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Abstract The extension of rough set model is an

important research direction in rough set theory. This paper

presents two new extensions of the rough set model over

two different universes. By means of a binary relation

between two universes of discourse, two pairs of rough

fuzzy approximation operators are proposed. These models

guarantee that the approximating sets and the approximated

sets are on the same universes of discourse. Furthermore,

some interesting properties are investigated, the connec-

tions between relations and rough fuzzy approximation

operators are examined. Finally, the connections of these

approximation operators are made, and conditions under

which these approximation operators made equivalent are

obtained.

Keywords Approximation operator � Inverse serial

relation � Rough fuzzy set � Strong inverse serial relation

List of symbols

PðUÞ Power set of the universe set U

FðUÞ Fuzzy power set of the universe set U

F xð Þ Successor neighborhood of x

G yð Þ Predecessor neighborhood of y

Rs Generalized rough fuzzy lower approximation

operator with respect to the successor

neighborhood
�Rs Generalized rough fuzzy upper approximation

operator with respect to the successor

neighborhood

Rp Generalized rough fuzzy lower approximation

operator with respect to the predecessor

neighborhood
�Rp Generalized rough fuzzy upper approximation

operator with respect to the predecessor

neighborhood

R� Revised rough fuzzy lower approximation

operator
�R� Revised rough fuzzy upper approximation

operator

R0 Weak rough fuzzy lower approximation operator
�R0 Weak rough fuzzy upper approximation operator

R00 Strong rough fuzzy lower approximation operator
�R00 Strong rough fuzzy upper approximation operator

1 Introduction

The theory of rough sets was originally proposed by

Pawlak [25, 26] as a formal tool for modeling and pro-

cessing incomplete information. The basic structure of the

rough set theory is an approximation space consisting of a

universe of discourse and an equivalence relation imposed

on it. So equivalence relation is a key notion in Pawlak’s

rough set model. However, the requirement of an equiva-

lence relation seems to be a very restrictive condition that

may limit the applications of rough set theory. Therefore,
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some interesting and meaningful extensions of Pawlak’s

rough set model have been proposed in the literature. For

example, the notions of approximation operators have been

generalized by tolerance relations or similarity relations [2,

32, 34, 48], dominance relations [10, 11], general binary

relations on the universe of discourse [15–17, 47, 48, 51],

partitions and coverings of the universe of discourse [4, 27,

28], neighborhood systems and Boolean algebras [3, 19–

21, 49], and general approximation spaces [32, 33, 35].

Based on the covering of the universe of discourse,

Pomykala [27, 28], in particular, proposed two pairs of dual

approximation operators. Yao [49, 50] discussed such

extension by the notions of neighborhood and granulation.

In addition, Yao and Lin [51] provided a systematic study

on the constructive methods using binary relations.

On the other hand, the fuzzy generalization of rough sets

is another topic receiving much attention in recent years [5,

7, 13, 22–24]. Based on an equivalence relation on the

universe of discourse, Dubois and Prade [6] introduced the

lower and upper approximations of fuzzy sets in the

Pawlak approximation space to obtain an extended notion

called rough fuzzy sets. Alternatively, a fuzzy similarity

relation can be used to replace an equivalence relation, and

the result is a deviation of rough set theory called fuzzy

rough sets [6, 7]. In general, a rough fuzzy set is the

approximation of a fuzzy set in a crisp approximation space

[8, 12, 40]. Alternatively, a fuzzy rough set is the

approximation of a crisp set or a fuzzy set in a fuzzy

approximation space. Particular studies on rough fuzzy sets

and fuzzy rough sets can be found in the literatures [9, 14,

29–31, 39, 41, 42, 45, 46, 48].

Rough fuzzy and fuzzy rough set models on two uni-

verses of discourse have been studied in the literature [18,

36, 39–44]. These models can be interpreted by the

notions of interval structure [37, 38, 52] and generalized

approximation space [32, 33, 35]. Though these models

have different methods of computation, they start with

almost the ‘‘same’’ framework (two universes of dis-

course with a compatibility relation). It should also be

noted that the approximated sets and the approximating

sets in these models always locate at two different uni-

verses of discourse. This is however un-natural and

inconvenient for knowledge discovery by means of rough

set theory. The main purpose of the present paper is to

discuss this problem in the case of rough fuzzy sets on two

universes. Many interesting properties of the new

approximation operators, their associated relationships

and the existing rough fuzzy approximation operators on

two universes of discourse are examined. The new rough

fuzzy approximation operators are then compared. The

necessary and sufficient conditions for their equivalence

are investigated.

2 Preliminaries

Let U be a finite and nonempty set called the universe. The

class of all crisp subsets (respectively, fuzzy subsets) of

U will be denoted by PðUÞ (respectively, by FðUÞ).
Let U and V be two finite and nonempty universes and

let R be a binary relation from U to V, the triple

(U, V, R) is called (two-universe) approximation space.

Then the relation R is called:

(i) Serial if for all x 2 U, there exists y 2 V such that

(x, y) 2 R.

(ii) Inverse serial if for all y 2 V, there exists

x 2 U such that (x, y) 2 R.

(iii) Compatibility relation, if R is both serial and

inverse serial.

If U = V, R is referred to as a binary relation on U and is

called:

(i) Reflexive if for all x 2 U, (x, x) 2 R.

(ii) Symmetric if for all x, y 2 U, (x, y) 2 R implies

that (y, x) 2 R.

(iii) Transitive if for all x, y, z 2 U, (x, y) 2 R and

(y, z) 2 R imply that (x, z) 2 R.

(iv) Euclidean if for all x, y, z 2 U, (x, y) 2 R and

(x, z) 2 R imply that (y, z) 2 R.

Definition 2.1 [53] Let (U, V, R) be a (two-universe)

approximation space. Then, a set-valued mappings F and G

representing the successor and predecessor neighborhood

operators, respectively, defined as follows:

F : U ! P Vð Þ;F xð Þ ¼ fy 2 V : ðx; yÞ 2 Rg;
G : V ! P Uð Þ;G yð Þ ¼ fx 2 U : ðx; yÞ 2 Rg:

A natural mappings F and G can be introduced

according to the following form

F : P Uð Þ ! P Vð Þ;F Xð Þ ¼ [fF xð Þ : x 2 Xg;
G : P Vð Þ ! P Uð Þ;G Yð Þ ¼ [fG yð Þ : y 2 Yg:

Definition 2.2 Let (U, V, R) be a (two-universe)

approximation space, an inverse serial relation R 2 PðU �
VÞ is called strong inverse serial if for all y1; y2 2 V ,

Gðy1Þ \Gðy2Þ 6¼ ; implies that G y1ð Þ ¼ Gðy2Þ.

