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Abstract Information aggregation is a key problem in
decision making. The aim of this paper is to investigate
information aggregation methods under intuitionistic
trapezoidal fuzzy environment. Some Einstein operational
laws on intuitionistic trapezoidal fuzzy numbers are de-
fined based on Einstein sum and Einstein product. Then,
some intuitionistic trapezoidal fuzzy aggregation operators
based on Einstein operations are proposed, such as intu-
itionistic trapezoidal fuzzy FEinstein weighted averaging
operator, intuitionistic trapezoidal fuzzy Einstein ordered
weighted averaging operator, induced-intuitionistic trape-
zoidal fuzzy Einstein ordered weighted averaging operator,
intuitionistic trapezoidal fuzzy Einstein hybrid averaging
operator, intuitionistic trapezoidal fuzzy Einstein weighted
geometric operator, intuitionistic trapezoidal fuzzy Einstein
ordered weighted geometric operator, induced intuitionistic
trapezoidal fuzzy Einstein ordered weighted geometric
operator and intuitionistic trapezoidal fuzzy FEinstein hy-
brid geometric operator. Furthermore, we apply the pro-
posed aggregation operators to deal with multiple attribute
group decision making in which decision information takes
the form of intuitionistic trapezoidal fuzzy numbers.
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Finally, an illustrative example is given to demonstrate its
practicality and effectiveness.
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1 Introduction

The concept of intuitionistic fuzzy sets (A-IFSs for short) is
introduced by Atanassov [1], which is a generalization of
the concept of fuzzy set which was proposed by Zadeh [2] to
characterize fuzziness just by a membership degree. Since it
is characterized by a membership degree and a non-mem-
bership degree, IFS comes to be more effective than
Zadeh’s Fuzzy sets to cope with uncertainty and vagueness
originating from imprecise knowledge or information in
real applications. A-IFSs has been investigated by many
researchers and applied to many field since its appearance
[3-22]. As for aggregation methods for A-IFSs information,
Xu [5], Xu and Yager [3], Wei [23] and Liang [22] devel-
oped different A-IFSs aggregation operators, respectively,
such as intuitionistic fuzzy weighted averaging (IFWA)
operator, intuitionistic fuzzy ordered weighted averaging
(IFOWA) operator, intuitionistic fuzzy hybrid aggregation
(IFHA) operator, intuitionistic fuzzy weighted geometric
(IFWG) operator, intuitionistic fuzzy ordered weighted
geometric (IFOWGQG) operator, intuitionistic fuzzy hybrid
geometric (IFHG) operator, and intuitionistic fuzzy
weighted OWA (IFWOWA) operator. Later, Atanassov and
Gargov [24], Atanassov [25] further extended the concept
of intuitionistic fuzzy set to introduce interval-valued in-
tuitionistic fuzzy sets (IVIFSs), which enhances greatly the
representation ability of uncertainty than A-IFSs.
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However, the domains of intuitionistic fuzzy sets and
interval-valued intuitionistic fuzzy sets are discrete sets,
which are used to indicate the extent to which certain
criterion does or does not belong to some fuzzy concepts
[26]. Later on, in order to address situations demanding
domains of consecutive sets, the notion of A-IFSs has been
further generalized to other forms, such as triangular in-
tuitionistic fuzzy number (TIFN) introduced by Shu et al.
[27] and intuitionistic trapezoidal fuzzy number (ITFN)
introduced by Wang and Zhang [28]. Shu et al. [27] also
developed operational laws of triangular intuitionistic
fuzzy numbers (TIFNs) and proposed an algorithm for
intuitionistic fuzzy fault-tree analysis. Then, Wang and
Zhang [28] developed the definition of intuitionistic
trapezoidal fuzzy numbers (ITFNs) and interval-valued
intuitionistic trapezoidal fuzzy numbers (IV-ITFNs).
Compared with intuitionistic fuzzy numbers, intuitionistic
trapezoidal fuzzy numbers make their membership and
non-membership degrees no longer relative to a fuzzy
concept “Excellent” or “Good”, but relative to the trape-
zoidal fuzzy number; thus can express decision information
in different dimensions and avoid losing decision prefer-
ence information [26]. Correspondingly on aggregation
methods, Wang and Zhang [28] first proposed the defini-
tion and Hamming distance formula of intuitionistic
trapezoidal fuzzy numbers, moreover, developed intu-
itionistic trapezoidal fuzzy weighted arithmetic averaging
(ITFWAA) operator and multi-criteria decision-making
method with incomplete certain information. Wei [29]
developed the intuitionistic trapezoidal fuzzy ordered
weighted averaging (ITFOWA) operator and the intu-
itionistic trapezoidal fuzzy hybrid aggregation (ITFHA)
operator. Wan and Dong [30] defined the expectation and
expectant score of intuitionistic trapezoidal fuzzy numbers
from the geometric angle. Wu [31] further developed the
intuitionistic trapezoidal fuzzy weighted geometric
(ITFWG) operator, the intuitionistic trapezoidal fuzzy
ordered weighted geometric ITFOWG) operator, the in-
duced intuitionistic trapezoidal fuzzy ordered weighted
geometric (I-ITFOWG) operator and the intuitionistic
trapezoidal fuzzy hybrid geometric (ITFHG) operator. Wan
[32] developed the power average operator of intuitionistic
trapezoidal fuzzy numbers, the weighted power average
operator of intuitionistic trapezoidal fuzzy numbers, the
power ordered weighted average operator of intuitionistic
trapezoidal fuzzy numbers, and the power hybrid average
operator of intuitionistic trapezoidal fuzzy numbers.

But it must be noticed that the above aggregation op-
erators are all based on the most commonly used algebraic
product and algebraic sum of ITFNs for carrying the
combination process, which are not the only operations
laws that can be chosen to model the intersection and union
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on ITFNs, And it is well known that Einstein t-norms and
Einstein t-conorms are two prototypical examples of the
class of strict Archimedean t-norms and t-conorms [33].
Moreover, to the best of our knowledge, in literatures there
is still little research on aggregation operators using the
Einstein operations for aggregating a collection of IFVs.
Such as, Wang and Liu [34, 35] brought forward the in-
tuitionistic fuzzy Einstein weighted geometric (IFEWG)
operator, the intuitionistic fuzzy Einstein ordered weighted
geometric (IFEOWG) operator, the intuitionistic fuzzy
Einstein weighted averaging (IFEWA) operator and the
intuitionistic fuzzy FEinstein ordered weighted averaging
(IFEOWA) operator successively. Zhao and Wei [36] de-
veloped the intuitionistic fuzzy Einstein hybrid averaging
(IFEHA) operator and intuitionistic fuzzy Einstein hybrid
geometric (IFEHG) operator. Zhang and Yu [37] proposed
the Einstein based intuitionistic fuzzy Choquet geometric
(EIFCG) operator and Einstein based interval-valued in-
tuitionistic fuzzy Choquet geometric (EIIFCG) operator.

Therefore, in light of references [5, 34, 35], the aim of
this paper is to enrich intuitionistic trapezoidal fuzzy theory
by investigating information aggregation methods utilizing
Einstein t-conorm and t-norm when the decision informa-
tion takes the form of intuitionistic trapezoidal fuzzy
numbers, and developing Einstein operations based on the
operators. In order to do so, the rest of this paper is orga-
nized as follows. In Sect. 2, we briefly review some basic
concepts of intuitionistic fuzzy trapezoidal numbers, and
Einstein operations on intuitionistic fuzzy trapezoidal
numbers. In Sect. 3, we propose some intuitionistic trape-
zoidal fuzzy aggregation operators based on Einstein op-
erations, such as the intuitionistic trapezoidal fuzzy
Einstein weighted averaging (ITFEWA) operator, the in-
tuitionistic trapezoidal fuzzy Einstein ordered weighted
averaging (ITFEOWA) operator, the induced-intuitionistic
trapezoidal fuzzy FEinstein weighted averaging (I-
ITFEOWA) operator and intuitionistic trapezoidal fuzzy
Einstein hybrid averaging (ITFEHA) operator, intuitionis-
tic trapezoidal fuzzy FEinstein weighted geomet-
ricdTFEWG) operator, intuitionistic trapezoidal fuzzy
Einstein ordered weighted geometric (ITFEOWG) op-
erator, induced intuitionistic trapezoidal fuzzy Einstein
ordered weighted geometric (I-ITFEOWG) operator and
intuitionistic trapezoidal fuzzy Einstein hybrid geometric
(IFEHG) operator to aggregate the ITFNs, whose desirable
properties are also studied in this section. In Sect. 4, we
develop a multiple attribute group decision making method
based on the proposed operators under intuitionistic
trapezoidal fuzzy environment. In Sect. 5, numerical ex-
periment on green supplier selection is provided to verify
this decision making method. The last section concludes
this paper.
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2 Preliminaries (x—a)uz/(b—a) (a<x<b)

() = s (bsx<o) (3)
2.1 Intuitionistic trapezoidal fuzzy numbers Ha (d—x)uz/(d—c) (c<x<d)

In the following, we shall introduce some basic concepts
related to intuitionistic trapezoidal fuzzy numbers. First,
we shall introduce the concept of intuitionistic fuzzy sets
by Atanassov [1] as follows:

Definition 1 [1] Let X be a nonempty set. An Atanassov
intuitionistic fuzzy set A of X is an object of the following
form A = {(x, pt4(x), va(x))|x € X}, where u,(x) means a
membership function, and v, (x) means a non-membership,
with the condition 0< i, (x) +va(x) <1, py(x),va(x) €
[0,1] for all x € X.

Given x, the pair (p4(x),va(x)) in formulation (1) is
called Atanassov intuitionistic fuzzy number [3] (A-IFN),
which simply denoted as & = [uy, v;], where uy; € [0, 1],
vg € [0,1], u; +v; <1

Definition 2 [38] Let & =[x, v] be an A-IFN, a score
function s(&) of an A-IFN & can be represented as follows

s(@) = p—v, s(@) €[-1,1] (1)

to evaluate the degree of score of A-IFN & = [, v], where
s(&) € [—=1,1]. The larger the value of s(&), the more the
degree of score of A-IFN 4.

Definition 3 [39] Let & = [, v] be an A-IFN, an accuracy
function h(%) of an A-IFN & can be represented as follows

h(3) = u+v, h(@) € [0,1] (2)

to evaluate the degree of score of A-IFN & = [, v], where
h(&) € [0,1]. The larger the value of h(&), the more the
degree of accuracy of A-IFN a.

