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Abstract Information aggregation is a key problem in

decision making. The aim of this paper is to investigate

information aggregation methods under intuitionistic

trapezoidal fuzzy environment. Some Einstein operational

laws on intuitionistic trapezoidal fuzzy numbers are de-

fined based on Einstein sum and Einstein product. Then,

some intuitionistic trapezoidal fuzzy aggregation operators

based on Einstein operations are proposed, such as intu-

itionistic trapezoidal fuzzy Einstein weighted averaging

operator, intuitionistic trapezoidal fuzzy Einstein ordered

weighted averaging operator, induced-intuitionistic trape-

zoidal fuzzy Einstein ordered weighted averaging operator,

intuitionistic trapezoidal fuzzy Einstein hybrid averaging

operator, intuitionistic trapezoidal fuzzy Einstein weighted

geometric operator, intuitionistic trapezoidal fuzzy Einstein

ordered weighted geometric operator, induced intuitionistic

trapezoidal fuzzy Einstein ordered weighted geometric

operator and intuitionistic trapezoidal fuzzy Einstein hy-

brid geometric operator. Furthermore, we apply the pro-

posed aggregation operators to deal with multiple attribute

group decision making in which decision information takes

the form of intuitionistic trapezoidal fuzzy numbers.

Finally, an illustrative example is given to demonstrate its

practicality and effectiveness.

Keywords Multiple attribute group decision making �
Aggregation operation � Intuitionistic trapezoidal fuzzy

numbers � Einstein operation

1 Introduction

The concept of intuitionistic fuzzy sets (A-IFSs for short) is

introduced by Atanassov [1], which is a generalization of

the concept of fuzzy set which was proposed by Zadeh [2] to

characterize fuzziness just by a membership degree. Since it

is characterized by a membership degree and a non-mem-

bership degree, IFS comes to be more effective than

Zadeh’s Fuzzy sets to cope with uncertainty and vagueness

originating from imprecise knowledge or information in

real applications. A-IFSs has been investigated by many

researchers and applied to many field since its appearance

[3–22]. As for aggregation methods for A-IFSs information,

Xu [5], Xu and Yager [3], Wei [23] and Liang [22] devel-

oped different A-IFSs aggregation operators, respectively,

such as intuitionistic fuzzy weighted averaging (IFWA)

operator, intuitionistic fuzzy ordered weighted averaging

(IFOWA) operator, intuitionistic fuzzy hybrid aggregation

(IFHA) operator, intuitionistic fuzzy weighted geometric

(IFWG) operator, intuitionistic fuzzy ordered weighted

geometric (IFOWG) operator, intuitionistic fuzzy hybrid

geometric (IFHG) operator, and intuitionistic fuzzy

weighted OWA (IFWOWA) operator. Later, Atanassov and

Gargov [24], Atanassov [25] further extended the concept

of intuitionistic fuzzy set to introduce interval-valued in-

tuitionistic fuzzy sets (IVIFSs), which enhances greatly the

representation ability of uncertainty than A-IFSs.
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However, the domains of intuitionistic fuzzy sets and

interval-valued intuitionistic fuzzy sets are discrete sets,

which are used to indicate the extent to which certain

criterion does or does not belong to some fuzzy concepts

[26]. Later on, in order to address situations demanding

domains of consecutive sets, the notion of A-IFSs has been

further generalized to other forms, such as triangular in-

tuitionistic fuzzy number (TIFN) introduced by Shu et al.

[27] and intuitionistic trapezoidal fuzzy number (ITFN)

introduced by Wang and Zhang [28]. Shu et al. [27] also

developed operational laws of triangular intuitionistic

fuzzy numbers (TIFNs) and proposed an algorithm for

intuitionistic fuzzy fault-tree analysis. Then, Wang and

Zhang [28] developed the definition of intuitionistic

trapezoidal fuzzy numbers (ITFNs) and interval-valued

intuitionistic trapezoidal fuzzy numbers (IV-ITFNs).

Compared with intuitionistic fuzzy numbers, intuitionistic

trapezoidal fuzzy numbers make their membership and

non-membership degrees no longer relative to a fuzzy

concept ‘‘Excellent’’ or ‘‘Good’’, but relative to the trape-

zoidal fuzzy number; thus can express decision information

in different dimensions and avoid losing decision prefer-

ence information [26]. Correspondingly on aggregation

methods, Wang and Zhang [28] first proposed the defini-

tion and Hamming distance formula of intuitionistic

trapezoidal fuzzy numbers, moreover, developed intu-

itionistic trapezoidal fuzzy weighted arithmetic averaging

(ITFWAA) operator and multi-criteria decision-making

method with incomplete certain information. Wei [29]

developed the intuitionistic trapezoidal fuzzy ordered

weighted averaging (ITFOWA) operator and the intu-

itionistic trapezoidal fuzzy hybrid aggregation (ITFHA)

operator. Wan and Dong [30] defined the expectation and

expectant score of intuitionistic trapezoidal fuzzy numbers

from the geometric angle. Wu [31] further developed the

intuitionistic trapezoidal fuzzy weighted geometric

(ITFWG) operator, the intuitionistic trapezoidal fuzzy

ordered weighted geometric (ITFOWG) operator, the in-

duced intuitionistic trapezoidal fuzzy ordered weighted

geometric (I-ITFOWG) operator and the intuitionistic

trapezoidal fuzzy hybrid geometric (ITFHG) operator. Wan

[32] developed the power average operator of intuitionistic

trapezoidal fuzzy numbers, the weighted power average

operator of intuitionistic trapezoidal fuzzy numbers, the

power ordered weighted average operator of intuitionistic

trapezoidal fuzzy numbers, and the power hybrid average

operator of intuitionistic trapezoidal fuzzy numbers.

But it must be noticed that the above aggregation op-

erators are all based on the most commonly used algebraic

product and algebraic sum of ITFNs for carrying the

combination process, which are not the only operations

laws that can be chosen to model the intersection and union

on ITFNs, And it is well known that Einstein t-norms and

Einstein t-conorms are two prototypical examples of the

class of strict Archimedean t-norms and t-conorms [33].

Moreover, to the best of our knowledge, in literatures there

is still little research on aggregation operators using the

Einstein operations for aggregating a collection of IFVs.

Such as, Wang and Liu [34, 35] brought forward the in-

tuitionistic fuzzy Einstein weighted geometric (IFEWG)

operator, the intuitionistic fuzzy Einstein ordered weighted

geometric (IFEOWG) operator, the intuitionistic fuzzy

Einstein weighted averaging (IFEWA) operator and the

intuitionistic fuzzy Einstein ordered weighted averaging

(IFEOWA) operator successively. Zhao and Wei [36] de-

veloped the intuitionistic fuzzy Einstein hybrid averaging

(IFEHA) operator and intuitionistic fuzzy Einstein hybrid

geometric (IFEHG) operator. Zhang and Yu [37] proposed

the Einstein based intuitionistic fuzzy Choquet geometric

(EIFCG) operator and Einstein based interval-valued in-

tuitionistic fuzzy Choquet geometric (EIIFCG) operator.

Therefore, in light of references [5, 34, 35], the aim of

this paper is to enrich intuitionistic trapezoidal fuzzy theory

by investigating information aggregation methods utilizing

Einstein t-conorm and t-norm when the decision informa-

tion takes the form of intuitionistic trapezoidal fuzzy

numbers, and developing Einstein operations based on the

operators. In order to do so, the rest of this paper is orga-

nized as follows. In Sect. 2, we briefly review some basic

concepts of intuitionistic fuzzy trapezoidal numbers, and

Einstein operations on intuitionistic fuzzy trapezoidal

numbers. In Sect. 3, we propose some intuitionistic trape-

zoidal fuzzy aggregation operators based on Einstein op-

erations, such as the intuitionistic trapezoidal fuzzy

Einstein weighted averaging (ITFEWA) operator, the in-

tuitionistic trapezoidal fuzzy Einstein ordered weighted

averaging (ITFEOWA) operator, the induced-intuitionistic

trapezoidal fuzzy Einstein weighted averaging (I-

ITFEOWA) operator and intuitionistic trapezoidal fuzzy

Einstein hybrid averaging (ITFEHA) operator, intuitionis-

tic trapezoidal fuzzy Einstein weighted geomet-

ric(ITFEWG) operator, intuitionistic trapezoidal fuzzy

Einstein ordered weighted geometric (ITFEOWG) op-

erator, induced intuitionistic trapezoidal fuzzy Einstein

ordered weighted geometric (I-ITFEOWG) operator and

intuitionistic trapezoidal fuzzy Einstein hybrid geometric

(IFEHG) operator to aggregate the ITFNs, whose desirable

properties are also studied in this section. In Sect. 4, we

develop a multiple attribute group decision making method

based on the proposed operators under intuitionistic

trapezoidal fuzzy environment. In Sect. 5, numerical ex-

periment on green supplier selection is provided to verify

this decision making method. The last section concludes

this paper.
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2 Preliminaries

2.1 Intuitionistic trapezoidal fuzzy numbers

In the following, we shall introduce some basic concepts

related to intuitionistic trapezoidal fuzzy numbers. First,

we shall introduce the concept of intuitionistic fuzzy sets

by Atanassov [1] as follows:

Definition 1 [1] Let X be a nonempty set. An Atanassov

intuitionistic fuzzy set A of X is an object of the following

form A ¼ x; lAðxÞ; mAðxÞh i x 2 Xjf g, where lAðxÞ means a

membership function, and mAðxÞ means a non-membership,

with the condition 0� lAðxÞ þ mAðxÞ� 1, lAðxÞ; mAðxÞ 2
½0; 1� for all x 2 X.

Given x, the pair ðlAðxÞ; mAðxÞÞ in formulation (1) is

called Atanassov intuitionistic fuzzy number [3] (A-IFN),

which simply denoted as ~a ¼ ½l~a; m~a�, where l~a 2 ½0; 1�,
v~a 2 ½0; 1�, l~a þ v~a � 1.

Definition 2 [38] Let ~a ¼ ½l; m� be an A-IFN, a score

function sð~aÞ of an A-IFN ~a can be represented as follows

sð~aÞ ¼ l� m; sð~aÞ 2 ½�1; 1� ð1Þ

to evaluate the degree of score of A-IFN ~a ¼ ½l; m�, where
sð~aÞ 2 ½�1; 1�. The larger the value of sð~aÞ, the more the

degree of score of A-IFN ~a.

Definition 3 [39] Let ~a ¼ ½l; m� be an A-IFN, an accuracy

function hð~aÞ of an A-IFN ~a can be represented as follows

hð~aÞ ¼ lþ m; hð~aÞ 2 ½0; 1� ð2Þ

to evaluate the degree of score of A-IFN ~a ¼ ½l; m�, where
hð~aÞ 2 ½0; 1�. The larger the value of hð~aÞ, the more the

degree of accuracy of A-IFN ~a.

Based on the score function and the accuracy function,

Xu and Yager [3, 5] developed a method to compare any

two A-IFNs as follows:

Definition 4 [3, 5] Let ~ai ¼ ½l~ai ; m~ai � ði ¼ 1; 2Þ be any two
A-IFNs, and let sð~aiÞ and hð~aiÞ be the scores and accuracy

degrees of A-IFN ~ai ði ¼ 1; 2Þ, respectively. Then, the

following conditions hold:

(1) If sð~a1Þ[ sð~a2Þ, then ~a1 [ ~a2.
(2) If sð~a1Þ ¼ sð~a2Þ, then

� If hð~a1Þ[ hð~a2Þ, then ~a1 [ ~a2.
` If hð~a1Þ\hð~a2Þ, then ~a1\~a2.
´ If hð~a1Þ\hð~a2Þ, then ~a1 ¼ ~a2.

Definition 5 [26, 28] Let ~a is an intuitionistic trapezoidal

fuzzy number, its membership function is defined as:

l~aðxÞ ¼

ðx� aÞl~a=ðb� aÞ ða� x\bÞ
l~a ðb� x� cÞ

ðd � xÞl~a=ðd � cÞ ðc\x� dÞ
0 otherwise

8
>><

>>:

ð3Þ

its non-membership function is defined as:

v~aðxÞ ¼

ðb� xþ v~aðx� a0ÞÞ=ðb� a0Þ ða0 � x\bÞ
v~a ðb� x� cÞ

ðx� cþ v~aðd0 � xÞÞ=ðd0 � cÞ ðc\x� d0Þ
0 otherwise

8
>><

>>:

ð4Þ

where 0� l~a � 1; 0� v~a � 1; 0� u~a þ v~a � 1; a; b; c; d 2
R;R is the set of real numbers. Then ~a ¼
ð½a; b; c; d�; l~aÞ; ð½a0; b; c; d0�; v~aÞh i is called an intuitionistic

trapezoidal fuzzy number (ITFN for short). Generally,

there exists ½a; b; c; d� ¼ ½a0; b; c; d0� in intuitionistic

trapezoidal fuzzy number ~a, here, denoted as

~a ¼ ð½a; b; c; d�; l~a; v~aÞ. We let ~a ¼ ð½a; b; c; d�; l~a; v~aÞ and

only talk about this kind of fuzzy number in the remainder

of this paper (As seen in Fig. 1).

The hesitation of intuitionistic trapezoidal fuzzy number

~a is denoted by p~aðxÞ ¼ 1� u~aðxÞ � v~aðxÞ, the smaller the

p~a, the more certain is the intuitionistic trapezoidal fuzzy

number. If b ¼ c, then an intuitionistic trapezoidal fuzzy

number become an intuitionistic triangular fuzzy number.

When u~a ¼ 1 and v~a ¼ 0, ~a is called normal intuitionistic

fuzzy number, namely, a traditional fuzzy number. If

a; b; c; d 2 ½0; 1�, then ~a is called a standardized intuition-

istic fuzzy trapezoidal number.