Lemma 2.1 Let ðU;V ;RÞ be a (two-universe) approxi-

mation space, if R is strong inverse serial, then for all

x1; x2 2 U, FðX1Þ \FðX2Þ 6¼ ; implies that F x1ð Þ ¼ Fðx2Þ.

Proof Assume that F x1ð Þ 6¼ Fðx2Þ, then there exists

y1 2 F x1ð Þ, y1 62 Fðx2Þ. If Fðx2Þ 6¼ ;, then there exists

y2 2 F x2ð Þ, i.e., x1 2 G y1ð Þ and x2 2 G y2ð Þ such that

G y1ð Þ 6¼ Gðy2Þ. Since R is strong inverse serial, then

G y1ð Þ \G y2ð Þ ¼ ;. Moreover, G y1ð Þ ¼ GðF x1ð ÞÞ and
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G y2ð Þ ¼ GðF x2ð ÞÞ: Hence G F x1ð Þð Þ \G F x2ð Þð Þ � G Fð
x1ð Þ \F x2ð ÞÞ ¼ ;. Because R is inverse serial, we get

F x1ð Þ \F x2ð Þ ¼ ;.

3 Rough fuzzy generalizations

A rough fuzzy set is a generalization of rough set, derived

from the approximation of fuzzy set in a crisp approxi-

mation space.

Definition 3.1 [42] Let U and V be two finite non-empty

universes of discourse and R 2 PðU � VÞ a binary relation

from U to V. The ordered triple (U, V, R) is called a (two-

universe) approximation space. For any fuzzy set

Y 2 FðVÞ, the lower and upper approximations of Y, RsðYÞ
and �RsðYÞ, with respect to the approximation space are

fuzzy sets of U whose membership functions, for each

x 2 U, are defined, respectively, by

Rs Yð Þ xð Þ ¼ min Y yð Þ j y 2 FðxÞf g;
�Rs Yð Þ xð Þ ¼ max Y yð Þ j y 2 FðxÞf g:

where F(x) is the successor neighborhood of x defined in

Definition 2.1.

The ordered set-pair ðRsðYÞ; �RsðYÞÞ is referred to as a

generalized rough fuzzy set with respect to successor

neighborhood, and Rs and �Rs : FðVÞ ! FðUÞ are referred

to as lower and upper generalized rough fuzzy approxi-

mation operators, respectively.

Proposition 3.1 [42] In a (two-universe) approximation

space (U, V, R) with compatibility relation R, the approx-

imation operators satisfy the following properties for all

Y ; Y1; Y2 2 FðVÞ:

(L1) Rs Yð Þ ¼ ð�RsðYcÞÞc, where Yc denotes the

complement of the fuzzy subset Y in V

(L2) Rs Vð Þ ¼ U

(L3) Rs Y1 \ Y2ð Þ ¼ RsðY1Þ \ RsðY2Þ
(L4) Rs Y1 [ Y2ð Þ � RsðY1Þ [ RsðY2Þ
(L5) Y1 � Y2 ) RsðY1Þ � Rs Y2ð Þ
(L6) Rs ;ð Þ ¼ ;
(U1) �Rs Yð Þ ¼ ðRsðYcÞÞc
(U2) �Rs ;ð Þ ¼ ;
(U3) �Rs Y1 [ Y2ð Þ ¼ �RsðY1Þ [ �RsðY2Þ
(U4) �Rs Y1 \ Y2ð Þ � �RsðY1Þ \ �RsðY2Þ
(U5) Y1 � Y2 ) �RsðY1Þ � �RsðY2Þ
(U6) �Rs Vð Þ ¼ U

(LU) RsðYÞ � �RsðYÞ

Properties (L1) and (U1) show that the approximation

operators Rs and �Rs are dual to each other. Properties with

the same number may be considered as dual properties.

With respect to certain special types, say, reflexive,

symmetric, transitive, and Euclidean binary relations on

the universe U, the approximation operators have addi-

tional properties.

Proposition 3.2 [42] Let R 2 PðU � UÞ be an arbitrary

binary relation on U. Then 8X 2 FðUÞ,
R is reflexive , ðL7ÞRs Xð Þ � X;

, ðU7ÞX � �RsðXÞ:

R is symmetric , ðL8Þ�RsðRs XÞð Þ � X;

, ðU8ÞX � Rsð�RsðXÞ:

Ris transitive , L9ð ÞRs Xð Þ � RsðRs Xð ÞÞ;
, ðU9Þ�Rsð�Rs Xð ÞÞ � �RsðXÞ:

R is Euclidean , ðL10Þ�RsðRs XÞð Þ � RsðXÞ;
, ðU10Þ�RsðXÞ � Rsð�RsðXÞÞ:

Definition 3.2 Let (U, V, R) be a (two-universe)

approximation space. Then the lower and upper approxi-

mations of X 2 FðUÞ are defined respectively as follows:

Rp Xð Þ yð Þ ¼ min X xð Þ j x 2 GðyÞf g;
�Rp Xð Þ yð Þ ¼ max X xð Þ j x 2 GðyÞf g:

where G(y) is the predecessor neighborhood of y in Defi-

nition 2.1.

The pair ðRp Xð Þ; �Rp Xð ÞÞ is referred to as a generalized

rough fuzzy set with respect to predecessor neighborhood,

and Rp and �Rp : FðUÞ ! FðVÞ are referred to as lower and

upper rough fuzzy approximation operators, respectively.

Proposition 3.3 In a (two-universe) approximation space

(U, V, R) with a binary relation R, the approximation

operators Rp and �Rp satisfy the following properties for all

X;X1;X2 2 FðUÞ:

(L1) Rp Xð Þ ¼ ð�RpðXcÞÞc

(L2) Rp Uð Þ ¼ V

(L3) Rp X1 \ X2ð Þ ¼ RpðX1Þ \ RpðX2Þ
(L4) Rp X1 [ X2ð Þ � RpðX1Þ [ RpðX2Þ
(L5) X1 � X2 ) RpðX1Þ � Rp X2ð Þ
(U1) �Rp Xð Þ ¼ ðRpðXcÞÞc

(U2) �Rp ;ð Þ ¼ ;
(U3) �Rp X1 [X2ð Þ ¼ �RpðX1Þ [ �RpðX2Þ
(U4) �Rp X1 \X2ð Þ � �RpðX1Þ \ �RpðX2Þ
(U5) X1 � X2 ) �RpðX1Þ � �RpðX2Þ

Proof By the duality of approximation operators, we only

need to prove the properties L1 – L15.