Based on the score function and the accuracy function,
Xu and Yager [3, 5] developed a method to compare any
two A-IFNs as follows:

Definition 4 [3,5] Let & = [u;,vz] (i = 1,2) be any two
A-IFNs, and let s(&;) and h(4;) be the scores and accuracy
degrees of A-IFN ¢&; (i =1,2), respectively. Then, the
following conditions hold:

() If S(OZ]) > S(O~(2), then a; > a5.
@) If s(@;) = s(32), then

) If h(ONCl) > h(&z), then oy > ds.
® If h(ONCl) <h(O~62), then o <d.
® If h(d) <h(d), then & = d@.

Definition 5 [26, 28] Let a is an intuitionistic trapezoidal
fuzzy number, its membership function is defined as:

0 otherwise

its non-membership function is defined as:

(b—x+vigx—d))/(b—d) (d<x<b)

vi(x) = Vi (b<x<c)
” (x—c+vi(d —x))/(d —c) (c<x<d)
0 otherwise

(4)

where 0<pu;<1;0<v;<1;0<u;+v;<1,a,b,c,d €
R,R is the set of real numbers. Then o=
{([a, b, c,d]; pug), ([d, b, c,d'];vz)) is called an intuitionistic
trapezoidal fuzzy number (ITFN for short). Generally,
there exists [a,b,c,d] =[d,b,c,d] in intuitionistic
trapezoidal fuzzy number o, here, denoted as
&= ([a,b,c,d]; 1z, vz). We let & = ([a,b,c,d]; 1z, vs) and
only talk about this kind of fuzzy number in the remainder
of this paper (As seen in Fig. 1).

The hesitation of intuitionistic trapezoidal fuzzy number
& is denoted by 7;(x) = 1 — ug(x) — vz(x), the smaller the
7z, the more certain is the intuitionistic trapezoidal fuzzy
number. If b = ¢, then an intuitionistic trapezoidal fuzzy
number become an intuitionistic triangular fuzzy number.
When u; = 1 and vz = 0, & is called normal intuitionistic
fuzzy number, namely, a traditional fuzzy number. If
a,b,c,d €[0,1], then & is called a standardized intuition-
istic fuzzy trapezoidal number.

Definition 6 [40] Let & = ([a, b, c,d]; uz,vz) is an intu-
itionistic trapezoidal fuzzy number, the score function s(&)
of an intuitionistic trapezoidal fuzzy number can be rep-
resented as follows

1
v (X)
Hy
Hy(X)
Ve
0 R
a b c d

Fig. 1 An intuitionistic trapezoidal fuzzy number
o= ([a7 b, ¢, d}* Hs, Vj)
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. a+btc+d . (1) o ®d = ([a1 +az,by + by, c1 + c2,d1 + do]; iz +
s(@) = ————(ug — vz), s(a) €[-1,1]. 5 !
( ) 4 ('u ) ( ) [ ] ( ) ngz - :uoh:uo?zavo?]va?z);

Definition 7 [40] Let & = ([a,b,c,d]; pg vz) is an in-
tuitionistic trapezoidal fuzzy number, the accuracy func-
tion /(&) of an intuitionistic trapezoidal fuzzy number can
be represented as follows

h(&) :a-‘rb-l-C-l-d

4
Definition 8 [40] Let &; (i = 1,2) are two intuitionistic
trapezoidal fuzzy numbers, and let s(&;) and h(&;) be the
score and accuracy values of &; (i =1, 2) respectively.
Then, the following conditions hold:

(uz +va), h(x) €[0,1]. (6)

() Ifs(ay) > s(x), then o > d.
2 If S(&l) = S(&z), then

©) If h(&l) > h(&z), then oy > a5.
@ If h(ONCl) <h(0~62), then o <d.
® If ]’l(ONC]) = h(&z), then a; = &.

2.2 Einstein operations

The theory of aggregation operators has an important role
since in the beginning of fuzzy set theory. Einstein op-
erations is a kind of various t-norms and t-conorms families
[41, 42] can be used to accomplish the corresponding in-
tersections and unions of IFSs. Einstein operations includes
the Einstein product and the Einstein sum, respectively.
Einstein product ®, and Einstein sum &, are defined as
follows [33]:

a-b
b=y aop) %P
a+b 2
— 477 b) € [0,1]%. 7
S Y elo) )

2.3 Einstein operations of intuitionistic trapezoidal
fuzzy numbers

In this section, firstly, the operational laws of intuitionistic
trapezoidal fuzzy numbers will be introduced based on
algebraic t-conorm and t-norm, the Einstein product and
Einstein sum on two A-IFSs are also introduced. Moreover,
we will define the operational laws of intuitionistic trape-
zoidal fuzzy numbers based on Einstein t-norm and
t-conorm on and will analyze some desirable properties of
these operations respectively.

Definition 9 [26, 28] Let o = ([al,bl,cl 7dl],' Ug, 7VoZ])
and d = ([az2,b2, c2,da]; p1z,,v5,) be two intuitionistic
trapezoidal fuzzy numbers, and 4> 0, then

@ Springer

2) a1 ®d = ([a1a2,b1b2, c1c2,d1da);
Hay Mgy Vi, + Vi, = Vi Vs, );
(B)  A-d=([da, b, je,2d); 1 — (1= )", (v2)");
@ &= (a0 A (1) 1 (1= va)).
The above operations are based on the algebraic
t-conorm and t-norm, in the following, we gave some the

operations of intuitionistic trapezoidal fuzzy numbers
based on Einstein t-norm and t-conorm.

Definition 10 Let & = ([a1,b1,c1,di]; pz ,vz), G =
([027b25627d2]; ,Lto;z,ij) and a = ([avbacad]; ﬂ&yvo?) be any
three intuitionistic trapezoidal fuzzy numbers, and /1 is
positive real number, A >0, then

o D Oy =
(1) bothe  vav
+az, by + by, c) + 2, dy + dy]; LT n% ;
(et ot i {8 o 2l ),
2
oy @, 0y =

g, U, Ve, + Vv, )
1 + (1 - :uall)(l - .ua?z) ’ 1 + V@, Vi, '
(B) .= ([m,zh,zc,w]; Utp) —(—p) 209 /);
(T4 )" + (1= p5)" (2 —vz)" + (va)”
2u)* <1+v1»>’}—<1—vq~>/}>
Q—p) +(uz)" 7 (4va) +(1-v2)* )

([a1327b1b27 61027d1d2]§

@ 2 = ([ b e )

Theorem 1 Let &y, oy and o be three any intuitionistic
trapezoidal fuzzy number, n, m be any positive real num-
ber, then, d; ® 0a, 4 @ 0p, A0 and "™ are also an
intuitionistic trapezoidal fuzzy number.

Proof (1)(2) This result is obvious.

(3) Let n be any positive integer and a is an intuitionistic
trapezoidal fuzzy number; then

JO e~

Nyl =0P dDy - Dyl (8)

Mathematical induction can be used to prove that the
above Eq. (8) holds for all positive integers n.
First, we prove that Eq. (8) holds for n = 2. Since

s _ Mg+ g VaVi
+a= ([a+a,b+b,c+c,d+d},1+MH&,1+ T—w) 7v£)>
(1 +1)° = (1 — piy)° 2(v2)*
(14 ) + (1= ) (2= va)* + (v2)’

K

= ([2a, 2b,2¢,2d);
2.4

e O

Therefore, the Eq. (8) holds for n = 2.
Second, if Eq. (8) holds for n = k, that is

n
L
n.o0=0P, 0D, --P 0.

then, when n = k + 1, we have
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n+1 n
AP APy DA =0 D Dy B A D0 =1 0L D, A
(1+pg)" — (1 — pg)" 2(vz)" )
(1 +pg)" + (1= )" (2 = va)" + (v3)"
@ (lab, c.d];uz,va)
=([m+ Da,(n+ 1)b,(n+ 1)c, (n+ 1)d|;

(14 )" = (1= )"
(U4 pg)" ™+ (1= )™ (2 -

= ([na,nb7 ne, ndy;

2(V&)n+l

Voz)nH + (V&)n+l>

=n+1).a

i.e. Equation (8) holds for n = k + 1. Therefore, Eq. (8)
holds for all n.

Since both the basis and the inductive step have been
proved, it has now been proved by mathematical induction
that Eq. (7) holds for any positive integer n.

Since 0<pu; <1, 0<vy; <1, 0<pu; +vi <1,
1 — u; >vz>0, Ais any positive integer, then, we have

RY - i(
0< 2("}%) - < Z(V}Loc) .
2=va)" +(va)" (1+p)" + (va)
Thus, 0 < (p) = (1=pp)* 2(vy)"

() (=) T 2va) () — L
That is to say, the 4 -, o defined above is an intuitionistic
trapezoidal fuzzy number for any positive real number A.
(4) Let m be any positive integer and o is an
intuitionistic trapezoidal fuzzy number; then

——N
&Al}m:&®gd®£...®6&. (9)

Mathematical induction can be used to prove that the
above Equation holds for all positive integers m.
First, we prove that Eq. (9) holds for m = 2. Since

Hglg Vi + Vg
L+ (1= ) (1= p) 1+ vavs
2(u5)’ (1+vs)’ = (1 —vy)’
2= p)* + () (L4 va) + (1= va)’

AR, 4= ([a~a,b-b,c~c,d~d];

)

= ([a27 b27 C27 dzL

— &/\X;Z

Therefore, the Eq. (9) holds for m = 2.
Second, if Eq. (9) holds for m = k, that is

m

~A, - ~
o =0y ® ) @y -

- R A -

then, when, we have

m+1 m+1

&®r&®r®r&:&®r&®r

X,
_ 4D d: 2(:“’1)” (1 +v (1 - vl)n
- ([ e (2= )" + ()" (L +vg)" + (1 *Vi)")

698 ([a7b7 Cad]; ”ivvi)

)n+1

_ <[an+l7bn+ljcn+l7dn+l}; 2(:3 -
(2= )" + (12)

(1+vg)"™ = (1 = vy)""!

(1 +vg)" + (1 —vy)" ™!

— o?/\""ﬂ

i.e. Eq. (9) holds for m = k + 1. Therefore, Eq. (9) holds
for all m.

Since both the basis and the inductive step have been
proved, it has now been proved by mathematical induction
that Eq. (9) holds for any positive integer .

Since 0<pu; <1, 0<v; <1, 0<pu; +vi <1,
1 — pu; >vz >0, J is any positive integer, then, we have
2 2
0< 2(u3) < 2(u3)

P ve) ()
J A

0§(1+v&)A Ag(lJFV&)N_(ﬂoZ)).
I+v)) + (1 —=vg)"  (1+vg) + (1)
Thus, 0< — 20" 4 (v =(=vay g

= 2w ) (1) (1vs)
That is to say, the &"+* defined above is an intuitionistic
trapezoidal fuzzy number for any positive real number A.

By the Einstein operational laws of intuitionistic trape-
zoidal fuzzy numbers, we have.

