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Abstract The aim of this paper is further to develop the
filter theory on residuated lattices. Firstly, the notion of
interval valued intuitionistic (7, S)-fuzzy filter(IVI (7, S)-
fuzzy filter for short) on residuated lattices is introduced by
linking the interval valued intuitionistic fuzzy set, t-norm,
s-norm and filter theory of residuated lattices; the proper-
ties and equivalent characterizations of interval valued
intuitionistic (7, S)-fuzzy filter are investigated; the rela-
tion between IVI (7T, S)-fuzzy filter and filter is studied.
Secondly, the notions of interval valued intuitionistic
(T, S)-fuzzy implicative filter and interval valued intui-
tionistic (7, S)-fuzzy Boolean filter are introduced; the
properties and equivalent characterizations of them are
investigated; the intuitionistic (7, S)-fuzzy implicative
filter is proved to be equivalent to the intuitionistic
(T, S)-fuzzy Boolean filter in residuated lattices. Finally,
the intuitionistic (7, S)-fuzzy positive implicative filter and
intuitionistic (7, S)-fuzzy G (MV) filter are introduced;
some equivalent characterizations of them are obtained and
the relations among these fuzzy filters are investigated.
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1 Introduction

As is known to all, one significant function of artificial
intelligence is to make computer simulate human being in
dealing with uncertain information. And logic establishes
the foundations for it. However, certain information pro-
cess is based on the classic logic. Non-classical logics [4,
12] consist of these logics handling a wide variety of
uncertainties (such as fuzziness, randomness, and so on)
and fuzzy reasoning. Therefore, non-classical logic has
been proved to be a formal and useful technique for
computer science to deal with fuzzy and uncertain infor-
mation. Many-valued logic, as the extension and develop-
ment of classical logic, has always been a crucial direction
in non-classical logic. Lattice-valued logic, an important
many-valued logic, has two prominent roles: One is to
extend the chain-type truth-valued field of the current
logics to some relatively general lattices. The other is that
the incompletely comparable property of truth value
characterized by the general lattice can more effectively
reflect the uncertainty of human being’s thinking, judging
and decision. Hence, lattice-valued logic has been
becoming a research field and strongly influencing the
development of algebraic logic, computer science and
artificial intelligent technology. Various logical algebras
have been proposed as the semantical systems of non-
classical logic systems, such as residuated lattices
[14], lattice implication algebras [16], BL-algebras,
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MV-algebras, MTL-algebras, etc. Among these logical
algebras, residuated lattices are very basic and important
algebraic structure because the other logical algebras are all
particular cases of residuated lattices.

The concept of fuzzy set was introduced by Zadeh [21].
Since then this idea has been applied to other algebraic
structures such as groups, semigroups, rings, modules,
vector spaces, topologies and filter theory of some logical
algebraic structure [8-11, 16-19, 22, 24]. With the devel-
opment of fuzzy set, it is widely used in many fields. The
concept of intuitionistic fuzzy sets was first introduced by
Atanassov [2] in 1986 which is a generalization of the
fuzzy sets. Many authors applied the concept of intuition-
istic fuzzy sets to other algebraic structure such as groups,
fuzzy ideals of BCK-algebras, filter theory of lattice
implication and BL-algebras,etc [1, 7, 13, 20, 23, 25]. A
generalization of the notion of intuitionistic fuzzy set is
given in the spirit of ordinary interval valued fuzzy sets.
The new notion called interval valued intuitionistic fuzzy
set (IVIFS) was introduced by Atanassov [3] in 1989.

As for lattice implication algebras, BL-algebras, Ry-
algebras, MTL-algebras, MV-algebras, etc, they all are
particular types of residuated lattices. Therefore, it is
meaningful to establish the fuzzy filter theory of general
residuated lattice for studying the common properties of
the above-mentioned logical algebras. This paper, as a
continuation of above work, we will apply the interval-
valued intuitionistic fuzzy subset and t-norm 7, s-norm
S on D[0,1] to filter theory of residuated lattices, proposed
the concept interval-valued intuitionistic (7, S)-fuzzy
(implication, positive implication, Boolean, G, MV)- filters
of residuated lattices and some equivalent results are
obtained. Meanwhile, The relations among these fuzzy
filters are investigated in some special residuated lattices,
such as BL-algebras and lattice implication algebras. We
desperately hope that our work would serve as a foundation
for enriching corresponding many-valued logical system.

The paper is organized as follows. In Sect. 2, we list
some important concepts and results in residuated lattices,
it is useful in other sections. In Sect. 3, we introduced the
concept of IVI (7, S)-fuzzy filters, some important prop-
erties of it is also obtained; the relations between IVI
(T, S)-fuzzy filters and the filters are also investigated. In
Sect. 4, we introduced the notions of IVI (7, S)-fuzzy
implicative filters and IVI (7, S)-fuzzy Boolean filters,
some of their equivalent characterizations are derived, and
the equivalence of two kinds fuzzy filters are obtained. In
Sect. 5, we introduced the notions of IVI (7, S)-fuzzy
positive implicative filters and IVI (7, S)-G filters, some
necessary and sufficient condition of them are derived, and
the equivalence of two kinds fuzzy filters are obtained. In
Sect. 6, we introduced the notions of IVI (7, S)-fuzzy
fantastic filters and IVI (7, S)-MV filters, some necessary
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and sufficient condition of them are derived; we also study
the relations among these fuzzy filters.