(L1) For all y 2 V, according to Definition 3.2, we can

obtain
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ð�RpðXcÞÞcðyÞ ¼ 1 � fmaxfXcðxÞ : x 2 GðyÞgg
¼ 1 � fmaxf1 � XðxÞ : x 2 GðyÞgg
¼ 1 � f1 � minfXðxÞ : x 2 GðyÞgg
¼ 1 � fmaxfXðxÞ : x 2 GðyÞg
¼ minfXðxÞ : x 2 GðyÞg
¼ Rp Xð ÞðyÞ:

Therefore Rp Xð Þ ¼ ð�RpðXcÞÞc.
(L2) Since 8x 2 U, U(x) = 1 and GðyÞ � U, then

minfU xð Þ : x 2 GðyÞg ¼ 1. Thus, Rp Uð ÞðyÞ ¼ minfU xð Þ :
x 2 GðyÞg ¼ 1 for all y 2 V. Therefore Rp(U) = V.

(L3) Since 8y 2 V

Rp X1 \X2ð ÞðyÞ ¼ minfðX1 \X2ÞðxÞ : x 2 GðyÞg
¼ min min X1 xð Þ;X2 xð Þf g : x 2 G yð Þf g
¼ minfX1ðxÞ : x 2 GðyÞg
^ minfX2ðxÞ : x 2 GðyÞg

¼ minfRp X1ð Þ yð Þ ^ Rp X2ð Þ yð Þg
¼ RpðX1Þ \ RpðX2ÞðyÞ:

Therefore Rp X1 \ X2ð Þ ¼ RpðX1Þ \ RpðX2Þ.
(L4) For all y 2 V, we can have

Rp X1 [ X2ð ÞðyÞ ¼ minfðX1 [ X2ÞðxÞ : x 2 GðyÞg
¼ minfmax X1 xð Þ;X2 xð Þf g : x 2 GðyÞg
�maxfmin X1 xð Þ : x 2 G yð Þf g;
minfX2ðxÞ : x 2 GðyÞg

¼ maxfRp X1ð ÞðyÞ;Rp X2ð ÞðyÞg
¼ ðRpðX1Þ [ RpðX2ÞÞðyÞ:

Hence Rp X1 [ X2ð Þ � RpðX1Þ [ RpðX2Þ.
(L5) Since X1 � X2, then 8x 2 U;X1ðxÞ	X2ðxÞ. Thus

Rp X1ð Þ yð Þ¼minfX1ðxÞ :x2GðyÞg	minfX2 xð Þ :x 2GðyÞg¼
Rp X2ð ÞðyÞ

Therefore RpðX1Þ � Rp X2ð Þ.

Proposition 3.4 Let R 2 PðU � VÞ be an arbitrary bin-

ary relation on. Then 8X 2 FðUÞ
R is inverse serial , ðL6ÞRp ;ð Þ ¼ ;

, ðU6Þ�Rp Uð Þ ¼ V ;

, ðLUÞRpðXÞ � �RpðXÞ:

Proof Suppose that R is an inverse serial relation, for any

y 2 V, we have GðyÞ 6¼ ;. Then min ; xð Þ : x 2 G yð Þf g ¼
0 8x 2 U. Therefore, Rp ;ð Þ ¼ ;.

Conversely, assume that Rp ;ð Þ ¼ ;, i.e., min ; xð Þ : x 2f
G yð Þg ¼ 0 8x 2 U. If there exists y
 2 V such that

G y
ð Þ ¼ ;, then min ; xð Þ : x 2 G y
ð Þf g ¼ 1 which contra-

dicts the assumption. Thus G yð Þ 6¼ ; 8y 2 V . i.e., R is

inverse serial. We can prove that R is inverse serial,
ðU6Þ�Rp Uð Þ ¼ V by the duality of approximation operators.

For the third part, R is inverse serial , ðLUÞRp

ðXÞ � �RpðXÞ, let R is inverse serial, then GðyÞ 6¼ ; for

every y 2 V . So minfXðxÞ : x 2 GðyÞg	maxfXðxÞ :
x 2 GðyÞg. Therefore RpðXÞ � �RpðXÞ.

On the other hand, if we assume that ðLUÞRUðXÞ �
�RUðXÞ holds, let X = U, then by Proposition 2.3 we have
�Rp Uð Þ � Rp Uð Þ ¼ V, which follows that R is fuzzy inverse

serial.

Proposition 3.5 Let (U, V, R) be a (two-universe)

approximation space, then the following hold for all X 2
FðUÞ and Y 2 FðVÞ:

(i) �RsðRp XÞð Þ � X;X � Rsð�Rp Xð ÞÞ.
(ii) �RpðRs YÞð Þ � Y; Y � Rpð�Rs Yð ÞÞ.

(iii) Rs Yð Þ ¼ Rsð�RpðRs YÞð ÞÞ.
(iv) �Rs Yð Þ ¼ �RsðRpð�Rs Yð ÞÞÞ.
(v) Rp Xð Þ ¼ Rpð�RsðRp XÞð ÞÞ.

(vi) �Rp Xð Þ ¼ �RpðRsð�Rp Xð ÞÞÞ.

Proof (i) Since for every x 2 U, we have either F xð Þ ¼ ;
or F xð Þ 6¼ ;.

If F xð Þ ¼ ;, then �RsðRp XÞð Þ xð Þ ¼ max min X zð Þ : z 2ff
G yð Þg : y 2 F xð Þg ¼ 0 and hence �RsðRp XÞð Þ � X. If F xð Þ
6¼ ;, then we have x 2 GðyÞ 8y 2 F xð Þ. Thus max minff
X zð Þ : z 2 G yð Þg : y 2 F xð Þg	XðxÞ, and hence �RsðRp XÞð Þ
� X.

We can easily prove the other part by the duality of

approximation operators.

(ii) Similarly as (i).

(iii)–(vi) can be proved by properties (i) and (ii).

Proposition 3.6 Let (U, V, R) be a (two-universe)

approximation space with strong inverse serial relation,

then the following hold for all X 2 FðUÞ and Y 2 FðVÞ:
ðiÞ �RpðRs YÞð Þ ¼ RpðRs Yð ÞÞ;

ðiiÞ Rpð�Rs Yð ÞÞ ¼ �Rpð�Rs Yð ÞÞ:

Proof The proof comes directly from Definition 2.2 and

Lemma 2.1.