Definition 6 [40] Let ~a ¼ ð½a; b; c; d�; l~a; v~aÞ is an intu-

itionistic trapezoidal fuzzy number, the score function sð~aÞ
of an intuitionistic trapezoidal fuzzy number can be rep-

resented as follows

1

0 Ra b c d

αμ

vα

( )xαμ

( )v xα

Fig. 1 An intuitionistic trapezoidal fuzzy number
~a ¼ ð½a; b; c; d�; l~a; v~aÞ
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sð~aÞ ¼ aþ bþ cþ d

4
ðl~a � m~aÞ; sð~aÞ 2 ½�1; 1�: ð5Þ

Definition 7 [40] Let ~a ¼ ð½a; b; c; d�; l~a; v~aÞ is an in-

tuitionistic trapezoidal fuzzy number, the accuracy func-

tion hð~aÞ of an intuitionistic trapezoidal fuzzy number can

be represented as follows

hð~aÞ ¼ aþ bþ cþ d

4
ðl~a þ m~aÞ; hð~aÞ 2 ½0; 1�: ð6Þ

Definition 8 [40] Let ~ai ði ¼ 1; 2Þ are two intuitionistic

trapezoidal fuzzy numbers, and let sð~aiÞ and hð~aiÞ be the

score and accuracy values of ~ai (i = 1, 2) respectively.

Then, the following conditions hold:

(1) If sð~a1Þ[ sð~a2Þ, then ~a1 [ ~a2.
(2) If sð~a1Þ ¼ sð~a2Þ, then

� If hð~a1Þ[ hð~a2Þ, then ~a1 [ ~a2.
` If hð~a1Þ\hð~a2Þ, then ~a1\~a2.
´ If hð~a1Þ ¼ hð~a2Þ, then ~a1 ¼ ~a2.

2.2 Einstein operations

The theory of aggregation operators has an important role

since in the beginning of fuzzy set theory. Einstein op-

erations is a kind of various t-norms and t-conorms families

[41, 42] can be used to accomplish the corresponding in-

tersections and unions of IFSs. Einstein operations includes

the Einstein product and the Einstein sum, respectively.

Einstein product �e and Einstein sum �e are defined as

follows [33]:

a�e b ¼ a � b
1þ ð1� aÞ � ð1� bÞ ; a�e b

¼ aþ b

1þ a � b ; 8ða; bÞ 2 ½0; 1�2: ð7Þ

2.3 Einstein operations of intuitionistic trapezoidal

fuzzy numbers

In this section, firstly, the operational laws of intuitionistic

trapezoidal fuzzy numbers will be introduced based on

algebraic t-conorm and t-norm, the Einstein product and

Einstein sum on two A-IFSs are also introduced. Moreover,

we will define the operational laws of intuitionistic trape-

zoidal fuzzy numbers based on Einstein t-norm and

t-conorm on and will analyze some desirable properties of

these operations respectively.

Definition 9 [26, 28] Let ~a1 ¼ ð½a1;b1; c1;d1�; l~a1 ;v~a1Þ
and ~a2 ¼ ð½a2;b2; c2;d2�; l~a2 ;v~a2Þ be two intuitionistic

trapezoidal fuzzy numbers, and k� 0, then

(1) ~a1 � ~a2 ¼ ð½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�; l~a1þ
l~a2 � l~a1l~a2 ; v~a1v~a2Þ;

(2) ~a1 � ~a2 ¼ ð½a1a2; b1b2; c1c2; d1d2�;
l~a1l~a2 ; v~a1 þ v~a2 � v~a1v~a2Þ;

(3) k � ~a ¼ ð½ka; kb; kc; kd�; 1� ð1� l~aÞk; ðv~aÞkÞ;
(4) ~ak ¼ ð½ak; bk; ck; dk�; ðl~aÞk; 1� ð1� v~aÞkÞ:

The above operations are based on the algebraic

t-conorm and t-norm, in the following, we gave some the

operations of intuitionistic trapezoidal fuzzy numbers

based on Einstein t-norm and t-conorm.

Definition 10 Let ~a1 ¼ ð½a1;b1; c1;d1�; l~a1 ;v~a1Þ, ~a2 ¼
ð½a2;b2; c2;d2�; l~a2 ;v~a2Þ and ~a ¼ ð½a;b; c;d�; l~a;v~aÞ be any

three intuitionistic trapezoidal fuzzy numbers, and k is

positive real number, k� 0, then

(1)
~a1 �e ~a2 ¼

½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�;
l~a1 þ l~a2

1þ l~a1l~a2

;
v~a1v~a2

1þ ð1� v~a1Þð1� v~a2Þ

� �

;

(2)

~a1 �e ~a2 ¼

½a1a2; b1b2; c1c2; d1d2�;
l~a1l~a2

1þ ð1� l~a1Þð1� l~a2Þ
;
v~a1 þ v~a2
1þ v~a1v~a2

� �

;

(3) k �e ~a ¼ ½ka; kb; kc; kd�; ð1þ l~aÞk � ð1� l~aÞk

ð1þ l~aÞk þ ð1� l~aÞk
;

2ðv~aÞk

ð2� v~aÞk þ ðv~aÞk

 !

;

(4) ~a^ek ¼ ½ak; bk; ck; dk�; 2ðl ~aÞk

ð2�l ~aÞkþðl ~aÞk
; ð1þv ~aÞk�ð1�v ~aÞk

ð1þv ~aÞkþð1�v ~aÞk

� �
:

Theorem 1 Let ~a1, ~a2 and ~a be three any intuitionistic

trapezoidal fuzzy number, n, m be any positive real num-

ber, then, ~a1 � ~a2, ~a1 � ~a2, k �e ~a and ~a^em are also an

intuitionistic trapezoidal fuzzy number.

Proof (1)(2) This result is obvious.

(3) Let n be any positive integer and ~a is an intuitionistic
trapezoidal fuzzy number; then

n �e ~a ¼ ~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

n

: ð8Þ

Mathematical induction can be used to prove that the

above Eq. (8) holds for all positive integers n.

First, we prove that Eq. (8) holds for n ¼ 2. Since

~aþ ~a ¼ ½aþ a; bþ b; cþ c; d þ d�; l~a þ l~a

1þ l~al~a
;

v~av~a

1þ ð1� v~aÞð1� v~aÞ

� �

¼ ½2a; 2b; 2c; 2d�; ð1þ l~aÞ2 � ð1� l~aÞ2

ð1þ l~aÞ2 þ ð1� l~aÞ2
;

2ðv~aÞ2

ð2� v~aÞ2 þ ðv~aÞ2

 !

¼ 2 �e ~a

Therefore, the Eq. (8) holds for n ¼ 2.

Second, if Eq. (8) holds for n ¼ k, that is

n �e ~a ¼ ~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

n

:

then, when n ¼ k þ 1, we have
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~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

nþ1

¼ ~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

n

�e~a ¼ n �e ~a�e ~a

¼ na; nb; nc; nd½ �; ð1þ l~aÞn � ð1� l~aÞn

ð1þ l~aÞn þ ð1� l~aÞn
;

2ðv~aÞn

ð2� v~aÞn þ ðv~aÞn
� �

�e ð½a;b; c;d�;l~a;v~aÞ

¼ ðnþ 1Þa; ðnþ 1Þb; ðnþ 1Þc; ðnþ 1Þd½ �;ð

ð1þ l~aÞnþ1 � ð1� l~aÞnþ1

ð1þ l~aÞnþ1 þ ð1� l~aÞnþ1
;

2ðv~aÞnþ1

ð2� v~aÞnþ1 þ ðv~aÞnþ1

!

¼ ðnþ 1Þ �e ~a

i.e. Equation (8) holds for n ¼ k þ 1. Therefore, Eq. (8)

holds for all n.

Since both the basis and the inductive step have been

proved, it has now been proved by mathematical induction

that Eq. (7) holds for any positive integer n.

Since 0� l~a � 1, 0� v~a � 1, 0� l~a þ v~a � 1,

1� l~a � v~a � 0, k is any positive integer, then, we have

0� ð1þ l~aÞ
k � ð1� l~aÞ

k

ð1þ l~aÞk þ ð1� l~aÞk
� ð1þ l~aÞ

k � ðv~aÞk

ð1þ l~aÞk þ ðv~aÞk
;

0� 2ðv~aÞk

ð2� v~aÞk þ ðv~aÞk
� 2ðv~aÞk

ð1þ l~aÞk þ ðv~aÞk
:

Thus, 0� ð1þl ~aÞk�ð1�l ~aÞk

ð1þl ~aÞkþð1�l ~aÞk
þ 2ðv ~aÞk

ð2�v ~aÞkþðv ~aÞk
� 1.

That is to say, the k �e ~a defined above is an intuitionistic

trapezoidal fuzzy number for any positive real number k.
(4) Let m be any positive integer and ~a is an

intuitionistic trapezoidal fuzzy number; then

~a^em ¼ ~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

m

: ð9Þ

Mathematical induction can be used to prove that the

above Equation holds for all positive integers m.

First, we prove that Eq. (9) holds for m ¼ 2. Since

~a�e ~a ¼ a � a; b � b; c � c; d � d½ �; l~al~a

1þ ð1� l~aÞð1� l~aÞ
;
v~a þ v~a

1þ v~av~a

� �

¼ ½a2; b2; c2; d2�; 2ðl~aÞ2

ð2� l~aÞ
2 þ ðl~aÞ

2
;
ð1þ v~aÞ2 � ð1� v~aÞ2

ð1þ v~aÞ2 þ ð1� v~aÞ2

 !

¼ ~a^e2

Therefore, the Eq. (9) holds for m ¼ 2.

Second, if Eq. (9) holds for m ¼ k, that is

~a^em
1 ¼ ~a1 �e ~a1 �e � � � �e ~a1

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
m

:

then, when, we have

~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mþ1

¼ ~a�e ~a�e � � � �e ~a
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mþ1

�e~a ¼ ~a^en �e ~a

¼ an; bn; cn; dn½ �; 2ðl~aÞn

ð2� l~aÞn þ ðl~aÞn
;
ð1þ v~aÞn � ð1� v~aÞn

ð1þ v~aÞn þ ð1� v~aÞn
� �

�e ð½a;b; c;d�; l~a;v~aÞ

¼ anþ1; bnþ1; cnþ1; dnþ1
� �

;
2ðl~aÞnþ1

ð2� l~aÞnþ1 þ ðl~aÞnþ1
;

 

ð1þ v~aÞnþ1 � ð1� v~aÞnþ1

ð1þ v~aÞn þ ð1� v~aÞnþ1

!

¼ ~a^enþ1

i.e. Eq. (9) holds for m ¼ k þ 1. Therefore, Eq. (9) holds

for all m.

Since both the basis and the inductive step have been

proved, it has now been proved by mathematical induction

that Eq. (9) holds for any positive integer n.

Since 0� l~a � 1, 0� v~a � 1, 0� l~a þ v~a � 1,

1� l~a � v~a � 0, k is any positive integer, then, we have

0� 2ðl~aÞ
k

ð2� l~aÞk þ ðl~aÞk
� 2ðl~aÞ

k

ð1þ v~aÞk þ ðl~aÞk
;

0� ð1þ v~aÞk � ð1� v~aÞk

ð1þ v~aÞk þ ð1� v~aÞk
� ð1þ v~aÞk � ðl~aÞk

ð1þ v~aÞk þ ðl~aÞk
:

Thus, 0� 2ðl ~aÞk

ð2�l ~aÞkþðl ~aÞk
þ ð1þv ~aÞk�ð1�v ~aÞv

ð1þv ~aÞkþð1�v ~aÞk
� 1.

That is to say, the ~a^ek defined above is an intuitionistic

trapezoidal fuzzy number for any positive real number k.

By the Einstein operational laws of intuitionistic trape-

zoidal fuzzy numbers, we have.

Theorem 2 Let ~a1 ¼ ð½a1;b1; c1;d1�; l~a1 ;v~a1Þ and ~a2 ¼
ð½a2;b2; c2;d2�; l~a2 ;v~a2Þ be two intuitionistic trapezoidal

fuzzy numbers, then the operational laws between ~a1 and ~a2
are shown as follows:

(1) ~a1 � ~a2 ¼ ~a2 � ~a1;
(2) ~a1 � ~a2 ¼ ~a2 � ~a1;
(3) kð~a1 � ~a2Þ ¼ k~a1 � k~a2 k� 0;

(4) k1~a1 � k2~a1 ¼ ðk1 þ k2Þ~a1 k1; k2 � 0;

(5) ð~a1 � ~a2Þk ¼ ~ak1 � ~ak2 ; k� 0;

(6) ~ak1 � ~ak2 ¼ ~ak1þk2 k1; k2 � 0.

Proof (1)(2) This result is obvious.

(3) By the Einstein operational laws (1) in Definition 10,

we have

~a1 � ~a2 ¼ ½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�;
l~a1 þ l~a2

1þ l~a1l~a2

;

�

v~a1v~a2
1þ ð1� v~a1Þð1� v~a2Þ

�
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We transform the above equation into the following

form:

~a1 � ~a2

¼
½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�;

ð1þ l~a1Þð1þ l~a2Þ � ð1� l~a1Þð1� l~a2Þ
ð1þ l~a1Þð1þ l~a2Þ þ ð1� l~a1Þð1� l~a2Þ

;
2v~a1v~a2

ð2� v~a1Þð2� v~a2Þ þ v~a1v~a2

0

B
@

1

C
A

and let x ¼ ð1þ l~a1Þð1þ l~a2Þ, y ¼ ð1� l~a1Þð1� l~a2Þ,
z ¼ m~a1m~a2 , g ¼ ð2� m~a1Þð2� m~a2Þ; then

~a1 � ~a2 ¼ ½a1 þ a2; b1 þ b2; c1 þ c2; d1 þ d2�;
x� y

xþ y
;

2z

gþ z

� �

By the Einstein operation (3) in Definition 10, we have

In addition, since

k~a1 ¼ ½ka1; kb1; kc1; kd1�;
ð1þ l~a1Þ

k � ð1� l~a1Þ
k

ð1þ l~a1Þ
k þ ð1� l~a1Þ

k
;

2ðv~a1Þ
k

ð2� v~a1Þ
k þ ðv~a1Þ

k

 !

k~a2 ¼ ½ka2; kb2; kc2; kd2�;
ð1þ l~a2Þ

k � ð1� l~a2Þ
k

ð1þ l~a2Þ
k þ ð1� l~a2Þ

k
;

2ðv~a2Þ
k

ð2� v~a2Þ
k þ ðv~a2Þ

k

 !