2 Preliminaries

Definition 1 ([15]) A residuated lattice is an algebraic
structure £ = (L,V,A,®,—,0,1) of type (2,2,2,2,0,0)
satisfying the following axioms:

(Cl) (L, V,A,0,1)is a bounded lattice.

(C2) (L, ®,1)is a commutative semigroup (with the unit
element 1).

(®,—) is an adjoint pair, i.e., for any x,y,z,w € L,

RD)
R2)

(C3)

ifx<yandz<w,thenx ®z<y ® w.
ifx <y theny— z <x—zandz— x < z—
y.

(R3) (adjointness condition) x ® y < z if and only

ifx <y- z

In what follows, let £ denote a residuated lattice unless
otherwise specified and x = x— 0 for any x € L.

Proposition 1 ([15, 24]) In each residuated lattice L, the
following properties hold for all x,y,z € L :

(P1)
(P2)
(P3)
(P4)
(P5)
(P6)
(P7)
(P8)
(P9)
(P10)
(P11)
(P12)
(P13)
(P14)
(P15)

(x®y) —z=x—(y—2).

ISXx =y e zQx<y.
XSy 10X =<27R).
x—=(y—o2)=y— (x—2).
x<y=z7z—=x<z—y.
x<y=>y—z<x—zandy <x.
y—z<(x—y) = (x—2).
y—=x<(x—z) = (y—2).
l—-x=xx—>x=1.

A" <x".m,n e N, m>n.
x<yesx—y=1.
0=1,1=0,x=x"x<x"
xVy-=>z=x—>2 A0 2.
x®x =0.

x=>( AzZ)=@x—>y) A - 2).
Let £ be a residuated lattice, F C L, and x,y,z € L. We

list some conditions which will be used in the following
study:

(FI) x,ycF=x®ycF.
(F2) xeF,x<y=y€cF.

(F3) 1€F.

(F4) xeF,x—y€eF=ycF.

(F5) z,z— ((x—y) —>x)eF=x¢cF.
(F6) z— (x—y),z—xeF=z—yeF.
FH x@x =1.

(F8) y—xeF=(x—y) —y —xecF.
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Definition 2 ([24])

1. A non-empty subset A of a residuated lattice L is
called a filter of L if it satisfies (F1) and (F2).

2. A non-empty subset A of a residuated lattice L is
called an implicative filter of L if it satisfies (F3) and
(F5).

3. A non-empty subset A of a residuated lattice L is
called a positive implicative filter of L if it satisfies
(F3) and (F6).

4. A filter A of a residuated lattice £ is called a Boolean
filter if it satisfies the condition (F7).

5. A filter F of a residuated lattice L is called a MV-filter
if it satisfies the condition (F8).

Proposition 2 ([24]) A non-empty subset A of a resid-
uated lattice L is called a filter of L if it satisfies (F3) and
(F4).

By an interval @ we mean an interval [a", at], where
0 <a <a" < 1. The set of all intervals is denoted by

DI[0,1]. The interval [a, a] is identified with the number a.
For interval d; = [a;,a;],b; = [b;, b}, where i € I,1 is

an index set, we define

b; }, max{a;, b} }],

b},

170

rmax{d;, b;} = [max{a;

1 i
rmin{d;, b;} = [min{a;,b; }, min{a;
Nierdi = [/\lEIai , Nier@; L

Vierdi = [Viera; , Vieraf;
Furthermore, we have

(i) d; <b; if and only if a; < b; and a;" < b},
(i) a; = l;, if and only if a; = b; and at = b},
(ili) ka = [ka; ,ka;], where 0 < k < 1.

Then, it can be shown that (D[0, 1], <, V,A) is a
complete lattice, 0 = [0,0] as its least element and 1 =
[1,1] as its greatest element.

Let X be an nonempty set, by an interval valued fuzzy
set on X we mean the set

F = {(x,[Ap (x), A;-(x)])|x € X},
where Ay and Af are two fuzzy sets of X such that
Afr(x) < Af(x) for all x € X.

Putting Ar(x) = [A7(x),Af(x)]), we see that F =
{(x,Ap(x)|x € X}, where Ap : X — D[0, 1].

For any 7 € D0, 1], the set U(F;7) = {x € X|Ap(x) >1}
is called the interval-valued level subset of A.