Because reflexivity, symmetry and transitivity are

meaningless for binary relations from U to V, the prop-

erties L7ð Þ � ðL10Þ and (U7) – (U10) which are true in

various generalized rough fuzzy set models do not hold in

two-universe models. However, In the above model for

generalized rough fuzzy sets, fuzzy subsets of the uni-

verse V (resp. U) are approximated by fuzzy subsets of

the other universe U (resp. V). This seems to be very

unreasonable. Thus a more natural form for rough fuzzy

sets on two universes is proposed so that the approxima-

tions of subsets of the universe are subsets of the same
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universe. Therefore we will modify these models in the

next sections.

4 Revised rough fuzzy sets

Definition 4.1 [2] Let (U, V, R) be a (two-universe)

approximation space. Then we can define a set valued

mapping G* from V to PðVÞ induced by R as follows:

G� : V ! P Vð Þ;

G� yð Þ ¼
\F xð Þ if9x 2 U : yf g � F xð Þ;
; otherwise:

�

Definition 4.2 [1] Let (U, V, R) be a (two-universe)

approximation space. Then the lower and upper approxi-

mations of Y 2 FðVÞ are defined respectively as follows:

R� Yð Þ yð Þ ¼ min Y zð Þ j z 2 G�ðyÞf g
�R� Yð Þ yð Þ ¼ max Y zð Þ j z 2 G�ðyÞf g:

The pair ðR� Yð Þ; �R� Yð ÞÞ is referred to as a revised rough

fuzzy set, and R* and �R� : FðVÞ ! FðVÞ are referred to as

revised lower and upper rough fuzzy approximation

operators, respectively.

Proposition 4.1 [1] In a (two-universe) approximation

space ðU;V;RÞ, the approximation operators have the

following properties for all Y; Y1; Y2 2 FðVÞ:

(L1) R� Yð Þ ¼ ð�R�ðYcÞÞc
(L2) R� Vð Þ ¼ V

(L3) R� Y1 \ Y2ð Þ ¼ R�ðY1Þ \ R�ðY2Þ
(L4) R� Y1 [ Y2ð Þ � R�ðY1Þ [ R�ðY2Þ
(L5) Y1 � Y2 ) R�ðY1Þ � R� Y2ð Þ
(L9) R� Yð Þ � R�ðR� Yð ÞÞ
(U1) �R� Yð Þ ¼ ðR�ðYcÞÞc
(U2) �R� ;ð Þ ¼ ;
(U3) �R� Y1 [ Y2ð Þ ¼ �R�ðY1Þ [ �R�ðY2Þ
(U4) �R� Y1 \ Y2ð Þ � �R�ðY1Þ \ �R�ðY2Þ
(U5) Y1 � Y2 ) �R�ðY1Þ � �R�ðY2Þ
(U9) �R�ð�R� Yð ÞÞ � �R�ðYÞ

Proposition 4.2 [1] In a (two-universe) approximation

space ðU;V;RÞ with inverse serial relation R, the

approximation operators have the following properties for

all Y 2 FðVÞ:

(L6) R� ;ð Þ ¼ ;
(L7) R� Yð Þ � Y

(U6) �R� Vð Þ ¼ V

(U7) Y � �R�ðYÞ
(LU) R�ðYÞ � �R�ðYÞ

Proposition 4.3 [1] In a (two-universe) approximation

space ðU;V;RÞ with strong inverse serial relation R, the

approximation operators have the following properties for

all Y 2 FðVÞ:

(L8) Y � R�ð�R�ðYÞÞ
(L10) �R�ðYÞ � R�ð�R�ðYÞÞ
(U8) �R�ðR� YÞð Þ � Y

(U10) �R�ðR� YÞð Þ � R�ðYÞ

5 Another two new generalizations of rough fuzzy sets

Definition 5.1 Let (U, V, R) be a (two-universe)

approximation space. Then the lower and upper approx-

imations of Y 2 FðVÞ are defined respectively as

follows:

R
0
Yð ÞðyÞ ¼ maxfminfY zð Þ : z 2 FðxÞg : x 2 GðyÞg

�R0 Yð Þ yð Þ ¼ minfmax Y zð Þ : z 2 F xð Þf g : y 2 GðyÞg:

The pair ðR0
Yð Þ; �R0 Yð ÞÞ is referred to as a weak rough

fuzzy set, and R
0

and �R0 : FðVÞ ! FðVÞ are referred to as

weak lower and upper rough fuzzy approximation opera-

tors, respectively.

Proposition 5.1 Let (U, V, R) be a (two-universe)

approximation space. Then

R
0
Yð Þ ¼ �RpðRs YÞð Þ;

�R0 Yð Þ ¼ Rpð�Rs Yð ÞÞ:

Proof Straightforward.

Proposition 5.2 In a (two-universe) approximation space

ðU;V ;RÞ, the approximation operators have the following

properties for all Y; Y1; Y2 2 FðVÞ:

(L1) R
0
Yð Þ ¼ ð�R0ðYcÞÞc

(L4) R
0
Y1 [ Y2ð Þ � R

0 ðY1Þ [ R
0 ðY2Þ

(L5) Y1 � Y2 ) R
0 ðY1Þ � R

0
Y2ð Þ

(L6) R
0 ;ð Þ ¼ ;

(L7) R
0
Yð Þ � Y

(L9) R
0
Yð Þ � R

0 ðR0
Yð ÞÞ

(U1) �R0 Yð Þ ¼ ðR0 ðYcÞÞc
(U4) �R0 Y1 \ Y2ð Þ � �R0ðY1Þ \ �R0ðY2Þ
(U5) Y1 � Y2 ) �R0ðY1Þ � �R0ðY2Þ
(U6) �R0 Vð Þ ¼ V

(U7) Y � �R0ðYÞ
(U9) �R0ð�R0 Yð ÞÞ � �R0ðYÞ
(LU) R

0 ðYÞ � �R0ðYÞ

Proof By the duality of approximation operators, we only

need to prove the properties L1ð Þ; L4ð Þ � ðL7Þ and (L9).

(L1) Since 8y 2 V
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ð�R0ðYcÞÞcðyÞ ¼ 1 � fminfmax Yc zð Þ : z 2 F xð Þf g : x 2 GðyÞgg
¼ 1 � fminfmax 1 � Y zð Þ : z 2 F xð Þf g : x 2 GðyÞgg
¼ 1 � fminf1 � minfY zð Þ : z 2 F xð Þg : x 2 GðyÞgg
¼ 1 � f1 � maxfminfY zð Þ : z 2 F xð Þg : x 2 GðyÞgg
¼ maxfminfY zð Þ : z 2 F xð Þg : x 2 GðyÞg
¼ R

0 ðYÞðyÞ:

Therefore R
0
Yð Þ ¼ ð�R0ðYcÞÞc.

