk1 ; ðmUÞk1 �gg

0

@

1

A;

k2sd ¼
[

ðsa;~h;~gÞ2sd
sk2a;

[

½lL;lU �2~h;½mL;mU �2~g

ff½1� ð1� lLÞk2 ; 1� ð1� lUÞk2 �g; f½ðmLÞk2 ; ðmUÞk2 �gg

0

@

1

A; k1sd þ k2sd

¼
[

ðsa;~h;~gÞ2sd
sðk1þk2Þa;
� [

½lL;lU �2~h;½mL;mU �2~g

ff½1� ð1� lLÞk1þk2 ; 1� ð1� lUÞk1þk2 �g; f½ðmLÞk1þk2 ; ðmUÞk1þk2 �gg

1

A

¼ ðk1 þ k2Þsd;

For rule (6)

sdk1 ¼
[

sa;~h;~gð Þ2sd sak1 ;
[

½lL;lU �2~h;½mL;mU �2~g
ff½ðlLÞk1 ; ðlUÞk1 �g; f½1� ð1� mLÞk1 ; 1� ð1� mUÞk1 �gg

	 �
;

sdk2 ¼
[

sa;~h;~gð Þ2sd sak2 ;
[

½lL;lU �2~h;½mL;mU �2~g
ff½ðlLÞk2 ; ðlUÞk2 �g; f½1� ð1� mLÞk2 ; 1� ð1� mUÞk2 �gg

	 �
;

sdk1 � sdk2 ¼
[

sa;~h;~gð Þ2sd sak1þk2 ;ð

[

½lL;lU �2~h;½mL;mU �2~g
ff½ðlLÞk1þk2 ; ðlUÞk1þk2 �g; f½1� ð1� mLÞk1þk2 ; 1� ð1� mUÞk1þk2 �gg

�
¼ sdk1þk2

h

Appendix 2: Proof of Theorem 4.1

1. When n ¼ 1; obviously, it is right.

WGIVDHFLPAðsdÞ ¼ sa;
[

½lL;lU �2~h;½mL;mU �2~g

ff½lLj ; lUj �g; f½mLj ; mUj �gg

0

@

1

A:

2. When n ¼ 2;
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sdk1 ¼
[

sa1 ;
~h1;~g1ð Þ2sd1 sak

1
;
[

½lL
1
;lU

1
�2~h1;½mL1 ;mU1 �2~g1

ðlL1Þ
k; ðlU1 Þ

k
h in o

; 1� ð1� mL1Þ
k; 1� ð1� mU1 Þ

k
h in on o� �

;

x1ð1þ Tðsd1ÞÞ
P2

i¼1 xið1þ TðsdiÞÞ
sdk1 ¼

[

sa1 ;
~h1;~g1ð Þ2sd1 s x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ

ak
1

;

0

@

[

½lL
1
;lU

1
�2~h1;½mL1 ;mU1 �2~g1

1� ð1� ðlL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ; 1� ð1� ðlU1 Þ

kÞ
x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ

" #( )(

;

ð1� ð1� mL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ; ð1� ð1� mU1 Þ

kÞ
x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ

" #( ))!

;

sdk2 ¼
[

sa2 ;
~h2;~g2ð Þ2sd2 sak

2
;
[

½lL
2
;lU

2
�2~h2;½mL2 ;mU2 �2~g2

ðlL2Þ
k; ðlU2 Þ

k
h in o

; 1� ð1� mL2Þ
k; 1� ð1� mU2 Þ

k
h in on o� �

;

x2ð1þ Tðsd2Þ
P2

i¼1 xið1þ TðsdiÞÞ
sdk2 ¼

[

sa2 ;
~h2;~g2ð Þ2sd2 s x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

ak
2

;

0

@

[

½lL
2
;lU

2
�2~h2;½mL2 ;mU2 �2~g2

1� ð1� ðlL2Þ
kÞ

x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ; 1� ð1� ðlU2 Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

" #( )(

;

ð1� ð1� mL2Þ
kÞ

x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ; ð1� ð1� mU2 Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

" #( ))!