Definition 3 ([15, 24]) Let & be a mapping from
D[0, 1] x DI[0, 1] to D[0,1]. & is called a ¢-norm (resp. s-
norm) on DI[O0, 1], if it satisfies the following conditions:
for any x,y,Z € D[0, 1],

1. (% 1) = x(resp. 6(%,0) = %),

9).2) = 8(2,5.2)).
if x <y, then 5()? )<5(y, )

The set of all
{x € D[0, 1]|6(x, %) = X}

In [5, 6], there are some important examples on interval-
valued -norm. An interval-valued fuzzy subset A is said to
satisfy imaginable property if ImF C Dr.

An interval valued intuitionistic fuzzy set on X is
defined as an object of the form

A = {(x, Ma(x), Na(x)x € X},

where MA,NA are interval valued fuzzy sets on X such
that [0,0] <My (x) +Na(x) <[1,1]. For the sake of
simplicity, in the following, such interval valued intui-
tionistic fuzzy sets will be denoted by A = (M4, Ny ).

In this paper, all theorems are discussed under the
condition that t-norm, s-norm are all idempotent.

d-idempotent  elements D =

3 IVI (T, S)-fuzzy filters

Definition 4 An interval valued intuitionistic fuzzy set
A of L is called an interval valued intuitionistic (7, S)-
fuzzy filter (IVI (T, S)-fuzzy filter for short) of L, if for any
x,y,z€L:

(V1) Ma(1)>
(V2) My(y)>
Na(y) <

My (x) and Ny (1) <Ny (x

T({‘;IA (x =), ~A( )) an
S(Na(x — ), Na(x)).

Example 1 Let L= {0,a,b, 1}, where 0 <a<b <1

with the operations x A y = min{x, y}, x Vy = max{x, y}
and ®, — as Table 1.

);
nd

Then £ = (L,V, A, ®,—,0,1) is a residuated lattice. we
define an interval-valued intuitionistic fuzzy subset A of £
by

Table 1 ®, —» in L

— 0 a b 1
0 1 1 1 1
a a 1 1 1
b 0 a 1 1
1 0 a b 1
® 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1
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=[0.3,0.4], My (a) = My (b) = [0.7,0.8], Ma(1)
=1

N4 (0) = [0.5,0.6], No(a) = Na(b) = [0.1,0.2], No(1) = 0.

It is routine to verify that A is an interval-valued intui-
tionistic (7, S)-fuzzy filter of L, where T = Tp,Tp
(%,5) = "y, max{x"yt,xty"}],S = max.
Lemma 1 Let A be an IVI (T, S)-fuzzy filter of L. Then,
for any x,y € L :

(V3) if x <y, then Ma(x) <My (y) and Ny (y) <Ny (x).

Proof Since x <y, it follows that x— y = 1. As A is an
IVI (T, S)-fuzzy filter of £, we have My (y) > T(Ma(x —
V) H4(x)) and Ny (3) < S(Na(x — ¥), Na(x). by (VDwe
have, M4(1)>Ms(x),Na(1) <Na(x) for any xe€lL,
therefore,

And so V(3) is valid.

Proposition 3 Let A be an interval valued intuitionistic
Sfuzzy set on L. Then A is an IVI (T, S)-fuzzy filter of L, if
and only if, for any x,y,z € L, (V1) holds and (V4) Mx(x —
2) 2 T(Ma(y — (x — 2)),Ma(y)) and Na(x — z) <S(Ny
(v — (x = 2)), Na(y))-

Proof Let A be an IVI (7T, S)-fuzzy filter of L, obviously,
(VDl)and (V4) hold. Conversely, assume that (V4) hold,
taking x =1 in (V4), we have My(z) = M,(1 —
)2 T(Ma(y — (1 = 2)),Ma(y)) = T(Ma(y — 2), Ma())

and  Ny(2) = Na(l = 2) S SNy — (1 - 2)),May)) =
S(Nao(y — 2),Na(y)). Hence (V2) holds, and so A is an IVI
(T, S)-fuzzy filter of L.

Proposition 4 Let A be an interval valued intuitionistic
fuzzy set on L. Then A is an IVI (T, S)-fuzzy filter of L, if
and only if, for any x,y,z € L, A satisfies (V3) and

(V5) Ma(x®y)>T(My(x),Ma(y)) and Na(x®y)<S
(Na(x), Na(y))-

Proof Assume that A is an IVI (7, S)-fuzzy filter of L,
obviously (V3)holds. Since x < y—(x ® y), we have
Ma(y = (x®y)) 2Ma(x) and Na(y — (x®y)) <Na(x).
By (V2), it follows that Ms(x @ y) > T(Ma(y),Ma(y —
(x®))) > T(Ma(y), Ma(x)) and
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Na(x ®y) <S(Na(y), Naly = (x®)))
< S(Na(y), Na(x)).

Conversely, assume (V3) and (V5) holds. Taking
y =1 in (V3), then (V1)holds. As x ® (x— y) <y, thus
Ma(y) 2 My(x ® (x —y)) and Ny(y) SNa(x ® (x — ).
By (VS5), we have My(y)>T(Ma(x),Ma(x — y)) and
Na(y) <S(Na(x),Na(x — y)). Therefore (V2) is valid, so
A is an IVI (T, S)-fuzzy filter of L.

