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Abstract This paper mainly focus on building the ideals
theory of non regular residuated lattices. Firstly, the notions
of ideals and fuzzy ideals of a residuated lattice are intro-
duced, their properties and equivalent characterizations are
obtained; at the meantime, the relation between filter and
ideal is discussed. Secondly, two types prime ideals of a
residuated lattice are introduced, the relations between the
two types ideals are studied, in some special residuated lat-
tices (such as MTL-algebras, lattice implication algebras,
BL-algebras), prime ideal and prime ideal of the second kind
are coincide. At the meantime, the notions of fuzzy prime
ideal and fuzzy prime ideal of the second kind on a residuated
lattice are introduced, aiming at the relation between prime
ideal and prime ideal of the second kind, we mainly inves-
tigate the fuzzy prime ideal of the second kind. Finally, we
investigated the fuzzy congruence relations induced by fuzzy
ideal, we construct a new residuated lattice induced by fuzzy
congruences, the homomorphism theorem is given.
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1 Introduction

As is known to all, one significant function of artificial
intelligence is to make computer simulate human being in
dealing with uncertain information. And logic establishes
the foundations for it. However, certain information pro-
cess is based on the classic logic. Non-classical logics
consist of these logics handling a wide variety of uncer-
tainties (such as fuzziness, randomness, and so on) and
fuzzy reasoning. Therefore, non-classical logic has been
proved to be a formal and useful technique for computer
science to deal with fuzzy and uncertain information.
Many-valued logic, as the extension and development of
classical logic, has always been a crucial direction in non-
classical logic. Lattice-valued logic, an important many-
valued logic, has two prominent roles: One is to extend the
chain-type truth-valued field of the current logics to some
relatively general lattices. The other is that the incom-
pletely comparable property of truth value characterized by
the general lattice can more effectively reflect the uncer-
tainty of human being’s thinking, judging and decision.
Hence, lattice-valued logic has been becoming a research
field and strongly influencing the development of algebraic
logic, computer science and artificial intelligent technol-
ogy. At the same time, various logical algebras have been
proposed as the structures of truth degrees associated with
logic systems, for example, residuated lattices, MV-alge-
bras, BL-algebras, Godel algebras, lattice implication
algebras, MTL-algebras, NM-algebras and Ry-algebras,
etc. Among these logical algebras, residuated lattices are
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very basic and important algebraic structure because the
other logical algebras are all particular cases of residuated
lattices [3, 4].

Nonclassical logic is closely related to logic algebraic
systems. A number of researches have motivated to
develop nonclassical logics, and also to enrich the content
of algebra [7, 18-20]. In modern fuzzy logic theory, re-
siduated lattices and some related algebraic systems play
an extremely important role because they provide an
algebraic frameworks to fuzzy logic and fuzzy reasoning.
By using the theory of residuated lattices, Pavelka has built
up a more generalized logic systems, and he has success-
fully proved the semantical completeness of the Lu-
kasiewicz’s axiom system in 1979. From a logical point of
view, various filters and ideals corresponding to various
sets of provable formulae. The sets of provable formulas in
the corresponding inference systems from the point of view
of uncertain information can be described by fuzzy ideals
of those algebraic semantics. In the meantime, ideal theory
is a very effectively tool for investigating these various
algebraic and logic systems. The notion of ideal has been
introduced in many algebraic structure such as lattices,
rings, MV-algebras, lattice implication algebras. In these
algebraic structure, as filter, the ideal is in the center
position. However, in BL-algebras and residuated lattices
(especially non regular residuated lattice), the focus is
shifted to deductive systems or filters [1, 2, 5, 6, 8—12, 14—
16, 22, 24, 26, 27]. The study of residuated lattice have
experienced a tremendous growth and the main focus has
been on filters. For BL-algebras, Lele and Nganou [13]
introduced the notion of ideal in BL-algebras as a natural
generalization of that of ideal in MV-algebras. However,
non regular residuated lattice as a more general important
algebraic structure, the notion of ideal is missing.

But so far, mostly focus on filters and fuzzy filters while
the study of ideals and fuzzy ideals in a residuated lattices
have been completely ignored. We could not find and even
a single paper on ideals and fuzzy ideals on non regular
residuated lattices. Knowing the importance of ideals and
congruences in classification problems, data organization,
formal concept analysis, and so on; it is meaningful to
make and intensive study of ideals in non regular resid-
uated lattices. The fact that ideal is an dual of filter in some
special logical algebras such that Ry-algebras, lattice
implication algebras and so on. But, the dual of filter is not
an ideal in MTL-algebras.

The main goal of this work is to fill this gap by intro-
ducing the notion of ideal and fuzzy ideals in a non regular
residuated lattice. This notion must generalize the existing
notion in MV-algebras, BL-algebras and lattice implication
algebras. Firstly, the notions of ideals and fuzzy ideals of a
residuated lattice are introduced in Sect. 3, their properties
and equivalent characterizations are obtained; at the
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meantime, the relation between filter and ideal is discussed,
unlike in lattice implication algebras and Ry-algebras, we
observe that ideals and the dual of filters be quite differ-
ently in residuated lattices. Secondly, two types prime
ideals of a residuated lattice are introduced in the Sect. 4,
the relations between the two types ideals are studied, in
some special residuated lattices (such as MTL-algebras,
lattice implication algebras, BL-algebras), prime ideal and
prime ideal of the second kind are coincide. At the
meantime, the notions of fuzzy prime ideal and fuzzy
prime ideal of the second kind on a residuated lattice are
introduced, aiming at the relation between prime ideal and
prime ideal of the second kind, we mainly investigate the
fuzzy prime ideal of the second kind. Finally, we investi-
gated the fuzzy congruence relations induced by fuzzy
ideal in Sect. 5, we construct a new residuated lattice
induced by fuzzy congruences, the homomorphism theo-
rem is given.

2 Preliminaries

Definition 2.1 ([4]) A residuated lattice is an algebraic
structure £ = (L,V,A,®,—,0,1) of type (2,2,2,2,0,0)
satisfying the following axioms:

(Cly (L,V,A,0,1) is a bounded lattice.

(C2) (L,®,1) is a commutative semigroup (with the unit
element 1).

(C3) (®,—) is an adjoint pair.

Proposition 2.1 ([4]) A algebraic structure L =

(L,V,A\,®,—,0,1) of type (2,2,2,2,0,0) is a residuated
lattice if and only if it satisfies the following conditions, for
any x,y,z € L:

RI) Ifx<y, thenx®z<y®z

R2) ifx<y,thenz—x<z—yandy—z<x—z
R3) x®y<zifand only if x<y — z.

R4 (xRy)®z=x®(y®72).

RS x@y=yox

(R6) 1®x=ux.

In what follows, let £ denote a residuated lattice unless
otherwise specified.
In a residuated lattice £, denote x =x — 0. A residua-

ted lattice is regular if x' = x for all x € L.
A MTL-algebras is a residuated lattice with the prelinearity
condition (i.e. (x — y) V (y — x) = 1 forany x,y € L)

Proposition 2.2 ([4, 17, 18]) In each residuated lattice L,
the following properties hold for all x,y,z € L :

(PD)
(P2)

x®y) —mz=x—(y—2).
x®(x—y)<y.
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P3) (x—y)®@x<x

P4) x@y<xAy.

P5) (xVy)Rz=0(x®z2)V(H®2).
(P6) if x<y, theny <x.

®P7) y—z<(x—y) = (x—2).
(P8)  (x@y) =x—y.

P9 x"<x',mneN,m>n.

P10) 1 —-x=x,x—x=1.

