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Abstract The extension of rough set model is an
important research direction in rough set theory. This paper
presents two new extensions of the rough set model over
two different universes. By means of a binary relation
between two universes of discourse, two pairs of rough
fuzzy approximation operators are proposed. These models
guarantee that the approximating sets and the approximated
sets are on the same universes of discourse. Furthermore,
some interesting properties are investigated, the connec-
tions between relations and rough fuzzy approximation
operators are examined. Finally, the connections of these
approximation operators are made, and conditions under
which these approximation operators made equivalent are
obtained.
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R, Generalized rough fuzzy lower approximation
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neighborhood
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operator with respect to the successor
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R, Generalized rough fuzzy lower approximation
operator with respect to the predecessor
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R, Generalized rough fuzzy upper approximation
operator with respect to the predecessor
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R* Revised rough fuzzy lower approximation
operator

R* Revised rough fuzzy upper approximation
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R Weak rough fuzzy lower approximation operator

R Weak rough fuzzy upper approximation operator

R" Strong rough fuzzy lower approximation operator

R’ Strong rough fuzzy upper approximation operator

1 Introduction

The theory of rough sets was originally proposed by
Pawlak [25, 26] as a formal tool for modeling and pro-
cessing incomplete information. The basic structure of the
rough set theory is an approximation space consisting of a
universe of discourse and an equivalence relation imposed
on it. So equivalence relation is a key notion in Pawlak’s
rough set model. However, the requirement of an equiva-
lence relation seems to be a very restrictive condition that
may limit the applications of rough set theory. Therefore,
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some interesting and meaningful extensions of Pawlak’s
rough set model have been proposed in the literature. For
example, the notions of approximation operators have been
generalized by tolerance relations or similarity relations [2,
32, 34, 48], dominance relations [10, 11], general binary
relations on the universe of discourse [15-17, 47, 48, 51],
partitions and coverings of the universe of discourse [4, 27,
28], neighborhood systems and Boolean algebras [3, 19—
21, 49], and general approximation spaces [32, 33, 35].
Based on the covering of the universe of discourse,
Pomykala [27, 28], in particular, proposed two pairs of dual
approximation operators. Yao [49, 50] discussed such
extension by the notions of neighborhood and granulation.
In addition, Yao and Lin [51] provided a systematic study
on the constructive methods using binary relations.

On the other hand, the fuzzy generalization of rough sets
is another topic receiving much attention in recent years [5,
7, 13, 22-24]. Based on an equivalence relation on the
universe of discourse, Dubois and Prade [6] introduced the
lower and upper approximations of fuzzy sets in the
Pawlak approximation space to obtain an extended notion
called rough fuzzy sets. Alternatively, a fuzzy similarity
relation can be used to replace an equivalence relation, and
the result is a deviation of rough set theory called fuzzy
rough sets [6, 7]. In general, a rough fuzzy set is the
approximation of a fuzzy set in a crisp approximation space
[8, 12, 40]. Alternatively, a fuzzy rough set is the
approximation of a crisp set or a fuzzy set in a fuzzy
approximation space. Particular studies on rough fuzzy sets
and fuzzy rough sets can be found in the literatures [9, 14,
29-31, 39, 41, 42, 45, 46, 48].

Rough fuzzy and fuzzy rough set models on two uni-
verses of discourse have been studied in the literature [18,
36, 39-44]. These models can be interpreted by the
notions of interval structure [37, 38, 52] and generalized
approximation space [32, 33, 35]. Though these models
have different methods of computation, they start with
almost the ‘‘same’” framework (two universes of dis-
course with a compatibility relation). It should also be
noted that the approximated sets and the approximating
sets in these models always locate at two different uni-
verses of discourse. This is however un-natural and
inconvenient for knowledge discovery by means of rough
set theory. The main purpose of the present paper is to
discuss this problem in the case of rough fuzzy sets on two
universes. Many interesting properties of the new
approximation operators, their associated relationships
and the existing rough fuzzy approximation operators on
two universes of discourse are examined. The new rough
fuzzy approximation operators are then compared. The
necessary and sufficient conditions for their equivalence
are investigated.
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2 Preliminaries

Let U be a finite and nonempty set called the universe. The
class of all crisp subsets (respectively, fuzzy subsets) of
U will be denoted by P(U) (respectively, by F(U)).

Let U and V be two finite and nonempty universes and
let R be a binary relation from U to V, the triple
(U, V, R) is called (two-universe) approximation space.
Then the relation R is called:

(1)  Serial if for all x € U, there exists y € V such that
(x,y) € R.
(i) Inverse serial if for all y eV,
x € U such that (x, y) € R.
(iii) Compatibility relation, if R is both serial and
inverse serial.

there exists

If U = V, Ris referred to as a binary relation on U and is
called:

(i) Reflexive if for all x € U, (x, x) € R.
(i)  Symmetric if for all x, y € U, (x, y) € R implies
that (y, x) € R.
(iii))  Transitive if for all x,y,z € U, (x,y) € R and
(y, z) € R imply that (x, z) € R.
(iv) Euclidean if for all x,y,z € U, (x,y) € R and
(x, z) € R imply that (y, z) € R.