Corollary 1 An interval valued intuitionistic fuzzy set on
L is an IVI (T, S)-fuzzy filter of L, if and only if, for any
x,y,z€L:

(V6) if x—>(y— z) = 1, then

My(z) > T(Ma(x), Ma(y))
and
Na(2) < S(Na(x), Na (v))-
Corollary 2 An interval valued intuitionistic fuzzy set on
L is an IVI (T, S)-fuzzy filter of L, if and only if, for any
x,y,z€L:

(V7) If a,— (ay—1 — -+ — (a1 = x)---) =1, then
MNA(x) > T(A?A(an), .. .,A?A(al)) and
NA(X) SS(NA(CI,,), .. .7NA(611)).

Proposition 5 An interval valued intuitionistic fuzzy set
on L is an IVI (T, S)-fuzzy filter of L, if and only if, for any
x,y,z € L, A satisfies (V1) and

(V8) Ma((x — (v — 2)) — 2) 2 T(Ma(x),Ma(y)) and
Na((x = (v = 2) = 2) SS(Na(x), Na(y))-

Proof If A is an IVI (T, S)-fuzzy filter of £, (V1) is
obvious. Since My((x — (y —2)) — 2) > T(My((x —
(v = 2) = (v = 2)), Ma(y)) and Na((x — (v = 2)) = 2)
<SNa((x = (y = 2) = (v = 2)), Na(y))- As (x=(y—
9)— (y— z)~ > x, by(V3), we have My ((x — (y — 2)) —
(y = 2))2Ma(x) and  Na((x — (y = 2)) = (v = 2))
< Na(x). Therefore, Ma((x — (v — z)) — z) > T(My(x),
Ma(y)) and Na((x — (y = 2)) = 2) <S(Na(x), Na(y))-
Conversely, suppose (V8) is valid. Since M(y) =
Ma(1 = y) = Ma(((x = y) = (x =) = y) > T(Ma(x
—¥),Ma(x)) and Na(y) = Na(l =) = Na(((x = )
— (x =) = ) <S(Na(x — y),Na(x)). we have (V2).
By(V1), A is an IVI (T, S)-fuzzy filter of L.

Proposition 6 Let A be an interval valued intuitionistic
Sfuzzy set on L. Then A is an IVI (T, S)-fuzzy filter of L, for
any x,y,z € L,A satisfies (V1) and (V9) My(x —
2) 2 T(Ma(x — y),Ma(y — 2)) and  Na(x — z) <S(Na
(x =), Na(y — 2))-
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Proof Assume that A is an IVI (7, S)-fuzzy filter of L.
Since (x — y) < (y — z) — (x — z), it follows from The-
orem 1 that Ma((y — 2z) — (x — 2)) >Mu(x — y) and
Na((y = 2) = (x = 2)) <Na(x —y). As A is an IVI
(T, S)-fuzzy filter, so My(x — z)>T(Ma(y — z), My
(v = 2) = (x = 2))) and Na(x — 2) <S(Na (v — 2),Na
((y = 2) = (x — 2))). We have

Ma(x — 2) 2 T(Ma(y — 2), Ma(x — 2))

and

Na(x — 2) <S(Na(y — 2), Na(x — 2)).

Conversely, if My(x — z) > T(My(x — y),Ms(y — 2))
and Ny(x — z) <S(Na(x — y),Na(y — z)) for any x,y,z
€ L, then
M1 — 2) > T(Ma(I — y), Ma(y — 2))
and
Nal = 2) <S(Na(I = ¥),Naly = 2)),

that is Ma(z) > T(Ma(y),Ma(y — z)) and Nu(z) <S
(Na(y),Na(y — z)). By (V1), we have A is an IVI (T, S)-
fuzzy filter of L.

Theorem 1 Let A be an interval valued intuitionistic
fuzzy set on L. Then A is an IVI (T, S)-fuzzy filter of L, if
and only if, for any 4, € D[0,1] and 6+ p<1, the sets
U(My;d)(# 0) and L(Ng; B)(# 0) are filters of L, where
U(My;d) = {x € LIMa(x) > @}, L(Na; ) = {x € LINA(x)
<B}.

Proof Assume A is an IVI (7, S)-fuzzy filter of L, then
My (1) > My(x). By the condition U(My,d) # 0, it follows
that there exists @ € L such that My(a)>d, and so
My (1) >4, hence 1 € U(My; d).

Let x,x — y € U(My; &), then My (x)>d& Ms(x — y)
>a. Since A is an IVI (T,S)filter of L, then
My (y) > T(Ma(x), Ma(x — y)) >T(d,d) = & Hence y €
U (My; d). Therefore U(My;a) is a filter of L.

We will show that L(Ny; f) is a filter of £.

Since A is an IVI (T, S)-fuzzy filter of L, then
Na(1) < Na(x). By the condition L(Ny, f) # 0, it follows
that there exists a € L such that Ny(a)<p, and so
NA(a) SB, we have NA(I) SNA(a) SB, hence 1€
L(Na; B).