PI) x—(y—2z)=y—(x—2).
(P12) x<yox—y=1

(P13) 0=1,1=0,x =x ,x<x.
(Pl4) x—y<(x®y).

P15 y—x<(x—2z) —(y—2).
P16) (x®y) =x"®Y.

P17) x—= Az =x—=y)Ax—2).
(P18) (xVy)—=z=x—=2)A(y—2).

In a residuated lattice, the binary operation ¢ defined by
x®y=x"—yforanyx,y € L.

Proposition 2.3 In each residuated lattice £, the fol-
lowing properties hold for all x,y,z € L:

P19) if x<y, thenx®z<yPz.
P20) x®y>x and xBy>y.
(P21) x®x =0,

(P22) x@y<(¥®y).

P23) (xAY)Pz=(xd2)A (D).
(P24) xB(YA2)=@xDy)AxD2).
(P25) (x@y)®2)=x®(yD2).

Remark 2.1 & is associative and non commutative.

Definition 2.2 ([27]) A non-empty subset F of a residuated
lattice is called a filter of L if it satisfies, for any x, y in L

(F1)
(F2)

x,yeF=x®yeckF.
xeFx<y=yekF.

Proposition 2.4 ([27]) A non-empty subset F of a re-
siduated lattice is a filter of £ if and only if

(F3)
(F4)

leF.
xeF,x—yeF=yeckF.

3 Fuzzy ideals of residuated lattices

In this section, we will introduce the notions of ideal and
fuzzy ideal in a residuated lattice which coincides with the
notions of ideals in MTL-algebras, BL-algebras, Lattice
implication algebras etc.

3.1 Ideals of residuated lattices

Definition 3.1 Let £ be a residuated lattice and
() £ I C L. I is said to be an ideal of L, if I satisfies:

an
a2)

forany x,y € L,if x<y and y € I, then x € I;
forany x,yel, x®y el

From the Definition 3.1, for any residuated lattice £, {0}
and £ are ideals of L£. The ideal of lattice implication
algebras is also called LI-ideal.

L Example 3.1 Let L ={0,a,b,c,d, 1}, the Hasse diagram
of L be defined as Fig. 1 and its implication operator — be
b defined as Table 1 and operator ® be defined as Table 2.
a Then £ = (L,V,A,®,—,0,1) is a residuated lattice. L is
also a regular residuated lattice.
¢ d
It is routine to verify that I; = {0,c} and I, = {0,d, a}
0 are ideals of L.
Fig. 1 Hasse diagram of L
Table 1 — of £
— 0 a b c d 1
0 1 1 1 1 1 1
a c 1 b c b 1
b d a 1 b a 1
c a a 1 1 a 1
d b 1 1 b 1 1
1 0 a b c d 1
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Table 2 ® of £

® 0 a b c d 1
0 0 0 0 0 0 0
a 0 a d 0 d a
b 0 d c c 0 b
c 0 0 c c 0 c
d 0 d 0 0 0 d
1 0 a b c d 1
Table 3 — of £

— 0 a b c d e f 1
0 1 1 1 1 1 1 1 1
a d 1 1 1 d 1 1 1
b d f 1 1 d f 1 1
c d e f 1 d e f 1
d c c c c 1 1 1 1
e 0 c c c c 1 1 1
f 0 b c c f 1 1
1 0 a b c c e f 1
Table 4 ® of L

® 0 a b c d e f 1
0 0 0 0 0 0 0 0 0
a 0 a a a 0 a a a
b 0 a a b 0 a a b
c 0 a b c 0 a b c
d 0 0 0 0 d d d d
e 0 a a a d e e e
f 0 a a b d e e f
1 0 a b c d e f 1

Example 3.2 Let L=1{0,a,b,c,d,e,f,1} be such that
O<a<b<c<l, O<d<e<f<l, a<e and b<f. Its
implication operator — and operator ® as follows Table 3:

Then £ = (L,A,V,—,A,0,1) is a residuated lattice
which is a non-regular residuated lattice Table 4. It is
routine to verify that I3 = {0,d} and Iy = {0,a,b,c} are
ideals of L.

Theorem 3.1 Let £ be a residuated lattice. 7 is an ideal of
L if and only if [ satisfies following conditions:

I3)
(I4)

0el
forany x,y € L,ifx @ yeTandx €I, theny € I.

Proof Suppose [ is an ideal of L. It follows from (I1) that
0 €1, so (I3) holds. Let x,y € L such that x ® y € I and

@ Springer

x €l Observe thaty — (x D (x ®y)) =y — (x = (x ®
¥)=0®x) - (y®x)=1, we have y<x@® (x ®y).
As X ® yel and xe€l, it follows from (I2) that
x @ (x ®y) €1I,by (I1), hence y € I. Therefore, (14) holds.

Conversely, Let x,y € L such that x <y and y € I, then
y/®x§x’®x:0, it that
y’ ®x=0¢€l,byyel, we have x € I, that is, (I1) holds.
Assume x,y €. Since X @ (x@y) =x ®@ (x —y) <y
and y € I, by (I2), we have x ® (x®y) € I. It follows
from (I4) thatx dy € I. U

y <x and follows

Theorem 3.2 Let £ be a residuated lattice. / is an ideal of
L if and only if 7 satisfies following conditions:

I3) 0el;
(15) for any x,y € L, if (x — y’), €l and x € I, then
yel
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Proof Let I be an ideals of L, so (I3) is obvious. Assume
(x — y/), €l and xcl. Since x ®y <(x ®y")” =
(¥ ®))) = —=y") = =y) €l by (D, we
have x @y € I, it follows from (I4) that y’ € 1. Asy >y,
we have y € I.

Conversely, assume that (I5) holds, taking y = x in I5),
we have x' € I. Let x,y € I such that x ® y € [ and x € I,

(x ®y)” el
@y =((®y)) ==y,

(x =) €1 By (I5), we have y € I. Therefore I is an
ideal of L. |

we obtain Since

we have

Corollary 3.1 Let £ be a residuated lattice and [ is an
ideal of £. Then x € I if and only if x* € I.

Remark 3.1 If the residuated lattice is a MTL-algebras,
the notion of ideal as well as the concept of ideals in lattice
implication algebras, Ry-algebras are coincidence.

Theorem 3.3 Let £ be a residuated lattice. 7 is an ideal of
L if and only if [ satisfies following conditions:

(I2) foranyx,yel,x®dyecl;
I6) foranyx,yeL,ifxVyel thenxeclandye€l.

Proof This proof is straightforward from the Definition
3.1. O

Theorem 3.4 Let £ be a residuated lattice. I is an ideal of
L if and only if I satisfies following conditions:

(I2) foranyx,yel,x®dyel;
I7) forany x,yeL,ifxecl, thenxAye€l.

Proof 1If I is an ideal of L, then it is clear that [ satisfies
(I7). Let I satisfy (I2) and (I7). Letx € I, y € L and y <x.
Then0=xA0¢&€landy=xAy € [ Thus/is an ideal of
L.0

Definition 3.2 Let £ be a residuated lattice. [ is an lattice
ideal of L if and only if

I1) forany x,yeL,ifx<yandye€l, thenx el
(I6) foranyx,yel,xVyel

Theorem 3.5 Let £ be a residuated lattice and I an ideal
of L. Then I is a lattice ideal of L.

Proof Let I be an ideal of L, so (I1) is obvious. For any
x,yel, then x&yel. Since x&y=x —y>y and
xX®y =x — ny” >x, we have x @ y>xVy, by (I1), we
have x V y € I. Therefore I is a lattice ideal of L.

