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Abstract In this paper, a class of uncertain chaotic sys-
tems preceded by unknown backlash nonlinearity is inves-
tigated. Combining backstepping technique with fuzzy
neural network identifying, an adaptive backstepping fuzzy
neural controller (ABFNC) for uncertain chaotic systems
with unknown backlash is proposed. The proposed ABFNC
system is comprised of a fuzzy neural network identifier
(FNNI) and a robust controller. The FNNI is the principal
controller utilized for online estimation of the unknown
nonlinear function. The robust controller is used to attenu-
ate the effects of the approximation error so that the stability
and control performance of the closed-loop adaptive system
is achieved always. Finally, simulation results show that the
ABFNC can achieve favorable tracking performances.

Keywords Adaptation - Chaos control - Backlash
nonlinearity - Fuzzy neural network - Identifying
1 Introduction

The study of chaotic systems has been rapidly expanded
during the last two decades. Many fundamental
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characteristics can be found in a chaotic system, such as
excessive sensitivity to initial conditions, broad spectrums
of Fourier Transform, and fractal properties of the motion
in phase space. Controlling chaotic systems has attracted a
great deal of attention within the engineering society, in
which different techniques have been proposed. For
instance, linear state space feedback [1], Lyapunov func-
tion methods [2], adaptive control [3], and bang—bang
control [4], among many others [5].

In recent years, adaptive control for uncertain nonlinear
systems has received much attention based on universal
function approximation, such as neural networks (NNs) or
fuzzy logic systems [6—13]. Also, the application of neural
networks and fuzzy logic controllers to chaotic systems has
been proposed [14-18], which appears to be quite
promising.

Recently, the concept of incorporation fuzzy logic into a
neural network has grown into a popular research topic
[19]. The integrated fuzzy neural network (FNN) system
possesses the merits of both fuzzy systems [20] and neural
networks [21]. In this way, one can bring the low-level
learning and computational power of neural networks into
fuzzy systems and also high-level humanlike IF-THEN rule
thinking and reasoning of fuzzy systems into neural net-
works. Moreover, adaptive control schemes of chaotic
systems that incorporate the techniques of FNN have also
grown rapidly [22-24]. However, the results motivated
above in [1-24] did not consider the affection of unknown
backlash nonlinearity.

Backlash is one of the most important non-smooth
nonlinearities in a wide range of physical systems and
devices, such as biology optics, electro-magnetism,
mechanical actuators, electronic relay circuits and other
areas. The development of control techniques to mitigate
effects of unknown backlash has been studied for a long
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time. To handle with systems with unknown backlash,
several adaptive control schemes have recently been
proposed, see for examples [25-29]. In [26-28], an
adaptive inverse cascaded with the plant was employed
to cancel the effects of nonlinearity. In [25], a dynamic
backlash model is defined to pattern a backlash rather
than constructing an inverse model to mitigate the effects
of the backlash. However in [25], the term multiplying
the control and the uncertain parameters of the system
must be within known intervals and the ‘disturbance-
like’ term must be bounded by a known bound. Pro-
jection was used to handle the ‘disturbance-like’ term
and unknown parameters. System stability was estab-
lished and the tracking error was shown to converge to a
residual. In [29], the backstepping adaptive control
schemes for uncertain nonlinear systems with unknown
backlash nonlinearity were proposed. However, this
result in [29] required the nonlinear functions of systems
are known.

In this paper, an adaptive backstepping fuzzy neural
controller (ABFNC) is proposed for a class of uncertain
chaotic systems with unknown nonlinear functions and
backlash nonlinearity. The unknown nonlinear functions
are approximated by the FNN. In the design, the term
multiplying the control and the system parameters are not
assumed to be within known intervals. The bound of the
‘disturbance-like’ term is not required. To handle such a
term, an estimator is used to estimate its bound. Based on
the Lyapunov stability theory, the adaptive control law is
derived. The global stability of the chaotic system is
achieved. Finally, simulation results are presented to
demonstrate the effectiveness of the proposed control
scheme.

2 Problem statement

The controlled system consists of a chaos system preceded
by a backlash-like hysteresis actuator, that is, the hysteresis
is present as an input of the chaos system. It is a chal-
lenging task of major practical interests to develop a con-
trol scheme for unknown backlash-like hysteresis. The
development of such a control scheme will now be
pursued.