Let x,x —y € L(Ns; ), then Na(x)<p;Na(x —y)
< [3 Since A is an IVI (T, S)-fuzzy filter of L, then
Na(y) < S(Na(x),Na(x — y)} <S(B, p) = p. It follows
that N4 (y) < 8, hence y € L(Ny; f§). Therefore L(Ny; ) is a
filter of L.

Conversely, suppose that U(My;d)(# 0) and L(Ny; f)
(#0) are filters of L, then, for any x€L,x €
U(My; Ma(x)) and x € L(Ny; Na(x)). Since U(My, Ma(x))
(# 0) and L(Na, Ns(x))(# 0) are filters of £, it follows
that [ € U(Ma,Ma(x)) and 1€ L(Na,Na(x)), and so
qMA(l) EMA(X) and NA(l) SNA(X)

For any x,y € L, let & = T(My(x), Ma(x — y)) and f§ =
S(Na(x),Na(x — y)), then x,x — y € U(Ma; &) and x,x —
y € L(Na; B). And so y € U(Ma;3) and y € L(Na; f).
Therefore
Ma(y) > 6 = T(Ma(x), Ma(x — y))
and
Na(y) < B = S(Nu(x), Nalx — )}

We have A is an IVI (7, S)-fuzzy filter of L.

Let A, B be two interval valued intuitionistic fuzzy sets
on L, denote by C the intersection of A and B, i.e. C = AN
B, where

Ne(x) = S(Na(x), Np(x))
for any x € L.

Proposition 7 Let A, B be two IVI (T, S)-fuzzy filters of
L, then AN B is also an IVI (T, S)-fuzzy filter of L.

Proof Let x,y,z € L such that z < x— y, then z—>(x—
y) = 1. Since A, B are two IVI (T, S)-fuzzy filters of £, we
have  My(y) = T(Ma(z), Ma(x)), Na(y) < S(Na(z), Na(x))

and

Macs(y) =T(Ma(y), Mp(y)}
> T(T(Ma(z), Ma(x)), T(Mp(z), Mp(x)))
= T(T(Ma(z), Mp(2)), T(Ma(x), Mp(x)))
= T(Mar(2), Mans(x))

and

Nars(y) =S(Na(y), Np(y)}
<S(S(Na(2), Na(x)), S(Ni(2), Np(x)))
= S(S(Na(2), Ns(2)), S(Na(x), Np(x)))
= S(Narp(2), Nars (x))-

Since A, B be two IVI (T, S)-fuzzy filters of L, we have
My(1) > Ma(x)),Na(1) <Na(x)) and  Mp(1) > Mp(x),
< Np(x). Hence
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Similarly, we have

Nans(1) =S(Na(1), Np(1))

< S(Na(x),Np(x)) = Nanp(x).

Then AN B is an IVI (T, S)-fuzzy filters of L.

Let A; be a family interval valued intuitionistic fuzzy
sets on £, where [ is an index set. Denoting by C the
intersection of A;, i.e. N;c/A;, where

for any x € L.

Corollary 3 Let A; be a family IVI (T, S)-fuzzy filters of
L, where i € I,I an index set. then NicjA; is also an IVI
(T, S)-fuzzy filter of L.

Suppose A is an interval valued intuitionistic fuzzy set
on £ and & f € D[0,1]. Denoting A by the set
{x € LIM4(x) > &, Na(x) < B}.

Theorem 2 Let A be an interval valued intuitionistic
fuzzy set on L. Then

1. foranyd,p € D[0,1], ifAgg
any x,y,z € L,
(V10) My(z) <T(Ma(x — y),My(x)) and Na(z)>S$
(Na(x — y),Na(x)) imply Ma(z) <Ma(y) and Na(z)
> Na(y).

2. If A satisfy (VI)and (V10),

) IS a filter of L. Then, for

then, for any a,f €

DJ0, 1]’A(o?,/3> is a filter of L.

Proof

(1) Assume that A(i-ﬁ) is a filter of L for any
4, B € D[0,1]. Since My(z) <T(Ma(x — y),Mu(x))

and Ny (z) > S(Na(x — y),Na(x)), it follows that
My (2) <Ma(x — ), Ma(z) < Ma(x)
and
Nu(z) > Na(x — y),Na(z) > Na(x).

Therefore,

X =Y € Aut, 05, ) X € Al 2N (2)-

As Ma(z2),Na(z) € [0, 1], and A1, () N (o)) 18 2 filter of £, s0
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Y € At (2) Na ()
Thus My (z) < Mu(y) andN(z) > Na(y).

(2) Assume A satisfy (V1) and (V10). For any x,y €
L,a,p € D[0,1], we have X—=yEAGHXEAGp,
therefore My (x — y) > & Na(x — y) < and My (x)
>, Ny (x) < B, and so
T(Ma(x — ), Ma(x)) > T(d, ) = 4,
S(Na(x — ¥),Na(x)) < S(B, 5
By (V10), we have My(y)
y € A(%ﬂ).