In general, the converse of Theorem may not be true. In
fact, In Example 3.2, {0,a} is a lattice ideals of £, but it is
not an ideal of L.

Lattice implication algebra, MV-algebras, MTL-alge-
bras and BL-algebra are residuated lattice. x = x" is true in
lattice implication algebras and MV-algebras. But it may
not be true in BL-algebras and MTL-algebras. In lattice
implication algebras £, F C L is a filter of £ if and only if
F = {x'|x € F} is an Ll-ideal. But the result may not be
true in non-regular residuated lattices, the main reason is
the involution law does not hold in general in non-regular
residuated lattice such as MTL-algebras and BL-algebras
and so on. O

Example 3.3 In Example 3.1, I, are ideals of L,
meanwhile, I, = {1,a},I, = {1,b,c} are all filters. But in
Example 3.2, £ is non-regular residuated lattice, the
set I, = {1,d} is not a filter of L. At the meantime,
F={l,d,e f}is afilter of £, but F' = {0, ¢} not an ideal
of L.

Example 3.4 Let L ={0,a,b,c,d, 1}, the Hasse diagram
of L be defined as Fig. 2 and its operator — be defined as
Table 5 and implication operator ® be defined as Table 6:

Then £ = (L,V,A,®,—,0,1) is a residuated lattice,
but not a regular residuated lattice, because
(a — 0) — 0 # a. Obviously, L ={0,a,b,c,d,1} is an
ideal, but L' = {0, 1,d} is not an ideal of L.

The following Theorems 3.6, 3.7 will reveal the rela-
tions between ideal and filter in a non regular residuated
lattice.

Theorem 3.6 Let F be a filter of a residuated lattice L.
Then F, is an ideal of £, where F. = {x € L|thereexists

y € F suchthat x" <y'}

Proof Let x,y € L such that x <y and y € F,, then there
exist yo € F such that y’ Syé). As x<y<y' Syé), S0
x €F,.

Fig. 2 Hasse diagram of L
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Table 5 — of L

— 0 a b c d 1
0 1 1 1 1 1 1
a 0 1 b b d 1
b 0 a 1 b d 1
c 0 1 1 1 d 1
d d 1 1 1 1 1
1 0 a b c d 1
Table 6 ® of L

® 0 a b c d 1
0 0 0 0 0 0 0
a 0 a c c d a
b 0 c b c d b
c 0 c c c d c
d 0 d d d 0 d
1 0 a b c d 1

Let x,y € L such that x,y € F,, then there exist xg, yy €
F such that x" gxlo,y" §y6. Since F is a filter, we have

X0 ® yo € F. We observe that (x @y)ﬂ < (x' ® y')m = (xl ®
y’), = X —y<x-— yi) <xg — yé) = (xo ®y0),’ thus
x @y € F,. Therefore F, is an ideal of L. O

Theorem 3.7 Let I be an ideal of a residuated lattice L.
Then I* is a filter of £, where I* = {x € L|thereexists y € [

suchthat x" > y/}.

Proof Let x,y € L such that x <y and x € I*, then there
exist a € I such that x" > a. We observe that x' < y”, we
have y' >a'. Therefore y € I*.

Let x,y € L such that x,y € I*, then there exist a,b € |
that and y” >b. We that
x—>y/ <y” —xX<b -x<x' =b'<d b =aal,
we have (x = y) > (a@ b)), thatis, (x®y) > (adb').
Since I is an ideal of £ and a,b € I, we have a® b € I
Since a @ b’ >a® b, by I is an ideal, we have a & b e 1,
and so x ® y € I*. Therefore I* is a filter of £. [J

" !
such X >a observe

Theorem 3.8 Let /;(i € I') be ideals of £. Then (.- /; is
an ideals of £, where I' is an index set.

Proof This proof is straightforward. [J

Definition 3.3 Let A be nonempty set of a residuated
lattice £. The least ideal containing A is called the ideal
generalized by A, written (A).

Theorem 3.9 Let A be nonempty set of a residuated
lattice £. Then

@ Springer

(A)={acLla< (- ((x ®x2) Dx3)---
xi €A,i=1,2,...,n}.

) D Xn;

Proof Let U:{a€L|a§(~--((x169x2)@x3)...)@
Xy;X €A, i=1,2,...,n}. Obviously, 0 € U. Let x @y €
U and x € U, then there exists a;,b; € A(i=1,2,...,n;j =

1,2,...,m) such that
X @y< (- (@ @m)®a)--) @ay,
X< (- (b1 @ by) ©b3) -+ ) Dby
we have
x12<("'((b1@bz)@bg--.)@bm)/,
and
XH(( (a1 @ ar) ®az) ) ®ay)
S(( ((by ® by) @ b3) -+ ) @ by)
( (a1 ®ar) ®az) - )@an)
= ((--((br@bs) @ b3) ) @ by)
(- (@ Da) Das)---) B ay).

Therefore y € U and so U is an ideal of £ and A C U.
Let V be any ideal of £ and A C V. For any x € U, then
there exists a; € A(i = 1,2,...,n) such that

XS("'((al @az)@ag)'--)@an,

then x® ((-- (a1 ®az) ®az)--) @ an_l)/ <a,. Since A
is an ideal of L and a, €A, therefore

(- ((ar®ar)®az)---) EBa,H)’ €EACYV, as ((m®
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@) P az) ) Pa,_1) €A C VandVisanideal, sox € V.
O

Corollary 3.2 For any element a of a residuated lattice
L, we have

(@ ={xeLlx<(---((a®a)Pa)--

nterms

) @a,

n is a natural number.}.

Let I be an ideal of a residuated lattice £. We define a
binary relation ~ on L as follows:

x~yif and only if (x —y) €/and (y > x) €.
From the definition of the binary ” ~7, we have the fact
that x ~ ;x" for any x € L.

Lemma 3.1 "~/ is an equivalence relation on L.

Proof 1Tt is obvious that ~ is reflexive and symmetric.
Now, to prove the transitivity. Assume x~;y and y~;z,

then (x — y)/ el (y— x)/ el and
(y—z) €l,(z—y) €L Since
t=y<h—x) = o)< (z—x) = (—x),  we
have =y 2= = —x) =

(v —>x)) = ((z—x))). Since (z — y) €1andisan
ideal, we have (((y — x)/)’ — ((z— x),)l)/ € 1. It follows
from Theorem 3.2 that we have (z — x)/ € I. Similarly, we
have (x — z)l € I. Therefore x~;z. This completes the

proof. [

Theorem 3.10 ” ~/ is an congruence relation on L.

Proof Assume x ~ y, then (x — y)/ €land (y — x)/ el
For any z € L, since (xVz) — (yVz)=(x— (yVz)A
e—=0bve)= (—=0OVvz)2x—y, we have
(xVz) — (y\/z))/ <(x— y)l. As [ is an ideal of £ and
(x—y) €l so (xVz)— (yVz)) €l Similarly, we
have ((yVz) — (xVz)) €1, therefore xVz~yVz.

Suppose x ~ v, then (x — y) € I and (y — x) € I. For
any ze€L, since (xAz) = (yAz)>x—y, we have
(xAZ) — (y/\z))/ <(x —>y)/. As I is an ideal of £ and
(x—y) €1, so (xAz) = (yAz) €l Similarly, we
have ((y Az) — (xAz)) €1, therefore x Az~y Az

Assume x ~ y, then (x — y)/ €l and (y — x)/ € I. For
any z € L, since x - y<x®z— y®z, it follows that

(x—>y)/2((x®z)l—> (ry®2))
(b®z) = (x@2) €l
(y®z2) — (x®2z)) €I, hence x @z~ y @ z.