Definition 2.1 [53] Let (U, V, R) be a (two-universe)
approximation space. Then, a set-valued mappings F and G
representing the successor and predecessor neighborhood
operators, respectively, defined as follows:

F:U—PWV),F(x)={yeV:(xy) €R},
G:V—-PU),Gly) ={xeU:(x,y) €R}.

A natural mappings F and G can be introduced
according to the following form
F:PU)—PV),FX)=U{F(x) :x € X},
G:PWV)—PU),GY)=U{G(y):ye Y}

Definition 2.2 Let (U, V,R) be a (two-universe)
approximation space, an inverse serial relation R € P(U X

V) is called strong inverse serial if for all y;,y, €V,
G(y1) NG(y2) # 0 implies that G(y;) = G(y2).

Lemma 2.1 Let (U,V,R) be a (two-universe) approxi-
mation space, if R is strong inverse serial, then for all
x1,x € U, F(X1) NF(X,) # 0 implies that F(x,) = F(x2).

Proof Assume that F(x|) # F(x;), then there exists
y1 € F(xy), yl € F(xy). If F(xy) # 0, then there exists

y2 € F(x2), ie., x1 € G(y;) and x; € G(y2) such that
G(n) # G(y ) Since R is strong inverse serial, then
G(y1)NG(y;) =0. Moreover, G(y;)=G(F(x;)) and
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G(y2) = G(F(xp)). Hence G(F(x1))NG(F(x)) 2 G(F
(x1) NF(xz)) = 0. Because R is inverse serial, we get

F(x1) ﬂF()Cz); 0.

3 Rough fuzzy generalizations

A rough fuzzy set is a generalization of rough set, derived
from the approximation of fuzzy set in a crisp approxi-
mation space.

Definition 3.1 [42] Let U and V be two finite non-empty
universes of discourse and R € P(U x V) a binary relation
from U to V. The ordered triple (U, V, R) is called a (two-
universe) approximation space. For any fuzzy set
Y € F(V), the lower and upper approximations of ¥, R,(Y)
and Ry(Y), with respect to the approximation space are
fuzzy sets of U whose membership functions, for each
x € U, are defined, respectively, by

Ry(Y)(x) = min{Y(y) |y € F(x)},
Ry(Y)(x) = max{Y(y)|y € F(x)}.

where F(x) is the successor neighborhood of x defined in
Definition 2.1.

The ordered set-pair (R (Y),Ry(Y)) is referred to as a
generalized rough fuzzy set with respect to successor
neighborhood, and R, and R;: F(V) — F(U) are referred
to as lower and upper generalized rough fuzzy approxi-
mation operators, respectively.

Proposition 3.1 [42] In a (two-universe) approximation
space (U, V, R) with compatibility relation R, the approx-
imation operators satisfy the following properties for all
Y, Y,,Y, € F(V):

(L) R,(Y) = (Ry(Y9))", where Y° denotes the
complement of the fuzzy subset Y in V

L) R(V)=U

(L)  R(Y1NYz) =R(Y1) NR(Y2)

Ly R(Y1UY2) 2 R(Y1) UR(Y2)

(Ls) Y1 CY,=R(Y1) CR(Y>)

Le) R(0)=10

U  Ry(Y) = (R,(Y))*

Uy Ry(D)=0

Us)  R(Y1UY2) = Ry(Y1) UR(Y2)
(Uy) RS(YlﬂYz) QRS(Yl)ﬂRX(YQ)
(Us) Y1 C Yy = R(Y1) CRy(Y2)
(Us) Ry(V)=U

(LU) R,(Y) CR,(Y)

Properties (L)) and (U,) show that the approximation
operators R, and R, are dual to each other. Properties with
the same number may be considered as dual properties.

With respect to certain special types, say, reflexive,
symmetric, transitive, and Euclidean binary relations on
the universe U, the approximation operators have addi-
tional properties.

Proposition 3.2 [42] Let R € P(U x U) be an arbitrary
binary relation on U. Then VX € F(U),
R isreflexive < (L7)R,(X) C X,

& (U7)X C Ry(X).

R is symmetric < (Lg)R,(R,(X)) C X,
< (Ug)X C R, (Ry(X).
Ris transitive < (Lg)R,(X) C R (R (X))
& (Uo)Ry(Ry(X)) C Ry(X).

Ris Euclidean < (Lig)R;(R,(X)) C R,(X),
& (Ui0)Ri(X) € R,(R:(X)).

Definition 3.2 Let (U, V,R) be a (two-universe)
approximation space. Then the lower and upper approxi-
mations of X € F(U) are defined respectively as follows:

R,(X)(y) = min{X(x) |x € G(y)},

Ry(X)(y) = max{X(x) |x € G(y)}.

where G(y) is the predecessor neighborhood of y in Defi-
nition 2.1.

The pair (R,(X),R,(X)) is referred to as a generalized
rough fuzzy set with respect to predecessor neighborhood,
and R, and R, : F(U) — F(V) are referred to as lower and
upper rough fuzzy approximation operators, respectively.