) =
>4 and Na(y)<p, that is,

Since My (1) > My (x) and Na(1) <Na(x) for any x € L,
it follows that M, (1) > & and Ny (1) < 8, that is, 1 € A
Then, for any &, § € [0, 1], Az is a filter of L.

Proposition 8 Let A be an IVI (T, S)-fuzzy filter of L,
then, for any &, f € D|0, 1]’A(d,/§)(7é @) is a filter of L.

Proof Since A(&‘ B # ¢, there exist x € L such that
My (x) >, Na(x) < ﬁ And A is an IVI (T, S)-fuzzy filter of

L, we have MA(I) EMA(x) >a,Na(1) SNA(x) < ﬁ, there-
fore 1 EA(&',;).

Let x,yeL and x¢€ A(dﬁ),x —yE A(&ﬁ)’ therefore
My (x) 2 8, Na(x) < p, Ma(x — y) > & Ma(x — y) < B.
Since A is an IVI (7, S)-fuzzy filter of L, thus
Ma(y) > T(Ma(x — y), Ma(x)) > & and Na(y) <S(N’A(x —
¥),Na(x)) < B, it follows that y € A s j)- Therefore, A ; 5 i

a filter of L.
In Proposition 8, the filter A(&_? 3 is also called an I'VI-cut

filter of L.

Theorem 3 Any filter A of L is an IVI-cut filter of some
VI (T, S)-fuzzy filter of L.

Proof Consider the interval valued intuitionistic fuzzy set
Aof £L:A = {(x,Ms(x),Ns(x))|x € L}, where

IfxeF
My (x) = &,Na(x) =1 — d. (1)
Ifx¢F,
My (x) = 0,Na(x) = (2)
where & € D[O 1]. Since F is a filter of £, we have I € F.
Therefore M(1) =a>Mu(x) and Ny(1)=1-0a<
NA()C).
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For any x,y € L, if y € F, then Ma(y) =
>T(Mp(x — y), My(x)) and No(y)=1—d=
T — ) < S(Va(x — ¥), Na ).

If y¢ F, hence x ¢ F or x — y ¢ F. And so My(y) =
0=T(0,0) = T(Ma(x — y),Ma(x)) and Na(y) = 1 = S(1,
1) = S(Ns(x — y),Na(x)). Therefore A is an IVI (T, S)-
fuzzy filter of L.

Proposition 9 Let A be an IVI (T, S)-fuzzy filter of L.
Then F = {x € LIMa(x) = Ma(1),Na(x) = Ns(1)} is a
filter of L.

Proof Since F = {x € L|My(x) = M4(1),Ns(x) = N4
(1)}, obviously 1 € F. Let x — y € F,x € F, so M(x —

y) = My(x) = Ma(1) and Na(x —y) = Na(x) = Na (1),
Therefore

Ma(y) > T(Ma(x — y), Ma(x)} = Ma(1).

And My (1) > My4(y), then My(y) = Ma(1). Similarly, we
have Na(y) = Na(1). Thus y € F. Tt follows that A is a
filter of L.

4 1IVI (T, S)-fuzzy implicative (Boolean) filters

Definition 5 Let A be an interval-valued intuitionistic
fuzzy set of L. Then A is an IVI (7, S)-fuzzy implicative
filter if A satisfies (V1) and

(V1) Mu(x — 2) >T(Ma(x — (2 — y)), Ma(y — 2))
and Nj(x — 2) <S(Na(x — (2 = ), Na(y — 2)).

Example 2 Let L= (L,V,\,®,—,0,1) be a residuated
lattice as in Example 1, and define an interval-valued

intuitionistic fuzzy subset A of L by Mu(0) =
5.3 Ma(a) = Ma(b) = [5, 3], Ma(1) = [%ﬁ]-
NA(O) [15710} NA( ) NA<b) = [07%]7NA(1) = [O»O]-

It is easy to verify that A is an interval-valued intui-
tionistic (7, S)-fuzzy filter of L, where T = Tp,
Tp(%,9) = X7y~ ,max{x"y*,x"y" }], S = max.
Proposition 10 Let A be an IVI (T, S)-fuzzy filter of
L. Then A is an IVI (T, S)-fuzzy implicative filters if and
only if it satisfies My(x — y)>T(Mp(z — (x = (y —
¥))):Ma(z))  and  Na(x — ) SSNa(z = (x = (V) —
¥)));Na(2)) for any x,y,z € L.

Proof Assume that A is an IVI (T, S)-fuzzy implicative
filter. Then My(x — y)>T(My(x — (Y — y)),Ma(y —
¥) =T(Ma(x — (Y =), Ma(1)) 2 Ma(x — () — y)).
Since A is an IVI (7, S)-fuzzy filter of L, we have
Ma(x = (Y =) 2T(Ma(z = (x = () = ¥))), Ma(2)).
And so,

Mp(x = y) >Ma(x — (¥ — y))

T(Ma(z — (x = (Y = ))), Ma(2)).