A backlash-like hysteresis nonlinearity can be denoted
as an operator as follows:

u(t) = P(v(1)), (1)

with v(¢) as input and u(¢) as output. The operator P(v(t))
will be discussed in detail in the next section. The uncertain
chaos system being preceded by the above hysteresis is
described in the canonical form
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X] = X2

XZZX3

7 (2)

Xn =f(X) 4+ u(t) +d(t)

T
. 1 T .
where X = [xl,xl,...,x(ln N = [X1,%2,..,x,] € R" s

the state vector, f(X) is unknown nonlinear bounded
function, d(t) denotes bounded external disturbances. The
control objective is to design a control law for v(¢) in
Eq. (1), to force the uncertain chaotic system (2) state

vector to follow a specified desired trajectory, X, =

(n,1>]'[‘

[xd,)&d,-~-xd ,ie, X — X a8 t — oo.

Remark: A class of chaos systems can be described by
the nonlinear system (2), such as Duffing chaotic system,
Van der Pol chaotic system, Jerk systems and so on.

3 Backlash-like hysteresis model and its properties

Traditionally, a backlash hysteresis nonlinearity can be
described by

u(t) = P(v(1))
c(v(t) — B), if v(t) > 0 and u(z) = c(v(¢t) — B)

(
=< c(v(t) + B), if v(¢) <0 and u(t) = ¢(v(r) + B) ,
(

u(r_), otherwise

(3)

where ¢ > 0 is the slope of the lines and B > 0 is the
backlash distance, u(z_)is delay input. This mode is itself
discontinuous and may not be amenable to controller
design for the chaotic systems (2).

Instead of using the above model, in this paper we use a
continuous-time dynamic model to describe a class of
backlash-like hysteresis [25], as given by

du dv
—= — B, — 4
e (IR @)

dv

dt

where o > 0 is the switch rate, B; > 0 is the backlash
distance, ¢ > 0 is the slope of the lines satisfying ¢ > Bj.

Remark: This backlash-like hysteresis mode is reported
by Ref. [25], to read conveniently, we give the main results
that from Ref. [25].

Equation (4) can be solved explicitly for v piecewise
monotone,

u(t) = cv(t) + di(v), (5)

With d[ (V) = [I/l() — CVO}E_MV_VO)Sign(‘}) + e—ocvsign(\)) fv‘; [Bl

—cle*ien)g¢ . for v constant and u(vy) = up. Analyzing



Int. J. Mach. Learn. & Cyber. (2014) 5:721-728

723

Eq. (5), we see that it is composed of a line with the slop c,
together with a term d;(v). For d;(v), it can be easily
shown that if u(v;vo,up) is the solution of Eq. (5) with

initial values (vo,up), then, if v >0(r<0) and
v — +00(—00), one has
- B
lim d,(v) = lim [u(v; vo, u0) — g(v)] = — © = ®
. . ¢ — B
lim i) = T [u(v:vo,0) — g =<2 (9)

where g(v) = cv(¢). It should be noted that the above
convergence is exponential at the rate of «. Solution (5) and
properties (6) and (7) show that u(¢) eventually satisfied the
first and the second conditions of (3). Furthermore, setting
v = 0 results in # = 0 which satisfied the last condition of
(3). This implies that the dynamic Equation (4) can be used
to model a class of backlash-like hysteresis and is an
approximation of backlash hysteresis (3).Let us use an
example for specified initial data to show the switching
mechanism for the dynamic model (4) when v changes
direction. We note that when v >0 on u(0) =0 and
v(0) = 0, Eq. (5) gives

) = ev(e) = <2 (1 - e0).

o
for v(r) >0 and v > 0

(3)

Let vy be a positive value of v and consider now a
specimen such that v is increasing along the initial curve
(8) until a time ¢, at which v reaches the level v;. Suppose
now that from the time #,, the signal v is decreased. In this
case, u is given by

u(t) = cv(r)
Cc — B1
_l’_

{1 — (2e7™ — e’z““‘)ew(’)} for v<0,
9)

where v <v;. Egs. (8) and (9) indeed show that u switches
exponentially from the line cv(¢) — ((¢ — By)/a) to cv(¢) +
((¢c — By)/a) to generate backlash-like hysteresis curves.
To confirm the above analysis, the solutions of Eq. (4)
can be obtained by numerical integration with v as the
independent variable. Figures 1, 2 shows that model (4)
indeed generates backlash-like hysteresis curves, which
confirms the above analysis. The details are described in
the section of simulation studies. It should be mentioned
that the parameter o determines the rate at which u(r)
switches between —((c — By)/a) and ((c¢ — By)/o). The
larger the parameter o is, the faster the transition in u(z) is
going to be. However, the backlash distance is determined
by ((c — By)/o) and the parameter must satisfy ¢ > Bj.
Therefore, the parameter o cannot be chosen freely. A
compromise should be made in choosing a suitable

o

20

15} .