Proposition 3.3 In a (two-universe) approximation space
(U, V, R) with a binary relation R, the approximation
operators R, and R, satisfy the following properties for all
X, X1,X, € F(U):

L) R,(X) = (Ry(X))

p
Ly R,(U)=V

(Ls)  R,(XiNXz) =R,(X1) NR,(X2)
(Ly)  R,(X1UX2) D R,(X1) UR,(X2)
(Ls) X1 CXo=R,(X1) CR,(X2)
U)  Ry(X) = (R, (X))

(Ux) R,(0)=10

(Us)  R,(X,UXy) = R,(X1) UR,(X)
(Us)  R,(X1NX2) CR,(X1)NRy(X2)
(Us) X, CXo = Ry(X1) CR,(Xz)

Proof By the duality of approximation operators, we only
need to prove the properties L; — L;s.

(Ly) For all y € V, according to Definition 3.2, we can
obtain
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(Rp (X)) (y) = 1 = {max{X“(x) : x € G(y)}}
=1—{max{l —X(x) : x € G(y)}}
=1—-{1 —min{X(x) : x € G(y)}}
=1—{max{X(x) : x € G(y)}

min{X(x) : x € G(y)}
=R,(X)(y).

Therefore R, (X) = (R,(X))".

(L,) Since Vxe U, Ux)=1 and G(y) C U, then
min{U(x) : x € G(y)} = 1. Thus, R,(U)(y) = min{U(x) :
x € G(y)} =1 for all y € V. Therefore R,(U) = V.

(L3) Since Vy € V
R, (X1 NXa)(y) = min{(X; NX2)(x) : x € G(y)}
= min{min{X,(x),X2(x)} : x € G(»)}
= min{X,(x) : x € G(y)}

Amin{Xa(x) : x € G(y)}
= min{R, (X1)(y) AR, (X2)(¥)}
=R, (X)) NR,(X2)(y).

Therefore R,(X; N X2) = R,(X;) NR,(X2).
(Ly) For all y € V, we can have
R, (X, UXa)(y) = min{(X; UX2)(x) : x € G(y)}
= min{max{X;(x),Xz(x)} : x € G(y)}
> max{min{X,(x) : x € G(y)},
min{X,(x) : x € G(y)}
= max{R,(X1)(v),R,(X2)(v)}
= (R,(X1) UR,(X2))(y).
Hence R,(X; UX3) 2 R,(X1) UR,(X2).
(Ls) Since X; C X,, then Vx € U, X;(x)
R,(X1)(y) =min{X(x):x€G(y)} <min{Xs(x):x €

R,(X2)(y)
Therefore R,(X1) C R,(X2).

<X5(x). Thus
G(y)}=

Proposition 3.4 Let R € P(U x V) be an arbitrary bin-
ary relation on. Then ¥X U

€ F(
Risinverse serial < (L¢)R,(0) =0

& (Us)R,(U) =V,

& (LU)R,(X) C R,y(X).

Proof Suppose that R is an inverse serial relation, for any
y € V, we have G(y) # 0. Then min{(x) :x € G(y)} =
0Vx € U. Therefore, R, () = 0.

Conversely, assume that R, () = 0, i.e., min{()(x) : x €
G(y)} =0Vx e U. If there exists y, € V such that
G(yo) = 0, then min{((x) : x € G(y,)} = 1 which contra-
dicts the assumption. Thus G(y) # 0Vy € V. ie., R is
inverse serial. We can prove that R is inverse serial&
(Us)R,(U) = V by the duality of approximation operators.

@ Springer

For the third part, R is inverse serial <« (LU)R,
(X) CR,(X), let R is inverse serial, then G(y) # 0 for
every yeV. So min{X(x):x€ G)}<max{X(x):
x € G(y)}. Therefore R,(X) C R,(X).

On the other hand, if we assume that (LU)Ry(X) C
Ry(X) holds, let X = U, then by Proposition 2.3 we have
R, (U) 2 R, (U) =V, which follows that R is fuzzy inverse
serial.

Proposition 3.5 Let (U, V,R) be a (two-universe)

approximation space, then the following hold for all X €
F(U)and Y € F(V):

@) Ri(R,(X)) € X, X C R (Ry(X)).

(i) Ry(R,(Y) C ¥, C R, (R(Y)).

i) R.(Y) = R (Ry(R,(Y))).

(v)  Ry(Y)= Rs(Ep(R (Y))).

(V) R,(X) = R,(Ry(R,(X))).

(i) Ry(X) = Ry(R,(R,(X))).
Proof (i) Since for every x € U, we have either F(x) = ()
or F(x) # 0.

If F(x) =0, then Ry(R,(X))(x) = max{min{X(z) : z €
G(y)} :y € F(x)} =0 and hence R((R,(X)) € X. If F(x)
# (), then we have x € G(y) Vy € F(x). Thus max{min{
X(z) :z2€G(y)} 1y € F(x)} <X(x), and hence Ry(R,(X))
cX.

We can easily prove the other part by the duality of
approximation operators.

(ii) Similarly as (i).

(iii)—(vi) can be proved by properties (i) and (ii).