Similarly, we have Nu(x — y) <S(Na(z — (x — (y —
¥))); Na(2))-

Conversely, assume that A is an IVI (7, S)-fuzzy filter of

L and My(x —y)>T(Ma(z — (x = (Y = ¥))), Ma(2)),

Na(x = y) <S(Na(z = (x = () = ¥)),Na(2))).  Since

= (@ =y)=0®d)—y and (x—y)®(y—2)<
x — z, we have

>
>

=((x@7) =y —2)
<x®7 —wz=x— (7 —2).

x—=E—=y)@0O—2

Ma((x®2) = y)

It follows that My(x — (7 —z))>
x@)—=y)e@y—

B0 — 2)) Falx = (Z = 2) <N
) and MA((x© ) — ) @ (v — 2)) > T (x — (& —
) Ma(y = 2)), Na((x @ 2) =) @ (y = 2)) <S(Nalx
(=) aly = 2), hence Mylx— (= 2) 2T
(Ma(x = (=), Ma(y — 2)) and Nalx — (7 —2))
<S(Ns(x — (£ — y)),Na(y — z)). By the hypothesis, we
have

Ma(x = 2) 2 T(Ma(1 — (x — (£ = 2))), Ma(1))
>Ma(x — (7 — z2))
>T(Ma(x — (£ — ), Ma(y — 2))-
and
Na(x = 2) SS(Na(1 — (x = (' = 2))),Na(1))
<Mu(x — (7 — 2))
<S(Nalx — (2 = ), Naly — 2)).

Therefore A is an IVI (7, S)-fuzzy implicative filter of L.

Proposition 11 Let A be an IVI (T, S)-fuzzy filter of
L. Then A is an IVI (T, S)-fuzzy implicative filter if and only
if it satisfies Ma(x —y) >T(Ma(z — (x = (x = y))),
Ma(z)) and Ny(x — y) <S(Na(z — (x — (x = ¥))), N4
(2)) for any x,y,z € L.

Proof 1t is similar to Proposition 10.

Proposition 12 Let A be an IVI (T, S)-fuzzy filter of
L. Then A is an IVI (T, S)-fuzzy implicative filter if and only
if it satisfies Ma(x — z) > My (x — (7 — 2)) and Ny(x —
2) <Na(x — (7 — z)) for any x,y,z € L.

Proof Assume that A is an IVI (7, S)-fuzzy implicative
filter of £, we have My(x — 2)>T(Ma(x — (7 —y),
Ma(y —2))) and Na(x —2) <S(Na(x — (& = y),Naly
— z))). Taking y = z, we have Ma(x — z) > T(My (x —
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(2 —2)),Ma(1)) > Ma(x — (7 —z)) and Na(x —2) <
T(No(x — (7 — 2)),Na(1)) <Nu(x — (7 — 2)).

Conversely, assume that A is an IVI (7, S)-fuzzy filter of
L. Then Ma(x — (7 —2)>T(Ms(y — (x — (¢ —
2))):Ma(y)) and  Ny(x — (' —2)) SSNa(y — (x —
(Z — 2))),Na(y)), it follows that My (x — z) > Ms(x —
(7 = 2)2T(Ma(y = (x = (£ = 2))), Ma(y)) and Na(x
—2) SNa(x = (£ = 2) SSNaly — (x = (£ —2)),
N4 (y)). By Proposition 10, we have A is an IVI (T, S)-
fuzzy implicative filter of L.

Proposition 13 Let A be an IVI (T, S)-fuzzy filter of
L. Then A is an IVI (T, S)-fuzzy implicative filter if and only
if it satisfies My(x) > T(Ma(z — ((x — ¥) — x)), M (2))
and Nj(x) <S(Ni(z — ((x = y) = x)),Na(2)) for any
x,y,z€ L.

Proof From Proposition 12, we have My (x) = Ms(1 —
X)>Mu(1 — (¥ —x)) = Mu(x — x),Na(x) = Na(1 —
x) <N4(1 = (¥ = x)) = Ny(x — x). Since A is an IVI
(T, S)-fuzzy implicative filter of £ and ¥’ <x — y, we have
(x >y) —x>x —x, and so Mu(x¥ — x) <M,((x —
y) = x), Na(¥' — x) <N4((x — y) — x). Therefore My (x)
>M,((x — y) — x) and Na(x) <N ((x — y) — x). Since
Ma((x = y) = x) 2T(Ma(z — ((x = y) = x)),  Ma(2))
and  Np((x —y) = x) SS(Na(z — ((x = y) = x)),Na
(z)), it follows that My(x)>T(Ma(z — ((x —y) —
x)), Ma(2)) and Nx (x) > S(Na(z — ((x — y) — %)), Na(2))-

Conversely, Since (x — z)' <7/, we have 7/ — (x —
)<(x—2) = (x—z) and so Mu((x —z) — (x —
2)) > Ma(? — (x = 2)), Na((x = 2)" = (x = 2)) <Na(&
— (x — 2)). It follows that

My(x—2) > T(Ma(1 — ((x—2) = 0) = (x = 2)),Ma(1))
>My((x—2) = (x—2))
>Ma(Z — (x—2))
=Mp(x — (£ —2))

and

Ny(x — 2) N N

It follows from Proposition 12 that A is an an IVI (T, S)-
fuzzy implicative filter of L.