Theorem 2 Let o = ([a1,by,c1,di]; ug,,vs,) and dy =
([az,b2, c2,dr); uz,,v3,) be two intuitionistic trapezoidal
fuzzy numbers, then the operational laws between oy and d;
are shown as follows:

1) a Doy =0 Py
2) o =0ud;
(3) A(o?l S ON!Q) = ;L&l S¥) /LO~62 /120,

4 Aoy @ Aty = (A +A)dy A, >0;
G) (en) =agoda, 21>0;
(6) G ® Gl = ghth A, A2 >0.

Proof (1)(2) This result is obvious.
(3) By the Einstein operational laws (1) in Definition 10,
we have

Mgz, + g,

o Dy = ([al 4+ ay, by + by, c1 + 2, dy +d2]; 1+ uy py ’
oy ol

V&,IVoZZ )
1 + (1 — V&])(l — V&z)
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We transform the above equation into the following A6 = (Hm Iy, Jer, 2d); (14 pg)" = (1= pg) 2(v§.)/; )
form: T Ut )+ (=)t 2= va) 4 (va)
o D Ay = ([iaz,lbz,kcz,idz]? < +N&2), 1= MZ) Z(V;&Z)V ;)

[a1 + a2, by + by, ¢y + c2,dy + do); T+ uz)" + (1 =y ) T2 va) + (va)
(14 p5) (1 + pg,) — (1= pg )(1 — pg,) 2v4,vs, i i i
(T ) (T t3) + (L= ) (1= p13,)” R = va) 2= vi,) + vavs, Let xp = (14 p5)% yi = (1= p3)% 21 = (va)", &1 =

A i j A
2—vz)s x=14u) y2=0—pz)" 2= ()"

and let x= (14 pz)(1+pz), y= (10— pz)(1—p), ¢ = (2 —vz)"; then

7= Vg Vs, § = (2 —vg)(2 — vg,); then

- 2
=y 22> Wl=(Hal,ibl,zcl,zd,};x' N2 )

oA Bap, = <[d| +az, by + by, c1 + ¢2,d -‘rdz] X1+ ’gl + 2z
x+y g+z

/15(2 = ([/1(12, /“)2, /16‘2, /Idz}; L= 222 >

K
By the Einstein operation (3) in Definition 10, we have Xty &2t

[A(ar + a2), A(b1 + b2), Ac1 + c2), Aldy + da)];
Al @ @) = (1+i+i))_(1 _%)2 2(&)2
) G e

A A )
— ([ﬂu(m +ay), Aby 4 by), et + c2), Ady + db)]; Ex;.—gy; ZFZ) 1)

[)L(al + az), /l(bl + bz), /1(C1 + 6‘2), )L(dl + dz)};

= Ot am) ()" = (1= )" (1= i) 2(va)"(v&)" ,
(U a1 p1z) o+ (U= ) (1= ) 2= va) (2 =)+ (va) ()

In addition, since By the Einstein operations (1) and (3) in Definition 10,

we have
iO(l @idz = <[)‘Lal7)&bl’lcl,;hdl]; non 5 2Z] > © ([2(12,1[)2,16’272(12]; e _y2’ ZZZ )
X1+y1 &+ X+y2 &+
XI=y1 | X2—) 2z, 2%
_ s 5 ) A . X1ty X2ty g1tz &tz
= [Aal + Aay, Aby + Aby, Acy + Aco, Ady + idz], 1 _li_xll—)il .sz_zyw . 12Zl1 z 21 —
Xty aty g1tz 82+22
— 2
— (Viay + Jaas, 2y + 2o, dey + Gz, ddy + ddo); S22 Z% )
X1X2 +y1y2 8182 + 2122
[Ala1 + a2), A(b1 + b2), A(c1 + ¢2), Ald1 + db)];
= (1 + :uoq)i(l + :uozz) - ( /“tyl) (1 ”0'9) 2(‘)0?1)2(‘}97»)L
A 2 A /. ) A
(4 ps) (U pg) + (=) (1= 1z)" " 2=va) 2 =va) + (va) (va,)
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Hence, A(d) @ d,) = Ad; & 14, . (5) Since
(4) Since )»1&] = ([/l]al,ilbl,/l]cl,i]dl};
P A A - ~ 2ug Us
T ) = (1=pz, )" 2(vz )" = . o
(1+n 1)}_1 (1-n 1)21 ’ (/:ll) ) oy & oy <[a1a27b1b2701627d1d2}: 20— 1) + o
(o (s ) Covn ) o) 2)C — hn) + i

1 (1+V‘51)(1+V&2)*(1*V51)(1*V&Z))
1 1— : 1+vs)(1+v; 1—vz)(1 —v;
m]:(MZal,bbhbcmdl]; (1+ua1;A2 El ua,i | (T v ) (T va) + (L= v ) (1 = v3,)
+ +(1 -
N . f and let x = 5 ftz,, ¥ = (2 = 4z,)(2 = 13,), 2= (1 +v3)
2(va, )" q (1+vs), g =(1—vg)(1 —vg); then
(2 - V&l)zz_i_(vdl)/vz

- 2x z—g
a Doy = | lajaz, bi1by, cicy,d dy]; ,
1 2 <[12121212]y+xz+g>

where 11,1, >0.
Let xi=(1+u;)" yi=0—-p)" z=:)",
A A 2
g1=02-vy)" x=(0+p)"  yv2=(1-pg)"

2= (V&I)}”z, & =02~ vozl)iz; then

i — 2z
0y = ([mal,ilbl,mcuildl] T +§l 2 +1z)
1 1 1 1

. \ , -y 22
Aoy = Aa,/lb,Ac,/ld;z , )
2002 ([21 2b1, Aacy, Aod)] Yty e ta
By the Einstein operations (1) and (3) in Definition 10,
we obtain
Hence, Ao @ Aoy = (/L] + /12)5(]

— 2 — 2
Moy @ Aoty = | [Aar, Jiby, Arer, Aidy]; oo L) P ([iza1,izb1,/12€1,/12d1]; 2on i)

b b
X1+y1 &1+ X2+Yy2 g+
X1=yi | Xo—=y 2z, 2%

X1+y1 X2+ sita St
[J1a1 + Jaar, by + doby, At + Agct, Aydy + ad, ] TR

, _ 2z . _ 2z,
My Xty 1+(1 g1+21> (l g2+zz>

— 2
= (/11611 + Aar, by + Jaby, et + Joct, Aidi + Aod; T% Ty e )

xix+yy’ g1g2 + 212
a1 ﬂl + ﬂz bl(jl + ﬂz) Cl()q + )Q),dl(}q + )Q)];

I+

1 1) % = (1= i) 2(vg)) " = (4 + Z2)a
+ 'uo(l A|+M + (1 . H‘il)/q#»),z ) (2 B V&I)Al+22 + (v&l)irFAZ
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(6, ® &))" = [(al‘ZZ)/{a (bib2)", (c1¢2)’, (dld2))'}§ 7 1 7 1
2x 2x — -
B2 (o))
] 20" (2" =(e)
= [ (@), (b1br)", (c162)", (didn)"]; T 3 7
( )+ (@) ~(g)
[(dlaz))} (blbz);“, (CICZ)ia (dle))'}é
_ A )
= 2(15,)" (15, (14 va) (L4 vs) = (L= vi) (1 —va)’
(2= 1) (2 = 1) + (13) (1) (L v) (14 vz,)" + (1= vz (1 = vg,)"
In addition, since 7 ([aﬁ,bﬁ,c@dﬁ]; 2(#:“2)" - (L+vi)" = (1= vs)* )
7 2 (Z_N&z) +(.u922) (1+V&2) +(1_vﬂz)
a a4 . 2(pg,) (1+ Vm) —(1=vg)
& = | laf, b1, c1, di]; 2- );”Jr( ) (1 n ) Ta- )/ _ ([a;“ b ot d)“]~ 2x1 21 *gl>
/.laz] A ,Llyl Vg, Vg, 1Y15¢61, ]7xl+y17 Zl+g1 )
] Lok A gk 2(pz,)" (1+4vz)" = (1= vz)" 1 L o 2% 22— &
»: »7b»7 L7db; -2 /»: A /\.l A AT,
" ([az bl T (et ey B (e FEEER)
and let x; = (v )}. yi=(2—v; )). o=+ )2 g1 = By the Einstein operations (2) and (4) in Definition 10,
nee e mr we obtain

(1= pz)"s 2= (vz)s y2=Q2=vz)"s 2= (1+pu;),
g2 = (1 —pz,)"; then

2x 7] — 2x —
i /1 1 1 — 81 Aoy A gk 2 22— 82
alabl’ 1ad —) ® ([azabzaczadz]é —>7

o d =
X1ty a+ g X2 +y+ 8
) 2% 2% 21—81 282
611(12 blbz) (C1C2)A7 (dldz)i]; XHZryl X2+y2 ; ’lzﬁrhmﬁ
1+ (1 —xlfyl) : (1 —ﬁ) +Z1+g1 "ate

2x1xy 2122 — 8182)

(a1ap)”, (b1b cic did
( 1 2 1 2) (c1 2) ( 1 2) ] X1x2 + y1y2 lez+8182
( aray)”, (b bZ) (c1c2)”, (dida)" ];

2(u)" (15,)" (s () = (1= ve (1 = v)
P4 vi) (14 vs) 4+ (1 —vz) (1 —vz)

A

A
2— 1) (2 = pg,) + (1) (1z,)
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Hence, (& ® &))" = &} © &.

. ) PP R N 2(uz, )1
6) Since oc”:(a‘ b, ci',d'ly, ———
©) ! [, b1 ', ') 2=tz )1 (g )
(v T+ (v, )

) b 1ha e i,
%’ = ([a12>b1270127d12]7

(1+va)? = (1—vg)"
(1 + V&I)Az + (1 - vtil)lz
;L],}~220, let X1 = (yi])l‘,
a=00+v)", gi=0—-vg)", x= (,uoz])b, V2 =
(2 - H&,)b’ 2= (1 + vd])m’ 82 = (1 - vil)ﬁz; then
By the Einstein operations (2) and (4) in Definition 10,
we have

where

some aggregation operators with the intuitionistic trape-
zoidal fuzzy numbers based on Einstein operational laws as
follows. Let Q be the set of intuitionistic trapezoidal fuzzy
numbers.