Let x1 ¼ ð1þ l~a1Þ
k
, y1 ¼ ð1� l~a1Þ

k
, z1 ¼ ðm~a1Þ

k
, g1 ¼

ð2� m~a1Þ
k
, x2 ¼ ð1þ l~a2Þ

k
, y2 ¼ ð1� l~a2Þ

k
, z2 ¼ ðm~a2Þ

k
,

g2 ¼ ð2� m~a2Þ
k
; then

k~a1 ¼ ½ka1; kb1; kc1; kd1�;
x1 � y1

x1 þ y1
;

2z1

g1 þ z1

� �

;

k~a2 ¼ ½ka2; kb2; kc2; kd2�;
x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

By the Einstein operations (1) and (3) in Definition 10,

we have

kð~a1 � ~a2Þ ¼

kða1 þ a2Þ; kðb1 þ b2Þ; kðc1 þ c2Þ; kðd1 þ d2Þ½ �;

1þ x�y
xþy

� �k
� 1� x�y

xþy

� �k

1þ x�y
xþy

� �k
þ 1� x�y

xþy

� �k ;
2 2z

gþz

� �k

2� 2z
gþz

� �k
þ 2z

gþz

� �k

0

B
B
B
B
@

1

C
C
C
C
A

¼ ½kða1 þ a2Þ; kðb1 þ b2Þ; kðc1 þ c2Þ; kðd1 þ d2Þ�;
xð Þk� yð Þk

xð Þkþ yð Þk
;

2 zð Þk

gð Þkþ zð Þk

 !

¼

½kða1 þ a2Þ; kðb1 þ b2Þ; kðc1 þ c2Þ; kðd1 þ d2Þ�;

ð1þ l~a1Þ
kð1þ l~a2Þ

k � ð1� l~a1Þ
kð1� l~a2Þ

k

ð1þ l~a1Þ
kð1þ l~a2Þ

k þ ð1� l~a1Þ
kð1� l~a2Þ

k
;

2ðv~a1Þ
kðv~a2Þ

k

ð2� v~a1Þ
kð2� v~a2Þ

k þ ðv~a1Þ
kðv~a2Þ

k

0

B
B
@

1

C
C
A

k~a1 � k~a2 ¼ ½ka1; kb1; kc1; kd1�;
x1 � y1

x1 þ y1
;

2z1

g1 þ z1

� �

� ½ka2; kb2; kc2; kd2�;
x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

¼ ½ka1 þ ka2; kb1 þ kb2; kc1 þ kc2; kd1 þ kd2�;
x1�y1
x1þy1

þ x2�y2
x2þy2

1þ x1�y1
x1þy1

� x2�y2
x2þy2

;

2z1
g1þz1

� 2z2
g2þz2

1þ 1� 2z1
g1þz1

� �
� 1� 2z2

g2þz2

� �

0

@

1

A

¼ ½ka1 þ ka2; kb1 þ kb2; kc1 þ kc2; kd1 þ kd2�;
x1x2 � y1y2

x1x2 þ y1y2
;

2z1z2

g1g2 þ z1z2

� �

¼

½kða1 þ a2Þ; kðb1 þ b2Þ; kðc1 þ c2Þ; kðd1 þ d2Þ�;

ð1þ l~a1Þ
kð1þ l~a2Þ

k � ð1� l~a1Þ
kð1� l~a2Þ

k

ð1þ l~a1Þ
kð1þ l~a2Þ

k þ ð1� l~a1Þ
kð1� l~a2Þ

k
;

2ðv~a1Þ
kðv~a2Þ

k

ð2� v~a1Þ
kð2� v~a2Þ

k þ ðv~a1Þ
kðv~a2Þ

k

0

B
B
@

1

C
C
A

552 Int. J. Mach. Learn. & Cyber. (2017) 8:547–569

123



Hence, kð~a1 � ~a2Þ ¼ k~a1 � k~a2 .
(4) Since k1~a1 ¼ ½k1a1; k1b1; k1c1; k1d1�;ð

1þl ~a1ð Þk1� 1�l ~a1ð Þk1
1þl ~a1ð Þk1þ 1�l ~a1ð Þk1

;
2 v ~a1ð Þk1

2�v ~a1ð Þk1þ v ~a1ð Þk1
Þ

k2~a1 ¼ ½k2a1; k2b1; k2c1; k2d1�;
1þ l~a1

	 
k2� 1� l~a1

	 
k2

1þ l~a1

	 
k2þ 1� l~a1

	 
k2
;

 

2 v~a1ð Þk2

2� v~a1ð Þk2þ v~a1ð Þk2

!

where k1; k2 � 0.

Let x1 ¼ ð1þ l~a1Þ
k1 , y1 ¼ ð1� l~a1Þ

k1 , z1 ¼ ðm~a1Þ
k1 ,

g1 ¼ ð2� m~a1Þ
k1 , x2 ¼ ð1þ l~a1Þ

k2 , y2 ¼ ð1� l~a1Þ
k2 ,

z2 ¼ ðm~a1Þ
k2 , g2 ¼ ð2� m~a1Þ

k2 ; then

k1~a1 ¼ ½k1a1; k1b1; k1c1; k1d1�;
x1 � y1

x1 þ y1
;

2z1

g1 þ z1

� �

;

k2~a2 ¼ ½k2a1; k2b1; k2c1; k2d1�;
x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

By the Einstein operations (1) and (3) in Definition 10,

we obtain

Hence, k1~a1 � k2~a1 ¼ ðk1 þ k2Þ~a1 :

(5) Since

~a1 � ~a2 ¼ ½a1a2; b1b2; c1c2; d1d2�;
2l~a1l~a2

ð2� l~a1Þð2� l~a2Þ þ l~a1l~a2

;

�

ð1þ m~a1Þð1þ m~a2Þ � ð1� m~a1Þð1� m~a2Þ
ð1þ m~a1Þð1þ m~a2Þ þ ð1� m~a1Þð1� m~a2Þ

�

and let x ¼ l~a1l~a2 , y ¼ ð2� l~a1Þð2� l~a2Þ, z ¼ ð1þ m~a1Þ
ð1þ m~a2Þ, g ¼ ð1� m~a1Þð1� m~a2Þ; then

~a1 � ~a2 ¼ ½a1a2; b1b2; c1c2; d1d2�;
2x

yþ x
;
z� g

zþ g

� �

k1~a1 � k2~a1 ¼ k1a1; k1b1; k1c1; k1d1½ �; x1 � y1

x1 þ y1
;

2z1

g1 þ z1

� �

� k2a1; k2b1; k2c1; k2d1½ �; x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

¼ k1a1 þ k2a1; k1b1 þ k2b1; k1c1 þ k2c1; k1d1 þ k2d1½ �;
x1�y1
x1þy1

þ x2�y2
x2þy2

1þ x1�y1
x1þy1

� x2�y2
x2þy2

;

2z1
g1þz1

� 2z2
g2þz2

1þ 1� 2z1
g1þz1

� �
� 1� 2z2

g2þz2

� �

0

@

1

A

¼ k1a1 þ k2a1; k1b1 þ k2b1; k1c1 þ k2c1; k1d1 þ k2d1½ �; x1x2 � y1y2

x1x2 þ y1y2
;

2z1z2

g1g2 þ z1z2

� �

¼
a1ðk1 þ k2Þ; b1ðk1 þ k2Þ; c1ðk1 þ k2Þ; d1ðk1 þ k2Þ½ �;

ð1þ l~a1Þ
k1þ k2 � ð1� l~a1Þ

k1þ k2

ð1þ l~a1Þ
k1þ k2 þ ð1� l~a1Þ

k1þ k2
;

2ðv~a1Þ
k1þ k2

ð2� v~a1Þ
k1þ k2 þ ðv~a1Þ

k1þ k2

0

B
@

1

C
A ¼ ðk1 þ k2Þ~a1

:
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In addition, since

~ak1 ¼ ½ak1; bk1; ck1; dk1�;
2ðl~a1Þ

k

ð2� l~a1Þ
k þ ðl~a1Þ

k
;
ð1þ m~a1Þ

k � ð1� m~a1Þ
k

ð1þ m~a1Þ
k þ ð1� m~a1Þ

k

 !

~ak2 ¼ ½ak2; bk2; ck2; dk2�;
2ðl~a2Þ

k

ð2� l~a2Þ
k þ ðl~a2Þ

k
;
ð1þ m~a2Þ

k � ð1� m~a2Þ
k

ð1þ m~a2Þ
k þ ð1� m~a2Þ

k

 !

and let x1 ¼ ðm~a1Þ
k
, y1 ¼ ð2� m~a1Þ

k
, z1 ¼ ð1þ l~a1Þ

k
, g1 ¼

ð1� l~a1Þ
k
, x2 ¼ ðm~a2Þ

k
, y2 ¼ ð2� m~a2Þ

k
, z2 ¼ ð1þ l~a2Þ

k
,

g2 ¼ ð1� l~a2Þ
k
; then

~ak2 ¼ ½ak2; bk2; ck2; dk2�;
2ðl~a2Þ

k

ð2� l~a2Þ
k þ ðl~a2Þ

k ;
ð1þ m~a2Þ

k � ð1� m~a2Þ
k

ð1þ m~a2Þ
k þ ð1� m~a2Þ

k

 !

~ak1 ¼ ½ak1; bk1; ck1; dk1�;
2x1

x1 þ y1
;
z1 � g1

z1 þ g1

� �

;

~ak2 ¼ ½ak2; bk2; ck2; dk2�;
2x2

x2 þ y2

z2 � g2

z2 þ g2

� �

;

By the Einstein operations (2) and (4) in Definition 10,

we obtain

ð~a1 � ~a2Þk ¼ ½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;
2 2x

yþx

� �k

2� 2x
yþx

� �k
þ 2x

yþx

� �k ;
1þ z�g

zþg

� �k
� 1� z�g

zþg

� �k

1þ z�g
zþg

� �k
þ 1� z�g

zþg

� �k

0

B
@

1

C
A

¼ ½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;
2 xð Þk

xð Þkþ yð Þk
;

zð Þk� gð Þk

zð Þk� gð Þk

 !

¼
½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;

2ðl~a1Þ
kðl~a2Þ

k

ð2� l~a1Þ
kð2� l~a2Þ

k þ ðl~a1Þ
kðl~a2Þ

k
;
ð1þ m~a1Þ

kð1þ m~a2Þ
k � ð1� m~a1Þ

kð1� m~a2Þ
k

ð1þ m~a1Þ
kð1þ m~a2Þ

k þ ð1� m~a1Þ
kð1� m~a2Þ

k

0

B
B
@

1

C
C
A

~ak1 � ~ak2 ¼ ½ak1; bk1; ck1; dk1 �;
2x1

x1 þ y1
;
z1 � g1

z1 þ g1

� �

� ½ak2; bk2; ck2; dk2 �;
2x2

x2 þ y2

z2 � g2

z2 þ g2

� �

;

¼ ½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;
2x1

x1þy1
� 2x2
x2þy2

1þ 1� 2x1
x1þy1

� �
� 1� 2x2

x2þx2

� � ;

z1�g1
z1þg1

þ z2�g2
z2þg2

1þ z1�g1
z1þg1

� z2�g2
z2þg2

0

@

1

A

¼ ½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;
2x1x2

x1x2 þ y1y2
;
z1z2 � g1g2

z1z2 þ g1g2

� �

¼
½ða1a2Þk; ðb1b2Þk; ðc1c2Þk; ðd1d2Þk�;

2ðl~a1Þ
kðl~a2Þ

k

ð2� l~a1Þ
kð2� l~a2Þ

k þ ðl~a1Þ
kðl~a2Þ

k
;
ð1þ v~a1Þ

kð1þ v~a2Þ
k � ð1� v~a1Þ

kð1� v~a2Þ
k

ð1þ v~a1Þ
kð1þ v~a2Þ

k þ ð1� v~a1Þ
kð1� v~a2Þ

k

0

B
B
@

1

C
C
A
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Hence, ð~a1 � ~a2Þk ¼ ~ak1 � ~ak2.

(6) Since ~ak11 ¼ ½ak11 ; b
k1
1 ; c

k1
1 ; d

k1
1 �;

�
2ðl ~a1

Þk1

ð2�l ~a1
Þk1þðl ~a1

Þk1 ;

ð1þm ~a1 Þ
k1�ð1�m ~a1 Þ

k1

ð1þm ~a1 Þ
k1þð1�m ~a1 Þ

k1
Þ

~ak21 ¼ ½ak21 ; b
k2
1 ; c

k2
1 ; d

k2
1 �;

2ðl~a1Þ
k2

ð2� l~a1Þ
k2 þ ðl~a1Þ

k2
;

 

ð1þ m~a1Þ
k2 � ð1� m~a1Þ

k2

ð1þ m~a1Þ
k2 þ ð1� m~a1Þ

k2

!

where k1; k2 � 0, let x1 ¼ ðl~a1Þ
k1 , y1 ¼ ð2� l~a1Þ

k1 ,

z1 ¼ ð1þ m~a1Þ
k1 , g1 ¼ ð1� m~a1Þ

k1 , x2 ¼ ðl~a1Þ
k2 , y2 ¼

ð2� l~a1Þ
k2 , z2 ¼ ð1þ m~a1Þ

k2 , g2 ¼ ð1� m~a1Þ
k2 ; then

By the Einstein operations (2) and (4) in Definition 10,

we have

Hence, ~ak11 � ~ak21 ¼ ~ak1þk2
1 .