;

x1ð1þ Tðsd1Þ
P2

i¼1 xið1þ TðsdiÞÞ
sdk1 þ

x2ð1þ Tðsd2Þ
P2

i¼1 xið1þ TðsdiÞÞ
sdk2 ¼

[

sa1 ;
~h1;~g1ð Þ2sd1; sa2 ;

~h2;~g2ð Þ2sd2 sP2

j¼1

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

ðajÞk
;

0

B
@

[

½lL
1
;lU

1
�2~h1;½lL2 ;lU2 �2~h2;½mL1 ;mU1 �2~g1;½mL2 ;mU2 �2~g2

1� ð1� ðlL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞð1� ðlL2Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ;

"((

1� ð1� ðlU1 Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞð1� ðlU2 Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

#)

;

ð1� ð1� mL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞð1� ð1� mL2Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

"(

;

ð1� ð1� mU1 Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞð1� ð1� mU2 Þ

kÞ
x2ð1þTðsd2ÞÞP2

i¼1
xið1þTðsdiÞÞ

#))!

;

x1ð1þ Tðsd1ÞÞ
P2

i¼1 xið1þ TðsdiÞÞ
sdk1 þ

x2ð1þ Tðsd2ÞÞ
P2

i¼1 xið1þ TðsdiÞÞ
sdk2

 !1=k

¼
[

saj ;
~hj;~gjð Þ2sdj s

P2

j¼1

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

ðajÞk

 !1=k ;

0

B
B
B
B
@

[½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Y2

j¼1

ð1� ðlLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1�
Y2

j¼1

ð1� ðlUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;
;

8
<

:

1� 1�
Y2

j¼1

ð1� ð1� mLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Y2

j¼1

ð1� ð1� mUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A:
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So when n ¼ 2; Theorem 4.1 also is right.

3. Suppose when n ¼ k; Theorem 4.1 is right, then we have

WGIVDHFLPAx;kðsd1; sd2; . . .; sdkÞ ¼
[

ðsaj ;~hj;~gjÞ2sdj

s
Pk

j¼1

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

ðajÞk
� �1=k ;

0

B
B
@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yk

j¼1

ð1� ðlLj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1�
Yk

j¼1

ð1� ðlUj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;
;

8
<

:

1� 1�
Yk

j¼1

ð1� ð1� mLj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Yk

j¼1

ð1� ð1� mUj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A;

�
k

j¼1
xjsd

k
j ¼

[

ðsaj ;~hj;~gjÞ2sdj

sPk

j¼1

xjð1þTðsdjÞPk

i¼1
xið1þTðsdiÞÞ

ðajÞk
;

0

@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Yk

j¼1

ð1� ðlLj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ; 1�

Yk

j¼1

ð1� ðlUj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

" #( )

;

(

Yk

j¼1

ð1� ð1� mLj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ;

Yk

j¼1

ð1� ð1� mUj Þ
kÞ

xjð1þTðsdjÞPn

i¼1
xið1þTðsdiÞÞ

" #( ))!

:

Then when n ¼ k þ 1;

WGIVDHFLPAx;kðsd1; sd2; . . .; sdkþ1Þ

¼ �
k

j¼1

xjð1þ TðsdjÞÞPn
i¼1 xið1þ TðsdiÞÞ

sdkj

� �

� xkþ1ð1þ Tðsdkþ1ÞÞPn
i¼1 xið1þ TðsdiÞÞ

sdkkþ1

� �1=k

¼
[

ðsaj ;~hj;~gjÞ2sdj

s
Pkþ1

j¼1

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

ðajÞk
� �1=k ;

0

B
B
@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1�
Ykþ1

j¼1

ð1� ðlLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1�
Ykþ1

j¼1

ð1� ðlUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;
;

8
<

:

1� 1�
Ykþ1

j¼1

ð1� ð1� mLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Ykþ1

j¼1

ð1� ð1� mUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A:

So, when n ¼ k þ 1; Theorem 4.1 is right too.