!
, and SO

Similarly, we have

Assume x~ y, then (x —y) €I and (y — x) € I. For

any z €L, since x —y<(y—z) — (x — z), we have
(x — Y)/ >(y—2)— (x— z))/. We observe that [ is an

ideal and (x —y) €1, hence ((y —z) — (x > 2)) €1,

similarly, (x—2)— (y—z) €l Therefore
X— I~y — 2.
Therefore, ~; is a congruence relation on a residuated

lattice £. O

Theorem 3.11 Let 7 be an ideal of a residuated lattice L.
Then I = {x € L|x~;0}.

Proof LetB = {x € L|x~;0}. Now we will prove B is an
ideal of L. Obviously, 0 € B. Let x,y € L such that x € B
and ¥ ® y € B, it follows that x ~ ;0 and X ® vy~ ;0, then
¥ =x—0~0—-0=1and x Qy~;1Qy=y. By the
transitivity of ~;, we have y~ ;0, hence y € B. Therefore
B is an ideal of L.

For any xe€l, we have (x— O)I =x €l and

0— x)/ =0 ¢ I, therefore x~;0, hence x € B. Con-
versely, For any x &€ B, we have x~ 0, that is,
x<(x— 0)/ =x €I Since I is an ideal of £, we have
x € I. Consequently, / = B. [

Remark 3.2 In Theorem 3.11, the ideal {x € L|x~ 0}
denoted by 7. This expression (x,y) € ~; means x ~ yy.

Theorem 3.12 Let / be an ideal of £ and ~ be a con-
gruence relation on £. Then ~; ==~ and /., =1

Proof

(1) For any (x,y) € ~,_ if and only if (x —>y)/ el
and (y — x) € 1. if and only if ((y — x),0) € ~
and ((x—>y),,0) € ~ if and only if (y —>x)/ el
and (x —y) €1 if and only if (x,y) € ~.

(2) xe€l., if and only if (x,0) € ~; if and only if
x<(x— 0), —x" € Iand (0 —>x), € I if and only if
x€l Hencel., =1

O

Remark 3.3 Theorem 3.12 shows that there is a bijection
between the set of ideals and the set of congruence rela-
tions in a residuated lattice.

3.2 Fuzzy ideals on a residuated lattice
Let [0, 1] be the closed unit interval of reals and L # () be a

set. Recall that a fuzzy set ([21]) in L is any function
w:L—1[0,1].
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If 1 and v are fuzzy sets in L, define u < v iff u(x) <v(x)
for all x € L. Level set y, defined by u, = {x € L|u(x) >1t},
where ¢ € [0, 1], the g, is also denoted by U(y;1).

If ' C[0,1], put AT =infT and \/ T = supl’; In par-
ticular, if a,b € [0, 1], then a A b = min{a,b} and aV b =
max{a,b}. Recall that [0, 1] is a complete Heyting algebra.

Definition 3.4 Let u be a fuzzy subset of a residuated
lattice £. u is called a fuzzy ideal of L, if u satisfies the
following condition:

(FI1)
(FI2)

for any x,y € L, if x<y, then u(x) > u(y) ;
for any x,y € L, u(x @ y) >min{u(x), u(y)}.
Example 3.5 In Example 3.2, we define a fuzzy set u on
L as follows :

1(0) = 0.9, u(a) = u(b) = u(c) = 0.6, u(d)
= p(e) = u(f) = u(1) =0.2.

It is routine to verify u is a fuzzy ideal of L.

Corollary 3.3 Let u be a fuzzy ideal of L. The the fol-
lowing hold for any x,y € L:

() wxVy) =min{u(x), u(y)}
() pxAy)Zmin{u(x), u(y)},
() plx@y)>min{u(x), u(y)},
@) plx@y) =min{u(x), u(y)}

Proof We observe that x @ y<xAy<xVy<x®y for
any x,y € L. We have p(x®y)>pu(xAy)>u(xVy)>
ux @y) > min{u(x), u(y)}. Since xBy>xVy>ux,y, it
follows that u(x ®y) < u(x Vy) < u(x), u(y), and so p(x &
y) <up(x Vy) <min{u(x), u(y)}. This completes the proof.

]

Theorem 3.13 Let u be a fuzzy subset of a residuated
lattice £. Then pu is a fuzzy ideal of £ if and only if the
level set p, (£ 0) is an ideal of L.

Proof Let u be a fuzzy ideal of £ and p, # (). Assume
x,y € Lsuch that x <y and y € p,, then pu(y) > 1. Since p is
a fuzzy ideal and x <y, it follows that u(x) > u(y) >1, we
have x € y,, and so (I1) holds. Let x,y € y,, we have
pu(x) >t and p(y) > 1, then p(x & y) >min{u(x), p(y)} > 1.
And so x @y € p,. Therefore y, is a ideal of L.

Conversely, assume that g, is an ideal of £. Let x,y € L,
taking ¢ = min{u(x), u(y)}, we can obtain x € u, and
y € i, By p, is an ideal, we have x®y € y,, and so
wx®y) >min{p(x),u(y)} =t Let x,y €L such that
x <y. Taking r = u(y), we have y € y,, It follows (I1) that
X € 4, and so p(x) > p(y). Therefore p is a fuzzy ideal of
L. O
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Theorem 3.14 Let u be a fuzzy subset of a residuated
lattice L. u is a fuzzy ideal of £, if u satisfies the following
condition:

(FI3)
(FI4)

for any x € L, u(0) > u(x) ;

for any x,y € L. u(y) > min{u(x), u(x ©y)}.

Proof Let p be a fuzzy ideal of L. Since 0 <x for any
x € L, it follows that p(0) > u(x). So (FI3) holds. Since
x® (X ®y)=x — (x — y)>yand uis a fuzzy ideal, we
have pu(y) > p(x @ (x ®y)) > min{u(x), u(x ©y)}. And
so (FI4) holds

Conversely, assume that (FI3) and (FI4) hold. Let x,y €
L such that x <y, then y’ §x/ and x®yl §x®x’ =0, and

so  u(0)=uly ®x). By (FI4), we  have
u(x) = min{p(y), u(y ©x)} = min{p(y), n(0)} > u(y).

And hence (FI1) holds. Let x,y€ L, since
X® (xDy) =x/®(x/ —y) <y, we have
px @ (x®y) > (). And

pu(x @ y) > minfu(x), u(x @ (x & y))} > min{p(x), u(y)}.
Therefore, p is a fuzzy ideal of £. [

Theorem 3.15 Let u be a fuzzy subset of a residuated
lattice £. u is a fuzzy ideal of £, if u satisfies the following
condition:

(FI13)
(FI5)

for any x € L, u(0) > u(x) ;

for any x,y € L, u(y) > min{u(x),

’

u((x =)}

Proof Let p be a fuzzy ideal of L. Since 0 <x for any
x € L, it follows that p(0) > u(x). So (FI3) holds. Since

NG

X @y <(x ®y")// = —y), and SO
u((x — y/),) <ulx @y). It follows that
u(") > ux), p(x @ y") > min{p(x), u(x ©y)}

> min{pu(x), u((x — y/)/)}. Since y >y, we have

u(y) > u(y'). And so pu(y) > min{p(x), u((x — y))}, that
is, (FI5) holds.

Conversely, assume that (FI3) and (FIS) hold. In (FIS),
taking y = x', we have pu(x')> u(x). Let x,y € L, since
¥ ey <@ey) =@ =), we

u(y) = min{p(x), p((x' = ¥') )} = min{u(x), n(x
Therefore, p is a fuzzy ideal of £. [J

NG

have
®y)}.