3 Intuitionistic trapezoidal fuzzy Einstein
aggregation operators

Based on the above Einstein operational laws of ITFNs, we

will investigate the intuitionistic trapezoidal fuzzy infor-

mation aggregation operators and give the definition of

some aggregation operators with the intuitionistic trape-

zoidal fuzzy numbers based on Einstein operational laws as

follows. Let X be the set of intuitionistic trapezoidal fuzzy

numbers.

3.1 Intuitionistic trapezoidal fuzzy Einstein

arithmetic aggregation operators

Definition 11 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; � � � ; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers. An intuitionistic trapezoidal fuzzy Einstein

weighted averaging (ITFEWA) operator of dimension n is

mapping ITFEWA: Xn ! X, and

ITFEWA(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ðxj~ajÞ: ð10Þ

where x ¼ ðx1;x2; � � � ;xnÞT is the weight vector of

~aj j ¼ 1; 2; . . .; nð Þ, with xi 2 ½0; 1� and
Pn

i¼1 xi ¼ 1.

Based on the Definitions 10 and 11, we can derive the

Theorem 3.

Theorem 3 Let ~ajðj ¼ 1; 2; � � � ; nÞ be a collection of in-

tuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the ITFEWA operator is also an

intuitionistic trapezoidal fuzzy number, and

~ak11 � ~ak21 ¼ ½ak11 ; b
k1
1 ; c

k1
1 ; d

k1
1 �; 2x1

x1 þ y1
;
z1 � g1

z1 þ g1

� �

� ½ak21 ; b
k2
1 ; c

k2
1 ; d

k2
1 �; 2x2

x2 þ y2
;
z2 � g2

z2 þ y2

� �

¼ ½ak11 a
k2
1 ; b

k1
1 b

k2
1 ; c

k1
1 c

k2
1 ; c

k1
1 c

k2
1 �;

2x1
x1þy1

� 2x2
g2þy2

1þ 1� 2x1
x1þy1

� �
� 1� 2x2

x2þy2

� � ;

z1�g1
z1þg1

þ z2�g2
z2þg2

1þ z1�g1
z1þg1

� z2�g2
z2þg2

0

@

1

A

¼ ½ak11 a
k2
1 ; b

k1
1 b

k2
1 ; c

k2
1 c

k2
1 ; c

k1
1 c

k2
1 �;

2x1x2

x1x2 þ y1y2
;
z1z2 � g1g2

z1z2 þ g1g2

� �

¼
½ak1þk2

1 ; bk1þk2
1 ; ck1þk2

1 ; dk1þk2
1 �;

2ðl~a1Þ
k1þk2

ð2� l~a1Þ
k1þk2 þ ðl~a1Þ

k1þk2
;
ð1þ m~a1Þ

k1þk2 � ð1� m~a1Þ
k1þk2

ð1þ m~a1Þ
k1þk2 þ ð1� m~a1Þ

k1þk2

0

B
B
@

1

C
C
A

¼ ~ak1þk2
1
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where x ¼ ðx1;x2; . . .;xnÞT is the weight vector of

~aj j ¼ 1; 2; . . .; nð Þ, with xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1.

Proof In the following, we prove the second result by

using mathematical induction on n.

(1) We first prove that Eq. (11) holds for n ¼ 2. Since

x1~a1 ¼ x1a1;x1b1;x1c1;x1d1½ �;
ð1þ l~a1Þ

x1 � ð1� l~a1Þ
x1

ð1þ l~a1Þ
x1 þ ð1� l~a1Þ

x1
;

�

2ðv~a1Þ
x1

ð2� v~a1Þ
x1 þ ðv~a1Þ

x1

�

x2~a2 ¼ x2a2;x2b2;x2c2;x2d2½ �;
ð1þ l~a2Þ

x2 � ð1� l~a2Þ
x2

ð1þ l~a2Þ
x2 þ ð1� l~a2Þ

x2
;

�

2ðv~a2Þ
x2

ð2� v~a2Þ
x2 þ ðv~a2Þ

x2

�

Let x1 ¼ ð1þ l~a1Þ
x1 ; y1 ¼ ð1� l~a1Þ

x1 ; z1 ¼ ðv~a1Þ
x1 ; g1

¼ ð2� v~a1Þ
x1 ; x2 ¼ ð1þ l~a2Þ

x2 ; y2 ¼ ð1� l~a2Þ
x2 ; z1 ¼

ðv~a2Þ
x2 ; g1 ¼ ð2� v~a2Þ

x2 ; then,

x1~a1 ¼ x1a1;x1b1;x1c1;x1d1½ �; x1 � y1

x1 þ y1
;

2z1

g1 þ z1

� �

x2~a2 ¼ x2a2;x2b2;x2c2;x2d2½ �; x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

Thus, by the Einstein operation (3) in Definition 10, we

have

ITFEWA(~a1; ~a2; . . .; ~anÞ ¼ �e
n

j¼1
ðxj~ajÞ ¼

Xn

j¼1

xjaj;
Xn

j¼1

xjbj;
Xn

j¼1

xjcj;
Xn

j¼1

xjdj

" #

;

Qn

j¼1

ð1þ l~ajÞ
xj �

Qn

j¼1

ð1� l~ajÞ
xj

Qn

j¼1

ð1þ l~ajÞ
xj þ

Qn

j¼1

ð1� l~ajÞ
xj

;

2
Qn

j¼1

ðv~ajÞ
xj

Qn

j¼1

ð2� v~ajÞ
xj þ

Qn

j¼1

ðv~ajÞ
xj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

ð11Þ

ITFEWAð~a1; ~a2Þ ¼ x1~a1 �e x2~a2

¼ x1a1 þ x2a2;x1b1 þ x2b2;x1c1 þ x2c2;x1d1 þ x2d2½ �; x1x2 � y1y2

x1x2 þ y1y2
;

2z1z2

g1g2 þ z1z2

� �

¼
X2

j¼1

xjaj;
X2

j¼1

xjbj;
X2

j¼1

xjcj;
X2

j¼1

xjdj

" #

;

Q2

j¼1

ð1þ l~ajÞ
xj �

Q2

j¼1

ð1� l~ajÞ
xj

Q2

j¼1

ð1þ l~ajÞ
xj þ

Q2

j¼1

ð1� l~ajÞ
wj

;

2
Q2

j¼1

ðv~ajÞ
xj

Q2

j¼1

ð2� v~ajÞ
xj þ

Q2

j¼1

ðv~ajÞ
xj

0

B
B
B
@

1

C
C
C
A
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(2) If Eq. (11) holds for n ¼ k, that is

then, when n ¼ k þ 1, we have

Let x1 ¼
Qk

j¼1

ð1þ l~ajÞ
xj , y1 ¼

Qk

j¼1

ð1� l~ajÞ
xj , z1 ¼

Qk

j¼1

ðv~ajÞ
xj , g1 ¼

Qk

j¼1

ð2� v~ajÞ
xj , x2 ¼ ð1þ l~akþ1

Þxj , y2 ¼

ð1� l~akþ1
Þxj , z1 ¼ ðv~akþ1

Þxj , g1 ¼ ð2� v~akþ1
Þxj ; then,

thus, by the Einstein operation (3) in Definition 10, we

have

ITFEWA(~a1; ~a2; . . .; ~akÞ ¼ �e
k

j¼1
ðxj~ajÞ

¼
Xk

j¼1

xjaj;
Xk

j¼1

xjbj;
Xk

j¼1

xjcj;
Xk

j¼1

xjdj

" #

;

Qk

j¼1

1þ l~aj

� �xj

�
Qk

j¼1

1� l~aj

� �xj

Qk

j¼1

1þ l~aj

� �xj

þ
Qk

j¼1

1� l~aj

� �xj

;

2
Qk

j¼1

v~aj
	 
xj

Qk

j¼1

2� v~aj
	 
xj þ

Qk

j¼1

v~aj
	 
xj

0

B
B
B
@

1

C
C
C
A
:

ITFEWAð~a1; ~a2; . . .; ~akþ1Þ ¼ ITFEWA(~a1; ~a2; . . .~akÞ �e ðxkþ1~akþ1Þ
¼ ITFEWA(~a1; ~a2; . . .; ~akÞ�e

xkþ1akþ1;xkþ1bkþ1;xkþ1ckþ1;xkþ1dkþ1½ �;
ð1þ l~akþ1

Þxkþ1 � ð1� l~akþ1
Þxkþ1

ð1þ l~akþ1
Þxkþ1 þ ð1� l~akþ1

Þxkþ1
;

2ðv~akþ1
Þxkþ1

ð2� v~akþ1
Þxkþ1 þ ðv~akþ1

Þxkþ1

 !

ITFEWA(~a1; ~a2; � � � ; ~akÞ ¼
Xk

j¼1

xjaj;
Xk

j¼1

xjbj;
Xk

j¼1

xjcj;
Xk

j¼1

xjdj

" #

;
x1 � y1

x1 þ y1
;

2z1

g1 þ z1

 !

;

wkþ1~akþ1 ¼ ½xkþ1akþ1;xkþ1bkþ1;xkþ1ckþ1;xkþ1dkþ1�;
x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

:
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i.e. Eq. (11) holds for n ¼ k þ 1.

Therefore, Eq. (11) holds for all n, which completes the

proof of Theorem 3.

Example 1 Let ~a1 ¼ 0:3; 0:4; 0:5; 0:6½ �; 0:1; 0:7ð Þ, ~a2¼
0:2;0:3;0:4;0:5½ �;0:4;0:3ð Þ, ~a3¼ 0:2;0:3;0:5;0:6½ �;0:6;0:1ð Þ,

~a4¼ 0:6;0:7;0:8;0:9½ �;0:2;0:5ð Þ be four intuitionistic

trapezoidal fuzzy numbers, and let x¼ð0:2;0:3;0:1;0:4ÞT
be the weighted vector of ~ajðj¼1;2;3;4Þ; then, by

Eq. (11), it follows that ITFEWAð~a1;~a2;~a3; ~a4Þ¼
0:38;0:48;0:59;0:69½ �;0:289;0:403ð Þ.
Based on the Theorem 3, the ITFEWA operator satisfies

the following properties:

Theorem 4 Let ~aj ðj ¼ 1; 2; . . .; nÞ be a collection of

ITFNs, where x ¼ ðx1;x2; . . .;xnÞT is the weight vector

of ~aj (j ¼ 1; 2; . . .; n), with xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1,

then the ITFEWA operator satisfies the following

properties:

(1) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal, i.e.
~aj ¼ ~a for all j, then

ITFEWAð~a1; ~a2; . . .; ~anÞ ¼ ~a ð12Þ

Proof By Definition 11, we have

ITFEWAð~a1; ~a2; � � � ; ~anÞ ¼ x1~a1 �e x2~a2 �e � � � �e xn~an

¼ x1~a�e x2~a�e � � � �e xn~a ¼
Xn

j¼1

xj~a¼~a :

(2) (Boundary) Let ~amin ¼ minf~a1; ~a2; . . .; ~ang and

~amax ¼ maxf~a1; ~a2; . . .; ~ang, then

~amin � ITFEWAð~a1; ~a2; . . .; ~anÞ� ~amax: ð13Þ

Proof Let f ðxÞ ¼ 1�x
1þx

, x 2 ½0; 1�; then, f 0ðxÞ ¼ �2

ð1þxÞ2 \0;

thus f ðxÞ is a decreasing function.

Since l~amin
� l~aj � l~amax

, for all j, then

f ðl~amax
Þ� f ðl~ajÞ� f ðl~amin

Þ, thus,

1� l~amax

1þ l~amax

�
1� l~aj

1þ l~aj

�
1� l~amin

1þ l~amin

;
1� l~amax

1þ l~amax

� �xj

�
1� l~aj

1þ l~aj

 !xj

�
1� l~amin

1þ l~amin

� �xj

;
Yn

j¼1

1� l~amax

1þ l~amax

� �xj

�
Yn

j¼1

1� l~aj

1þ l~aj

 !xj

�
Yn

j¼1

1� l~amin

1þ l~amin

� �xj

;
1� l~amax

1þ l~amax

� �P
n

j¼1

xj

�
Yn

j¼1

1� l~aj

1þ l~aj

 !xj

�
1� l~amin

1þ l~amin

� �P
n

j¼1

xj

;
1� l~amax

1þ l~amax

� �

�
Yn

j¼1

1� l~aj

1þ l~aj

 !xj

�
1� l~amin

1þ l~amin

� �

;
2

1þ l~amax

� �

� 1þ
Yn

j¼1

1� l~aj

1þ l~aj

 !xj

� 2

1þ l~amin

� �

;
1þ l~amax

2

� �

� 1

1þ
Qn

j¼1

1�l ~aj

1þl ~aj

� �xj

�
1þ l~amin

2

� �

; 1þ l~amax

	 

� 2

1þ
Qn

j¼1

1�l ~aj

1þl ~aj

� �xj
� 1þ l~amin

	 

;

l~amax
� 2

1þ
Qn

j¼1

1�l ~aj

1þl ~aj

� �xj
� 1� l~amin

Thus, l~amax
�

Qn

j¼1

1þl ~aj

� �xj

�
Qn

j¼1

1�l ~aj

� �xj

Qn

j¼1

1þl ~aj

� �xj

þ
Qn

j¼1

1�l ~aj

� �xj � l~amin
.

Let gðyÞ ¼ 2�y
y
, y 2 ð0; 1�; then, g0ðyÞ ¼ �2

y2
\0; thus

gðyÞ is a decreasing function.

ITFEWAð~a1; ~a2; . . .; ~akþ1Þ ¼ ITFEWA(~a1; ~a2; . . .; ~akÞ �e ðxkþ1~akþ1Þ

¼
Xk

j¼1

xjaj;
Xk

j¼1

xjbj;
Xk

j¼1

xjcj;
Xk

j¼1

xjdj

" #

;
x1 � y1

x1 þ y1
;

2z1

g1 þ z1

 !