(L4) 8y 2 V , we can have

R
0
Y1 [ Y2ð ÞðyÞ ¼ maxfminfðY1 [ Y2ÞðzÞ : z 2 F xð Þg : x 2 GðyÞg

¼ maxfminfmaxfY1 zð Þ; Y2 zð Þg : z 2 F xð Þg : x 2 GðyÞg
�maxfmax min Y1 zð Þ : z 2 F xð Þf g : x 2 G yð Þf g;
max min Y2 zð Þ : z 2 F xð Þf g : x 2 G yð Þf gg

¼ maxfR0
Y1ð Þ yð Þ;R0

Y2ð Þ yð Þg
¼ ðR0 ðY1Þ [ R

0 ðY2ÞÞðyÞ:

Hence R
0
Y1 [ Y2ð Þ � R

0 ðY1Þ [ R
0 ðY2Þ.

(L5) Since Y1 � Y2, then 8y 2 V; Y1ðyÞ	 Y2ðyÞ.
Thus

R
0
Y1ð Þ yð Þ ¼ maxfminfY1ðzÞ : z 2 F xð Þg : x 2 GðyÞg

	max min Y2 zð Þ : z 2 F xð Þf g : x 2 G yð Þf g
¼ R

0
Y2ð ÞðyÞ

Therefore R
0 ðY1Þ � R

0
Y2ð Þ.

(L7) and (L9) Obvious from Propositions 3.5 and 5.1

(L6) Comes from (L7) and the fact that empty set is a

subset from any set.

Remark 5.1 If R 2 PðU � VÞ is a binary relation in a

(two-universe) approximation space ðU;V ;RÞ, then the

following properties do not hold for all Y; Y1; Y2 2 FðVÞ:

(L2) R
0
Vð Þ ¼ V

(L3) R
0
Y1 \ Y2ð Þ ¼ R

0 ðY1Þ \ R
0 ðY2Þ

(L8) Y � R
0 ð�R0ðYÞÞ

(L10) �R0ðYÞ � R
0 ð�R0ðYÞÞ

(U2) �R0 ;ð Þ ¼ ;
(U3) �R0 Y1 [ Y2ð Þ ¼ �R0ðY1Þ [ �R0ðY2Þ
(U8) �R0ðR0

YÞð Þ � Y

(U10) �R0ðR0
YÞð Þ � R

0 ðYÞ

The following example shows Remark 5.1.

Example 5.1 Let U ¼ fx1; x2; x3; x4; x5; x6; x7g, V ¼
fy1; y2; y3; y4; y5; y6g and R 2 PðU � VÞ be a binary

relation defined as:

R y1 y2 y3 y4 y5 y6

x1 0 1 1 0 0 0

x2 1 0 1 0 1 0

x3 0 0 0 0 0 0

R y1 y2 y3 y4 y5 y6

x4 0 1 1 0 0 1

x5 1 0 0 0 1 0

x6 0 1 0 0 1 1

x7 1 0 0 0 0 1

If Y and Z are two fuzzy subsets of V defined as:

Y y1ð Þ ¼ 0:5; Y y2ð Þ ¼ 0:3; Y y3ð Þ ¼ 0:7; Y y4ð Þ ¼ 0:1;

Y y5ð Þ ¼ 0:8; Yðy6Þ ¼ 0:4;

Z y1ð Þ ¼ 0:3; Z y2ð Þ ¼ 0:4; Z y3ð Þ ¼ 0:9; Z y4ð Þ ¼ 0:2;

Z y5ð Þ ¼ 0:1; Zðy6Þ ¼ 0:6; then we have

y1 y2 y3 y4 y5 y6

R
0 ðYÞðyÞ 0.5 0.3 0.5 0 0.5 0.4

�R0ðR0
YÞð ÞðyÞ 0.5 0.5 0.5 1 0.5 0.5

�R0ðYÞðyÞ 0.5 0.7 0.7 1 0.8 0.5

R
0 ð �R0ðYÞÞðyÞ 0.5 0.7 0.7 0 0.5 0.5

�R0ð;ÞðyÞ 0 0 0 1 0 0

R
0 ðVÞðyÞ 1 1 1 0 1 1

R
0 ðZÞðyÞ 0.3 0.4 0.4 0 0.1 0.4

R
0 ðY \ ZÞðyÞ 0.3 0.3 0.3 0 0.1 0.3

�R0ðZÞðyÞ 0.3 0.6 0.9 1 0.3 0.6

�R0ðY [ ZÞðyÞ 0.6 0.8 0.9 1 0.8 0.6

Hence we have R
0 ðVÞ 6¼ V , �R0ð;Þ 6¼ ;, R

0 ðY \ ZÞ
6¼ R

0 ðYÞ \ R
0 ðZÞ, �R0ðY [ ZÞ 6¼ �R0ðYÞ [ �R0ðZÞ, Y 6� R

0

ð�R0ðYÞÞ, �R0ðR0
YÞð Þ 6� Y , �R0ðYÞ 6� R

0 ð�R0ðYÞÞ and �R0ðR0
YÞð Þ

6� R
0 ðYÞ, i.e., L2, U2, L3, U3, L8, U8, L10 and U10 do not

hold.

Proposition 5.3 In a (two-universe) approximation space

ðU;V ;RÞ with inverse serial relation R, the approximation

operators have the following properties for all Y 2 FðVÞ:

(L2) R
0
Vð Þ ¼ V

(U2) �R0 ;ð Þ ¼ ;

Proof Obvious.

Remark 5.2 If R 2 PðU � VÞ is an inverse serial relation

in a (two-universe) approximation space ðU;V ;RÞ, then the

following properties do not hold for all Y 2 FðVÞ:

(L3) R
0
Y1 \ Y2ð Þ ¼ R

0 ðY1Þ \ R
0 ðY2Þ

(L8) Y � R
0 ð�R0ðYÞÞ

(L10) �R0ðYÞ � R
0 ð�R0ðYÞÞ

(U3) �R0 Y1 [ Y2ð Þ ¼ �R0ðY1Þ [ �R0ðY2Þ
(U8) �R0ðR0

YÞð Þ � Y
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(U10) �R0ðR0
YÞð Þ � R

0 ðYÞ

The following example shows Remark 5.2.