Corollary 3.4 Let u be a fuzzy ideal of a residuated
lattice £. Then u(x") = p(x) for any x € L.

Theorem 3.16 Let u be a fuzzy subset of a residuated
lattice L. u is a fuzzy ideal of £, if u satisfies the following
condition:
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(FI2)
(FI6)

for any x,y € L, u(x®y) > min{u(x), 1)}
for any x,y € L, u(x Ay) > u(x).

Proof Assume that p is a fuzzy ideal and x,y € L. Since
x Ay <x, we have u(x Ay) > u(x)}.

Conversely, suppose that u satisfies (FI2) and (FI16). Let
x,y€eL such that y<x, then xAy=y and
u(y) = pu(x Ay) > u(x). Hence u is a fuzzy ideal of L.

Let I be a nonempty subset of L and o, f € [0, 1] such
that o > . Now we define fuzzy set u; by

i ={ 7

B, otherwise.

if xel

Particularly, y; is y; on Il ata =1, =0. O

Theorem 3.17 Let / be a non-empty subset of £. Then p;
is a fuzzy ideal of £ if and only if 7 is an ideal of L.

Proof Assume that y; is a fuzzy ideal of L. For any
x,yeL, if x,yel, then px)=w(y)=0 So
1y (x ®y) > min{py (x), 1y (y)} = o, we have x @ y € 1.

Let x,ye€l such that x<y and ye€l, we have
w(x) > (y) and py(y) =« And so w(x) = o, that is,
x € I. Therefore [ is an ideal of L.

Conversely, Let F be an ideal of £ and x,y € L.

(Case I) If x,yel, then

py(x @y) = o = min{py(x), p(y)}-
(Case II) If x¢F or ygF. Then u(x)=p or

t(y) = B. Thus g (x @ y) > f = min{y(x), w(y)}-
py(x ©

x®yel Thus

From Case 1 to Case II, we arrive at

¥) > min{yy(x), sy (y)} for any x,y € L.
Let x,y € L and x<y.

(Case I) If y € I, then x € Ithen y,(y) = o0 = p;(x).
(Case II) If y¢I, then y(y)=p  Thus
(%) > py (y) = B.

Therefore, for any x,y€ L and x<y, we have

W (x) <y (y)- So gy is a fuzzy ideal by Definition 3.4. [J
Theorem 3.18 Let i be an fuzzy ideal of £. Then the set
Io = {x € Llu(x) = n(0)}

is an ideal of L.

Proof Let x,y €Iy, then u(x) = u(y) = u(0), and so
u(x @ y) = min{u(x), u(y)} = (0). Since 1(0) > u(x) for
any x € L, we have ;(0) > u(x @ y), then p(0) = pu(x & y),
that is, x Dy € Iy.

Let x,yeL such that x<y and ye&l,. Then
u(x) > p(y) = n(0), hence u(x) = u(0). We have x € I.
Consequently, I is an ideal of L. [

0
)

Theorem 3.19 Let u be a fuzzy set of L. Define a fuzzy
set v as follows:

v(x) = \/{min{u(xi), u(x), - .., ()}
< (- (1 ©x) Bx3) ) @

x, for some x1,xy,...,x, € L}.
Then v is the smallest fuzzy ideal of £ that contains p.

Proof Obviously, v(0) >v(x) for any x € L. Let x,y € L
such that

x< (- (b1 ®by) Db3)---) Dby
and

X Qy< (- ((a ®a) ®az)--) @ ay.
Then

y<x® (x ®y)

=((--((by ®by) ®b3) ) @ by)
(- (a1 ®az)®az) ) D ay).

and s v(y) > minfua), w@), .. . u(an), (b)),
u(b2), - o, u(bm)}-
Denote by A = {min{u(by),u(by),..., 1w(by)}x<

(- ((by ®by) ®b3) ---) @ by, for some by, by, -, b, €
L} and B = {min{u(a) @), ... na)Hx ©y< (-
((a1 ® az) ® az) - --) ® ay for some ay,ay, ..., a, € L}.

We have min{v(x),v(x ®y)} =min{\/A,\/B} =V
{min{u(ar),n (az), -+, ulan), u(b1), u(b2), - i (bn)}
P ey<(--((@@a)®as) ) Danx<(-- (b1 ®
by) ® b3)---) @ by, for some ay,a,...,an, bi,bs,... by
€ L}, and so

v(y) = min{v(x),v(x ®y)}.

Hence v is a fuzzy ideal of £. Since x <x @ x forany x € L,
we have v(x) > min{u(x), u(x)} = u(x), that is, v contains
u.

Let @ be a fuzzy ideal of L that contains . For any
xel, ()= V{min{u(n), uxa), ... pla)}x<
(- ((x1®x) Px3)---) Dx, for some x1,x2,-++,x, €
1< Viminfo(),o (0), o)< (- (x e
X2) ®x3) ) B x, for some x1,x,...,x, € L} <o(x).

Therefore v is the smallest fuzzy ideal of £ that contains
w

Remark 3.4 The smallest fuzzy ideal containing p is said
to be generated by pu. It is also the intersection of all fuzzy
ideals of £ containing pu.
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4 Fuzzy prime ideals
4.1 Prime ideals

In the paper [6, 11], various types of filters are defined and
their properties are investigated. In particular, it is focused
on three kinds of prime filters of residuated lattices, prime
filters, prime filter of the second kind and prime filters of
the third kind.

A prime filter (PF) of L is a filter F satisfying, for all
x,ye€L:x—=yecFory—x¢cPF.

A prime filter of the second kind (PF2) is a filter F
satisfying, for any x,y € L, if xVy € F, then x € F or
yeF.

A prime filter of the third kind (PF3) of a residuated
lattice is a filter of L satisfying, for all x,y €L,
(x—=y)V(y—x) €F.

In [6], authors point out:

A filter is a prime filter iff £ is linearly ordered. In this
case, all filters are prime filters.

A filter is a prime filter of the second kind iff 1 is V-
irreducible (i.e. if 1 =xVy for x,y € L, then x =1 or
y=1) in £. Remark that in general, this does not imply
that all filters are prime filters of the second kind.

A filter is a prime filter of the third kind iff £ is an MTL-
algebra. In this case, all filters are prime filters of the third
kind.

The classes of such prime filters of a residuated lattice £
are denoted by PF (L), PF»(L) and PF5(L), respectively. It
is proved in [6] that PF(L) C PF,(L), PF(L) C PF;3(L)
and that PF(L) = PF,(L) implies the prelinearity of £ if £
is finite or 1 is V-irreducible. In the general case, it is left
an open problem, that is, it is conjectured that if PF(L) =
PF,(L) then L is an MTL-algebra. In [11], Kondo and
Turunen give an answer to the open problem, that is, For
every residuated lattice £, PF(L) = PF,(L£) then L is an
MTL-algebra.

We give the notions of two types prime ideals of a re-
siduated lattice £, and the relations among them are given.

Definition 4.1 Let I be a proper ideal of a residuated
lattice £. I is said to be a prime ideal, if for any x,y € L,

(x—>y)/€I or (y—»x)/el.

Definition 4.2 Let I be a proper ideal of a residuated
lattice L. I is said to be a prime ideal of the second kind, if
for any x,y € L, x Ay €l impliesx € [ ory € I.