3.1 Intuitionistic trapezoidal fuzzy Einstein

arithmetic aggregation operators
Definition 11 Let & = ([a;, bj,¢;,dj g, vz) (=
1,2,---,n) be a collection of intuitionistic trapezoidal
fuzzy numbers. An intuitionistic trapezoidal fuzzy Einstein
weighted averaging (ITFEWA) operator of dimension » is
mapping ITFEWA: Q" — Q, and

ITFEWAG1, 8, . . ., ) = @y (00jd;). (10)
j=1

- - ) 21 21— & ; 20 -
aill ® a/lhz = ([aih?bih?CilI?d{Ll}; b @ [ail27bilz7civz7d?2}; b
X1+y1 21+ & Xo+y2 22+
2x1 . 2x 2181 2—8
— [a/l]aiz bilb)z c;.lc).z C;.]C/lz}, X1ty gty Zl+gl_ 22+g_2
111 %1 %1 *1 %1 %1 D 2 2 71+Zlgl.2282
1 —+ (1 — 3 +1,) . (1 — —2) 21+81 22+&
1)1 x2+y2
Y A 2x1x2 2122 — 8182
— (Iaa fof el ,
X1x2 +yiy2 2122 + 8182

)
2(#&,))l+ :

(1 + vdl)/llJr)'z —

(1 _ V;ZI )/1|+/12

A+ lithy At g+l .
([all 2,b11 27611 7,d11 2]’

(2= 1) ()R (v )P (1= g )P

Hence, &' ®@ @2 = g"+%,
| | |

3 Intuitionistic trapezoidal fuzzy Einstein
aggregation operators

Based on the above Einstein operational laws of ITFNs, we
will investigate the intuitionistic trapezoidal fuzzy infor-
mation aggregation operators and give the definition of

where © = (w1, my, -+ ,wn)T is the weight vector of
a4 (j=1,2,...,n), with w; € [0,1] and >, w; = 1.

Based on the Definitions 10 and 11, we can derive the
Theorem 3.

Theorem 3 Ler o;(j = 1,2,---,n) be a collection of in-
tuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the ITFEWA operator is also an
intuitionistic trapezoidal fuzzy number, and
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=
=

n n
wjaj, w,»b,-,E ijﬁE wjd; |5

1 =1 =1 =1

J

ITFEWA(OZ] s &27 Ceey o?,l) = (C!)jONCj) =

Td=
::

ICETE 211 (v3)” (1)

:]~

(1+ p5)" —
1 J

(14 pg)™ +

&
1

~.
Il
Il
—
~.
Il
—

(1—pg)” T 2=vz)” + 11 (v4)™

et
-y

~.

J

T
X

T

~.
]

where w:(w],a)z,...,wn)T is the weight vector of

Letxy = (14 p)” yi = (1= p5)™, 21 = (v&)™', &1
& (j=1,2,...,n), with ; € [0,1] and 1 ;= 1. B 5 ‘

= 2-vi)" = (1+pg)", v = (1—pg)", a1 =
Proof In the following, we prove the second result by (va,)”, g1 = (2 = vg,)™; then,
using mathematical induction on 7.

_— iy 2z
(1) We first prove that Eq. (11) holds for n = 2. Since w101 = ([wlal’ wiby, wic1, o1d;; x4+ g +Zl)

. (14 pg)” = (1= pz )™ - X2—y» 22
w10y = | [wiay, w1by, wic1, 01d,]; = Yo W20y = | [waaz, w2by, wrc2, wads; )
( (14 pg)” + (1= ptz,)° [ ] X2+y2 &+
(o)1
5 2(‘;)‘]1) m.) Thus, by the Einstein operation (3) in Definition 10, we
(2—=vz)" + (vz) have

(1 + pz,)” = (1 = pz)™
(14 pg,)” + (1 = pg,) ™

Wyl = ([wzah W2y, 22, rds];

2(vs)"™ )

(2 - viz)“)z + (V&-z)wz

ITFEWA (&, 6,) = w18 ®, wads

X1X2 — YV1Y2 2Z122
= <[(U1611 + wraz, 01by + Wby, w11 + wrcr, 01d) + wrdy); 7Y ) )
Xix2+y1y2 8182 + 2122

e

2 2
(1 + ﬁli/)(J), _ H (1 _ ﬂ[ij)“}, 2 H (V\i/)(l)j

Jj=

.
I

—_

-

)

2 2
(1 =n5)" T2 =vg)” +T1 (va)"”

Jj=1 J=1

2 2 2 2
E wjaﬁE wjbj:g ijJvE w;d;|;
= = = =

e
e

(14 p5)" +

Il
Il
—_

J
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(2) If Eq. (11) holds for n = k, that is

k
ITFEWA(a, &, . . ., O~(]<) = @;(CO/OZ])
j=1

k o

I
—=
/N
—_
I
=
e
N—
e
&
S}
==
—~
<
&
SN—
£

K k K k ]1;[1 (1 +““7‘) = =]
= Za)jaj,ijbj,ijcj,ijdj]; ok w |k ) k
=1 =1 = =1 I1 (1 +u&j) +11 (1 - /la*) IT(2-vs)” +1I (v)”
j=1 J=1 J=1 j=1

then, when n = k + 1, we have

ITFEWA(&I, A, ..., &k+l> = ITFEWA(a;, &, . . &k) ®D. (wk+1&k+1)
= ITFEWA(q;, %o, . . ., &k)@n

(14 p5,)" " = (1= g, )™ 2(vz,,)™" )

@) Wp+1b, o, Or+1dk+1];
<[ k+-1Ak+15 Ok 10k4-15 Wf-1Ch4-15 D41 k+1]’(1+:uoik+1)wk+l +(17'u'0?k+1)wk+l’(27‘}55/(‘1)(»](“ +(Va?k+,)wk+]

k o k o thus, by the Einstein operation (3) in Definition 10, we
Let x = H1 (1 Jrﬂoz,) Lo = Hl (- ,ij) LU= have
= =
k j k j j
IT(vg)" &1 =T12=vg)" x=(1+pu, )" y=
j=1 =

. 81 =(2—vg,,)"; then,

k k k k
ITFEWA(&] s &2, s ,&k) = ( [ E wja;, E (Ujbj, E wjCj, E (Djdj
= = = ‘

Xi—yr 2z
e Ayl a )
X2 — Y2 2Z2>
x4y tn)

Wi 1 01 = <[wk+lak+17wk+1bk+lawk+lck+lawk+ldk+l]§
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ITFEWA (&1, 0, . .., 0kt+1) = ITFEWA(d, da, . . ., Ok

[ & k k k 1 & . 2z
= w;a;, w;b;, W;cj, wid; | ; ,

D oD o Do o 1 B

—»n

De ([wk+lak+lvwk+lbk+lywk+lck+lywk+ldk+1]§

L XX — Yiy2

) D (wkﬂ&kﬂ)

)

225 )
vty g+

( [k+1 k+1 k+1 k+1

§ :wjaj’§ :wj E :chJ’E :wj
L= =1

k+1 k+1 k+1 k+1

22122
"xix vy 818 + 22

k+1 o . k+1 "
H(1+ua~,)'—fll(1—ug,)/ 2_Hl(vo@)’
Jj= j=
k+1 k41 k+1

= [E :wJaJ’E :wj 172 :w/CnE :wj 11’ s

Jj=1

[T (1+ps)” + H (=)™ 1L (2=vg)” + 11 (vg)"

=1 j=1 j=1

i.e. Eq. (11) holds for n =k + 1.
Therefore, Eq. (11) holds for all n, which completes the
proof of Theorem 3.

Example 1 Let d; =([0.3,0.4,0.5,0.6];0.1,0.7), da=
(0.2,0.3,0.4,0.5);0.4,0.3), d3=(]0.2,0.3,0.5,0.6];0.6,0.1),
44=([0.6,0.7,0.8,0.9];0.2,0.5) be four intuitionistic
trapezoidal fuzzy numbers, and let w=(0.2,0.3,0.1,0.4)"
be the weighted vector of &;(j=1,2,3,4); then, by
Eq. (11), it follows that ITFEWA(d,0p,03, 0O4)=
([0.38,0.48,0.59,0.69];0.289,0.403).

Based on the Theorem 3, the ITFEWA operator satisfies
the following properties:

Theorem 4 Ler o; (j=1,2,...,n) be a collection of

ITFNs, where o = (w1, my, .. .,wn)T is the weight vector
of % (G=1,2,...,n), with w; € [0,1] and 37 w; =1,
then the ITFEWA operator satisfies the following

properties:
(]) (Idempotency) If all o;(j = 1,2, .
=a for all j, then

,n) are equal, i.e.

ITFEWA (&1, d2, ..., 0,) = & (12)
Proof By Definition 11, we have
ITFEWA(&l,&z, cee, ONCn) = w10 Dg W20 Dy -+ - Dy Wy 0y
= W10 Dy A By -+ - Dy W, = ij&:& .
=1

(2) (Boundary) Let &y = min{d;,ds,...,4,} and
Omax = max{dy,dy,...,q,}, then
Ginin < ITFEWA (&1, 8, . . ., ) < Gmax. (13)

@ Springer

Proof Let f(x) = {2 x € [0,1]; then, f(x) = —2 <O0;
thus f(x) is a decreasing function.
Since Mg, < s, <, for all J,
fug,,) <f(us) <f(ug,,) thus,
D= o 1ol L Mo <1 - #d.mx)wf (1= l
Tt g, = Vg = Tpg,  \1+pg, 1+ s
TR ﬁ () oy (12
1+ 5, 1+ ug,, i\t
o 1) n @j
H ()" (12 ,,>z ()
i\ g, ) T\ o\ s
(1 _#%ll‘)Zw’ ( "%.g) AN
U+ pg,, Ut/ — j=1 1+ Ha
,
1-— 2 o fl—pg\
7( u)( Jere g (2
1+ 'uﬁtmm I+ - j=1 1+ :uo?,-
1+ 1
+ M < 1 _
1+ M 2 1 <1_”ii '

=

| A

IN

N

=N - o
[1(n) 11 (-)
7 - o <
‘ma: J
I,

Let g(y) =%~ ye (0,1];
g(y) is a decreasing function.

then, ¢'(y) = ;—22 <0; thus
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Since vy, <vg <vg,,, for all j, where v; > 0, then
8(Vin,) <8(v3) <8(v4,, ), thus,

_ _ _ - _ _ _ _ (Uj _ - (Uj
2= Vi _2-Vy _2—va, (2 v) - (2 v%)
—_ _ 7 —
Vetiin Ve Vilmax Vetmin Vg

n
j 2 v, Zw/ n 2\
Omin | j=1 %
Vatmm j=1 V%‘

2\ @
Go)=1(57) =6o)
Vimin J=1 Vg Vimax
() g <)

7v,v) /+1

Véimin = n

W < Vi
(52)" +1
1 j n ;
2[T ()"
Thus, vg,,, < = Flv,. i oS
16"+ ()"
y

J

Omax *

Since Qmin S a; S Amax >, bmin S bj S bma)u Cmin S Cj S Cmax
dmin < dj < dmax’ for all j, then, @jAmin < w;a; < @j Amax,
(Ujbmin S wjbj S CUjbmax» @jCmin S WjC; S @WjCmax, U\)jdmin S

n n n n
wjdj < CUjdmax’ Z @jAmin < Z w;da; < Z Wjlmax, Z wjbmin
= j= j=i =1
n n
wjbmax’ Z WjCmin <