u(t)

10f 4

15+

6 4 -2 0 2 4 6 8
v(t)

-20
-8

Fig. 1 Hysteresis curves given by (4) with o = 1, ¢ = 3.1635, and
By = 0.345 for v(t) = ksin(2.3¢r) with k = 2.5, 3.5, 4.5, 5.5, and 6.5
A VAV

(a)

LI
Ho
/NN,

(© (d)

Fig. 2 Fuzzy partitions of two-dimensional input space. a Grid-type
partitioning. b If-then rules based on grid-type partitioning. ¢ Clus-
tering-type partitioning. d If-then rules based on clustering-type
partitioning

parameter set {a,c,B;} to model the required shape of
backlash-like hysteresis.

4 Fuzzy neural network

According to the method of input space partition, fuzzy
neural networks are divided into two categories: grid-based
partitioning and clustering-based partitioning [30]. In this
paper, the grid-based partitioning FNN is used to identify
the unknown nonlinear function f(X). The structure of the
FNN has four layers of neural network: the input, the
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membership function, the rule and the output layers. The
interactions for those layers are given as follows.

Layer 1: For every node i, in this layer, the net input and
the net output are represented as

net-1 :xl (10)
ll(net)fnet (i=1,2,...,L), (11)

where x! represents the ith input to the node of layer 1, and
L is the total number of input variables.

Layer 2: In this layer, each node performs a membership
function and acts as a unit of memory. The Gaussian
function is adopted as the membership function. For the ith
input, the corresponding net input and output of the jth
node can be expressed as

2 2 2
(x — )

2 _
net;; = , (12)

yizj :ﬁyz-(netfj) zexp(netizj) G=12,...M), (13)

where mz is the mean, aizj is the standard deviation and M is
the total number of membership functions with respect to
the respective input node.

Layer 3: The links in this layer are used to implement
the antecedent matching. The matching operation or the
fuzzy AND aggregation operation is chosen as the simple
PRODUCT operation instead of the MIN operation. Then,
for the kth rule node

net] = x; - x?, (14)

3
net;

3

>y net;

where x? and x]? represent the i, jth input to the kth node of
layer 3 respectively, and N is the total number of fuzzy
rules.

Layer 4: Since the overall net output is a linear com-
bination of the consequences of all rules, the net input and
output are simply defined by

nets = Zwkxk, (16)

vi =f; (net}) = (k=1,2,...,N), (15)

yi :fj(neto) = neto, (17)

where wi is the output action strength of the output asso-
ciated with the kth rule, x} represents the kth input to the
node of layer 4 and yﬁ is the output of SFNN.

According to the gradient descent method [31], we will
give the learning law for each layer in the feedbackward
direction. The derivation is the same as that of the back-
propagation learning law. To describe the algorithm more
clearly, we consider two inputs and one output.

@ Springer

Layer 4: If the cost function to be minimized is defined
as

= @7, (13)

where d is the desired output and y‘ot is the current output of
FNN, the error term to be propagated is given by

ot =d -yt (19)
Then, the weight wﬁ is updated by the amount

k=1,..

where yz denote the output of layer 3, and N is the total
number of fuzzy rules.

Layer 3: Since the weights in this layer are unity, none
of them is to be modified. Only the error term needs to be
calculated and propagated.

Awp = 8%y} .N), (20)

6 =d'wi (k=1,...,N). (21)

Layer 2: The multiplication operation is done in this
layer. The adaptive rule for m;; and o;; are as follows. First,
the error term is computed,

M
5%1‘ = (21: 51&’2;))’% Gj=1,...,M)
0y = (Z@Jl,)yzj )

where the subscript k£ denotes the rule node in connection
with the ith node in Layer 2, y% denote the membership of

; (22)

first input, and y3 denote the membership of second input.
Then, the adaptive rule of m;; is

29! — m
Ami,zéfjw (i=1,2;j=1,...M), (23)
. p

ij

and the adaptive rule of g is

2(y! — my)?

2 i Y

Ay = 03— 5=
ij

(i=1,2j=1,....,M). (24)

Remark: This fuzzy neural network is reported by Refs.
[30, 31]. The interesting readers are referred to Refs. [30,
31] for a more detailed explanation of the network.