Proposition 3.6 Let (U,V,R) be a (two-universe)
approximation space with strong inverse serial relation,
then the following hold for all X € F(U) and Y € F(V):

(i) Ry (R,(Y)) = R, (R,(Y)),
(ii) R, (Rs(Y)) = Ry (Ry(Y)).

Proof The proof comes directly from Definition 2.2 and
Lemma 2.1.

Because reflexivity, symmetry and transitivity are
meaningless for binary relations from U to V, the prop-
erties (L7) — (Lip) and (U;) — (Ujp) which are true in
various generalized rough fuzzy set models do not hold in
two-universe models. However, In the above model for
generalized rough fuzzy sets, fuzzy subsets of the uni-
verse V (resp. U) are approximated by fuzzy subsets of
the other universe U (resp. V). This seems to be very
unreasonable. Thus a more natural form for rough fuzzy
sets on two universes is proposed so that the approxima-
tions of subsets of the universe are subsets of the same
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universe. Therefore we will modify these models in the
next sections.

4 Revised rough fuzzy sets

Definition 4.1 [2] Let (U, V, R) be a (two-universe)
approximation space. Then we can define a set valued
mapping G~ from V to P(V) induced by R as follows:
G : V=PV,

. NF(x) ifdxe U:{y} C F(x),
G'(y) = ,

0 otherwise.

Definition 4.2 [1] Let (U, V,R) be a (two-universe)

approximation space. Then the lower and upper approxi-
mations of Y € F(V) are defined respectively as follows:

R (Y)(y) = min{Y(z) |z € G"(y)}
R (Y)(y) = max{Y(z)|z € G*(y)}.

The pair (R*(Y),R*(Y)) is referred to as a revised rough
fuzzy set, and R” and R* : F(V) — F(V) are referred to as
revised lower and upper rough fuzzy approximation
operators, respectively.

Proposition 4.1 [1] In a (two-universe) approximation
space (U,V R), the approximation operators have the
following properties for all Y, Y, Y, € F(V):

(L) R(Y)= (R (Y))"

Ly R(V)=V

(Ls) R (YiNYy) =R (Y1) NR(Y2)
Ly R (1UYy) DR (Y1) UR(Y2)
(Ls) Y1 CY,= R(Y;) CR(Y2)
(Lo) R*(Y) CR'(R*(Y))

U R(Y) = (R (Y))"

Uy R*(0) =10

(U3) R*(Y,UY,) =R*(Y)UR*(Y2)
(Uy) R*(Y1NYy) CR(Y))NR*(Y>)
(Us) )

(Us) R (R*(Y)

Proposition 4.2 [1] In a (two-universe) approximation
space (U,V,R) with inverse serial relation R, the
approximation operators have the following properties for
allY € F(V):

Le) R(0)=0
Ly R(Y)CY
(Us) R(V)=V
(U7 Y CRY(Y)
(LU) R*(Y) CR*(Y)

Proposition 4.3 [1] In a (two-universe) approximation
space (U,V,R) with strong inverse serial relation R, the

approximation operators have the following properties for

all Y € F(V):
(Lg) Y CRY(RY(Y))

(Lio) R*(Y) SR (RY(Y))
(Us) R(R(Y)CY
(Uio) R*(R*(Y)) CR*(Y)

5 Another two new generalizations of rough fuzzy sets

Definition 5.1 Let (U, V,R) be a (two-universe)
approximation space. Then the lower and upper approx-
imations of Y € F(V) are defined respectively as
follows:

R (Y)(y) = max{min{Y(z) : z€ F(x)} : x € G(y)}
R(Y)(y) = min{max{Y(z) : z € F(x)} : y € G(y)}.

The pair (R (Y),R(Y)) is referred to as a weak rough
fuzzy set, and R and R’ : F(V) — F(V) are referred to as
weak lower and upper rough fuzzy approximation opera-
tors, respectively.

Proposition 5.1 Let (U,V,R) be a (two-universe)
approximation space. Then

E (Y> = RP<Es(Y))a

R(Y) = R,(R(Y)).

Proof Straightforward.

Proposition 5.2 In a (two-universe) approximation space
(U,V,R), the approximation operators have the following
properties for all Y, Y|, Y, € F(V):

L) R(Y) = (R(Y))
Ly R(Y,UY,) DR (1) UR(Y,)

Ls) ¥, CY,=R(Y)) CR(Y,)
Le)  R(D)=10

Ly Ry)cy

Lo)  R(Y)CR(R(Y))

U R(Y)= (R (Y9))

Uy  R(Y;NY2) CR(Y))NR(Y2)
(Us) Y1 CYy=R(Y)) CR(Y2)
Ug) R(V)=V

(Us) YCR(Y)

(Uy) R(R(Y))CR(Y)

(
(LU) R(Y) CR(Y)
Proof By the duality of approximation operators, we only

need to prove the properties (L), (Ls) — (L7) and (Lo).
(Ly) Since Yy € V

@ Springer
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(R(F)) () = 1 fminfmax{¥'(2) - 2 € F(0)} 1 x € GO}
=1—{min{max{1 —=Y(z): z€ F(x)} : x € G(y)}}
=1—{min{l —min{Y(z) : z€ F(x)} : x € G(y)}}
=1—{1 —max{min{Y(z) :z€ F(x)} : x € G(y)}}
= max{min{Y(z) : z € F(x)} : x € G(y)}

=R(Y)().