In a residuated lattice £, denote R, ={l € L|I& [ =1}.
Then I; = {x € L|x<[,] € R;} is an ideal of L. In fact, if
x,y € Lsuchthatx<yandy € I;, we have x <y </, and so
x € I;; At the meantime, if x,y € I}, then x </and y </, and
sox®y<I®Il =1, therefore x Dy € I,.
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Theorem 4.1 Let £ be a residuated lattice. If / € R; and [
be A-irreducible element of £, then /; is a prime ideal of the
second kind of L.

Proof Suppose a Ab € I;. Then [>a Ab and therefore,
I=131>1®(anb)=1 —(anb)= ([ —a)A({ —
by=(1I®a)ANIDb)>INI=1Sol=(I®a)A (D),
which implies [ =1@®a or [=1&b. So [>a or [>D,
which means exactly that a € I; or b € I;. 1

Theorem 4.2 Let £ be a residuated lattice. Every prime
ideal of £ is also a prime ideal of the second kind. If £ is an
MTL-algebra, then every prime ideal of the second kind of
L is also a prime ideal.

Proof Suppose F is a prime ideal of the residuated lattice
L, and anbel. We know that (a—b) €I or
b— a)l € I. Without loss of generality, we assume
(a—b) €l Tt follows that (aAb)® (a—b) €1
because I is an ideal of L. Since (a AD) ® (a — b)/ =

’ "

(anb) = (a@a—b) = (a—b)— (aAb) >(a—b)—
(anb)= (a—b)—a)AN((a—b)—b)>aNa=a.
This implies a € I, because [ is a prime ideal of the second
kind of L.

Now suppose [ is a prime ideal of the second kind of the

!

MTL-algebra £, and a,b € L. Because (a — b) A (b —
a) =((a—=b)V(b—a) = 1'=0¢cl, ecither (a—

b)/elor(b—>a)/el. O

Remark 4.1 For a residuated lattice which satisfies the
prelinearity, then the prime ideal of the second kind is a
prime ideal. Such as, lattice implication algebras, MTL-
algebras, BL-algebras, MV-algebras.

In residuated lattices that are not MTL-algebras, prime
ideals of the second kind are in general not prime ideals.
The counterexample as follows:

Fig. 3 Hasse diagram of L



Int. J. Mach. Learn. & Cyber. (2017) 8:239-253

249

Example 4.1 Three residuated lattices exist on the lattice
in Fig. 3 (Example 7 in [6]). If we consider the Heyting-
algebra, Also note that prelinearity does not hold:
(b—a)V(a—b)=bVa=u. Remark that {0} is a
prime ideal of the second kind, but {0} is not a prime ideal.

4.2 Fuzzy prime ideals

In this section, we mainly introduce two types fuzzy prime
ideal, named fuzzy prime ideal and fuzzy prime ideal of the
second kind, respectively. The relation between the fuzzy
prime ideal and fuzzy prime ideal of the second kind are
revealed. We mainly focus on the fuzzy prime ideal of the
second kind. Its some important properties are investigated.
Definition 4.3 A fuzzy ideal p of L is said to be fuzzy

prime if it is non-constant and u((x —y) )= u(0) or

u((y = x)) = (0) for any x,y € L.
Definition 4.4 A fuzzy ideal u of L is said to be fuzzy
prime of the second kind of £ if it is non-constant and

u(x A ) < max{u(x), u(y)} for any x,y € L.

Lemma 4.1 Let u be a fuzzy ideal of £. Then u is a
constant fuzzy set if and only if p(1) = u(0).

Proof Necessity is obvious and we need to prove the
sufficiency:

Assume that p satisfies u(1) = p(0). Since u is a fuzzy
ideal, for any xelL, 0<x<I1, it follows that
#(0) > u(x) > u(1). Hence u(1) = u(0) = u(x) for any
x € L. Hence u is constant. O

Example 4.2 In Example 3.2, we define a fuzzy set u on
L as follows :

#(0) = 0.9, u(d) = 0.6, u(a) = u(b) = u(c)
= p(e) = pu(f) = u(1) =0.2.

It is routine to verify p is both a fuzzy prime ideal and
fuzzy prime ideal of the second kind of L.

Remark 4.2 Let u be a non constant fuzzy ideal of L.
Then p is a fuzzy prime ideal of the second kind if and only

if max{pu(x), u(v)} = u(x Ay).

Theorem 4.3 Let u be a non constant fuzzy set of L.
Then p is a fuzzy prime ideal of the second kind of £ if and
only if g, is a prime ideal of the second kind of £, where
Y, = {x € L|u(x) >t} for any ¢ € [0, 1].

Proof By Theorem 3.10, we have u is a fuzzy ideal of £
if and only is p, is a ideal of £. Now, we need to prove u is
fuzzy prime if and only if , if is prime.

Let p, is prime and x,y € L. Setting t = u(x A y), we
have x Ay € u,. It follows that x € u, or y € p,. Then
ulx) >t or uly) >t Therefore,
max{p(x), n(y)} =t = u(x Ay).

Conversely, assume that u is non constant fuzzy ideal
and p(x Ay) <max{p(x),u(y)} for any x,y € L. The there
exists ¢ € [0, 1] such that y, is proper. Let x Ay € y,, then
u(x Ay) >t, and so max{u(x), u(y)} > p(x Ay) > t. Hence
u(x) >t or p(y) >1t, which implies x € y, or y € y,. O

Corollary 4.1 Let / be a proper ideal of £. Then / is a
prime ideal of the second kind if and only if its charac-

teristic function y; is a fuzzy prime ideal of the second kind
of L.

Corollary 4.2 Let ¢ be a non constant fuzzy ideal of L.
Then p is a fuzzy prime ideal of the second kind of £ if and
only if () is a prime ideal of the second kind of L.

Theorem 4.4 Let u be a fuzzy prime ideal of £. Then u is
a fuzzy prime ideal of the second kind of L. If £ is a MTL-
algebras, then every fuzzy prime ideal of the second kind
of L is also a fuzzy prime ideal.

Proof The proof is straightforward from Theorems 4.2
and 4.3. O

Remark 4.3 For a residuated lattice which satisfies the
prelinearity, then the fuzzy prime ideal of the second kind
is the fuzzy prime ideal. Such as, lattice implication alge-
bras, MTL-algebras, BL-algebras. In this section. We
mainly focus on the fuzzy prime ideal of the second kind of
L.

Theorem 4.5 Let [ be an ideal of £ and u be a fuzzy set
in L. Then [ is a prime ideal of the second ideal of £ if and
only if g, is a fuzzy prime ideal of the second kind of L.

Proof Assume that [ is a prime ideal of the second kind of
L, we have g, is nonconstant. Let x,y € L, if x Ay € I, it
follows that xel or yel, hence
t(x Ay) = o= max{p(x), 1, (y)}. x Ay &I, then x ¢ I
and y € I (in fact,if x e I or y € I, since x Ay <ux,y and 1
is an ideal, we have x Ay €I, contradiction). Hence
w(x Ay) = B = max{iy(x), i (»)}. Therefore, w, is a
fuzzy prime ideal of the second kind of L.

Conversely, assume that g, is a fuzzy ideal of £. Then
1y (x A y) = max{p;(x), py(y)}.  Let xAy€l, then
w(xAy) =a, we have p;(x) =o or p(y) =« That is,
when x Ay € I, we have x € I or y € I. Therefore [ is a
prime ideal of the second kind of L. O

Theorem 4.6 Let u be a fuzzy ideal of L. Then the fol-
lowing conditions are equivalent:

(1) pis a fuzzy prime ideal of the second kind of L;
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(2) for any x,y € L, u(x Ay) = p(0) implies pu(x)=
1(0) or u(y) = u(0).