J

n n
Z COjdmin < Z wjdj < Z wjdmax~Then7 Amin < Z w;a; <
. . . ~

n n
;¢ < Y 0jCmaxs
1 j=1

~
I
-
~.
Il
-
<
Il
=
3

j=1 j=1 j=1 J
n n
Amax>Dmin < Z wjbj <bmaxs bmin < Z CUjbj < bmaxs dmnin <
j=1 j=1
n
2 jd; < dmay

Let ITFEWA(dy,d,...,0,) = d = ([a,b,c,d]; uz,vs),
then we have Amin S a § Amax bmin < b S bmaXa Cmin <€
< Cmaxs> dmin <d < dinax s i < Hs < Hgs Viimax <vg< Vmin -

From the above analysis, we can get easily.

amin+bmin+cmin+dmin<a+b+C+d

< amax + Pmax + Cmax + dinax-
Py = Vimin < Mg — Vi < fg, = Vi
Therefore, Gin <ITFEWA (&, 82, . . ., 0y) < Gmax-
(3) (Monotonicity) Let o = ([af, b, c;, dj*], :“jzj’ v}j)
(j=1,2,...,n) be a collection of intuitionistic trapezoidal
fuzzy numbers. If o; < o?j’f, for all j, then

ITFEWA (&1, 8, . .., &,) <ITEEWA(&, 5, ..., a5).  (14)

Proof Let ITFEWA (61,0, . . ., &) = D1y ),
ITFEWA(a5, 05, ..., &) = 27:1 ;L.

Since &jg&; for all j, then we have wj&jgwj&;.
Therefore, we have ITFEWA(dy,d,...,d4,) <ITFEWA
(of, 05, . ..,0%).

Definition 12 Let O~Cj = ([aj,bj,cj,dj],u&j, V&/) (] = 172,
...,n) be a collection of intuitionistic trapezoidal fuzzy
numbers. An intuitionistic trapezoidal fuzzy Einstein
ordered weighted averaging (ITFEOWA) operator of di-
mension n is mapping ITFEOWA: Q" — Q, that has an
associated vector w = (wl,wz,...,wn)T such that w; €
[0,1] and 377, w; = 1, and

=

ITFEOWA(ONQ,&Q, cey &,1) = ; §(wjo~c(,m). (15)
J
where (o(1),0(2),...,0(n)) is a permutation of
(1,2,...,n) such that &, <&y forall j=1,2,...,n.
The fundamental aspect of the ITFEOWA operator is its
re-ordering step. More specifically, the ITFEOWA operator
first ranks all the given ITFNs in descending order, and
then additively aggregates these ITFNs together with the
weights of their ordered positions, where the corresponding
operations are Einstein operations.
Based on the Definitions 10 and 12, we can derive the
Theorem 5.

Theorem 5 Let 4;(i =1,2,...,n) be a collection of in-
tuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the ITFEOWA operator is also an
intuitionistic trapezoidal fuzzy number, and

ITFEOWA(G1, %, - . -, G) = &, (Wjd(s))
j=1

D Wide(iys D Wibs(iys D Wics)s Y Wids( |
= = = =

n n

TT(1+ps,)" =TT = 1) 211 (v2,,)"

j=1 Jj=1 ' j=1

n W; i W, T W; n W;
[T+ )"+ TT0 = ma )7 TT@ = v,)" + 11 (03,
j= j= j= j=

(16)
where (a(1),0(2),...,0(n)) is a permutation of
(1,2,...,n) such that d,g; < ds;_y) for all j=1,2,...,n.
w = (Wi, wa,...,w,) is the weight vector of the ITFEOWA
operator, with w; € [0,1] and Y, w; = 1.

Proof Similarly as proof of Theorem 3, it is omitted here.

Example 2 Let &; = ([0.6,0.7,0.8,0.9];0.6,0.3), & =
([0.2,0.3,0.4,0.5];0.1,0.6), a3 = (]0.3,0.4,0.5,0.6];0.4,
0.5), a4 =([0.2,0.3,0.5,0.6];0.3,0.6) and &5 = ([0.2,
0.3,0.5,0.6];0.3,0.6) be five intuitionistic trapezoidal
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fuzzy numbers, and let o = (0.1117,0.2365, 0.3036,
0.2365,0.1117)T be the weighted vector of o;(j =
1,2,3,4,5). Since s(d)<s(dy)<s(dz)<s(a)< s(ds),
then O~CJ(|) = 065, “0(2) = O(l, OCJ(\) = OC3, O(,,( )y = 064, 056(5) a
2, then, by Eq. (5), it follows that ITFEOWA(d;, &, 93,
by, ds) = ([0.35,0.45,0.57,0.67]; 0.4413,0.4060).

Based on the Theorem 5, the ITFEOWA operator
satisfies the following properties:

6 Let o;= ([ajvbj’cj’dj]»ﬂd,avc?;) (U=

1,2,...,n) be a collection of ITFNs, and w=

is the weight vector of the ITFEOWA

0,1] and > w;j=1, then the

ITFEOWA operator satisfies the following properties:
(1) (Idempotency) Ifall 4;(j = 1,2,...,n) are equal, i.e.
= d for all j, then

Theorem

T
(Wl,W27 ce ey Wn)
operator, with w; €

ITFEOWA(&l,cTQ, Gy =a (17)
(2) (Boundary) Let Omin = min{d,dy,...,0,} and

Omax = max{dy,dy,...,0}, then

Gimin < ITFEOWA (G1, 52, . - ., ) < Gimax. (18)

(3) (Monotonicity) Let 6 = ([a] NN ,dj*] ,u;j, v;‘(j) (G=
1,2,...,n) be a collection of intuitionistic trapezoidal fuzzy

numbers. If o; < o?]’f, for all j, then
ITFEOWA (), %3, . . ., 6,) < ITFEOWA(&!, &, . . ., &).
(19)
(4) (Commutativity) Let o = ([aj,bj*7cj,clj*} ,uzj,v;ij)
(j=1,2,...,n) be a collection of intuitionistic trapezoidal
fuzzy numbers, then

ITFEOWA (4,8, . .., 4,) = ITFEOWA(&}, &, ..., &)

*n

(20)
where (0,05, . ..,d") is any permutation of (0, da, . . ., 0y).
Proof Let
ITFEOWA (81, G, - -, 6n) = B, (Wid(s),

j=1
ITFEOWA (&}, 85, ..., &) = ,(wd5;)-

J=1
Since  (&;,8,,...,8,) is any a permutation of
(07,05, ..., &), we have dy(;) = d ), then

ITFEOWA (d,,d,, . .., 4,) = ITFEOWA(&}, &, . .., &@").

From the Theorems 4 and 6, we know that the
ITFEOWA operator and ITFEWA operator have has the
properties such as idempotency, boundary, and mono-
tonicity. The ITFEOWA operator has a kind of commuta-
tivity, but the ITFWA operator does not have this property.

In the following, we shall develop the induced intu-
itionistic trapezoidal fuzzy Einstein ordered weighted

@ Springer

averaging (I-ITFEOWA) operator, which is an extension
of the ITFEOWA operators.

Definition 13 Let 4;(j =1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers. An induced intu-
itionistic trapezoidal fuzzy Einstein ordered weighted av-
eraging (I-ITFEOWA) operator of dimension n is a
mapping [-ITFEOWA: Q" — Q, which has an associated

vector w = (w1, wa,...,w,)" such that w; €[0,1] and
> -1 wj =1, and
I - ITFEOWA(<M1,&1>, <M2, O~62>, ceey <un, O~(n>)

= S:(wtay) (21)

where 0,y is the &; value of ITFOWA pair <u;,o; >
[07 1]), Uj in <Mj,0~(j > 1S
referred to as the order inducing variable and o; as the
intuitionistic trapezoidal fuzzy numbers.

Based on the Definitions 10 and 13, we can derive the
Theorem 7.

having the jth largest u; (uj €

Theorem 7 Let 4;(j = 1,2,...,n) be a be a collection of
the intuitionistic trapezoidal fuzzy numbers, then their ag-
gregated value by using the I-ITFEOWA operator is also
an intuitionistic trapezoidal fuzzy number and

n

o (U, @) = _@E(WJ&U(/))

I- ITFEOWA((M] O(1> <M27962>

D Wide(iys D Wibe(ys D Wicay, Y widap |;
=1 =1 =1 =1

[T+ tz, )" =TT (U= g, )™ 211 (vz)"
Jj=1 Jj=1 J=1
IT (0 + )" + TT (= pg, )" 112 = v2,)" + 11 (va,,)"
j=1 Jj=1 Jj=1 Jj=1
(22)
where w = (wy,wy,.. .,wn)T is the weight vector of the
I-ITFEOWA  operator, such that w; € [0,1] and

dmwi =1
Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 7, the I-ITFEOWA operator
satisfies the following properties:

Theorem 8 Let ;(j = 1,2,...,n) be a collection of the

intuitionistic  trapezoidal  fuzzy numbers, and w =
(wi,wa, .. .7w,1)T is the weight vector of the I-ITFEOWA
operator, with w; € [0,1], Z;l:l wj =1, then the

I-ITFEOWA operator satisfies the following properties:
(1) (Commutativity)

I - ITFEOWA ((u1, &), (uz, %), . ..
=1— ITFEOWA ((u, 4

s (ttn, 0n) )

)G 8. ) (23)
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where ({uy, 1), (Up, da), . .., (Un, &) is any permutation of
(<M1,&T>7 <M27 &§>a ey <un7 CSC‘;:>)

Proof Let

I- ITFEOWA(<M1, &1), <M2, O~€2>, e <Lln, &n>): GBE(WJ‘&G@),

1 - ITFEOWA ((uy, &), (2, @), - ., (utp, 2)) = e_'%? Wids)-
Since ((u1, %), (U2, %), ...,
of (<u1, 1> <u2,o~c§>,...,<un,o~c:‘l>), we have &, = &;(1‘)’
and then
I - ITFEOWA ((uy, &1), (2, ), - . ., (thn, i)
=1- ITFEOWA ((uy, a}), (uz,05), . . ., (t, ;)

(2) (dempotency) If all &;(j=1,2,...,
i.e.o; = o for all j, then

I- ITFEOWA(<M1,0~£1>, <M2, O~62>, ceey

(un, @y)) is any permutation

n) are equal,

(Un, 0y)) = 4 (24)
a, for all j, we have

<“n» &n>)

Proof Since a; =

I- ITFEOWA(( D, (U2, @),

i) =&

I
—
=
2
Q
C‘
\./
H EB: sz,

(3) (Monotonicity) Let o = ([aj NN ,dj*] 1, v}i)
(j=1,2,...,n) be a collection of intuitionistic trapezoidal

fuzzy numbers. If &; < o?j’f, for all j, then

I- ITFEOWA(<M1, O~61>, <u2, O~62>, cey <un,o~cn>) §I

— ITFEOWA ((uy, a7 ), (uz, @3 ), . . ., (utn, %)) (25)
Proof Let
I—ITFEOWA((ul,oh),<u2,o~c2>,...,(un,&n>):éi(wjo~cau)),

pi
1- ITFEOWA ((u1,5}), <u27d€§>,...,<um&fl>):éi(wj&:(l))
P

Since o; < o?j’f, for all j, it follows that &0@ < o?z_(/), then
I - ITFEOWA ({uy,d1), (ua, &2), - - -, {Un, &)
<1- ITFEOWA ((uy, &} ), (uz, @), . . ., (utn, %))

Note that if u; = —j is the ordered position of &;, that is
to say, u; > up > ...uythen the [[ITFEOWA operator is
reduced to the ITFEWA operator; if u; = ¢; for all j, then
the I-ITFEOWA operator is reduced to the ITFEOWA
operator.