5 The ABFNC design and stability analysis

From the solution structure (5) of the model (4) we see that
the signal u(z) is expressed as a linear function of input
signal v(#) plus a bounded term. Using the solution
expression (5), system (2) becomes
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X1 =x; ee; = —ej_1e; — aieiZ + ejejtg. (32)
X2 = x3 (25) Step n: From Egs. (25) and (27) we obtain

’ én = ov(t) +F(X) +d(t) = x{" = B, (33)

X, = f(X) +cv(t) +d(1)

where d(t) = d;(v(t)) + d(t). The effect of d(z) is due to
both external disturbances and d;(v(¢)). We call d(¢) a
‘disturbance-like’ term for simplicity of presentation. The
uncertain parameter ¢ is not assumed inside known inter-
vals, also the bound D for d(t) is not assumed to be known
and it will be estimated by our adaptive controllers. Fur-
thermore, fuzzy neural adaptive control techniques can be
utilized for the controller design. In this section, we shall
utilize backstepping technique with fuzzy neural network
identifying, and design the adaptive backstepping fuzzy
neural controller (ABFNC) for uncertain chaotic systems
with unknown backlash.

For the development of control laws, the following
assumption is made.

Assumption 1 The desired trajectory X,(¢) and its nth
order derivatives are known and bounded.

Before presenting the adaptive fuzzy neural controller
design using the backstepping technique to achieve the
desired control objectives, the following change of coor-
dinates is made.

€] = X1 — X4,

(26)

e,-:x,-—ngw _ﬁi—lv i:2,3,...,l’l, (27)

where f3;,_; is the virtual control at the ith step and will be
determined in later discussion. To illustrate the backstep-
ping procedures, only the last step of the design, i.e. step
n below, is elaborated in details.

Step 1: For i = 2, it follows from Egs. (25), (26) and
(27) that

ér=e+p. (28)
We design the virtual control law f; as
By = —aier, (29)

where a; is a positive design parameter. From Eqgs. (28)
and (29) we have

eé; = —ale% +ee;. (30)
Step i (i = 2,...,n — 1): Choose virtual control law f; as
.,xg;l)),

(31)

where a;,i = 2,...,n — 1 are positive design parameters.
From Eqgs. (27) and (31) we obtain

B = —aie; —ei_1 + B, (xl, s XiebXds -

In this paper, we use FNN to identify the unknown
function f(X). Now consider the following optimal
parameter vectors

W* = arg min [supo(X|W4) —fX)|], (34)

where (X) denote the layer 4 input vector, W* is the link
weight vector between layer 3 and layer 4; f (X |W4) =

(W4)T§(X) is the output of FNN, which is used to estimate
the unknown nonlinear function f(X) in system (25).
Defining the minimum approximation error as

e =e(X, W) = f(X|W*) - £(X), (35)

and |¢| <&, where & is positive constant.

We design the adaptive fuzzy neural controller v as
follows:
v=Cr, (36)
withy = —a,e, — e,y — (W9 EX) — sign(e,)D + x{)+
Bn_l + vg,where sign() denote signal function, v, =
—sign(e, ), the robust controller v, is used to attenuate
the effects of the approximation error so that the stability
and control performance of the closed-loop adaptive
system is achieved always. The parameter adaptive laws
are given by

_YV4 = f(X)ena (37)
¢ = —yvey, (38)
[) = 77|en|, (39)

where a,, y and 7 are three positive design parameters, C,
W* and D are estimates of 1/c, W* and D. Let
C=C-C, W*= W4*—W4 and D =D — D. Note that
cv(t) in Eq. (33) can be expressed as

ev =cCi =7 — cCv. (40)
From Egs. (33), (35), (37) and (40) we obtain
bn = —anen — en_t + (WHTEX) — sign(e,)D + d(7)
— cCv + ¢ — sign(e,)e (41)
Let Lyapunov function as
VoS %ef - % (WhH w +2%62 + 21—11[)2 (42)

i=1

Then the derivative of V along with Egs. (25) and (36)-
(39) is given by
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. n _ . 1. -
V=3 eé+ (W)W +5CC+-DD
i=1 s n
= =S aie} + (WHTEX)e, — lealD + d(1)e, — cCre,
i=1
=~ ST
— (WHW* — %CC - EDD — e,sign(e,)E + e,e

S—naﬁ+ﬂwfmm%—Mﬂ
i=1

~ 2 1 ~ X
—EC(yVen +C) —|——D(17|e,,| —D) — len|€ + |enle
Y

n
= — Z a,»el-z
i=1
(43)

where we have used Egs. (30), (32), (41) and ¢,d(t) < |e,|D
to obtain Eq. (43).

We have the following stability theorem based on this
scheme.