According to steps (1), (2), (3), we can conclude that Theorem 4.1 is right for all n. h

Appendix 3: Proof of Theorem 4.4

1. When n ¼ 1; obviously, it is right.

2. When n ¼ 2;
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ðksd1Þ
ðx1ð1þTðsd1ÞÞÞP2

i¼1
xið1þTðsdiÞÞ ¼

[

ðsa1 ;~h1;~g1Þ2sd1

s

ka1ð Þ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ

;

0

B
@

[

½lL
1
;lU

1
�2~h1;½mL1 ;mU1 �2~g1

ð1� ð1� lL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ; ð1� ð1� lU1 Þ

kÞ
x1ð1þTðsd1ÞÞP2

i¼1
xið1þTðsdiÞÞ

" #( )

;

(

1� ð1� ðmL1Þ
kÞ

x1ð1þTðsd1ÞÞP2

i¼1
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;
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1

k
ððksd1Þx1 � ðksd2Þx2Þ
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>;
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C
A:

So when n ¼ 2; Theorem 4.4 also is right.

3. Suppose when n ¼ k; Theorem 4.4 is right, then we have

WGIVDHFLPGAx;kðsd1; sd2; . . .; sdkÞ ¼
[

ðsaj ;~hj;~gjÞ2sdj

s

1
k

Qk

j¼1
ðkajÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

;

0

B
B
@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1� 1�
Yk

j¼1

ð1� ð1� lLj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

0

@

1

A

1=k

; 1� 1�
Yk

j¼1

ð1� ð1� lUj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
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A

1=k
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7
5
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><
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><
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@

1

A

1=k
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Yk

j¼1

ð1� ðmUj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

0

@

1

A

1=k
2

6
4

3

7
5

8
><

>:

9
>=

>;

9
>=

>;

1

C
A;

�
k

j¼1
ðksdjÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ ¼

[

ðsaj ;~hj;~gjÞ2sdj

s
Qk

j¼1
ðkajÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

;

0

B
B
@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

Yk

j¼1

ð1� ð1� lLj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ;

Yk

j¼1

ð1� ð1� lUj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

2

4

3

5

8
<

:

9
=

;
;

8
<

:

1�
Yk

j¼1

ð1� ðmLj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ; 1�

Yk

j¼1

ð1� ðmUj Þ
kÞ

xjð1þTðsdjÞÞP2

i¼1
xið1þTðsdiÞÞ

2

4

3

5

8
<

:

9
=

;

9
=

;

1

A;

then when n ¼ k þ 1;
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WGIVDHFLPGAx;kðsd1; sd2; . . .; sdkþ1Þ ¼
1

k
�
k

j¼1
ðksdjÞxj

� �

� ðksdkþ1Þxkþ1

� �

¼
[

ðsaj ;~hj;~gjÞ2sdj

s

1
k

Qn

j¼1
ðkajÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

;

0

B
@

[

½lL
j
;lU

j
�2~hj;½mLj ;mUj �2~gj

1� 1�
Yn

j¼1

ð1� ð1� lLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1� 1�
Yn

j¼1

ð1� ð1� lUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

8
<

:
;

1�
Yn

j¼1

ð1� ðmLj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k

; 1�
Yn

j¼1

ð1� ðmUj Þ
kÞ

xjð1þTðsdjÞÞPn

i¼1
xið1þTðsdiÞÞ

 !1=k2

4

3

5

8
<

:

9
=

;

9
=

;

1

A:

So, when n ¼ k þ 1; Theorem 4.4 is right too.