Example 5.2 Let U ¼ fx1; x2; x3; x4; x5; x6; x7g, V ¼
fy1; y2; y3; y4; y5; y6g and R 2 PðU � VÞ be an inverse

serial relation defined as:

R y1 y2 y3 y4 y5 y6

x1 0 1 1 0 0 0

x2 1 0 0 1 1 0

x3 0 0 0 0 0 0

x4 0 1 1 1 0 0

x5 1 0 0 0 1 0

x6 0 1 0 0 1 1

x7 0 0 0 1 0 1

If Y and Z are two fuzzy subsets of V defined as:

Y y1ð Þ ¼ 0:2; Y y2ð Þ ¼ 0:7; Y y3ð Þ ¼ 0:3; Y y4ð Þ ¼ 0:9;

Y y5ð Þ ¼ 0:5; Yðy6Þ ¼ 0:8;

Z y1ð Þ ¼ 0:9; Z y2ð Þ ¼ 0:5; Z y3ð Þ ¼ 0:6; Z y4ð Þ ¼ 0:8;

Z y5ð Þ ¼ 0:1; Zðy6Þ ¼ 0:3; then we have

y1 y2 y3 y4 y5 y6

R
0 ðYÞðyÞ 0.2 0.5 0.3 0.8 0.5 0.8

�R0ðR0
YÞð ÞðyÞ 0.5 0.5 0.5 0.8 0.5 0.8

�R0ðYÞðyÞ 0.5 0.7 0.7 0.9 0.5 0.8

R
0 ð �R0ðYÞÞðyÞ 0.5 0.7 0.7 0.8 0.5 0.8

R
0 ðZÞðyÞ 0.1 0.5 0.5 0.5 0.1 0.3

R
0 ðY \ ZÞðyÞ 0.1 0.3 0.3 0.3 0.1 0.3

�R0ðZÞðyÞ 0.9 0.5 0.6 0.8 0.5 0.5

�R0ðY [ ZÞðyÞ 0.9 0.7 0.7 0.9 0.8 0.8

Hence we have R
0 ðY \ ZÞ 6¼ R

0 ðYÞ \ R
0 ðZÞ, �R0ðY [ ZÞ 6¼

�R0ðYÞ [ �R0ðZÞ, Y 6� R
0 ð�R0ðYÞÞ, �R0ðR0

YÞð Þ 6� Y , �R0ðYÞ 6�
R

0 ð�R0ðYÞÞ and �R0ðR0
YÞð Þ 6� R

0 ðYÞ, i.e., L3, U3, L8, U8, L10

and U10 do not hold.

Proposition 5.4 In a (two-universe) approximation space

ðU;V ;RÞ with strong inverse serial relation R, the

approximation operators have the following properties for

all Y 2 FðVÞ:

(L3) R
0
Y1 \ Y2ð Þ ¼ R

0 ðY1Þ \ R
0 ðY2Þ

(L8) Y � R
0 ð�R0ðYÞÞ

(L10) �R0ðYÞ � R
0 ð�R0ðYÞÞ

(U3) �R0 Y1 [ Y2ð Þ ¼ �R0ðY1Þ [ �R0ðY2Þ
(U8) �R0ðR0

YÞð Þ � Y

(U10) �R0ðR0
YÞð Þ � R

0 ðYÞ

Proof (L3) Assume that R is strong inverse serial. Then

by Proposition 3.6, we have 8x 2 GðyÞ, max min Y zð Þ :ff z2
F xð Þg :x 2G yð Þg¼minfminfY zð Þ :z2F xð Þg : x2GðyÞg.

Thus,

R
0
Y1 \ Y2ð ÞðyÞ ¼ maxfminfðY1 \ Y2ÞðzÞ : z 2 F xð Þg : x 2 GðyÞg

¼ minfminfminfY1 zð Þ; Y2 zð Þg : z 2 F xð Þg : x 2 GðyÞg
¼ minfmin min Y1 zð Þ : z 2 F xð Þf g : x 2 G yð Þf g;
min min Y2 zð Þ : z 2 F xð Þf g : x 2 G yð Þf gg

¼ minfmax min Y1 zð Þ : z 2 F xð Þf g : x 2 G yð Þf g;
max min Y2 zð Þ : z 2 F xð Þf g : x 2 G yð Þf gg

¼ minfR0
Y1ð Þ yð Þ;R0

Y2ð Þ yð Þg
¼ ðR0 ðY1Þ \ R

0 ðY2ÞÞðyÞ:

(L10) Since R is a strong inverse serial. Then by

Proposition 3.6, 8y 2 V, we can have

R0ð�R0 YÞð Þ yð Þ ¼ maxfminfminfmax Y uð Þ : u 2 F wð Þf g :

w 2 GðzÞg : z 2 FðxÞg : x 2 GðyÞg
¼ maxfminfmaxfmax Y uð Þ : u 2 F wð Þf g :

w 2 GðzÞg : z 2 FðxÞg : x 2 GðyÞg:

In terms of Proposition 3.5 and Proposition 3.6 we have

R0ð�R0 YÞð Þ ¼ �RpðRsð�Rpð�Rs Yð ÞÞÞÞ ¼ �Rpð�Rs YÞð Þ ¼ Rpð�Rs YÞð Þ
¼ �R0 Yð Þ:

(L8) The proof follows from (U9) of Proposition 5.2 and

(L10) of Proposition 5.4. In the same manner we can also

prove (U3), (U8) and (U10).

Definition 5.2 Let (U, V, R) be a (two-universe)

approximation space. Then the lower and upper approxi-

mations of Y 2 FðVÞ are defined respectively as follows:

R00 Yð ÞðyÞ ¼ minfminfY zð Þ : z 2 FðxÞg : x 2 GðyÞg
�R00 Yð Þ yð Þ ¼ maxfmax Y zð Þ : z 2 F xð Þf g : y 2 GðyÞg:

The pair ðR00 Yð Þ; �R00 Yð ÞÞ is referred to as a strong rough

fuzzy set, and R
00
and �R00 : FðVÞ ! FðVÞ are referred to as

strong lower and upper rough fuzzy approximation oper-

ators, respectively.

Proposition 5.5 Let ðU;V ;RÞ be a (two-universe)

approximation space. Then

R00 Yð Þ ¼ RpðRs YÞð Þ;
�R00 Yð Þ ¼ �Rpð�Rs Yð ÞÞ:

Proposition 5.6 In a (two-universe) approximation space

ðU;V ;RÞ, the approximation operators have the following

properties for all Y; Y1; Y2 2 FðVÞ:

(L1) R00 Yð Þ ¼ ð�R00ðYcÞÞc
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(L2) R00 Vð Þ ¼ V

(L3) R00 Y1 \ Y2ð Þ ¼ R00ðY1Þ \ R00ðY2Þ
(L4) R00 Y1 [ Y2ð Þ � R00ðY1Þ [ R00ðY2Þ
(L5) Y1 � Y2 ) R00ðY1Þ � R00 Y2ð Þ
(L8) Y � R00ð�R00ðYÞÞ
(U1) �R00 Yð Þ ¼ ðR00ðYcÞÞc
(U2) �R00 ;ð Þ ¼ ;
(U3) �R00 Y1 [ Y2ð Þ ¼ �R00ðY1Þ [ �R00ðY2Þ
(U4) �R00 Y1 \ Y2ð Þ � �R00ðY1Þ \ �R00ðY2Þ
(U5) Y1 � Y2 ) �R00ðY1Þ � �R00ðY2Þ
(U8) �R00ðR00 YÞð Þ � Y

Proof We can obtain them according to Propositions 3.1,

3.3, 3.5 and 5.5.