�e xkþ1akþ1;xkþ1bkþ1;xkþ1ckþ1;xkþ1dkþ1½ �; x2 � y2

x2 þ y2
;

2z2

g2 þ z2

� �

¼
Xkþ1

j¼1

xjaj;
Xkþ1

j¼1

xjbj;
Xkþ1

j¼1

xjcj;
Xkþ1

j¼1

xjdj

" #

;
x1x2 � y1y2

x1x2 þ y1y2
;

2z1z2

g1g2 þ z1z2

 !

¼
Xkþ1

j¼1

xjaj;
Xkþ1

j¼1

xjbj;
Xkþ1

j¼1

xjcj;
Xkþ1

j¼1

xjdj

" #

;

Qkþ1

j¼1

ð1þ l~ajÞ
xj �

Qkþ1

j¼1

ð1� l~ajÞ
xj

Qkþ1

j¼1

ð1þ l~ajÞ
xj þ

Qkþ1

j¼1

ð1� l~ajÞ
xj

;

2
Qkþ1

j¼1

ðv~ajÞ
xj

Qkþ1

j¼1

ð2� v~ajÞ
xj þ

Qkþ1

j¼1

ðv~ajÞ
xj

0

B
B
B
@

1

C
C
C
A
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Since v~amax
� v~aj � v~amin

, for all j, where v~amax
[ 0, then

gðv~amin
Þ� gðv~ajÞ� gðv~amax

Þ, thus,
2� v~amin

v~amin

�
2� v~aj

v~aj
� 2� v~amax

v~amax

;
2� v~amin

v~amin

� �xj

�
2� v~aj

v~aj

� �xj

� 2� v~amax

v~amax

� �xj

;
2� v~amin

v~amin

� �P
n

j¼1

xj

�
Yn

j¼1

2� v~aj

v~aj

� �xj

� 2� v~amax

v~amax

� �P
n

j¼1

xj

;
2� v~amin

v~amin

� �

�
Yn

j¼1

2� v~aj

v~aj

� �xj

� 2� v~amax

v~amax

� �

;
2

v~amin

� �

�
Yn

j¼1

2� v~aj

v~aj

� �xj

þ 1� 2

v~amax

� �

;

v~amin

2

� �
� 1

Qn

j¼1

2�v ~aj
v ~aj

� �xj

þ 1

� v~amax

2

� �
;

v~amin
� 2

Qn

j¼1

2�v ~aj
v ~aj

� �xj

þ 1

� v~amax
:

Thus, v~amin
�

2
Qn

j¼1

v ~ajð Þxj

Qn

j¼1

2�v ~ajð Þxjþ
Qn

j¼1

v ~ajð Þxj
� v~amax

.

Since amin � aj � amax, bmin � bj � bmax, cmin � cj � cmax,

dmin � dj � dmax, for all j, then, xjamin �xjaj �xj amax,

xjbmin �xjbj �xjbmax, xjcmin �xjcj �xjcmax, xjdmin �

xjdj �xjdmax,
Pn

j¼1

xjamin �
Pn

j¼1

xjaj �
Pn

j¼1

xjamax,
Pn

j¼1

xjbmin

�
Pn

j¼1

xjbj �
Pn

j¼1

xjbmax,
Pn

j¼1

xjcmin �
Pn

j¼1

xjcj �
Pn

j¼1

xjcmax,

Pn

j¼1

xjdmin �
Pn

j¼1

xjdj �
Pn

j¼1

xjdmax.Then, amin �
Pn

j¼1

xjaj �

amax,bmin �
Pn

j¼1

xjbj � bmax, bmin �
Pn

j¼1

xjbj � bmax, dmin �

Pn

j¼1

xjdj � dmax.

Let ITFEWAð~a1; ~a2; . . .; ~anÞ ¼ ~a ¼ ð½a; b; c; d�; l~a; v~aÞ,
then we have amin � a� amax, bmin � b� bmax, cmin � c

� cmax, dmin � d� dmax,l~amin
� l~a � l~aax , v~amax

� v~a � v~amin
.

From the above analysis, we can get easily.

amin þ bmin þ cmin þ dmin � aþ bþ cþ d

� amax þ bmax þ cmax þ dmax:

l~amin
� v~amin

� l~a � v~a � l~aax � v~amax
:

Therefore, ~amin � ITFEWAð~a1; ~a2; . . .; ~anÞ� ~amax:

(3) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ

ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers. If ~aj � ~a	j , for all j, then

ITFEWAð~a1; ~a2; . . .; ~anÞ� ITFEWAð~a	1; ~a	2; . . .; ~a	nÞ: ð14Þ

Proof Let ITFEWAð~a1; ~a2; . . .; ~anÞ ¼
Pn

j¼1 xj~aj,
ITFEWAð~a	1; ~a	2; . . .; ~a	nÞ ¼

Pn
j¼1 xj~a	j .

Since ~aj � ~a	j for all j, then we have xj~aj �xj~a	j .

Therefore, we have ITFEWAð~a1; ~a2; . . .; ~anÞ� ITFEWA

ð~a	1; ~a	2; . . .; ~a	nÞ:

Definition 12 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼ 1; 2;

. . .; nÞ be a collection of intuitionistic trapezoidal fuzzy

numbers. An intuitionistic trapezoidal fuzzy Einstein

ordered weighted averaging (ITFEOWA) operator of di-

mension n is mapping ITFEOWA: Xn ! X, that has an

associated vector w ¼ ðw1;w2; . . .;wnÞT such that wj 2
½0; 1� and

Pn
j¼1 wj ¼ 1, and

ITFEOWA(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ðwj~arðjÞÞ: ð15Þ

where ðrð1Þ; rð2Þ; . . .; rðnÞÞ is a permutation of

ð1; 2; . . .; nÞ such that ~arðjÞ � ~arðj�1Þ for all j ¼ 1; 2; . . .; n.

The fundamental aspect of the ITFEOWA operator is its

re-ordering step. More specifically, the ITFEOWA operator

first ranks all the given ITFNs in descending order, and

then additively aggregates these ITFNs together with the

weights of their ordered positions, where the corresponding

operations are Einstein operations.

Based on the Definitions 10 and 12, we can derive the

Theorem 5.

Theorem 5 Let ~aiði ¼ 1; 2; . . .; nÞ be a collection of in-

tuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the ITFEOWA operator is also an

intuitionistic trapezoidal fuzzy number, and

ITFEOWA(~a1; ~a2; . . .; ~anÞ¼�e
n

j¼1
ðwj~arðjÞÞ

¼

Xn

j¼1

wjarðjÞ;
Xn

j¼1

wjbrðjÞ;
Xn

j¼1

wjcrðjÞ;
Xn

j¼1

wjdrðjÞ

" #

;

Qn

j¼1

ð1þ l~arðjÞ Þ
wj �

Qn

j¼1

ð1� l~arðjÞ Þ
wj

Qn

j¼1

ð1þ l~arðjÞ Þ
wj þ

Qn

j¼1

ð1� l~arðjÞ Þ
wj

;

2
Qn

j¼1

ðv~arðjÞ Þ
wj

Qn

j¼1

ð2� v~arðjÞ Þ
wj þ

Qn

j¼1

ðv~arðjÞ Þ
wj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

ð16Þ

where ðrð1Þ; rð2Þ; . . .; rðnÞÞ is a permutation of

ð1; 2; . . .; nÞ such that ~arðjÞ � ~arðj�1Þ for all j ¼ 1; 2; . . .; n.

w ¼ ðw1;w2; . . .;wnÞ is the weight vector of the ITFEOWA

operator, with wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1.

Proof Similarly as proof of Theorem 3, it is omitted here.

Example 2 Let ~a1 ¼ 0:6; 0:7; 0:8; 0:9½ �; 0:6; 0:3ð Þ, ~a2 ¼
0:2; 0:3; 0:4; 0:5½ �; 0:1; 0:6ð Þ, ~a3 ¼ 0:3; 0:4; 0:5; 0:6½ �; 0:4;ð

0:5Þ, ~a4 ¼ 0:2; 0:3; 0:5; 0:6½ �; 0:3; 0:6ð Þ and ~a5 ¼ 0:2;½ð
0:3; 0:5; 0:6�; 0:3; 0:6Þ be five intuitionistic trapezoidal
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fuzzy numbers, and let x ¼ ð0:1117; 0:2365; 0:3036;

0:2365; 0:1117ÞT be the weighted vector of ~ajðj ¼
1; 2; 3; 4; 5Þ. Since sð~a2Þ\sð~a4Þ\sð~a3Þ\sð~a1Þ\ sð~a5Þ,
then ~arð1Þ ¼ ~a5, ~arð2Þ ¼ ~a1, ~arð3Þ ¼ ~a3, ~arð4Þ ¼ ~a4, ~arð5Þ ¼ ~a

2, then, by Eq. (5), it follows that ITFEOWAð~a1; ~a2; ~a3;
~a4; ~a5Þ ¼ ð½0:35; 0:45; 0:57; 0:67�; 0:4413; 0:4060Þ.

Based on the Theorem 5, the ITFEOWA operator

satisfies the following properties:

Theorem 6 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; . . .; nÞ be a collection of ITFNs, and w ¼
ðw1;w2; . . .;wnÞT is the weight vector of the ITFEOWA

operator, with wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1, then the

ITFEOWA operator satisfies the following properties:

(1) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal, i.e.
~aj ¼ ~a for all j, then

ITFEOWAð~a1; ~a2; . . .; ~anÞ ¼ ~a ð17Þ

(2) (Boundary) Let ~amin ¼ minf~a1; ~a2; . . .; ~ang and

~amax ¼ maxf~a1; ~a2; . . .; ~ang, then
~amin � ITFEOWAð~a1; ~a2; . . .; ~anÞ� ~amax: ð18Þ

(3) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ ðj ¼

1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal fuzzy
numbers. If ~aj � ~a	j , for all j, then

ITFEOWAð~a1; ~a2; . . .; ~anÞ� ITFEOWAð~a	1; ~a	2; . . .; ~a	nÞ:
ð19Þ

(4) (Commutativity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ

ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers, then

ITFEOWAð~a1; ~a2; . . .; ~anÞ ¼ ITFEOWAð~a	1; ~a	2; . . .; ~a	nÞ
ð20Þ

where ð~a	1; ~a	2; . . .; ~a	nÞ is any permutation of ð~a1; ~a2; . . .; ~anÞ.

Proof Let

ITFEOWAð~a1; ~a2; . . .; ~anÞ ¼ �e
n

j¼1
ðwj~arðjÞÞ;

ITFEOWAð~a	1; ~a	2; . . .; ~a	nÞ ¼ �e
n

j¼1
ðwj~a

	
rðjÞÞ:

Since ð~a1; ~a2; . . .; ~anÞ is any a permutation of

ð~a	1; ~a	2; . . .; ~a	nÞ, we have ~arðjÞ ¼ ~a	rðjÞ, then

ITFEOWAð~a1; ~a2; . . .; ~anÞ ¼ ITFEOWAð~a	1; ~a	2; . . .; ~a	nÞ:

From the Theorems 4 and 6, we know that the

ITFEOWA operator and ITFEWA operator have has the

properties such as idempotency, boundary, and mono-

tonicity. The ITFEOWA operator has a kind of commuta-

tivity, but the ITFWA operator does not have this property.

In the following, we shall develop the induced intu-

itionistic trapezoidal fuzzy Einstein ordered weighted

averaging (I-ITFEOWA) operator, which is an extension

of the ITFEOWA operators.

Definition 13 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers. An induced intu-

itionistic trapezoidal fuzzy Einstein ordered weighted av-

eraging (I-ITFEOWA) operator of dimension n is a

mapping I-ITFEOWA: Xn ! X, which has an associated

vector w ¼ ðw1;w2; . . .;wnÞT such that wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1, and

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ �e

n

j¼1
ðwj~arðjÞÞ ð21Þ

where ~arðjÞ is the ~aj value of ITFOWA pair \uj; ~aj [
having the jth largest uj uj 2 ½0; 1�

	 

, uj in \uj; ~aj [ is

referred to as the order inducing variable and ~aj as the

intuitionistic trapezoidal fuzzy numbers.

Based on the Definitions 10 and 13, we can derive the

Theorem 7.

Theorem 7 Let ~ajðj ¼ 1; 2; . . .; nÞ be a be a collection of

the intuitionistic trapezoidal fuzzy numbers, then their ag-

gregated value by using the I-ITFEOWA operator is also

an intuitionistic trapezoidal fuzzy number and

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ �e
n

j¼1
ðwj~arðjÞÞ

¼

Xn

j¼1

wjarðjÞ;
Xn

j¼1

wjbrðjÞ;
Xn

j¼1

wjcrðjÞ;
Xn

j¼1

wjdrðjÞ

" #

;

Qn

j¼1

ð1þ l~arðjÞ Þ
wj �

Qn

j¼1

ð1� l~arðjÞ Þ
wj

Qn

j¼1

ð1þ l~arðjÞ Þ
wj þ

Qn

j¼1

ð1� l~arðjÞ Þ
wj

;

2
Qn

j¼1

ðv~arðjÞ Þ
wj

Qn

j¼1

ð2� v~arðjÞ Þ
wj þ

Qn

j¼1

ðv~arðjÞ Þ
wj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

ð22Þ

where w ¼ ðw1;w2; . . .;wnÞT is the weight vector of the

I-ITFEOWA operator, such that wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1.

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 7, the I-ITFEOWA operator

satisfies the following properties:

Theorem 8 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of the

intuitionistic trapezoidal fuzzy numbers, and w ¼
ðw1;w2; . . .;wnÞT is the weight vector of the I-ITFEOWA

operator, with wj 2 ½0; 1�,
Pn

j¼1 wj ¼ 1, then the

I-ITFEOWA operator satisfies the following properties:

(1) (Commutativity)

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ I� ITFEOWA u1; ~a

	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 

ð23Þ
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where u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ is any permutation of

u1; ~a	1
� �

; u2; ~a	2
� �

; . . .; un; ~a	n
� �	 


.