From Definitions 11 and 12, we know that the ITFEWA
operator weights only the ITFNs, while the ITFEOWA
operator weights only the ordered positions of the ITFNs
instead of weighting the ITFNs themselves. To solve this
drawback both the operators consider only one of them, we
shall propose an intuitionistic trapezoidal fuzzy Einstein
hybrid averaging (ITFEHA) operator as follows.

Definition 14 Let 4;(j =1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers. An intuitionistic
trapezoidal fuzzy Einstein hybrid averaging (ITFEHA)
operator of dimension n is mapping ITFEHA: Q" — Q,
which has an associated vector w = (wq,wa, .. ., wn)T such
that w; € [0,1] and 377, w; = 1,j = 1,2,...,n, if
ITFEHA®G , o, . . ., 6y) = éi’(wjﬁ“@)' (26)
J=
where [}G(I is the jth largest of the weighted intuitionistic
trapezoidal fuzzy numbers /3 ([3 =nw;d;,j=1,2,...,n),
o= (o, 0, ..., 0,)"
1,2,---,n) with o, €
balancing coefficient.
Based on the Definitions 10 and 14, we can derive the
Theorem 9.

be the weight vector of ocj(]:
[0,1] and Y ! ,@; =1, n is the

Theorem 9 Ler a;(j = 1,2,...,n) e a collection of intu-
itionistic trapezoidal fuzzy numbers; then their aggregated
value by using the ITFEHA operator is also an intuition-
istic trapezoidal fuzzy number, and

ITFEHAG, G2, -+, 8) = ©,(w;Bo(s)
P
D WidaG)s D WibGys D Wica()s Y Widay |5
=1 = = =1
=| a7 - 11—, 2ff 55,
J= J=

T = g, )7 @ =, )"+ 1165, )"
j=1 j=1 j=1
(27)
Proof Similarly as proof of Theorem 3, it is omitted here.

Theorem 10 The ITFEWA operator is a special case of
the ITFEHA operator.

Proof Letw = (1/n,1/n,...,1/n)", then
ITFEHA(d1, 0, - - -, @) =W1 Bor) B W2Bo(2)- - - ® Wi
1~ 1~ 1~
= Eﬁa(l) @Hﬁ"&) iy @Zﬁa(n)
= wid] D wry. .. D Wy,

ITFEWA(Gy, &, - - ., dp).

Theorem 11 The ITFEOWA operator is a special case of
the ITFEHG operator.

Proof Letw = (1/n,1/n,...,1/n)", then
ITFEHA(G1, 0, - - -, @) = W1 Ba(1) ® WaBo(a)- - - B WaBo)
= W10s(1) D W2llg(1)- - - B Wnllg(1)

= ITFEOWA(G,, 3, . . ., Gy).
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3.2 Intuitionistic trapezoidal fuzzy Einstein geometric
aggregation operators

Definition 15 Let o; = ([a;, ), ¢, dj], 5. vz) (=

1,2,...,n) be a collection of intuitionistic trapezoidal

fuzzy numbers. An intuitionistic trapezoidal fuzzy Einstein

weighted geometric (ITFEWG) operator of dimension # is

mapping ITFEWG: Q" — Q, and

ITFEWG(dy, da, . . ., 0y) = ®,,.(o~cj)w’. (28)
where w = ((1)17602,...,(1),,)T be the weight vector of &;
(G=1,2,...,n), with w; € [0, 1] and 27:1 w;j = 1.

Based on the Definitions 10 and 15, we can derive the
Theorem 12.

Theorem 12 Let o;(j=1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the ITFEWG operator is also an in-
tuitionistic trapezoidal fuzzy number, and

ITFEWG(G, 5o, . . . ) = é ((5)”
|:/H (uJ Hbr/), Hcm, H dm, .
_ n n . n
= 2 H ('uy )w, (1 + v )(uj _ H (1 _ V%)wj
=1 j=1 j=1
Hl (2= pz)” + T ()™ l_[l (1+vz)” + Hl (1—vz)”
J= J= Jj= Jj=
(29)
where @ = (w1, wy, .. .,w,,)T be the weight vector of d;

G=12,...,n), and w; €

0,1] and 377 »; = 1.
Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 12, the ITFEWG operator satis-
fies the following properties:

Theorem 13 Ler o;(j=1,2,...,
ITFNs, where o = (w1, w2, .. .7w,1)T be the weight vector
of @ (G=1,2,...,n), and w; € [0,1] and 27:1 wj =1,
then the ITFEWG operator satisfies
properties:
(1) (Idempotency) If all d;(j = 1,2, .
o; = o for all j, then

ITFEWG (3, s, . . ., Gy

n) be a collection of

the following

,n) are equal, i.e.

) =d. (30)

(2) (Boundary) Let G, = min{d,d,,...,d8,} and

Omax = max{dy, oy, -, 0,}, then

Gmin < ITFEWG (&, &2, - - -

(31)

) &n) < O~(max~

@ Springer

(3) (Monotonicity) Let 6 = ([a] NN ,dj*] u}j, v;) (G=
1,2,...,n) be a collection of ITFNs. If a; < &, for all j,

then

ITFEWG (&1, &, . . ., 4,) <ITFEWG(&}, 65, ..., &").

9 n

(32)
Proof Similarly as proof of Theorem 4, it is omitted here.

Definition 16 Let &;(j =1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers. An intuitionistic
trapezoidal fuzzy Einstein ordered weighted geometric
(ITFEOWG) operator of dimension n is a mapping

ITFEOWG: Q" — Q, which has an associated vector w =

(Wi, wa, ..., wn)T such that w; € [0,1] and >_%  w; = 1, if
ITFEOWG(dy, G, - . ., Gy) = é (Gat)” (33)
where (a(1),0(2),...,0(n)) is a permutation of

)

(1,2,...,n) such that oca(,) oj—1) forall j=1,2,....n

Based on the Definitions 10 and 16, we can derive the
Theorem 14.

Theorem 14 Ler o;(j=1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the ITFEOWG operator is also an

intuitionistic trapezoidal fuzzy number, and

ITEEOWG(,, s, . . ., &) = @3 ((0e)"
[/H auj Hbu, ch/ Hdn,
- 2 H (Bz,4)" (1 +vz,,)" =TT (1 = vg,)"
j=1 j=1 j=1
IT2 = pg,,) )" + T (1z,,)" TT (U +vz)"™ + TT (1 = vg,,)"
=1 =1 =1 =1
(34)

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 14, the ITFEOWG operator
satisfies the following properties:

Theorem 15 Let & = ([a;,b), ¢ dj], pz,vs) (=
1,2,...,n) be a collection of ITFNs, where w =
(Wi, wa,.. .7wn)T be the weight vector of the ITFEOWG

operator, and wj € [0,1], 37, w; = 1, then the ITFEOWG

operator satisfies the following properties:
(1) (Idempotency) If all 0;(j = 1,2,
= « for all j, then

ITFEOWG(&l, Ga, ..

,n) are equal, i.e.

(35)

A
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(2) (Boundary) Let Gy, = min{d,,d,...,0,} and  1-TTFEOWG((u1,61), (uz, 82), - .-, (tn, ) = éi(& 0"
Gmax = max{dy,dy,...,%,}, then
imin < ITFEOWG(dy, G, - . -, i) < Gima (36) LH“ J H” J H” / H”’ff’w
(3) (Monotonicity) Let o = ([a;, b}, ¢}, d], 15, v;) (j = = 2T (5,,)" 10 va ) — 10—, G
1,2,...,n) be a collection of intuitionistic trapezoidal fuzzy . = . o
numbers. If &; < &;, for all j, then H] (2= g, )" + H (M) H] (14 vz,,)" + H (1 =vz)"
J= j=
ITFEOWG(d1, s, . . ., d,) < ITFEOWG(!, &, . .., &) (40)
(37)  where w= (wi,wa,...,w,)" such that w; € [0,1] and
.. Sk * * * Lk r‘l— w; = 1.
(4) (Commutativity) Let of = ([aj NN ,dj} \ 1 vij) ZJ*I J

(j=1,2,...,n) be a collection of intuitionistic trapezoidal
fuzzy numbers, then

ITFEOWG (1, &y, . . ., ) = ITFEOWG,, (&}, &, . . ., &)

Y

(38)

where (0}, %5, .. ., &) is any permutation of (&y, 82, . . ., &y).

Proof Similarly as proof of Theorem 7, it is omitted here.

In the following, we shall develop the induced intu-
itionistic trapezoidal fuzzy Einstein ordered weighted
geometric (I-ITFEOWG) operator, which is an extension
of the ITFEOWG operators.

Definition 17 Let 4;(j =1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers. An induced intu-
itionistic trapezoidal fuzzy Einstein ordered weighted
geometric (I-ITFEOWG) operator and let I-ITFEOWG:
Q- Q, associated  vector

which has an w=

(Wi,wa,...,w,)" such that w; € [0,1] and dowi =1
Furthermore
1 - ITFEOWG (111, 1), (162, @), - - -, (1t Gn)) = @, (65"
j=1
(39)

where d,(;) is the ¢; value of ITFOWG pair <u;,0; >
having the jth largest u; (u; € [0,1]), u; in <u;, 0 > is
referred to as the order inducing variable and o; as the
intuitionistic trapezoidal fuzzy numbers.

Based on the Definitions 10 and 17, we can derive the
Theorem 16.

Theorem 16 Let o;(j=1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the I-ITFEOWG operator is also an
intuitionistic trapezoidal fuzzy number and

Proof Similarly as proof of Theorem 3, it is omitted here.