Therefore R (Y) = (R'(Y°))".
(Ly) Yy € V, we can have
R (Y1 UY,)(y) = max{min{(Y; UY,)(z) : z € F(x)} : x € G(y)}
= max{min{max{Y¥,(z), Y2(z)} :z € F(x)} : x € G(y)}
> max{max{min{Y,(z) : z € F(x)} : x € G(y)},
max{min{Y,(z) : z € F(x)} : x € G(y)}}

= max{R (Y1)(y). R (Y2)(»)}
= (R(")UR (X2))().

Hence R (Y, UY,) D R (Y1) UR (Y,).

(Ls) Since Y| C Y, then Vy € V, Y (y) < Ya(y).

Thus

R (Y1)(y) = max{min{Y\(z) : z € F(x)} : x € G(y)}

<max{min{Y2(z) :z€ F(x)} :x € G(y)}
=R (%2)(y)

Therefore R (Y1) C R ().

(L,) and (Lo) Obvious from Propositions 3.5 and 5.1

(Lg) Comes from (L;) and the fact that empty set is a
subset from any set.

Remark 5.1 If Re€ P(U x V) is a binary relation in a
(two-universe) approximation space (U,V,R), then the
following properties do not hold for all Y, Y,,Y, € F(V):

(L) 5’(\/) =V

(Ls) (Y]ﬂYz) ( )OB/(Yz)
(Ls) Y CR(R(Y))

(L) R(Y) CR(R(Y))

U) R(0)=0

(Us) R(Y,UY,) =R(Y))UR'(Y»)
Us) R(ER((Y)CY

Uio) R(R(Y)) CR(Y)

The following example shows Remark 5.1.

Example 5.1 Let U= {xy,xy,X3,X4,Xs5,Xg,X7}, V=
{¥1,¥2,¥3,Y4,¥5:¥6} and R € P(Ux V) be a binary
relation defined as:

R Y1 Y2 y3 Ya Vs Yo
X1 0 1 1 0 0 0
X 1 0 1 0 1 0
X3 0 0 0 0 0 0

@ Springer

R i 2 y3 Va4 Vs Vs
X4 0 1 1 0 0 1
X5 1 0 0 0 1 0
X6 0 1 0 0 1 1
X, 1 0 0 0 0 1

If Y and Z are two fuzzy subsets of V defined as:
Y(y1) =0.5,Y(y2) =0.3,Y(y3) = 0.7, ¥(y4) = 0.1,
Y(ys) =0.8,Y(ys) = 0.4,

) )

Z(y1) = 0.3,Z(y2) = 0.4,Z(y3) = 0.9,Z(y4) = 0.2,
Z(ys) = 0.1,Z(ys) = 0.6, then we have

Y1 Y2 Y3 Ya Vs Yo
R(Y)0) 05 03 05 0 05 04
R(R(Y)(y) 0.5 0.5 0.5 1 0.5 0.5
R(Y)(y) 0.5 0.7 0.7 1 0.8 05
R(R(Y)(y) 0.5 0.7 0.7 0 0.5 0.5
R(0)() 0 0 0 1 0 0
R(V)(y) ! 1 1 0 1 1
R(2)0) 03 04 04 0 0.1 04
R(¥nz)y) 03 03 03 0 01 03
R(2)(y) 03 0.6 0.9 1 03 0.6
R(Yuz)(y) 0.6 0.8 0.9 1 0.8 0.6
Hence we have R(V)#V, R(0)#0, R(¥Yn2z)
#RONNK(Z), R(YUZ)£ROURE@), YK

(R'(Y)), R(R(Y)) ¢ Y, R(Y) ¢ R(R(Y)) and R'(R(Y))
4 BI( Y), i.e., Ly, Uy, L, Us, Lg, Ug, Ljg and Uy do not
hold.

Proposition 5.3 In a (two-universe) approximation space
(U, V,R) with inverse serial relation R, the approximation
operators have the following properties for all Y € F(V):

Ly R(V)=V
(U R@)=0

Proof Obvious.

Remark 5.2 If R € P(U x V) is an inverse serial relation
in a (two-universe) approximation space (U, V, R), then the
following properties do not hold for all Y € F(V):

(L3) (Yl N Yz)
(Ls)  YCR(R(Y))
(Lio) R(Y) CR(R(Y))

(Us) R(Y,UY,) =R (Y))UR(Y,)
Us) R([R(Y)CY

R (Y1) NR (Y)
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Uio)

The following example shows Remark 5.2.