According to steps (1), (2), (3), we can conclude that Theorem 4.4 is right for all n. h

Appendix 4: Proof of Theorem 4.7

1. Assume that ðsd
1 ; sd
2 ; . . .; sd
nÞ is any permutation of ðsd1; sd2; . . .; sdnÞ; then for each sdj; there exists one and only one

sd
k such that sdj ¼ sd
k and vice versa. And, TðsdjÞ ¼ Tðsd
kÞ: Thus, based on Theorems 4.2 and 4.5, we have

GIVDHFLPAkðsd1; sd2; . . .; sdnÞ ¼
�n

j¼1ð1þ TðsdjÞÞsdkjPn
i¼1 ð1þ TðsdiÞÞ

 !1=k

¼ �n
k¼1ð1þ Tðsd
kÞÞsd
kkPn

i¼1 ð1þ TðsdiÞÞ

� �1=k

¼ GIVDHFLPAkðsd
1 ; sd
2 ; . . .; sd
nÞ:

GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ ¼
1

k
�
n

j¼1
ðksdjÞ

1þTðsdjÞPn

i¼1
ð1þTðsdiÞÞ

 !

¼ 1

k
�
n

k¼1
ðksd
kÞ

1þTðsd

k
ÞPn

i¼1
ð1þTðsdiÞÞ

0

@

1

A ¼ GIVDHFLPGAkðsd
1 ; sd
2 ; . . .; sd
nÞ:

2. Since sdj ¼ sd for all j ¼ 1; 2; . . .; n; thus

GIVDHFLPAkðsd1; sd2; . . .; sdnÞ ¼
[

ðsa;~h;~gÞ2sd

sa;
[

½lL;lU �2~h;½mL;mU �2~g

f½lL; lU �g; f½mL; mU �g
� �

0

@

1

A

¼ sd ¼ GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ:

3. Let sd� ¼ ðs�a ; ~h�; ~g�Þ; sdþ ¼ hsþa ; ~hþ; ~gþi; where s�a ¼ minjðsajÞ; sþa ¼ maxjðsajÞ;

~h� ¼
[

½lL
j
;lU

j
�2~hj

f½lL�; lU��g ¼
[

½lL
j
;lU

j
�2~hj

min
1� j� n

lLj ; min
1� j� n

lUj

� 
� �

;

~hþ ¼
[

½lL
j
;lU

j
�2~hj

f½lLþ; lUþ�g ¼
[

½lL
j
;lU

j
�2~hj

max
1� j� n

lLj ; max
1� j� n

lUj

� 
� �

;

~g� ¼
[

½mL
j
;mU
j
�2~gj

f½mL�; mU��g ¼
[

½mL
j
;mU
j
�2~gj

max
1� j� n

mLj ; max
1� j� n

mUj

� 
� �

;

~gþ ¼
[

½mL
j
;mU
j
�2~gj

f½mLþ; mUþ�g ¼
[

½mL
j
;mU
j
�2~gj

min
1� j� n

mLj ; min
1� j� n

mUj

� 
� �

;

for all j ¼ 1; 2; . . .; n; we have
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so we have
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Obviously, maxjðsajÞ� s Pn

j¼1
xjðajÞk

	 �1=k � minjðsajÞ; then according to Definitions 3.3, 3.5 and Theorem 4.2, we

havesdþ �GIVDHFLPAkðsd1; sd2; . . .; sdnÞ� sd�:
Similarly, according to Definitions 3.3, 3.5 and Theorem 4.5, we have

sdþ �GIVDHFLPGAkðsd1; sd2; . . .; sdnÞ� sd�;

which completes the proof. h

Appendix 5: Proof of Theorem 4.8

Based on Lemma 4.1, we have
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By Definitions 3.3, 3.4 and 3.5, we have �n
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; which completes the proof of

Theorem 4.8. h
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Appendix 6: Proof of Theorem 4.9
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; which completes the proof of

Theorem 4.9. h
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Appendix 7: Proof of Theorem 4.10
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; which completes the proof of

Theorem 4.10. h
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