Based on the Theorem 16, the I-ITFEOWG operator
satisfies the following properties:

Theorem 17 Let & = ([a;,b), ¢ dj], pz,vs) (=
1,2,...,n) be a collection of intuitionistic trapezoidal fuzzy

numbers, where w = (wy,wy, . . ., wn)T be the weight vector
of the ITFEOWG operator, with w;€[0,1] and
> -1 wj = 1, then IITFEOWG operator satisfies the fol-
lowing properties:
(1) (Idempotency) If all o;(j = 1,2,
= da for all j, then

I- ITFEOWG(<M1, &1>, <u2, O~Cz>, cey

,n) are equal, i.e.

(thy, 0 )) = d. (41)
(2) (Monotonicity) Let & = ([aj NN ,dj*] ,u;%j, v;/) (G=
1,2,...,n) be a collection of intuitionistic trapezoidal fuzzy

numbers. If o; < o?;,for all j, then
I - ITFEOWGW(<M1 y O~Cl>, <M2, O~(2>, ceey <M,,, O~Cn>)
<1- ITFEOWG,, ((u1,d; ), (u2,85), . . ., (un, %))

(42)
(3) (Commutativity)
I- ITFEOWGW(<M1, &1), <M2, &2>, ceey <Ltn, &,1>)
=1- ITFEOWG,, ((u1,4}), (u2, %), - - ., (un, ;)
(43)

where ((u1,01), (uz, %), -, (U, &y)) is any permutation of
(Car, 5), (a2, 83), (s ).

Proof Similarly as proof of Theorem 8, it is omitted here.

Note that if u; = —j is the ordered position of ¢;, that is to
say, u; > up > ...u,, then the I-ITFEOWG operator is
reduced to the ITFEWG operator; if u; = ; for all j, then the
I-ITFEOWG operator is reduced to the ITFEOWG operator.
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From Definitions 15 and 16, we know that the ITFEWG
operator weights only the intuitionistic trapezoidal fuzzy
numbers, while the ITFEOWG operator weights only the
ordered positions of the trapezoidal fuzzy numbers.
Therefore, weights represent different aspects in both the
ITFEWG and ITFEOWG operators. However, both the
operators consider only one of them. To solve this
drawback, in the following we shall propose an intuition-
istic trapezoidal fuzzy Einstein hybrid geometric
(ITFEHG) operator.

Definition 18 Let &j = ([aj, bj, Cj, dj], ,uij, Voz/.) (] =
1,2,...,n) be a collection of intuitionistic trapezoidal
fuzzy numbers. An intuitionistic trapezoidal fuzzy hybrid
geometric (ITFEHG) operator of dimension # is a mapping
ITFEHG: Q" — Q, which has an associated vector w =
(Wi, wa, .. ywn)’ 0,1] and >, w; =1,

i=1,2,...,

such that w; €
n, if

ITFEHG (81, @, . - -, ) = ®4(By(5)" (44)
j=1

where Bo(i) is the jth largest of the weighted intuitionistic

trapezoidal fuzzy values ﬁj (ﬁj = &7‘Df,j =1,2,...,

(w1, 2, .., a),,)T be the  weight

%(j=1,2,...,n),and w; >0, >, w; = L.

n),m=

vector of

Based on the Definitions 10 and 18, we can derive the
Theorem 18.

Theorem 18 Let &;(i =1,2,...,n) be a collection of
intuitionistic trapezoidal fuzzy numbers, then their aggre-
gated value by using the ITFEHG operator is also an in-
tuitionistic trapezoidal fuzzy number, which has an
associated vector w = (wy,wy, .. .,w,,)T such that w;j €

[0,1] and 37, w; = 1, and
ITFEHG(G1, i, . . ., ) = _e'al?(w,[;,,(,))
i

n n n n
W, ;Wi W Wi
H“aém’ Hboéi)’ H‘ab‘)’ d«ré/
=1 =1 =1 =

- 2 H (g,,)”

.

n
s N0 o\
jl;[l (1 + Vﬁ-’f(m) (1 vﬁﬂ(ﬂ)

J

- fg )7+ 11 Gag, )7 T +vg )7 +
i—1 a(j) i—1 a(j)

(1 _ v )(J,
j=1 = = J Py

(45)

1

Proof Similarly as proof of Theorem 3, it is omitted here.

Theorem 19 The ITFEWG operator is a special case of
the ITFEHG operator.

Proof Letw = (1/n,1/n,..., then

1/n)",

@ Springer

ITFEHGG , B, . ., 5n) = Pty © By ® B
_ pl/n al/n sl/n
S Y Y

® B @

— ITFEWG(d1, o, . . ., Gy).

:(xl

Theorem 20 The ITFEOWG operator is a special case of
the ITFEHG operator.

Proof Letw = (1/n,1/n,...,1/n)", then
ITFEHG (1, 8, - 8) = Bty @ Bty @ - @ Bl
Uity ® Uyly) @ 1+ ® gy

— ITFEOWG(d,, s, - . ., iy ).

4 An approach to multiple attribute group
decision making problem with intuitionistic
trapezoidal fuzzy environment

In this section, we apply the proposed aggregation op-
erators to develop an approach for dealing with multiple
attribute group decision making problems under intuition-
istic trapezoidal fuzzy environment.

For a group decision-making problem, let X =

{x1,%2,..., %y} be a finite set of alternatives, C =
{c1,¢2,...,¢,} be a finite set of attributes, and w =
(w1, m, ..., ca,,)T is the weighting vector of the attributes,
such that o; €[0,1] and }3' ;=1 Let E=
{e1,e3,...,e,} be the finite set of decision makers, and

A=y Aoy 2p),
makers, J; € [0,1] and Y ;_,

be the weighting vector of decision
Jx = 1. Let HO = (iY

ij )m><n

(k=1,2,...,p) be an intuitionistic trapezoidal fuzzy deci-
sion matrix, where h(k) ([hglfj),h(zl]),hg;,hiﬂ ,,ul(]k), f])) is

intuitionistic trapezoidal fuzzy number pr0V1ded by deci-
sion maker e;€E, such that 0<u) <1, 0<vil <1,
o<ul vl <1, i=12,...,

In order to eliminate the effect from different physical

m,j=12,....n

dimensions to decision results, so the matrix H® =

(ﬁgj@) needs to be normalized into R*) = (flg»k)) ,
mxn mxn

where fi(jk) = ([r511)7 rg;), rgl]), rg])}, ,ufj), l(]) ) Consider that
there are benefit attributes and cost attributes in multiple
attribute group decision making problems. In this paper,
the normalization method is chosen as follows:

For cost criteria:

©) _ 0
L G

r o=
qij max (hi’f)) — min (h(lll?)
j J

g=1,2,3,4 (46)



Int. J. Mach. Learn. & Cyber. (2017) 8:547-569

565

For benefit criteria:

(k) (k)
W hqij — mjax (h4ij)

Tai = ®) (0
mjax (h4zfi ) — mjm (h”j )

In the following, we apply the ITFEWA and ITFEHA
operator to develop an approach to deal with multiple at-
tribute group decision making problems when decision
information is intuitionistic trapezoidal fuzzy number. The
method mainly involves the following steps:

Step 1 Transform the intuitionistic trapezoidal fuzzy

decision matrix H® = (ﬁg‘))

q=1,2,3,4 (47)

into the normalized in-
mxn

tuitionistic trapezoidal fuzzy decision matrix R® =

(fg.’”) using Egs. (46) and (47).

Step 2 Utilize the decision information given in the
normalized intuitionistic trapezoidal fuzzy decision matrix

RW = (fg‘)) , and the ITFEWA operator to derive the
? mxn

(k)

individual overall preference values 7;"’ of the alternative

x;, where @ = (w1, s, ...,w,)" is the weighing vector of
the attributes.

F* = ITFEWA,, (70, 7% A i=1,2,..  mk

= Vin

=1,2,...,p (48)

Step 3 Utilize the ITFEHA operator to aggregate all the
individual overall preference intuitionistic trapezoidal
fuzzy values fl@ (k=1,2,...,p) into the collective overall
preference intuitionistic trapezoidal fuzzy values r;, where
w = (wy,wa,.. .,w,,)T is the associated vector of the

ITFEHA operator, such that w; € [0,1] and 377, w; = 1,
A= (A1, 4a,.. .,)v[,)T is the weight vector of decision
makers with A, € [O, 1], A >0, Zi:l A= 1.

i, = ITFEHA,,, (7", 7% ... i) i=1,2, -

1

>
|

= 1727"'717
(49)

Step 4 Calculate the score s(7;) of the collective overall
values 7;(i = 1,2...,m) to rank all the alternatives x;.

Step 5 Rank all the alternatives x; (i = 1,2...,m) and
select the best one in accordance with s(7;) and
() (i=1,2...,m).

S Numerical example

5.1 The green supplier selection problem and its
analysis process

In order to illustrate the application of the developed
method, we give an example about the green supplier of a
car company, which wants to select the most appropriate
green supplier for one of the key elements in its
manufacturing process. The production department
manager e, the quality inspection department manager e,
and the purchasing department manager e; sets up the
panel of decision makers (whose weighting vector
A= (0.35,0.4,0.25)T) which will take the whole respon-
sibility for this supplier selection. For five supplier
candidates x;(i =1,2,3,4,5), they made strict eval-
uation from four aspects: product quality c¢;, technology
capability ¢, pollution control ¢z, environment manage-
ment c¢4. The supplier candidates x;(i = 1,2,3,4,5) are
to be evaluated by the decision makers under the
above four attributes (whose weighting vector o =
(0.2,0.1,0.3,0.4)T), and construct the following three
normalized intuitionistic trapezoidal fuzzy decision matrix

R(k) = (f(k))5x4(k = 17273)

i
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0.5,0.6,0.7,0.8]; 0.1,0.2,0.3,0.4]; 0.5,0.6,0.8,0.9]; 0.4,0.5,0.6,0.7);

( 0504> ( 0603> ( 0306> < 0207>
0.6,0.7,0.8,0.9]; 0.5,0.6,0.7,0.8]; 0.4,0.5,0.7,0.8]; 0.5,0.6,0.7,0.9];

( 0703) ( 0702) < 0702) < 0405)

() — (mmozo405> <m2ﬁ30506> <m5ﬂ60708> (0305070%)
0.6,0.4 0.5,0.4 0.5,0.3 0.2,0.3
0.3,0.4,0.5,0.6]; 0.1,0.3,0.4,0.5]; 0.1,0.3,0.5,0.7); [0.6,0.7,0.8,0.9];

( 0801> ( 0603> < 0304) < 0206>
0.2,0.3,0.4,0.5); 0.3,0.4,0.5,0.6]; 0.2,0.3,0.4,0.5]; 0.5,0.6,0.7,0.8];