R(R(Y)) CR(Y)

Example 5.2 Let U = {x1,x2,x3,%4,X5,X6,X7}, V =
{ylay27y3ay4ay57y6} and R € ?(U X V) be an inverse
serial relation defined as:

R Vi y2 y3 Ya s Yo
x 0 1 1 0 0 0
X 1 0 0 1 1 0
X3 0 0 0 0 0 0
Xa 0 1 1 1 0 0
Xs 1 0 0 0 1 0
X6 0 1 0 0 1 1
X7 0 0 0 1 0 1

If Y and Z are two fuzzy subsets of V defined as:

Y(y1) =0.2,Y(y2) = 0.7, ¥(y3) = 0.3,Y(y4) = 0.9,
Y(ys) =0.5,¥(ys) = 0.8,
Z(y1) =0.9,Z(y2) = 0.5,Z(y3) = 0.6,Z(ys) = 0.8,
Z(ys) = 0.1,Z(ys) = 0.3, then we have

Yi Y2 Y3 Ya Ys Yo
R(Y)0) 02 05 03 08 05 08

)

(

(R )) 0.5 0.5 0.5 0.8 0.5 0.8
(7)) 0.5 0.7 0.7 0.9 0.5 0.8
R(Y)) 0.5 0.7 0.7 0.8 0.5 0.8
(

(

(

(

2)0) 0.1 0.5 0.5 0.5 0.1 0.3
YNnZz)0) 0.1 03 03 03 0.1 0.3
Z)(y) 09 05 06 08 05 05
YUZ)(y) 09 07 07 09 08 08

T R VR S

=

Hence we have R’(sz) # ’(Y) R(Z), R(Yuz) #
R(Y)UR(2), YZR(R(Y), R(R(Y)¢Y, R(Y)¢
B/(R,(Y)) and R/(i( )) (Y) 1. €., L3, U3, Lg, Ug, LIO
and U, do not hold.

Proposition 5.4 In a (two-universe) approximation space
(U,V,R) with strong inverse serial relation R, the
approximation operators have the following properties for
allY € F(V):

(L3) (Y1 n Yz)
(Ls) Y CR(R(Y))

R (Y1) NR(Y,)

(Lio)  R'(Y) CR(R(Y))
(Us)  R(Y,UYy) =R(Y))UR(Y>)
Us) R(R((Y)CY

(Ui) R(R(Y)) CR(Y)

Proof (L3) Assume that R is strong inverse serial. Then
by Proposition 3.6, we have Vx € G(y), max{min{Y(z) : z€
F(x)}:x  €G(y)y=min{min{Y(z):zeF(x)}: xe€G(y)}.
Thus,

R (Y, NY)(y) = max{min{(Y, N Y2)(z) : z€ F(x)} : x € G(y)}

= min{min{min{Y,(z), Yz(z)} z€F(x)} :xe G(y)}

= min{min{min{Y,(z) :z€ F(x)} :x € G(y)},
min{min{Y2(z) : z € F( x)} xeGy)}}
= min{max{min{Y(z) : z € F(x)} : x € G(y)},

max{min{Y(z) : z € F(x)} : x € G(y)}}
= min{R (Y)(y), R (Y2)(»)}
= (R(1))NR(%2))(y)-

(Lyp) Since R is a strong inverse serial. Then by
Proposition 3.6, Yy € V, we can have
R'(R'(Y))(y) = max{min{min{max{Y (u) : u € F(w)} :
weG(R)}:zeF(x)}:x e G(y)}
= max{min{max{max{Y(u) : u € F(w)} :
weG(z)}:z€ F(x)} :x € G(y)}.

In terms of Proposition 3.5 and Proposition 3.6 we have

R'(R'(Y)) = Ry (R (Ry(Ry(Y)))) = Rp(R(Y)) = R, (R,(Y))
= R(Y).

(Lg) The proof follows from (Ug) of Proposition 5.2 and
(Ly¢) of Proposition 5.4. In the same manner we can also
prove (Us), (Ug) and (Uy).

Definition 5.2 Let (U, V,R) be a (two-universe)
approximation space. Then the lower and upper approxi-
mations of Y € F(V) are defined respectively as follows:

R'(Y)(y) = min{min{Y(z) :z € F(x)} : x € G(y)}
R/(V)(y) = max{max{¥(z) : 2 € F(x)} : v € GO)).

The pair (R"(Y),R"(Y)) is referred to as a strong rough
fuzzy set, and R and R" : F(V) — F(V) are referred to as
strong lower and upper rough fuzzy approximation oper-
ators, respectively.

Proposition 5.5 Ler (U,V,R) be a (two-universe)
approximation space. Then

R'(Y) = R,(R,(Y)),

R'(Y) = Ry(Ry(Y).

Proposition 5.6 In a (two-universe) approximation space
(U, V,R), the approximation operators have the following
properties for all Y, Y, Y, € F(V):

(L)) R'(Y) = (R"(Y))
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(Ly)
(L3)
(Ly)
(Ls)
(Lsg)
Uy
(Uy)
(Usz)
(Uy)
(Us)
(Ug)

E”(Yl UY,) z E”(Yi)
Vi CY, = R'(Y)) CR'(Y,)
Y C EN(R”(Y))

I?/(Y) _ (E//(Yc))F

Hence we have R'(0)#0, R'(V)#
Z¢R'(Z), R(Y)ZR'(R'(Y)), R"(RN(
R"(Z) ¢ R"(R"(Z)), R'(R"(Y)) £ R"(Y) and
R"(Y) ie., Lg, Ug, Ly, Uy, Lo, Ug, Lig, Ujp an
not hold.