Proof Assume that p is a fuzzy prime ideal of the second
kind of £. Let x,y € L such that u(x A y) = p(0). We have
max{pu(x), u(y)} = p(0).  Hence  pu(x)=pu(0)  or
u(y) = u(0). Hence (2) holds.

In order to prove p is a fuzzy prime ideal of the second
kind of £, we only need to prove that g, (# @) is a prime
ideal of the second kind of £ for any ¢ € [0, 1]. Let x,y € L
such that x Ay € y,, then p(x Ay)>1t for any t € [0, 1].
Taking 7o = u(0), we have u(x Ay) = u(0), it follows from
(2) that p(x) = pu(0) >r or p(y) = p(0) > 1. That is, x €
or y € u,. Hence p, is a prime ideal, it follows from
Theorem 4.1 that u is a fuzzy prime ideal of the second
kind of L. O

Theorem 4.7 Let u be a fuzzy ideal of £ and pu(0) = 1.
Then p is a fuzzy prime ideal of the second kind of £ if and
only if

Io = {x € Liu(x) = u(0)}
is a prime ideal of the second kind of L.

Proof Assume that p is a fuzzy prime ideal of the second
kind of L. Then I, is an ideal of £ by Theorem 3.14. Since
W is a nonconstant, Iy is proper. Let x,y € L such that
x Ay € Iy, then pu(x Ay) = u(0). Since u is a fuzzy prime
ideal of the second kind, it follows from Theorem 4.2 that
u(x) = u(0) or u(y) =pu(0), that is, x €l or y € I.
Therefore I is a prime ideal of the second kind of L.

Conversely, assume that I, is a prime ideal of the second
kind of L. Let ¢ € [0, 1] such that g, is nonempty, we have
Iy Cu,. Let xAye€y, we have pu(xAy)>t Taking
t = u(0), by u is a fuzzy ideal, we have u(x Ay) = u(0).
Hence x Ay € I. Since I is a prime ideal of the second
kind of £, itfollows thatx € Iy C u,ory € Iy C p,. Andso u,
is a prime ideal of the second kind of L. It follows from
Theorem 4.1 that y is a fuzzy prime ideal of the second kind
of £.0

Theorem 4.8 Let u be a fuzzy set of £. Define a mapping
w:L—Ras

1 (x) = p(x) + 1 = p(0),
for any x € L. Then u is a fuzzy prime ideal of the second

kind of £ if and only if p* is a fuzzy prime ideal of the
second kind of L.

Proof Suppose p is a fuzzy prime ideal of the second kind
of £, then p(x) < u(0) for any x € L. Then u* is a fuzzy set
of L. Furthermore, for any x,y € L,
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#(0) = u(0) + 1 — u(0) = 1> p*(x)

and min{g* (x), 1" (X ®@y)} = min{pu(x) + 1 —
uO0), (X @y) + 1= p(0)} = min{u(x), u(x @y)} +
1 —u(0) <u(y)+1—p(0) =p*(y). Therefore, u* is a
fuzzy ideal of £. Now, we prove y* is prime of the second
kind.

Since u is prime of the second kind, it follows that

p(x Ay) = max{u(x), u(y)}

and

px Ay) + 1 —=p(0) = max{pu(x), u(y))} + 1 — u(0)

which implies p(xAy) 4+ 1 — p(0) = max{(u(x) +1 —
1(0)), (u(y) +1 = u(0))} Hence W(xAy)=
max{p*(x), u*(y)} for any x,y € L, and so u* is a fuzzy
prime ideal of the second kind of L.

Conversely, suppose p* is a fuzzy prime ideal of the

second kind, then W (x) < p(0), that is,
u(x) + 1 —u(0l) <u(0)+1—p(0), it follows that
f1(x) < p(0).

Since  min{w (), (X @YI<EG) s

min{u(x), u(x @ y)} < u(y).

As p* is prime of the second kind, it follows that
W (x Ay) = max{p(x), u*(y)}, we have
u(x ®y) = max{u(x), u(y)}. Therefore, u is a fuzzy prime
ideal of the second kind £. [J

Theorem 4.9 Let v be a fuzzy prime ideal of the second
kind of a residuated lattice £ and o € [0,v(0)). Then (v V
a)(x) = v(x) V o is also a fuzzy prime ideal of the second
kind of L.

Proof Let v be a fuzzy prime ideal of the second kind and
o € [0,v(1)). Assume that there exist x,y € L such that
x<y. Since v is a fuzzy ideal, we have v(x) > v(y), and so
v(x) Va>v(y) Vo, that is, (vVa)(x)>(vVa)(y). Let
x,y€L, since v is a fuzzy ideal, we have
v(x @ y) min{v(x),v(y)}. And (vVa)(xDy) =v(xDy)V
o> min{v(x),v(y)} Vo = min{v(x) Vo,v(y) Vo} =
min{(vV a)(x),(vVa)(y)}. Therefore vV o is a fuzzy
ideal of L. Since v is nonconstant and o <v(0), we have
(vVa)(0) =v(0) Va=v(0)#v(l) Va. Hence vVa is
nonconstant.

Since v is fuzzy prime of the second kind, we have
v(x Ay) = max{v(x),v(y)} for any x,y € L. Hence (vV
a)(xAy)=v(xAy)Va= max{v(x),v(y)} Va =
max{v(x) Vo, v(y) V o} = max{(vV a)(x), (v Va)(y)}.
Therefore vV « is also a fuzzy prime ideal of the second
kind of £. O
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5 Fuzzy congruence relation

Definition 5.1 Let 0 be a fuzzy relation on a residuated
lattice £. 0 is called an fuzzy congruence relation on L, if it
satisfies, for any x,y,z € L :

(IFC1) e(xv )C) = Sup(y,z)ELxLB(yaZ);

(IFC2)  O(x,y) = 0(y,x);

(IFC3)  O(x,y) >min{0(x,y),0(y,2)};

(IFC4)  0(x,y)<0(x®2z,y ® 2);

(IFC5)  0(x,y) <min{0(x — z,y — 2),0(z > x,z — y)}.

Let 0 be a fuzzy relation on £, (IFC5) is equivalent with
the following conditions hold: 0(x,y) <0(x — z,y — z)
and 0(x,y) <0(z — x,z — y).

For a fuzzy congruence relation 6, the fuzzy subset
0 : L — [0,1], which is defined by 0"(y) = 0(x,y), is
called the fuzzy congruence class containing x. Let £/6 be
the set of all fuzzy congruence classes ¢, where x € L.

Theorem 5.1 For any fuzzy congruence relation 0 in L.
Then 0° is an fuzzy ideal of L.

Proof Let x€eL, then
0°(0) = 0(0,0) = 0(1,1) > 0(0,x) = °(x). Let x,y€L,
by transitivity, we have 0°(y) = 0(0,y)>min{0(0,x ®
y),0(x ®y,y}. Since 0 be a fuzzy congruence relation on
£, it follows that O(x @y,y)=0x @y,1®
¥)>0(x,1) = 0 (x — 0,x — x) >0(0,x) = 0°(x). There-
fore, 0°(y) > min{0°(x ®y),0°(x)}. It follows from The-
orem 3.14 that 0° is a fuzzy ideal of £. O]

Theorem 5.2 Let p be a fuzzy ideal of £ and a fuzzy
relation 0 on L by

0(x,y) = min{u((x = y) ), p((y — x))}. Then 0 is a fuzzy
congruence on L.