( 0602> ( o4o3> < 0701) < 0103>
0.4,0.5,0.6,0.7]; 0.1,0.2,0.3,0.4]; 0.4,0.5,0.7,0.8]; 0.3,0.4,0.5,0.6];

( 0403) ( osoz) < ozos) < 0106>
0.5,0.6,0.7,0.8]; 0.4,0.5,0.6,0.7); 0.3,0.4,0.6,0.7); 0.4,0.5,0.6,0.8];

( 0602> ( O601> < 0601> ( 0304>

R0 _ <m1ﬁ20304> <m1020405> <D4ﬁ50607> <0204060a>
0.5,0.3 0.4,0.3 0.4,0.2 0.5,0.2
0.2,0.3,0.4,0.5); 0.1,0.2,0.3,0.5); 0.1,0.2,0.4,0.6]; 0.5,0.6,0.7,0.8];

( 0701) ( 0502> ( 0203) < 0105>
0.1,0.2,0.3,0.4]; 0.2,0.3,0.4,0.5); 0.1,0.2,0.3,0.4]; 0.4,0.5,0.6,0.7);

( 0501) ( 0302) < 0602> < 0402)
0.6,0.7,0.8,0.9]; 0.2,0.3,0.4,0.5); 0.6,0.7,0.9, 1.0]; [0.5,0.6,0.7,0.8];

( o405> ( 0504> ( 0207> ( 0103)
0.7,0.8,0.9,1.0]; 0.6,0.7,0.8,0.9]; [0.5,0.6,0.8,0.9]; 0.6,0.7,0.8,1.0];

( 0604> ( 0603> ( 0603> < 0306)

RO _ <D1030506> <m3ﬁ40607> <D6ﬁ70809> <0406081m>
0.5,0.5 0.4,0.5 0.4,0.4 0.5,0.4
0.4,0.5,0.6,0.7); 0.2,0.4,0.5,0.6]; 0.2,0.4,0.6,0.8]; 0.7,0.8,0.9,1.0];

( 0702) ( 0504) < 0205) < 0603>
0.3,0.4,0.5,0.6]; 0.4,0.5,0.6,0.7]; 0.3,0.4,0.5,0.6]; 0.6,0.7,0.8,0.9];

( 0503> ( o3o4> < O602> ( 0404>

In the following, we apply the ITFEWA and ITFEHA Step 1 Utilize the decision information and the ITFEWA

operator to multiple attribute group decision making based  operator to derive the individual overall preference intu-
on intuitionistic trapezoidal fuzzy information. The method  jtionistic trapezoidal fuzzy values ,:;k) (k=1,2,3) of the
involves the following steps. alternative x;.
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0.42,0.52,0.65,0.75];0.3391,0.5568),
0.49,0.59,0.72,0.86]; 0.5979, 0.3181),
0.31,0.45,0.62,0.76];0.4132,0.3276),
0.34,0.48,0.61,0.63]; 0.4473,0.3598),
0.33,0.43,0.53,0.63];0.4473,0.2013
0.33,0.44,0.57,0.67];0.2361, 0.4506

u./\ .p,\ \,)/\ |\)/‘\ ._./\

)

( ] )
( ] )
( ] )
( ] )
( ] )
( ] )
([0.39,0.49,0.62, 0.76]; 0.4928, 0.2046),
([0.23,0.37,0.52,0.66); 0.4614, 0.2264),
(l ] )
( ] )
( ] )
( ] )
( ] )
( ] )
= ([ ]

0.28,0.38,0.51,0.65;0.3179,0.2915),
0.23,0.33,0.43,0.53];0.4763,0.1747

0.52,0.62,0.75,0.85];0.2361, 0.6609),
0.59,0.69,0.82,0.96]; 0.4928, 0.4250),
0.41,0.55,0.72,0.86]; 0.4614, 0.4283),
0.44,0.58,0.71,0.84];0.3179,0.4791),
0.43,0.53,0.63,0.73];0.4763,0.3091).

(
r
#2)
r3
#2)
ry
#2)
5
#3)
1
~(3)
2
#3)
3
3
Iy
#3)
5

Step 2 Utilize the ITFEHA operator which has associ-
ated weighting vector w = (0.2,0.5,0.3)", we obtain the
collective overall preference values 7; of the alternatives
x(i=1,2,3,4)5).
([0.4167,0.5181,0.6484,0.7458]; 0.2888, 0.5557),
([0.4836,0.5826,0.7113,0.8499]; 0.5463,0.3115)
([0.3102,0.4488,0.6123,0.7509]; 0.4323,0.3243),
(I ] )
(I ] )

0.3447,0.4737,0.6024, 0.7335]; 0.3767,0.3707
0.3252,0.4242,0.5232, 0.6222]; 0.4571,0.2191).

}’,‘.‘
i,."
"Z
”Z
i}-’

Step 3 Calculate the score s(7;) of the overall intu-
itionistic  trapezoidal fuzzy preference values 7
(i=1,2,3,4,5), then we have the result as follows:

s(71) = —0.155, s(7) = 0.154, s(75) = 0.057, s(74)
— 0.003, s(7s) = 0.113.

Step 4 Rank all the alternatives x; (i = 1,2,3,4,5),
and select the best one according to the scores
s(7)(i=1,2,3,4,5) of the overall preference values
Fi(i=1,2,3,4,5): xp = x5 > x3 > x4 = x1, and thus the
most appropriate green supplier is x;.

5.2 Further discussion

Additionally, in order to further illustrate the validity and
superiority of the decision method proposed in this paper,

we apply the aggregation operators developed in this paper,
the methods in [28, 31], and Wei [29] respectively to solve
the above green supplier selection problem, we can get the
ranking result x, > x3 > x5 > x4 > x1, the most appropri-
ate green supplier is x;.

In the above illustrated example, if we use A-IFSs to
express the decision makers’ evaluations, then decision
matrix R, R(z), R®) can be written as decision matrix
R'M, R'® and R'®through deleting the corresponding
trapezoidal fuzzy numbers in intuitionistic trapezoidal
fuzzy numbers.

Wang and Liu [35] proposed the IFEWA operator, and
Zhao [36] utilized the IFEHA operator to deal with mul-
tiple attribute decision making with intuitionistic fuzzy
information, respectively. In order to further explain the
importance of ITFNs which represent the decision infor-
mation, we utilize the method by Wang and Liu [35] and
Zhao and Wei [36] to deal with the green supplier selection
problem. After computation, the overall preference values
of green supplier candidates h;(i = 1,2,3,4,5) are ob-
tained as follows:

hy = (0.2888,0.5557), hy =
hy =

= (0.4323,0.3243),
= (0.4571,0.2191).

(0.5463,0.3115), h3
(0.3767,0.3707), hs

The scores of i;(i = 1,2,3,4,5) are as follows:

s(hi) = =0.2669, 5(hy) = 0.2348, 5(h3) = 0.1081, s(hs)
= 0.0060, s(hs) = 0.2380.

Since s(hs) > s(hy) > s(h3) > s(hy) > s(h;), the rank-
ing order is xs > xp > x3 > x4 > x; by the method by
Wang and Liu [35] and Zhao and Wei [36], the most de-
sirable candidate is xs.

It is noted that the ranking orders obtained by this paper
and by Wang and Liu [35] and Zhao and Wei [36] are very
different. This is because that all trapezoidal fuzzy num-
bers are lost from the ITFNs, which weakens the ability of
information representation for intuitionistic fuzzy sets.
Therefore, intuitionistic trapezoidal fuzzy numbers may
better reflect the decision information than A-IFSs by
adding trapezoidal fuzzy numbers under real decision
making environment. Therefore, the multiple attribute
group decision making method in this paper is reasonable
than methods by Wang and Liu [35] and Zhao [36].

(0.5,0.4) (0.6,0.3) (0.3,0.6) (0.2,0.7)
(0.7,03) (0.7,02) (0.7,0.2) (0.4,0.5)
R =1(06,04) (0.5,04) (0.5,03) (0.2,03)],
(0.8,0.1) (0.6,0.3) (0.3,0.4) (0.2,0.6)
(0.6,0.2) (0.4,0.3) (0.7,0.1) (0.1,0.3)
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(0.4,03) (0.5,0.2) (0.2,0.5) (0.1,0.6)
(0.6,0.2) (0.6,0.1) (0.6,0.1) (0.3,0.4)
R® =1(05,03) (04,03) (04,02) (0.5,0.2)
(0.7,0.1) (0.5,0.2) (0.2,0.3) (0.1,0.5)
| (0.5,0.1) (0.3,0.2) (0.6,0.2) (0.4,0.2) |
[(0.4,0.5) (0.5,04) (02,0.7) (0.1,0.8)]
(0.6,0.4) (0.6,0.3) (0.6,0.3) (0.3,0.6)
R® = 1(05,05) (0.4,0.5) (0.4,04) (0.5,0.4)
(0.7,0.2) (0.5,0.4) (0.2,0.5) (0.6,0.3)
| (0.5,03) (0.3,0.4) (0.6,0.2) (0.4,0.4) |

6 Conclusions

In this paper, we have investigated the multiple attribute
group decision making problems in which attribute values
are in the form of ITFNs. We first define some operations of
ITFNs based on Einstein operations, and some corre-
sponding operational laws. Further, we have proposed some
new FEinstein aggregation operators for ITFNs, including
intuitionistic trapezoidal fuzzy Einstein weighted averaging
(ITFEWA) operator, intuitionistic trapezoidal fuzzy Ein-
stein ordered weighted averaging (ITFEOWA) operator,
induced intuitionistic trapezoidal fuzzy Einstein ordered
weighted averaging (I-ITFEOWA) operator, intuitionistic
trapezoidal fuzzy Einstein hybrid averaging (ITFEHA)
operator, intuitionistic trapezoidal fuzzy Einstein weighted
geometric(ITFEWG) operator, intuitionistic trapezoidal
fuzzy Einstein ordered weighted geometric ITFEOWG)
operator, induced intuitionistic trapezoidal fuzzy Einstein
ordered weighted geometric (I-ITFEOWG) operator and
intuitionistic trapezoidal fuzzy Einstein hybrid geometric
(ITFEHG) operator. And desirable properties of the op-
erators have also been analyzed. Then, an approach based
on these operators has been constructed to deal with mul-
tiple attribute group decision making problems under intu-
itionistic trapezoidal fuzzy environment. Numerical
experiments on green supplier selection and comparative
studies have shown the practicality and advantages of our
presented approach. In future studies, we will further intu-
itionistic trapezoidal fuzzy aggregation operators which
take into account the various interactions or priority among
the decision criteria based on the Einstein t-conorm and
t-norm operation laws. At the same time, the application of
these aggregation operators in many actual fields, such as
decision making, patter recognition and clustering analysis,
are open questions for future research.
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