Proof Let

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ¼�e
n

j¼1
ðwj~arðjÞÞ;

I - ITFEOWA u1; ~a
	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 

¼ �e

n

j¼1
ðwj~a

	
rðjÞÞ:

Since u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ is any permutation

of u1; ~a	1
� �

; u2; ~a	2
� �

; . . .; un; ~a	n
� �	 


, we have ~arðjÞ ¼ ~a	rðjÞ,

and then

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ I - ITFEOWA u1; ~a

	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 


(2) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal,

i.e.~aj ¼ ~a for all j, then

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ ~a ð24Þ

Proof Since ~aj ¼ ~a, for all j, we have

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ �e

n

j¼1
ðwj~arðjÞÞ ¼ �e

n

j¼1
ðwj~aÞ ¼ ~a:

(3) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ

ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers. If ~aj � ~a	j , for all j, then

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ� I

� ITFEOWA u1; ~a
	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 

ð25Þ

Proof Let

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ¼�e
n

j¼1
ðwj~arðjÞÞ;

I - ITFEOWA u1; ~a
	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 

¼�e

n

j¼1
ðwj~a

	
rðjÞÞ:

Since ~aj � ~a	j , for all j, it follows that ~arðjÞ � ~a	rðjÞ, then

I - ITFEOWA u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
� I - ITFEOWA u1; ~a

	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 


Note that if uj ¼ �j is the ordered position of ~aj, that is
to say, u1 [ u2 [ . . .un,then the I-ITFEOWA operator is

reduced to the ITFEWA operator; if uj ¼ ~aj for all j, then
the I-ITFEOWA operator is reduced to the ITFEOWA

operator.

From Definitions 11 and 12, we know that the ITFEWA

operator weights only the ITFNs, while the ITFEOWA

operator weights only the ordered positions of the ITFNs

instead of weighting the ITFNs themselves. To solve this

drawback both the operators consider only one of them, we

shall propose an intuitionistic trapezoidal fuzzy Einstein

hybrid averaging (ITFEHA) operator as follows.

Definition 14 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers. An intuitionistic

trapezoidal fuzzy Einstein hybrid averaging (ITFEHA)

operator of dimension n is mapping ITFEHA: Xn ! X,

which has an associated vector w ¼ ðw1;w2; . . .;wnÞT such

that wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1, j ¼ 1; 2; . . .; n, if

ITFEHA(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ðwj

~brðjÞÞ: ð26Þ

where ~brðjÞ is the jth largest of the weighted intuitionistic

trapezoidal fuzzy numbers ~bj ð~bj ¼ nxj~aj; j ¼ 1; 2; . . .; nÞ,
x ¼ ðx1;x2; . . .;xnÞT be the weight vector of ~ajðj ¼
1; 2; � � � ; nÞ with xj 2 ½0; 1� and

Pn
i¼1 xi ¼ 1, n is the

balancing coefficient.

Based on the Definitions 10 and 14, we can derive the

Theorem 9.

Theorem 9 Let ~ajðj ¼ 1; 2; . . .; nÞ e a collection of intu-

itionistic trapezoidal fuzzy numbers; then their aggregated

value by using the ITFEHA operator is also an intuition-

istic trapezoidal fuzzy number, and

ITFEHA(~a1; ~a2; � � � ; ~anÞ ¼ �e
n

j¼1
ðwj

~brðjÞÞ

¼

Xn

j¼1

wj _arðjÞ;
Xn

j¼1

wj
_brðjÞ;

Xn

j¼1

wj _crðjÞ;
Xn

j¼1

wj
_drðjÞ

" #

;

Qn

j¼1

ð1þ _l~brðjÞ
Þwj �

Qn

j¼1

ð1� _l~brðjÞ
Þwj

Qn

j¼1

ð1þ _l~brðjÞ
Þwj þ

Qn

j¼1

ð1� _l~brðjÞ
Þwj

;

2
Qn

j¼1

ð _v~brðjÞ Þ
wj

Qn

j¼1

ð2� _v~brðjÞ Þ
wj þ

Qn

j¼1

ð _v~brðjÞ Þ
wj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

:

ð27Þ

Proof Similarly as proof of Theorem 3, it is omitted here.

Theorem 10 The ITFEWA operator is a special case of

the ITFEHA operator.

Proof Let w ¼ ð1=n; 1=n; . . .; 1=nÞT , then

ITFEHA(~a1; ~a2; . . .; ~anÞ¼w1
~brð1Þ � w2

~brð2Þ. . .� wn
~brðnÞ

¼ 1

n
~brð1Þ �

1

n
~brð2Þ. . .�

1

n
~brðnÞ

¼ x1~a1 � x2~a2. . .� xn~an
¼ ITFEWA(~a1; ~a2; . . .; ~anÞ:

Theorem 11 The ITFEOWA operator is a special case of

the ITFEHG operator.

Proof Let x ¼ ð1=n; 1=n; . . .; 1=nÞT , then

ITFEHA(~a1; ~a2; . . .; ~anÞ ¼ w1
~brð1Þ � w2

~brð2Þ. . .� wn
~brðnÞ

¼ w1~arð1Þ � w2~arð1Þ. . .� wn~arð1Þ

¼ ITFEOWA(~a1; ~a2; . . .; ~anÞ:
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3.2 Intuitionistic trapezoidal fuzzy Einstein geometric

aggregation operators

Definition 15 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers. An intuitionistic trapezoidal fuzzy Einstein

weighted geometric (ITFEWG) operator of dimension n is

mapping ITFEWG: Xn ! X, and

ITFEWG(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ð~ajÞxj : ð28Þ

where x ¼ ðx1;x2; . . .;xnÞT be the weight vector of ~aj
(j ¼ 1; 2; . . .; n), with xj 2 ½0; 1� and

Pn
j¼1 xj ¼ 1.

Based on the Definitions 10 and 15, we can derive the

Theorem 12.

Theorem 12 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the ITFEWG operator is also an in-

tuitionistic trapezoidal fuzzy number, and

ITFEWG(~a1; ~a2; . . .; ~anÞ ¼ �e
n

j¼1
ð~ajÞxj

¼

Yn

j¼1

a
xj

j ;
Yn

j¼1

b
xj

j ;
Yn

j¼1

c
xj

j ;
Yn

j¼1

d
xj

j

" #

;

2
Qn

j¼1

ðl~ajÞ
xj

Qn

j¼1

ð2� l~ajÞ
xj þ

Qn

j¼1

ðl~ajÞ
xj

;

Qn

j¼1

ð1þ v~ajÞ
xj �

Qn

j¼1

ð1� v~ajÞ
xj

Qn

j¼1

ð1þ v~ajÞ
xj þ

Qn

j¼1

ð1� v~ajÞ
xj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

ð29Þ

where x ¼ ðx1;x2; . . .;xnÞT be the weight vector of ~aj
(j ¼ 1; 2; . . .; n), and xj 2 ½0; 1� and

Pn
j¼1 xj ¼ 1.

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 12, the ITFEWG operator satis-

fies the following properties:

Theorem 13 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

ITFNs, where x ¼ ðx1;x2; . . .;xnÞT be the weight vector

of ~aj (j ¼ 1; 2; . . .; n), and xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1,

then the ITFEWG operator satisfies the following

properties:

(1) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal, i.e.
~aj ¼ ~a for all j, then

ITFEWGð~a1; ~a2; . . .; ~anÞ ¼ ~a: ð30Þ

(2) (Boundary) Let ~amin ¼ minf~a1; ~a2; . . .; ~ang and

~amax ¼ maxf~a1; ~a2; � � � ; ~ang, then
~amin � ITFEWGð~a1; ~a2; � � � ; ~anÞ� ~amax: ð31Þ

(3) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ ðj ¼

1; 2; . . .; nÞ be a collection of ITFNs. If ~aj � ~a	j , for all j,

then

ITFEWGð~a1; ~a2; . . .; ~anÞ� ITFEWGð~a	1; ~a	2; . . .; ~a	nÞ: ð32Þ

Proof Similarly as proof of Theorem 4, it is omitted here.

Definition 16 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers. An intuitionistic

trapezoidal fuzzy Einstein ordered weighted geometric

(ITFEOWG) operator of dimension n is a mapping

ITFEOWG: Xn ! X, which has an associated vector w ¼
ðw1;w2; . . .;wnÞT such that wj 2 ½0; 1� and

Pn
i¼1 wi ¼ 1, if

ITFEOWG(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ð~arðjÞÞwj ð33Þ

where ðrð1Þ; rð2Þ; . . .; rðnÞÞ is a permutation of

ð1; 2; . . .; nÞ such that ~arðjÞ � ~arðj�1Þ for all j ¼ 1; 2; . . .; n.

Based on the Definitions 10 and 16, we can derive the

Theorem 14.

Theorem 14 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the ITFEOWG operator is also an

intuitionistic trapezoidal fuzzy number, and

ITFEOWG(~a1; ~a2; . . .; ~anÞ ¼ �e
n

j¼1
ð~arðjÞÞwj

¼

Yn

j¼1

a
wj

rðjÞ;
Yn

j¼1

b
wj

rðjÞ;
Yn

j¼1

c
wj

rðjÞ;
Yn

j¼1

d
wj

rðjÞ

" #

;

2
Qn

j¼1

ðl~arðjÞ Þ
wj

Qn

j¼1

ð2� l~arðjÞ Þ
wj þ

Qn

j¼1

ðl~arðjÞ Þ
wj

;

Qn

j¼1

ð1þ v~arðjÞ Þ
wj �

Qn

j¼1

ð1� v~arðjÞ Þ
wj

Qn

j¼1

ð1þ v~arðjÞ Þ
wj þ

Qn

j¼1

ð1� v~arðjÞ Þ
wj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

:

ð34Þ

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 14, the ITFEOWG operator

satisfies the following properties:

Theorem 15 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; . . .; nÞ be a collection of ITFNs, where w ¼
ðw1;w2; . . .;wnÞT be the weight vector of the ITFEOWG

operator, and wj 2 ½0; 1�,
Pn

j¼1 wj ¼ 1, then the ITFEOWG

operator satisfies the following properties:

(1) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal, i.e.
~aj ¼ ~a for all j, then

ITFEOWGð~a1; ~a2; . . .; ~anÞ ¼ ~a ð35Þ
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(2) (Boundary) Let ~amin ¼ minf~a1; ~a2; . . .; ~ang and

~amax ¼ maxf~a1; ~a2; . . .; ~ang, then
~amin � ITFEOWGð~a1; ~a2; . . .; ~anÞ� ~amax ð36Þ

(3) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ ðj ¼

1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal fuzzy
numbers. If ~aj � ~a	j , for all j, then

ITFEOWGð~a1; ~a2; . . .; ~anÞ� ITFEOWGð~a	1; ~a	2; . . .; ~a	nÞ
ð37Þ

(4) (Commutativity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ

ðj ¼ 1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers, then

ITFEOWGð~a1; ~a2; . . .; ~anÞ ¼ ITFEOWGwð~a	1; ~a	2; . . .; ~a	nÞ
ð38Þ

where ð~a	1; ~a	2; . . .; ~a	nÞ is any permutation of ð~a1; ~a2; . . .; ~anÞ.

Proof Similarly as proof of Theorem 7, it is omitted here.

In the following, we shall develop the induced intu-

itionistic trapezoidal fuzzy Einstein ordered weighted

geometric (I-ITFEOWG) operator, which is an extension

of the ITFEOWG operators.

Definition 17 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers. An induced intu-

itionistic trapezoidal fuzzy Einstein ordered weighted

geometric (I-ITFEOWG) operator and let I-ITFEOWG:

Xn ! X, which has an associated vector w ¼
ðw1;w2; . . .;wnÞT such that wj 2 ½0; 1� and

Pn
j¼1 wj ¼ 1.

Furthermore

I - ITFEOWG u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ �e
n

j¼1
ð~arðjÞÞwj

ð39Þ

where ~arðjÞ is the ~aj value of ITFOWG pair \uj; ~aj [
having the jth largest uj (uj 2 ½0; 1�), uj in \uj; ~aj [ is

referred to as the order inducing variable and ~aj as the

intuitionistic trapezoidal fuzzy numbers.

Based on the Definitions 10 and 17, we can derive the

Theorem 16.

Theorem 16 Let ~ajðj ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the I-ITFEOWG operator is also an

intuitionistic trapezoidal fuzzy number and

I - ITFEOWG u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ �e
n

j¼1
ð~arðjÞÞwj

¼

Yn

j¼1

a
wj

rðjÞ;
Yn

j¼1

b
wj

rðjÞ;
Yn

j¼1

c
wj

rðjÞ;
Yn

j¼1

d
wj

rðjÞ

" #

;

2
Qn

j¼1

ðl~arðjÞ Þ
wj

Qn

j¼1

ð2� l~arðjÞ Þ
wj þ

Qn

j¼1

ðl~arðjÞ Þ
wj

;

Qn

j¼1

ð1þ v~arðjÞ Þ
wj �

Qn

j¼1

ð1� v~arðjÞ Þ
wj

Qn

j¼1

ð1þ v~arðjÞ Þ
wj þ

Qn

j¼1

ð1� v~arðjÞ Þ
wj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

ð40Þ

where w ¼ ðw1;w2; . . .;wnÞT such that wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1.