Proof Let u be a fuzzy ideal of £, we have p(0) > pu(x)
for any x € L. Then 0(x,x) = min{u((x — x),) u(((x —

%))} = u(0) = min{u((x — ) ), 1((y — x) )} = 0(x, )
Thus (IFC1) is valid. Obviously, (IFC2) is valid. Next, we

prove (IFC3) holds. We observe
t=y<(—g) = (=) <E -2 = (x—y), and
=) >((x—2) = (x—y)). By w is a fuzzy ideal,

u(((x—2)" = (x—y))) and
p(x—y)) =min{p((x —2)),  w((x—z2) —
)} = min{u((x —2)), u((z — »))}. Similarly, we can
prove w((y = x)) > min{p((z — x)), n((y — 2))}.
Therefore ~ min{0(x,z),0(z,y)} =  min{min{u((x —
)iz =) hmin{p(z —y)),  w((y—2))}} =
min{min{u((x = 2)),  p((z—))}min{u((z— x)),

we have u((z—y))<

(x—

!

w((v — 2)) 3 <min{u((x — ) ), (v — %))} = 0(x, ),
So (IFC3) is valid.

Since x®z) = (Yy®z)>x—y and
(x®z) = (y® Z))/ <(x— y)/, we have
wx—y)) <u((r2) = G ®2)). Similarly,
w((y — x)/) <p((h®z) = (x® )) ). Therefore 0(x ®
zy®z) = min{u((x®z) — (v ®Z)) ) u((y®z) —
(x®2))} Zmin{p((x —y) ), n((y = x))k = 0(x.y).

Then (IFC4) is valid.

We observe (x — z) — (y — z) >x — y, it follows that
(v—2) <(x—y), and 50
p((x—=2) = (y = 2)) = u((x =)
u((z = x) = =) =y —x)).
x = 2,y = 2) = minfu(((x = 2) = (v = 2) ) (v =

— (x—=2))} = minfu((x =), w(y—x)}=
x,y). Therefore, p is a fuzzy congruence relation on

(x—2) —
Similarly,
It follows that

non =

O

Remark 5.1 The fuzzy congruence relation 6 in Theorem
5.2 is called an fuzzy congruence relation induced by fuzzy
ideal u and denoted by 0,,.

Theorem 5.3 9; = Hi if and

%)) = w(0).

for any x,y € L, then 0, (x) = 0} (x).
0,(0) = p((x —x)) =

0%(y) = min{p((x = y) ), p((y = x))},  that s,

u@=WMM¢ﬂm¢wemn.gmthm

1(0) < pu((x —y) ) and pu(0) <pu((y — x) ). Since p is a

only if
muﬁwd:moa
Proof Let 0, =

Since

fuzzy ideal, it follows that
w((x —y)) =u((y —x) ) = p(0).
Conversely, for any z€L,

Since

0%(z) = min{(n((x — 2) ), u((z — x))).
W = @—2)) <
we have u((z—x))=>min{u((z—y)), ul(((z—y) —
(z—2)))>min{u((z—y)),n ((y—x))}. Similarly,
u((x = 2)) = min(u((x — y) ), n((y = 2))).
Since u((x — y)) = u((y — x)') = u(0), we have u((z —
%)) >min{u((z — y)), u((y = x))} = min{u((z —
3))1(0)} > (e —3)) and

w((z =) > min{p((z — x) u(0)} > p((z—x)). And
so u((z—x))=u((z—y)). Similarly, we can prove

u((x — z),) =u(ly — z)’). Consequently, we

((z—

(y— x)’ and u is a fuzzy ideal of L,

we have

have

@ Springer
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0,,(z) = min{u((x — 2) ), u((z — x) ) = min{n

(e =) 4y = 2))) = 0;(). Hence 0, = 0;,. O
Corollary 5.1 If pis a fuzzy ideal of a residuated lattice
L, then p* = " if and only if x~, v, where x~, v if
and only if (x — y), € fi,() and (y — x), € Ly(0)-
Theorem 5.4 Let 0, u be a fuzzy congruence and a fuzzy
ideal of L, respectively. Then

(D 0#(; =0,

2wy, =n

Thus there is a bijection between the set FI(L) and FC(L).

Corollary 5.2 Let 0 be a fuzzy ideal of L. Then
min{0(0, (x — ) ),0(0,(y — x))} = 0(x,y) for any
x,y € L.

Theorem 5.5 Let u be a fuzzy set of £. Then u is a fuzzy
ideal of £ if and only if U(u; u(0)) is an ideal of L.

Proof The proof is straightforward from Theorem 3.5. [J

Let 1 be a fuzzy ideal of L. For any x € L, the fuzzy
subset p, is called a fuzzy coset of u such that

() = min{p((x = »)), 1y = x))}- Let
L/uw={plx€L} Obviously, pu, =0, and so

L/nw=L]0,.
Defining the binary operations on £/u as follows:

B Ly = gy e T Uy = Upy, Uy O Ry
= ey e = Hy = ey
a partial ordering ' <’ on £/u defined by p, < u, if and
only if u, Up, = u,.
Theorem 5.6 Let u be a fuzzy idealof £. Then
(L)1, 1,7, @, =, g, 147)
is a residuated lattice.

Proof First, we prove that the operators on £/u are well
defined. Indeed, if u, = u,, Ky = Ly By corollary 4.1, we
have X~ yu0))8: ¥ ~ Uit Since ~ yuyo)) is a con-
gruence relation on £, we have x V' y ~ g, 4(0))s V ¢, and so
Py = Beve-  Similarly, we can  prove  puy, = [
oy = Mo Byoy = Hy_y» Tespectively. Now, we prove
that £/u is a residuated lattice. Clearly, £/ u satisfies (C1)
and (C2). We only to prove (®,—) is an adjoin pair. We
note that the lattice order < on £/u is p, < t, if and only

if g, Uty = . oy = 1y < (X VY) ~ guu0))y < #(((x Vv
y)—=y)) = w0) e u((x—=y)AQy—y))=w0) =
u((x — ) ) = p(0). Let piy, pry, ot € L/py e © py = 1. &

@ Springer
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ey S p((xk@y) —2)) = p0) & p((x— O —

2))) =w0) & w <py & e < py — p. It is easy to
verify © is isotone on £/u, — is anti tone in the first and
isotone in the second variable Therefore, (C3) holds.
Consequently, £/u is a residuated lattice. J

Theorem 5.7 (Homomorphism Theorem) Let u be a
fuzzy ideal in L. Define a mapping ¢ : L — L/u by

P(x) = py. Then ker(¢) = U(u, u(0)) and
L/u==L/ker(¢p).

Proof For any x € ker(¢) if and only if ¢(x) = p, if and
only if u, = u, if and only if x~ g, .00 if and only if
x € U(u, p(0)). Therefore, ker(¢p) = U(u, u(0)).

Clearly, ¢ is surjective. It is easy to verify that ¢ is a
surjective homomorphism. And so £/p =2 L/ker($). O

6 Conclusions

Ideal theory and congruence theory play an very important
role in studying logical systems and the related algebraic
structures. In this paper, we develop the ideals theory of
general residuated lattices which enables us to analyze
some important algebraic properties of residuated lattices,
especially MTL-algebras.

In our future work, we will continue investigating the
relation among the prime ideal, prime ideal of the second
kind and MTL-prime ideal( i.e., A MTL-prime ideal of a
residuated lattice is an ideal of £ satistying, for all x,y € L,

! ’

(x = y) A(y — x) €1I). Another direction is to investi-
gate some types ideals of a residuated lattice. For more
details, we shall give them out in the future paper. It is our
hope that this work will settle once and for all the existence
of ideals in residuated lattices.
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