Theorem 1 Consider the uncertain chaotic system (25)
satisfying Assumptions 1. With the application of controller
(36), the link weight of FNN update law (37) and param-
eter update laws (38) and (39), the following statements
hold:

(1) The resulting closed loop system is globally stable.(i1)
The asymptotic tracking is achieved, i.e. tlir?o [X(1)
—X4(0)] =0.

Proof: From Eq. (43) we established that V is non-
increasing. Hence, ¢;, i =1,...,n, C, W4, D are bounded.
By applying the LaSalle-Yoshizawa theorem to Eq. (43),

it further follows thate;(r) — 0, i=1,...,nast— oo,
which implies that lim[X(r) — X,4(¢)] = 0. This proof
1—00

completed. []

The control scheme is shown in Fig. 3.

6 Simulation studies

In this section, we use the proposed ABFNC to control Van
der Pol chaotic system states X = [x},x;] to follow Duffing
chaotic system states X; = [x41,X42]. Duffing chaotic sys-
tem is given by

X1 = X2

. 3 2\ . (44)
Xp = _0~15xd2 —+ Xq1 — (xdl)\ + 1.75cos gt

According to Eq. (25), Van der Pol chaotic system with
backlash is described as follows:
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Chaotic system 2

X, +
e -{ ABFNC

A Y )

x|~ f(X) D, C

}_

X | FNN identifier

/

Y
W.m.o

A

Adaptive laws

Chaotic system 1 [«

Fig. 3 Block of diagram of ABFNC system

X1 =X

%y = —0.1(1 — x1)x; — x3 +0.3cos(r) + ev(t) +d(1)’
(45)

where  f(X) = —0.1(1 — x;)x; —x3 +0.3cos(t) s

unknown, ¢ = 3.1635, B; = 0.345, and oo = 1.

In the simulation, the adaptive control laws (36)—(39)
were used, taking a; =a, =1,y = = 0.4, £ = 0.05. The
initial values are chosen to C(0)=0.5, D(0) =2,
X(0) =[1,1], Y(0) = [0.1,0.1] and v(0) = 0. In this paper,
we use a FNN to estimate the unknown function f(X). The
structure of FNN is 2-6-9-1, i.e. two nodes in layer 1, six
nodes in layer 2, nine nodes in layer 3, one node in layer 4.
The initial FNN parameters are chosen as W* = [0.6,

-3,6.6, -8,3.8,58,6, -7, 5.8026], my; =[-0.6,
-0.58, -05], m;=119,188,2] o, =062=1[1, 1, 1].
Here, W* represent the link weigh vector, and m, repre-
sents the mean vector of the Gaussian membership func-
tions of xj, and m, represents the mean vector of the

t(sec)

Fig. 4 Trajectories of x;, xd;
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xz,xd2

t(sec)

Tracking error,

Tracking error,

t(sec)

Fig. 6 Tracking error

50

— The output of FNN
401 — The actual value of f(X) |

Identifying results

t(sec)

Fig. 7 Identifying results

Gaussian membership functions of x;;6; represents the
variance vectors of the Gaussian membership functions of
x1, 6, represents the variance vectors of the Gaussian
membership functions of x,. The simulation results are
shown in Figs. 4, 5, 6, 7 and 8. From Figs 4 and 5, we can
see that X — X; completely. From Figs. 6 and 7, we can

Identifying error

-50
0

t(sec)

Fig. 9 The average errors of ABFNC and FSMC

see that the tracking errors are very small, and the identi-
fying errors are shown in Fig. 8. The effectiveness of
ABFNC scheme is demonstrated by the fact that the
tracking error is reduced to zero after transient process. To
further illustrate the effectiveness of ABFNC scheme, we
make illustration, and compare with FSMC scheme in Ref.
[16]. The tracking performance is shown in Fig. 9, and we
define average errors as AE = (|e;| + |e2|)/2. From Fig. 9,
we can see that the proposed ABFNC scheme is more
effectively than FSMC scheme.

7 Conclusions

In this paper, we have developed an ABFNC scheme for a
class of uncertain chaotic systems with unknown backlash
nonlinearity. The developed control system does not
require the model parameters with known intervals and the
knowledge on the bound of ‘disturbance-like’ term is not
required. In addition, the online tuning parameters include
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the weighting factors in the consequent part, and the means
and variances of the Gaussian membership functions in the
antecedent part of fuzzy implications.

Finally, this method has been applied to control Van der
Pol chaotic system states to track Duffing chaotic system
states. The computer simulation results show that the
ABFNC can perform successful control and achieved
desired performance.
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