R(Y) ¢V,
) (2),
C

U do

)
7R
B()
d L

Proposition 5.7 In a (two-universe) approximation
space (U,V,R) with inverse serial relation R, the
approximation operators have the following properties

forallY € F(V):

Proof We can obtain them according to Propositions 3.1,
3.3,3.5and 5.5.

Remark 5.3 If R€ P(U x V) is a binary relation in a
(two-universe) approximation space (U,V,R), then the
following properties do not hold for all ¥,Y;,Y, € F(V):

(Le) R'(D)=10

Ly R(Y)CY

(Lo) R"(Y) CR'(R'(Y))
(L) R'(Y) CR'(R'(Y))
Us) R'(V)=V

(U;) Y CR'(Y)

(Us) R'(R'(Y)) CR'(Y)
(Uw) R'(R'(Y)) CR'(Y)
(LU) R'(Y)CR'(Y

The following example shows Remark 5.3.

Example 5.3 In Example 5.1, if Y and Z are two fuzzy
subsets of V defined as:

Y(y1) =0.5,Y(y2) =0.3,Y(y3) =0.7,Y(y4) = 0.1,

Y(ys) =0.8,Y(ys) = 0.4,
Z(y1) = 0.8,Z(y2) = 0.9,Z(y3) = 0.2,
Z(y4) = 0.3,Z(ys) = 0.6,Z(ys) = 0.5, then we have

Vi y2 y3 Y4 Vs Yo
R'(Y)(y) 04 03 03 1 03 03
R(R'(Y)) 04 03 04 0 04 04
R'R'(Y))(y) 03 03 03 1 03 03
R'(YV)() 08 08 08 0 08 08
R'(0)(») 0 0 0 1 0 0
R'(V)(y) 1 1 1 0 1 1
R'(Z)() 08 09 09 0 09 09
R'R(Z)y) 08 09 08 1 08 08
R(R'Z)y) 09 09 09 0 09 09

@ Springer

(Le) R'(0)=10
Ly R'(Y)CY
(Ug) R'(V)=V
Uy Y CR'(Y)
(LU) R'(Y) CR'(Y)

Proof (L;) Since R is an inverse serial. Then Vy € V, we
can have

R'(Y)(y) = min{min{Y(z) : z €
< max{min{Y(z) : z €
= Ry(R,(Y))(y)-

Then from Proposition 3.4, R"(Y) C Y.
(Lg) follows directly from (L7).
(Ug) and (U;) can be proved by the duality of

approximation operators.
(LU) comes from (L;) and (U).

Fx)}:x € G@)}.
F(x)} :x e G(y)}.

Remark 5.4 If R € P(U x V) is an inverse serial relation
in a (two-universe) approximation space (U, V, R), then the
following properties do not hold for all Y € F(V):

(Lg) E”( )CR//(BH( ))
(L R'(Y) CR'(R'(Y))
(Us)  R'(R'(Y)) CR'(¥)
(Ui RY(R'(Y)) C R'(Y)

The following example shows Remark 5.4.

Example 5.4 In Example 5.2, we have

Y1 Y2 Y3 Y4 Ys Yo
R'(Z)(y) 0.1 0.1 0.5 0.1 0.1 0.1
R"(R"(2))(y) 0.1 0.5 0.5 0.5 0.1 0.1
R'(R"(Z))(y) 0.1 0.1 0.1 0.1 0.1 0.1
R"(Z)(y) 0.9 0.8 0.8 0.9 0.9 0.8
R'(R"(2))(y) 0.9 0.8 0.8 0.8 0.8 0.8
R"(R"(2))(y) 0.9 0.9 0.9 0.9 0.9 0.9
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Hence we have R (Z) ¢ R'(R"(Z)), R'(R'(Z )) gZ
R'(2). R'(2) ¢ R'R'(2)) and R'(R'(2)) ¢ R'(2), .
Lo, Uy, L;¢ and U;( do not hold.

Proposition 5.8 In a (two-universe) approximation space
(U,V,R) with strong inverse serial relation R, the
approximation operators have the following properties for
allY € F(V):

(Lo)  R'(Y) C R"(R"(Y))
(Lio)  R'(Y) C R"(R"(Y))
(Uo)  R'(R"(Y)) C R"(Y)
Uo) R'(R"(Y)) C R"(Y)
Proof The proof is similar to Proposition 5.4.

In Table 1 we compare the properties that are satisfied
by the different definitions of rough set.

6 Connections of the rough fuzzy approximation
operators

Proposition 6.1 Let R € P(U x V) be a binary relation
from U to V. Then VY € F(V),

(1) R(Y) CR(Y),R(Y) CR(Y).

(2) R"(Y) CR(Y),R*(Y) CR'(Y).

Proof By duality of approximation operators we only
need to prove the first part of each property.