Remark 5.3 If R 2 PðU � VÞ is a binary relation in a

(two-universe) approximation space ðU;V ;RÞ, then the

following properties do not hold for all Y; Y1; Y2 2 FðVÞ:

(L6) R00 ;ð Þ ¼ ;
(L7) R00 Yð Þ � Y

(L9) R00 Yð Þ � R00ðR00 Yð ÞÞ
(L10) �R00ðYÞ � R00ð�R00ðYÞÞ
(U6) �R00 Vð Þ ¼ V

(U7) Y � �R00ðYÞ
(U9) �R00ð�R00 Yð ÞÞ � �R00ðYÞ
(U10) �R00ðR00 YÞð Þ � R00ðYÞ
(LU) R00ðYÞ � �R00ðYÞ

The following example shows Remark 5.3.

Example 5.3 In Example 5.1, if Y and Z are two fuzzy

subsets of V defined as:

Y y1ð Þ ¼ 0:5; Y y2ð Þ ¼ 0:3; Y y3ð Þ ¼ 0:7; Y y4ð Þ ¼ 0:1;

Y y5ð Þ ¼ 0:8; Yðy6Þ ¼ 0:4;

Z y1ð Þ ¼ 0:8; Z y2ð Þ ¼ 0:9; Z y3ð Þ ¼ 0:2;

Z y4ð Þ ¼ 0:3; Z y5ð Þ ¼ 0:6; Zðy6Þ ¼ 0:5; then we have

y1 y2 y3 y4 y5 y6

R00ðYÞðyÞ 0.4 0.3 0.3 1 0.3 0.3

�R00ðR00 YÞð ÞðyÞ 0.4 0.3 0.4 0 0.4 0.4

R00ðR00 YÞð ÞðyÞ 0.3 0.3 0.3 1 0.3 0.3

�R00ðYÞðyÞ 0.8 0.8 0.8 0 0.8 0.8

R00ð;ÞðyÞ 0 0 0 1 0 0

�R00ðVÞðyÞ 1 1 1 0 1 1

�R00ðZÞðyÞ 0.8 0.9 0.9 0 0.9 0.9

R00ð �R00ðZÞÞðyÞ 0.8 0.9 0.8 1 0.8 0.8

�R00ð �R00ðZÞÞðyÞ 0.9 0.9 0.9 0 0.9 0.9

Hence we have R00ð;Þ 6¼ ;, �R00ðVÞ 6¼ V , R
00 ðYÞ 6� Y ,

Z 6� �R00ðZÞ, R
00 ðYÞ 6� R00ðR00 YÞð Þ, �R00ð�R00ðZÞÞ 6� �R00ðZÞ,

�R00ðZÞ 6� R00ð�R00ðZÞÞ, �R00ðR00 YÞð Þ 6� R00ðYÞ and R00ðYÞ �
�R00ðYÞ i.e., L6, U6, L7, U7, L9, U9, L10, U10 and LU do

not hold.

Proposition 5.7 In a (two-universe) approximation

space ðU;V;RÞ with inverse serial relation R, the

approximation operators have the following properties

for all Y 2 FðVÞ:

(L6) R00 ;ð Þ ¼ ;
(L7) R00 Yð Þ � Y

(U6) �R00 Vð Þ ¼ V

(U7) Y � �R00ðYÞ
(LU) R00ðYÞ � �R00ðYÞ

Proof (L7) Since R is an inverse serial. Then 8y 2 V , we

can have

R00ðYÞ yð Þ ¼ minfminfY zð Þ : z 2 FðxÞg : x 2 GðyÞg:
	 maxfminfY zð Þ : z 2 FðxÞg : x 2 GðyÞg:
¼ �RpðRs YÞð ÞðyÞ:

Then from Proposition 3.4, R00 Yð Þ � Y .

(L6) follows directly from (L7).

(U6) and (U7) can be proved by the duality of

approximation operators.

(LU) comes from (L7) and (U7).

Remark 5.4 If R 2 PðU � VÞ is an inverse serial relation

in a (two-universe) approximation space ðU;V ;RÞ, then the

following properties do not hold for all Y 2 FðVÞ:

(L9) R00 Yð Þ � R00ðR00 Yð ÞÞ
(L10) �R00ðYÞ � R00ð�R00ðYÞÞ
(U9) �R00ð�R00 Yð ÞÞ � �R00ðYÞ
(U10) �R00ðR00 YÞð Þ � R00ðYÞ

The following example shows Remark 5.4.

Example 5.4 In Example 5.2, we have

y1 y2 y3 y4 y5 y6

R00ðZÞðyÞ 0.1 0.1 0.5 0.1 0.1 0.1

�R00ðR00 ZÞð ÞðyÞ 0.1 0.5 0.5 0.5 0.1 0.1

R00ðR00 ZÞð ÞðyÞ 0.1 0.1 0.1 0.1 0.1 0.1

�R00ðZÞðyÞ 0.9 0.8 0.8 0.9 0.9 0.8

R00ð �R00ðZÞÞðyÞ 0.9 0.8 0.8 0.8 0.8 0.8

�R00ð �R00ðZÞÞðyÞ 0.9 0.9 0.9 0.9 0.9 0.9
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Hence we have R
00 ðZÞ 6� R00ðR00 ZÞð Þ, �R00ð�R00ðZÞÞ 6�

�R00ðZÞ, �R00ðZÞ 6� R00ð�R00ðZÞÞ and �R00ðR00 ZÞð Þ 6� R00ðZÞ, i.e.,

L9, U9, L10 and U10 do not hold.

Proposition 5.8 In a (two-universe) approximation space

ðU;V ;RÞ with strong inverse serial relation R, the

approximation operators have the following properties for

all Y 2 FðVÞ:

(L9) R00 Yð Þ � R00ðR00 Yð ÞÞ
(L10) �R00ðYÞ � R00ð�R00ðYÞÞ
(U9) �R00ð�R00 Yð ÞÞ � �R00ðYÞ
(U10) �R00ðR00 YÞð Þ � R00ðYÞ

Proof The proof is similar to Proposition 5.4.

In Table 1 we compare the properties that are satisfied

by the different definitions of rough set.