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 16, the I-ITFEOWG operator

satisfies the following properties:

Theorem 17 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal fuzzy
numbers, where w ¼ ðw1;w2; . . .;wnÞT be the weight vector

of the ITFEOWG operator, with wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1, then I-ITFEOWG operator satisfies the fol-

lowing properties:

(1) (Idempotency) If all ~ajðj ¼ 1; 2; . . .; nÞ are equal, i.e.
~aj ¼ ~a for all j, then

I - ITFEOWG u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ ¼ ~a: ð41Þ

(2) (Monotonicity) Let ~a	j ¼ ð½a	j ; b	j ; c	j ; d	j �; l	~aj ; m
	
~aj
Þ ðj ¼

1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal fuzzy
numbers. If ~aj � ~a	j , for all j, then

I - ITFEOWGw u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
� I - ITFEOWGw u1; ~a

	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 


ð42Þ

(3) (Commutativity)

I - ITFEOWGw u1; ~a1h i; u2; ~a2h i; . . .; un; ~anh ið Þ
¼ I - ITFEOWGw u1; ~a

	
1

� �
; u2; ~a

	
2

� �
; . . .; un; ~a

	
n

� �	 


ð43Þ

where u1; ~a1h i; u2; ~a2h i; � � � ; un; ~anh ið Þ is any permutation of
u1; ~a	1
� �

; u2; ~a	2
� �

; � � � ; un; ~a	n
� �	 


.

Proof Similarly as proof of Theorem 8, it is omitted here.

Note that if uj ¼ �j is the ordered position of ~aj, that is to
say, u1 [ u2 [ . . .un, then the I-ITFEOWG operator is

reduced to the ITFEWG operator; if uj ¼ ~aj for all j, then the
I-ITFEOWG operator is reduced to the ITFEOWG operator.
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From Definitions 15 and 16, we know that the ITFEWG

operator weights only the intuitionistic trapezoidal fuzzy

numbers, while the ITFEOWG operator weights only the

ordered positions of the trapezoidal fuzzy numbers.

Therefore, weights represent different aspects in both the

ITFEWG and ITFEOWG operators. However, both the

operators consider only one of them. To solve this

drawback, in the following we shall propose an intuition-

istic trapezoidal fuzzy Einstein hybrid geometric

(ITFEHG) operator.

Definition 18 Let ~aj ¼ ð½aj; bj; cj; dj�; l~aj ; m~ajÞ ðj ¼
1; 2; . . .; nÞ be a collection of intuitionistic trapezoidal

fuzzy numbers. An intuitionistic trapezoidal fuzzy hybrid

geometric (ITFEHG) operator of dimension n is a mapping

ITFEHG: Xn ! X, which has an associated vector w ¼
ðw1;w2; . . .;wnÞT such that wj 2 ½0; 1� and

Pn
j¼1 wj ¼ 1,

j ¼ 1; 2; . . .; n, if

ITFEHG(~a1; ~a2; . . .; ~anÞ ¼�e
n

j¼1
ð~brðjÞÞwj : ð44Þ

where ~brðjÞ is the jth largest of the weighted intuitionistic

trapezoidal fuzzy values ~bj ð~bj ¼ ~anxj

j ; j ¼ 1; 2; . . .; nÞ, x ¼
ðx1;x2; . . .;xnÞT be the weight vector of

~ajðj ¼ 1; 2; . . .; nÞ, and xj [ 0,
Pn

i¼1 xi ¼ 1.

Based on the Definitions 10 and 18, we can derive the

Theorem 18.

Theorem 18 Let ~aiði ¼ 1; 2; . . .; nÞ be a collection of

intuitionistic trapezoidal fuzzy numbers, then their aggre-

gated value by using the ITFEHG operator is also an in-

tuitionistic trapezoidal fuzzy number, which has an

associated vector w ¼ ðw1;w2; . . .;wnÞT such that wj 2
½0; 1� and

Pn
j¼1 wj ¼ 1, and

ITFEHG(~a1; ~a2; . . .; ~anÞ ¼ �e
n

j¼1
ðxj

~brðjÞÞ

¼

Yn

j¼1

_a
wj

rðjÞ;
Yn

j¼1

_b
wj

rðjÞ;
Yn

j¼1

_c
wj

rðjÞ;
Yn

j¼1

_d
wj

rðjÞ

" #

;

2
Qn

j¼1

ð _l~brðjÞ
Þxj

Qn

j¼1

ð2� _l~brðjÞ
Þxj þ

Qn

j¼1

ð _l~brðjÞ
Þxj

;

Qn

j¼1

ð1þ _v~brðjÞ Þ
xj �

Qn

j¼1

ð1� _v~brðjÞ Þ
xj

Qn

j¼1

ð1þ _v~brðjÞ Þ
xj þ

Qn

j¼1

ð1� _v~brðjÞ Þ
xj

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

:

ð45Þ

Proof Similarly as proof of Theorem 3, it is omitted here.

Theorem 19 The ITFEWG operator is a special case of

the ITFEHG operator.

Proof Let w ¼ ð1=n; 1=n; . . .; 1=nÞT , then

ITFEHG(~a1; ~a2; . . .; ~anÞ ¼ ~bw1

rð1Þ � ~bw2

rð2Þ. . .� ~bwn

rðnÞ

¼ ~b1=nrð1Þ � ~b1=nrð2Þ. . .� ~b1=nrðnÞ

¼ ~ax1

1 � ~ax2

2 � � � � � ~axn

n

¼ ITFEWG(~a1; ~a2; . . .; ~anÞ:

Theorem 20 The ITFEOWG operator is a special case of

the ITFEHG operator.

Proof Let x ¼ ð1=n; 1=n; . . .; 1=nÞT , then

ITFEHG(~a1; ~a2; . . .; ~anÞ ¼ ~bw1

rð1Þ � ~bw2

rð2Þ � � � � � ~bwn

rðnÞ

¼ ~aw1

rð1Þ � ~aw2

rð2Þ � � � � � ~awn

rðnÞ

¼ ITFEOWG(~a1; ~a2; . . .; ~anÞ:

4 An approach to multiple attribute group
decision making problem with intuitionistic
trapezoidal fuzzy environment

In this section, we apply the proposed aggregation op-

erators to develop an approach for dealing with multiple

attribute group decision making problems under intuition-

istic trapezoidal fuzzy environment.

For a group decision-making problem, let X ¼
fx1; x2; . . .; xmg be a finite set of alternatives, C ¼
fc1; c2; . . .; cng be a finite set of attributes, and x ¼
ðx1;x2; . . .;xnÞT is the weighting vector of the attributes,

such that xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1. Let E ¼
fe1; e2; . . .; epg be the finite set of decision makers, and

k ¼ ðk1; k2; . . .; kpÞT be the weighting vector of decision

makers, kk 2 ½0; 1� and
Pp

k¼1 kk ¼ 1. Let HðkÞ ¼ ð~hðkÞij Þm
n

ðk¼ 1;2; . . .;pÞ be an intuitionistic trapezoidal fuzzy deci-

sion matrix, where ~h
ðkÞ
ij ¼ h

ðkÞ
1ij ;h

ðkÞ
2ij ;h

ðkÞ
3ij ;h

ðkÞ
4ij

h i
;lðkÞij ;v

ðkÞ
ij

� �
is

intuitionistic trapezoidal fuzzy number provided by deci-

sion maker ek 2E, such that 0�lðkÞij �1, 0�v
ðkÞ
ij �1,

0�lðkÞij þ v
ðkÞ
ij �1, i¼ 1;2; . . .;m, j¼ 1;2; . . .;n.

In order to eliminate the effect from different physical

dimensions to decision results, so the matrix HðkÞ ¼

~h
ðkÞ
ij

� �

m
n
needs to be normalized into RðkÞ ¼ ~r

ðkÞ
ij

� �

m
n
,

where ~r
ðkÞ
ij ¼ r

ðkÞ
1ij ; r

ðkÞ
2ij ; r

ðkÞ
3ij ; r

ðkÞ
4ij

h i
; lðkÞij ; v

ðkÞ
ij

� �
. Consider that

there are benefit attributes and cost attributes in multiple

attribute group decision making problems. In this paper,

the normalization method is chosen as follows:

For cost criteria:

r
ðkÞ
qij ¼

max
j

h
ðkÞ
4ij

� �
� h

ðkÞ
ð5�qÞij

max
j

h
ðkÞ
4ij

� �
�min

j
h
ðkÞ
1ij

� � q ¼ 1; 2; 3; 4 ð46Þ
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For benefit criteria:

r
ðkÞ
qij ¼

h
ðkÞ
qij �max

j
h
ðkÞ
4ij

� �

max
j

h
ðkÞ
4ij

� �
�min

j
h
ðkÞ
1ij

� � q ¼ 1; 2; 3; 4 ð47Þ

In the following, we apply the ITFEWA and ITFEHA

operator to develop an approach to deal with multiple at-

tribute group decision making problems when decision

information is intuitionistic trapezoidal fuzzy number. The

method mainly involves the following steps:

Step 1 Transform the intuitionistic trapezoidal fuzzy

decision matrix HðkÞ ¼ ~h
ðkÞ
ij

� �

m
n
into the normalized in-

tuitionistic trapezoidal fuzzy decision matrix RðkÞ ¼

~r
ðkÞ
ij

� �

m
n
using Eqs. (46) and (47).

Step 2 Utilize the decision information given in the

normalized intuitionistic trapezoidal fuzzy decision matrix

RðkÞ ¼ ~r
ðkÞ
ij

� �

m
n
, and the ITFEWA operator to derive the

individual overall preference values ~r
ðkÞ
i of the alternative

xi, where x ¼ ðx1;x2; . . .;xnÞT is the weighing vector of

the attributes.

~r
ðkÞ
i ¼ ITFEWAxð~rðkÞi1 ; ~r

ðkÞ
i2 ; . . .; ~r

ðkÞ
in Þ; i ¼ 1; 2; . . .;m; k

¼ 1; 2; . . .; p ð48Þ

Step 3 Utilize the ITFEHA operator to aggregate all the

individual overall preference intuitionistic trapezoidal

fuzzy values ~r
ðkÞ
i ðk ¼ 1; 2; . . .; pÞ into the collective overall

preference intuitionistic trapezoidal fuzzy values ~ri, where

w ¼ ðw1;w2; . . .;wnÞT is the associated vector of the

ITFEHA operator, such that wj 2 ½0; 1� and
Pn

j¼1 wj ¼ 1,

k ¼ ðk1; k2; . . .; kpÞT is the weight vector of decision

makers with kk 2 ½0; 1�, kk [ 0,
Pp

k¼1 kk ¼ 1.

~ri ¼ ITFEHAk;wð~rð1Þi ; ~r
ð2Þ
i ; � � � ; ~rðpÞi Þ: i ¼ 1; 2; � � � ;m; k

¼ 1; 2; � � � ; p
ð49Þ

Step 4 Calculate the score sð~riÞ of the collective overall

values ~riði ¼ 1; 2. . .;mÞ to rank all the alternatives xi.

Step 5 Rank all the alternatives xi i ¼ 1; 2. . .;mð Þ and

select the best one in accordance with sð~riÞ and

hð~riÞ i ¼ 1; 2. . .;mð Þ.

5 Numerical example

5.1 The green supplier selection problem and its

analysis process

In order to illustrate the application of the developed

method, we give an example about the green supplier of a

car company, which wants to select the most appropriate

green supplier for one of the key elements in its

manufacturing process. The production department

manager e1, the quality inspection department manager e2
and the purchasing department manager e3 sets up the

panel of decision makers (whose weighting vector

k ¼ ð0:35; 0:4; 0:25ÞT ) which will take the whole respon-

sibility for this supplier selection. For five supplier

candidates xiði ¼ 1; 2; 3; 4; 5Þ, they made strict eval-

uation from four aspects: product quality c1, technology

capability c2, pollution control c3, environment manage-

ment c4. The supplier candidates xiði ¼ 1; 2; 3; 4; 5Þ are

to be evaluated by the decision makers under the

above four attributes (whose weighting vector x ¼
ð0:2; 0:1; 0:3; 0:4ÞT ), and construct the following three

normalized intuitionistic trapezoidal fuzzy decision matrix

RðkÞ ¼ ð~rðkÞij Þ5
4ðk ¼ 1; 2; 3Þ.

Int. J. Mach. Learn. & Cyber. (2017) 8:547–569 565

123



In the following, we apply the ITFEWA and ITFEHA

operator to multiple attribute group decision making based

on intuitionistic trapezoidal fuzzy information. The method

involves the following steps.

Step 1 Utilize the decision information and the ITFEWA

operator to derive the individual overall preference intu-

itionistic trapezoidal fuzzy values ~r
ðkÞ
i ðk ¼ 1; 2; 3Þ of the

alternative xi.

Rð1Þ ¼

0:5; 0:6; 0:7; 0:8½ �;
0:5; 0:4

 !
0:1; 0:2; 0:3; 0:4½ �;

0:6; 0:3

 !
0:5; 0:6; 0:8; 0:9½ �;

0:3; 0:6

 !
0:4; 0:5; 0:6; 0:7½ �;

0:2; 0:7

 !

0:6; 0:7; 0:8; 0:9½ �;
0:7; 0:3

 !
0:5; 0:6; 0:7; 0:8½ �;

0:7; 0:2

 !
0:4; 0:5; 0:7; 0:8½ �;

0:7; 0:2

 !
0:5; 0:6; 0:7; 0:9½ �;

0:4; 0:5

 !

0:1; 0:2; 0:4; 0:5½ �;
0:6; 0:4

 !
0:2; 0:3; 0:5; 0:6½ �;

0:5; 0:4

 !
0:5; 0:6; 0:7; 0:8½ �;

0:5; 0:3

 !
0:3; 0:5; 0:7; 0:9½ �;

0:2; 0:3

 !

0:3; 0:4; 0:5; 0:6½ �;
0:8; 0:1

 !
0:1; 0:3; 0:4; 0:5½ �;

0:6; 0:3

 !
0:1; 0:3; 0:5; 0:7½ �;

0:3; 0:4

 !
0:6; 0:7; 0:8; 0:9½ �;

0:2; 0:6

 !

0:2; 0:3; 0:4; 0:5½ �;
0:6; 0:2

 !
0:3; 0:4; 0:5; 0:6½ �;

0:4; 0:3

 !
0:2; 0:3; 0:4; 0:5½ �;

0:7; 0:1

 !
0:5; 0:6; 0:7; 0:8½ �;

0:1; 0:3

 !