(1) Since for every y € Y, we have

R (Y)(y) = min{Y(z) : z € G*(y)} = min{Y(2) :
ZENF(x),x € G(y)}
>max{min{Y(z) : z€ F(x)} :x € G(y)}
=R (Y)(y)
Hence R (Y) C R*(Y).
(2) the proof is similar as (1)
Remark 6.1 Let R € P(U x V) be a binary relation from
U to V. Then Definitions 5.1 and 5.2 are independent.

The following example shows Remark 6.1. Moreover,
the inclusion in Proposition 6.1 can not be replaced by
equality,

Example 6.1 From Example 5.1, we get:

Y1 Y2 V3 Ya Ys Yo
E, (V) (y) 0.5 0.3 0.5 0 0.5 0.4
R'(Y)(y) 0.4 0.3 0.3 1 0.3 0.3
R (Y)(y) 0.5 0.3 0.7 1 0.8 0.4
R’(Y) () 0.5 0.7 0.7 1 0.8 0.5
R”(Y)(y) 0.8 0.8 0.8 0 0.8 0.8
R*(Y) () 0.5 0.3 0.7 0 0.8 0.4

Proposition 6.2 Let R € P(U x V) be an inverse serial
relation from U to V. Then VY € F(V),

R'(Y)CR(Y)CR(Y)CYCR(Y)CR(Y) CR(Y).

Table 1 comparison between the properties of rough fuzzy sets depending on Definitions 3.2, 4.1, 5.1 and 5.2 by using binary, inverse serial and

strong inverse serial relations

Binary relations

Inverse serial relations

Strong inverse serial relations

Def. 3.2 Def. 4.1 Def. 5.1 Def. 52 Def.3.2 Def.4.1 Def.5.1 Def.52 Def. 3.2 Def 4.1 Def.5.1 Def. 52
Ly, U, Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy
Ly, U, Y Y Y Y y Y Y Y Y Y y
L3, Us Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy
Ly, Us Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy
Ls, Us Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy Yy
Le, Us Yy Yy Yy Yy Yy Yy Yy Yy Y
L7, Uq Yy Yy Yy Yy Yy Yy Yy
Ls, Us Yy Yy Yy Yy Yy
Lo, Uy Y y Y Y Y y y
Lo, Uo Yy Yy Y
LU Yy Yy Yy Yy Yy Yy Yy Yy Yy

() indicates that the property is satisfied
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Proof Obvious.
We can introduce an example to show that the converse
of Proposition 6.2 is not true in general.

Example 6.2 Let U = {xj,x2,x3,%4,%5,%}, V = {y1,
¥2,¥3, Y4,¥5,Y6,¥7} and R € P(U x V) be an inverse serial
relation defined as:

R Y1 Y2 y3 Ya ¥s Yo y7
X1 0 1 0 1 1 0 0
X5 1 1 0 0 1 1 0
X3 0 0 1 1 0 0 0
X4 1 0 0 1 0 0 1
X5 0 0 1 1 1 0 0
X¢ 0 0 0 0 0 0 0

If Y is a fuzzy subset of V defined as:
Y(y1)=0.2,Y(y2) =0.5,Y(y3)=0.1,Y(y4)=0.7,Y (y5) =
0.3,Y(ys)=0.8,Y(y7)=0.4, then we have

Y1 Y2 V3 Y4 Ys Yo Y7
B,(Y)(Y) 0.2 0.3 0.1 0.3 0.3 0.2 0.2
R'(Y)(y) 0.2 0.2 0.1 0.1 0.1 0.2 0.2
R*(Y)(y) 0.2 0.3 0.1 0.7 0.3 0.2 0.2
R(Y)(y) 0.7 0.7 0.7 0.7 0.7 0.8 0.7
R'(Y)(y) 0.8 0.8 0.7 0.7 0.8 0.8 0.7
R (Y)(y) 0.2 0.5 0.7 0.7 0.3 0.8 0.7

Proposition 6.3 Three pairs of lower and upper approx-
imation operators in Definition 4.1, Definition 5.1 and
Definition 5.2 are equivalent if R is a strong inverse serial
relation.

Proof For a strong inverse serial relation, by Propositions
36, 51 and 55 we have R'(Y)=R/(Y) and

R (Y) =R (Y). We only need to show R*(Y) C R'(Y).
The other relation R (Y) C R'(Y) can be obtained by
duality. Since for every y € Y, we have
R(Y)(y) = min{Y(z) : z € G*(y)} = min{Y () :
ZENF(x),x € G(y)}
=min{Y(z) : z € Fx),x € G(y)}
<max{min{Y(z) : z € F(x)},x € G(y)}
=R (Y)(y)

7 Conclusion

In this paper we presented two new definitions of the lower
approximation and upper approximation operators on two

@ Springer

universes through the combination of successor and pre-
decessor neighborhood operators. It should be pointed out
that the approximating sets and the approximated sets in
these rough set models are on the same universe of dis-
course V, and each type of the approximation operator
captures different aspects of approximating a subset of the
universe of discourse. All the properties of rough sets have
been simulated by employing these notions, and the rela-
tionships between some of them and the existing rough
fuzzy approximation operators on two universes of dis-
course have also been examined. By comparing these
approximation operators, some conditions on the relation R
under which all of the rough fuzzy approximation operators
made equivalent are identified.
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