6 Connections of the rough fuzzy approximation

operators

Proposition 6.1 Let R 2 PðU � VÞ be a binary relation

from U to V. Then 8Y 2 FðVÞ,

ð1Þ R0
Yð Þ � R� Yð Þ; �R�ðYÞ � �R0 Yð Þ:

ð2Þ R00 Yð Þ � R:� Yð Þ; �R�ðYÞ � �R00 Yð Þ:

Proof By duality of approximation operators we only

need to prove the first part of each property.

(1) Since for every y [ Y, we have

R� Yð Þ yð Þ ¼ minfY zð Þ : z 2 G�ðyÞg ¼ minfY zð Þ :
z 2 \FðxÞ; x 2 GðyÞg

�maxfminfY zð Þ : z 2 FðxÞg : x 2 GðyÞg
¼ R

0
Yð ÞðyÞ

Hence R
0
Yð Þ � R� Yð Þ.

(2) the proof is similar as (1)

Remark 6.1 Let R 2 PðU � VÞ be a binary relation from

U to V. Then Definitions 5.1 and 5.2 are independent.

The following example shows Remark 6.1. Moreover,

the inclusion in Proposition 6.1 can not be replaced by

equality,

Example 6.1 From Example 5.1, we get:

y1 y2 y3 y4 y5 y6

R
0 ðYÞðyÞ 0.5 0.3 0.5 0 0.5 0.4

R00 Yð ÞðyÞ 0.4 0.3 0.3 1 0.3 0.3

R� Yð ÞðyÞ 0.5 0.3 0.7 1 0.8 0.4

�R0ðYÞðyÞ 0.5 0.7 0.7 1 0.8 0.5

�R00 Yð ÞðyÞ 0.8 0.8 0.8 0 0.8 0.8

�R�ðYÞðyÞ 0.5 0.3 0.7 0 0.8 0.4

Proposition 6.2 Let R 2 PðU � VÞ be an inverse serial

relation from U to V. Then 8Y 2 FðVÞ,

R00 Yð Þ � R
0
Yð Þ � R� Yð Þ � Y � �R�ðYÞ � �R0 Yð Þ � �R00 Yð Þ:

Table 1 comparison between the properties of rough fuzzy sets depending on Definitions 3.2, 4.1, 5.1 and 5.2 by using binary, inverse serial and

strong inverse serial relations

Binary relations Inverse serial relations Strong inverse serial relations

Def. 3.2 Def. 4.1 Def. 5.1 Def. 5.2 Def. 3.2 Def. 4.1 Def. 5.1 Def. 5.2 Def. 3.2 Def. 4.1 Def. 5.1 Def. 5.2

L1;U1 Y Y Y Y Y Y Y Y Y Y Y Y
L2;U2 Y Y Y Y Y Y Y Y Y Y Y
L3;U3 Y Y Y Y Y Y Y Y Y Y
L4;U4 Y Y Y Y Y Y Y Y Y Y Y Y
L5;U5 Y Y Y Y Y Y Y Y Y Y Y Y
L6;U6 Y Y Y Y Y Y Y Y Y
L7;U7 Y Y Y Y Y Y Y
L8;U8 Y Y Y Y Y
L9;U9 Y Y Y Y Y Y Y
L10;U10 Y Y Y
LU Y Y Y Y Y Y Y Y Y

(Y) indicates that the property is satisfied
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Proof Obvious.

We can introduce an example to show that the converse

of Proposition 6.2 is not true in general.

Example 6.2 Let U ¼ fx1; x2; x3; x4; x5; x6g, V ¼ fy1;

y2; y3; y4; y5; y6; y7g and R 2 PðU � VÞ be an inverse serial

relation defined as:

R y1 y2 y3 y4 y5 y6 y7

x1 0 1 0 1 1 0 0

x2 1 1 0 0 1 1 0

x3 0 0 1 1 0 0 0

x4 1 0 0 1 0 0 1

x5 0 0 1 1 1 0 0

x6 0 0 0 0 0 0 0

If Y is a fuzzy subset of V defined as:

Y y1ð Þ¼0:2;Y y2ð Þ ¼0:5;Y y3ð Þ¼0:1;Y y4ð Þ¼0:7;Y y5ð Þ¼
0:3;Yðy6Þ¼0:8;Yðy7Þ¼0:4, then we have

y1 y2 y3 y4 y5 y6 y7

R
0 ðYÞðyÞ 0.2 0.3 0.1 0.3 0.3 0.2 0.2

R00 Yð ÞðyÞ 0.2 0.2 0.1 0.1 0.1 0.2 0.2

R� Yð ÞðyÞ 0.2 0.3 0.1 0.7 0.3 0.2 0.2

�R0ðYÞðyÞ 0.7 0.7 0.7 0.7 0.7 0.8 0.7

�R00 Yð ÞðyÞ 0.8 0.8 0.7 0.7 0.8 0.8 0.7

�R�ðYÞðyÞ 0.2 0.5 0.7 0.7 0.3 0.8 0.7

Proposition 6.3 Three pairs of lower and upper approx-

imation operators in Definition 4.1, Definition 5.1 and

Definition 5.2 are equivalent if R is a strong inverse serial

relation.

Proof For a strong inverse serial relation, by Propositions

3.6, 5.1 and 5.5 we have R
00

Yð Þ ¼ R0 Yð Þ and

�R
00

Yð Þ ¼ �R
0

Yð Þ. We only need to show R� Yð Þ � R
0

Yð Þ.
The other relation �R

0
Yð Þ � �R

�ðYÞ can be obtained by

duality. Since for every y 2 Y, we have

R� Yð Þ yð Þ ¼ minfY zð Þ : z 2 G�ðyÞg ¼ minfY zð Þ :
z 2 \FðxÞ; x 2 GðyÞg

¼ minfY zð Þ : z 2 FðxÞ; x 2 GðyÞg
	max minfY zð Þ : z 2 F xð Þf g; x 2 GðyÞg
¼ R

0
Yð ÞðyÞ

7 Conclusion

In this paper we presented two new definitions of the lower

approximation and upper approximation operators on two

universes through the combination of successor and pre-

decessor neighborhood operators. It should be pointed out

that the approximating sets and the approximated sets in

these rough set models are on the same universe of dis-

course V, and each type of the approximation operator

captures different aspects of approximating a subset of the

universe of discourse. All the properties of rough sets have

been simulated by employing these notions, and the rela-

tionships between some of them and the existing rough

fuzzy approximation operators on two universes of dis-

course have also been examined. By comparing these

approximation operators, some conditions on the relation R

under which all of the rough fuzzy approximation operators

made equivalent are identified.
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