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

Rð2Þ ¼

0:4; 0:5; 0:6; 0:7½ �;
0:4; 0:3

 !
0:1; 0:2; 0:3; 0:4½ �;

0:5; 0:2

 !
0:4; 0:5; 0:7; 0:8½ �;

0:2; 0:5

 !
0:3; 0:4; 0:5; 0:6½ �;

0:1; 0:6

 !

0:5; 0:6; 0:7; 0:8½ �;
0:6; 0:2

 !
0:4; 0:5; 0:6; 0:7½ �;

0:6; 0:1

 !
0:3; 0:4; 0:6; 0:7½ �;

0:6; 0:1

 !
0:4; 0:5; 0:6; 0:8½ �;

0:3; 0:4

 !

0:1; 0:2; 0:3; 0:4½ �;
0:5; 0:3

 !
0:1; 0:2; 0:4; 0:5½ �;

0:4; 0:3

 !
0:4; 0:5; 0:6; 0:7½ �;

0:4; 0:2

 !
0:2; 0:4; 0:6; 0:8½ �;

0:5; 0:2

 !

0:2; 0:3; 0:4; 0:5½ �;
0:7; 0:1

 !
0:1; 0:2; 0:3; 0:5½ �;

0:5; 0:2

 !
0:1; 0:2; 0:4; 0:6½ �;

0:2; 0:3

 !
0:5; 0:6; 0:7; 0:8½ �;

0:1; 0:5

 !

0:1; 0:2; 0:3; 0:4½ �;
0:5; 0:1

 !
0:2; 0:3; 0:4; 0:5½ �;

0:3; 0:2

 !
0:1; 0:2; 0:3; 0:4½ �;

0:6; 0:2

 !
0:4; 0:5; 0:6; 0:7½ �;

0:4; 0:2

 !

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

Rð3Þ ¼

0:6; 0:7; 0:8; 0:9½ �;
0:4; 0:5

 !
0:2; 0:3; 0:4; 0:5½ �;

0:5; 0:4

 !
0:6; 0:7; 0:9; 1:0½ �;

0:2; 0:7

 !
0:5; 0:6; 0:7; 0:8½ �;

0:1; 0:8

 !

0:7; 0:8; 0:9; 1:0½ �;
0:6; 0:4

 !
0:6; 0:7; 0:8; 0:9½ �;

0:6; 0:3

 !
0:5; 0:6; 0:8; 0:9½ �;

0:6; 0:3

 !
0:6; 0:7; 0:8; 1:0½ �;

0:3; 0:6

 !

0:2; 0:3; 0:5; 0:6½ �;
0:5; 0:5

 !
0:3; 0:4; 0:6; 0:7½ �;

0:4; 0:5

 !
0:6; 0:7; 0:8; 0:9½ �;

0:4; 0:4

 !
0:4; 0:6; 0:8; 1:0½ �;

0:5; 0:4

 !

0:4; 0:5; 0:6; 0:7½ �;
0:7; 0:2

 !
0:2; 0:4; 0:5; 0:6½ �;

0:5; 0:4

 !
0:2; 0:4; 0:6; 0:8½ �;

0:2; 0:5

 !
0:7; 0:8; 0:9; 1:0½ �;

0:6; 0:3

 !

0:3; 0:4; 0:5; 0:6½ �;
0:5; 0:3

 !
0:4; 0:5; 0:6; 0:7½ �;

0:3; 0:4

 !
0:3; 0:4; 0:5; 0:6½ �;

0:6; 0:2

 !
0:6; 0:7; 0:8; 0:9½ �;

0:4; 0:4

 !

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
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~r
ð1Þ
1 ¼ ð½0:42; 0:52; 0:65; 0:75�; 0:3391; 0:5568Þ;
~r
ð1Þ
2 ¼ ð½0:49; 0:59; 0:72; 0:86�; 0:5979; 0:3181Þ;
~r
ð1Þ
3 ¼ ð½0:31; 0:45; 0:62; 0:76�; 0:4132; 0:3276Þ;
~r
ð1Þ
4 ¼ ð½0:34; 0:48; 0:61; 0:63�; 0:4473; 0:3598Þ;
~r
ð1Þ
5 ¼ ð½0:33; 0:43; 0:53; 0:63�; 0:4473; 0:2013Þ
~r
ð2Þ
1 ¼ ð½0:33; 0:44; 0:57; 0:67�; 0:2361; 0:4506Þ;
~r
ð2Þ
2 ¼ ð½0:39; 0:49; 0:62; 0:76�; 0:4928; 0:2046Þ;
~r
ð2Þ
3 ¼ ð½0:23; 0:37; 0:52; 0:66�; 0:4614; 0:2264Þ;
~r
ð2Þ
4 ¼ ð½0:28; 0:38; 0:51; 0:65�; 0:3179; 0:2915Þ;
~r
ð2Þ
5 ¼ ð½0:23; 0:33; 0:43; 0:53�; 0:4763; 0:1747Þ
~r
ð3Þ
1 ¼ ð½0:52; 0:62; 0:75; 0:85�; 0:2361; 0:6609Þ;
~r
ð3Þ
2 ¼ ð½0:59; 0:69; 0:82; 0:96�; 0:4928; 0:4250Þ;
~r
ð3Þ
3 ¼ ð½0:41; 0:55; 0:72; 0:86�; 0:4614; 0:4283Þ;
~r
ð3Þ
4 ¼ ð½0:44; 0:58; 0:71; 0:84�; 0:3179; 0:4791Þ;
~r
ð3Þ
5 ¼ ð½0:43; 0:53; 0:63; 0:73�; 0:4763; 0:3091Þ:

Step 2 Utilize the ITFEHA operator which has associ-

ated weighting vector w ¼ ð0:2; 0:5; 0:3ÞT , we obtain the

collective overall preference values ~ri of the alternatives

xiði ¼ 1; 2; 3; 4; 5Þ.

~r1 ¼ ð½0:4167; 0:5181; 0:6484; 0:7458�; 0:2888; 0:5557Þ;
~r2 ¼ ð½0:4836; 0:5826; 0:7113; 0:8499�; 0:5463; 0:3115Þ
~r3 ¼ ð½0:3102; 0:4488; 0:6123; 0:7509�; 0:4323; 0:3243Þ;
~r4 ¼ ð½0:3447; 0:4737; 0:6024; 0:7335�; 0:3767; 0:3707Þ
~r5 ¼ ð½0:3252; 0:4242; 0:5232; 0:6222�; 0:4571; 0:2191Þ:

Step 3 Calculate the score sð~riÞ of the overall intu-

itionistic trapezoidal fuzzy preference values ~ri
ði ¼ 1; 2; 3; 4; 5Þ, then we have the result as follows:

sð~r1Þ ¼ �0:155; sð~r2Þ ¼ 0:154; sð~r3Þ ¼ 0:057; sð~r4Þ
¼ 0:003; sð~r5Þ ¼ 0:113:

Step 4 Rank all the alternatives xi ði ¼ 1; 2; 3; 4; 5Þ,
and select the best one according to the scores

sð~riÞði ¼ 1; 2; 3; 4; 5Þ of the overall preference values

~riði ¼ 1; 2; 3; 4; 5Þ: x2 � x5 � x3 � x4 � x1, and thus the

most appropriate green supplier is x2.

5.2 Further discussion

Additionally, in order to further illustrate the validity and

superiority of the decision method proposed in this paper,

we apply the aggregation operators developed in this paper,

the methods in [28, 31], and Wei [29] respectively to solve

the above green supplier selection problem, we can get the

ranking result x2 � x3 � x5 � x4 � x1, the most appropri-

ate green supplier is x2.

In the above illustrated example, if we use A-IFSs to

express the decision makers’ evaluations, then decision

matrix Rð1Þ, Rð2Þ, Rð3Þ can be written as decision matrix

R0ð1Þ, R0ð2Þ and R0ð3Þthrough deleting the corresponding

trapezoidal fuzzy numbers in intuitionistic trapezoidal

fuzzy numbers.

Wang and Liu [35] proposed the IFEWA operator, and

Zhao [36] utilized the IFEHA operator to deal with mul-

tiple attribute decision making with intuitionistic fuzzy

information, respectively. In order to further explain the

importance of ITFNs which represent the decision infor-

mation, we utilize the method by Wang and Liu [35] and

Zhao and Wei [36] to deal with the green supplier selection

problem. After computation, the overall preference values

of green supplier candidates ~hiði ¼ 1; 2; 3; 4; 5Þ are ob-

tained as follows:

~h1 ¼ ð0:2888; 0:5557Þ; ~h2 ¼ ð0:5463; 0:3115Þ; ~h3
¼ ð0:4323; 0:3243Þ; ~h4 ¼ ð0:3767; 0:3707Þ; ~h5
¼ ð0:4571; 0:2191Þ:

The scores of ~hiði ¼ 1; 2; 3; 4; 5Þ are as follows:

sð~h1Þ ¼ �0:2669; sð~h2Þ ¼ 0:2348; sð~h3Þ ¼ 0:1081; sð~h4Þ
¼ 0:0060; sð~h5Þ ¼ 0:2380:

Since sð~h5Þ[ sð~h2Þ[ sð~h3Þ[ sð~h4Þ[ sð~h1Þ, the rank-

ing order is x5 � x2 � x3 � x4 � x1 by the method by

Wang and Liu [35] and Zhao and Wei [36], the most de-

sirable candidate is x5.

It is noted that the ranking orders obtained by this paper

and by Wang and Liu [35] and Zhao and Wei [36] are very

different. This is because that all trapezoidal fuzzy num-

bers are lost from the ITFNs, which weakens the ability of

information representation for intuitionistic fuzzy sets.

Therefore, intuitionistic trapezoidal fuzzy numbers may

better reflect the decision information than A-IFSs by

adding trapezoidal fuzzy numbers under real decision

making environment. Therefore, the multiple attribute

group decision making method in this paper is reasonable

than methods by Wang and Liu [35] and Zhao [36].

R
0 ð1Þ ¼

0:5; 0:4ð Þ 0:6; 0:3ð Þ 0:3; 0:6ð Þ 0:2; 0:7ð Þ
0:7; 0:3ð Þ 0:7; 0:2ð Þ 0:7; 0:2ð Þ 0:4; 0:5ð Þ
0:6; 0:4ð Þ 0:5; 0:4ð Þ 0:5; 0:3ð Þ 0:2; 0:3ð Þ
0:8; 0:1ð Þ 0:6; 0:3ð Þ 0:3; 0:4ð Þ 0:2; 0:6ð Þ
0:6; 0:2ð Þ 0:4; 0:3ð Þ 0:7; 0:1ð Þ 0:1; 0:3ð Þ

2

6
6
6
6
4

3

7
7
7
7
5
;
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R
0 ð2Þ ¼

0:4; 0:3ð Þ 0:5; 0:2ð Þ 0:2; 0:5ð Þ 0:1; 0:6ð Þ
0:6; 0:2ð Þ 0:6; 0:1ð Þ 0:6; 0:1ð Þ 0:3; 0:4ð Þ
0:5; 0:3ð Þ 0:4; 0:3ð Þ 0:4; 0:2ð Þ 0:5; 0:2ð Þ
0:7; 0:1ð Þ 0:5; 0:2ð Þ 0:2; 0:3ð Þ 0:1; 0:5ð Þ
0:5; 0:1ð Þ 0:3; 0:2ð Þ 0:6; 0:2ð Þ 0:4; 0:2ð Þ

2

6
6
6
6
4

3

7
7
7
7
5

R
0 ð3Þ ¼

0:4; 0:5ð Þ 0:5; 0:4ð Þ 0:2; 0:7ð Þ 0:1; 0:8ð Þ
0:6; 0:4ð Þ 0:6; 0:3ð Þ 0:6; 0:3ð Þ 0:3; 0:6ð Þ
0:5; 0:5ð Þ 0:4; 0:5ð Þ 0:4; 0:4ð Þ 0:5; 0:4ð Þ
0:7; 0:2ð Þ 0:5; 0:4ð Þ 0:2; 0:5ð Þ 0:6; 0:3ð Þ
0:5; 0:3ð Þ 0:3; 0:4ð Þ 0:6; 0:2ð Þ 0:4; 0:4ð Þ

2

6
6
6
6
4

3

7
7
7
7
5
:

6 Conclusions

In this paper, we have investigated the multiple attribute

group decision making problems in which attribute values

are in the form of ITFNs. We first define some operations of

ITFNs based on Einstein operations, and some corre-

sponding operational laws. Further, we have proposed some

new Einstein aggregation operators for ITFNs, including

intuitionistic trapezoidal fuzzy Einstein weighted averaging

(ITFEWA) operator, intuitionistic trapezoidal fuzzy Ein-

stein ordered weighted averaging (ITFEOWA) operator,

induced intuitionistic trapezoidal fuzzy Einstein ordered

weighted averaging (I-ITFEOWA) operator, intuitionistic

trapezoidal fuzzy Einstein hybrid averaging (ITFEHA)

operator, intuitionistic trapezoidal fuzzy Einstein weighted

geometric(ITFEWG) operator, intuitionistic trapezoidal

fuzzy Einstein ordered weighted geometric (ITFEOWG)

operator, induced intuitionistic trapezoidal fuzzy Einstein

ordered weighted geometric (I-ITFEOWG) operator and

intuitionistic trapezoidal fuzzy Einstein hybrid geometric

(ITFEHG) operator. And desirable properties of the op-

erators have also been analyzed. Then, an approach based

on these operators has been constructed to deal with mul-

tiple attribute group decision making problems under intu-

itionistic trapezoidal fuzzy environment. Numerical

experiments on green supplier selection and comparative

studies have shown the practicality and advantages of our

presented approach. In future studies, we will further intu-

itionistic trapezoidal fuzzy aggregation operators which

take into account the various interactions or priority among

the decision criteria based on the Einstein t-conorm and

t-norm operation laws. At the same time, the application of

these aggregation operators in many actual fields, such as

decision making, patter recognition and clustering analysis,

are open questions for future research.
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