Definition 6 Let A be an IVI (7, S)-fuzzy filter of L.A is
called an IVI (T, S)-fuzzy Boolean filter if My(xV x') =
My(1) and Na(x V ¥') = Na(1) for any x € L.
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Theorem 4 Let A be an IVI (T, S)-fuzzy filter of L. Then
Ais an IVI (T, S)-fuzzy Boolean filter of L if and only if A is
an IVI (T, S)-fuzzy implicative filter of L.

Proof Suppose that A is an IVI (T, S)-fuzzy Boolean fil-
ter, then My(x Vx') = M4 (1),Na(x Vx') = N4(1) for any
x € L, it follows that My (x — z) > T(Ms((zV ) — (x —
2)), Ma(zV2)) = T(Ma((zV 2) — (x = 2)), Ma(1)) >
My((zV2) = (x —2)) and Nx(x — 2) <S(Na((zV ) —
(x = 2)), Na(zV2)) = S(Na(zV &) — (x = 2)),Na(1))
<Na((zVZ) = (x = 2)). Since (z V )= (x— 2) = (z—
(= DANF >G> 2D =7> (> 2 =x>@E> 2),it
follows that My((zV Z) — (x — 2)) = Ma(x — (7 — 2))
and Ny((zV7) — (x = 2)) = Na(x — (¢ — 2)), thus My
(x—=2)>Ms(x— (£ —2)) and Na(x — z) <Na(x —
(Z — 2)). It follows from Proposition 12 that A is an IVI
(T, S)-fuzzy implicative filter of L.

Conversely, suppose that A is an IVI (T, S)-fuzzy
implicative filter. Since X' —->((X—> x)—» x)» -
x)) =1 and ¥ - (= x)— x) = 1, we have M,((x' —
X) = x) = Myl — (¢ —x)) 2 T — (7 — x)
—x) = (= x))), Ma( — (X = x) = x))) = T(My
(1),M4(1)) = M4s(1) and Na((x' — x) — x) = Na(x' —
W = 2)) SSNAW — (W =) —=x)  — (& —x))),
N = (¢ =) — ) = SWa(1), Na(1)) = Ba(1).
Hence M ((xX' — x) — x) = M4 (1) and Ny((xX' — x) — x)
= Ny(1). Similarly, we can prove M, ((x — x') — x') =
My4(1) and Nay((x — x') — x’) = N4 (1). Therefore
Ma(x V) =Ma () = x) = x) A (' = x) = x))

>T(Ma((x — ¥) — ), My((xX' — x) — x))
— T(T5(1), W1 (1)) = B (1)

Thus My (x V x') = Ms(1) and Na(x V x') = Na(1). There-
fore A is an IVI (7, S)-fuzzy Boolean filter of L.

Proposition 14 Every IVI (T, S)-fuzzy
(Boolean) filter is an IVI (T, S)-fuzzy filter.

implicative

Proof It is easy to obtain the theorem by taking y = 1 in
Proposition 13.

Proposition 15 Let A be an IVI (T, S)-fuzzy filter of L.
Then the following conditions are equivalent:

1. Ais an IVI (T, S)-fuzzy Boolean filter;

2. MA(}C) = MA(_X/ — x) ClndNA()C) — NA()C/ N X)for any
x€eL;
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3. My(x) =Mu((x = y) = x) and Na(x) = Ns((x —
y) — x) for any x,y € L.

Proof

(1)=(2) Suppose that A is an IVI (7, S)-fuzzy Boolean
filter. It follows from Proposition 12 and Prop-
osition 14 that My (x) = My (1 — x) = Ma(1 —
(¢ =) = Walo' = ), Na(e) = Na (1 — 1) =
Ni(l — (X' = x)) = Na(& — x).

(2)=((3) From x < x— y,it follows that (x— y)—
x<x- x, which implies M, (' —
X)>My((x —y) —x) and Ny(¥ —x)<
]?A((x —y)—x). From (2), we have
Ma(x)>Ma((x —y) = x) and  Ny(x) <Ny
((x = y) — x). Since (x— y)— x > x, we have
My (x) <Ma((x — y) —>~x) and~ Ny (x) > Na
((x — yz — X), ~thus Muy(x) = Mu((x — y) —
x) and Nj(x) = Na((x — y) — x).

(3)=(1) AsAisanlIVI(T, S)-fuzzy filter, we can obtain
My((x = y) = x) 2 T(Ma(z — (x = y) = ),
M4(2)) and Na((x = y) = x) <S(Na(z — (x —
y) — x),Na(z)), which together with (3), we
have My (x) > T(Ma(z — ((x — y) — X)), My
(@) and Na(r) < S(¥a(z — ((x— ) — 1),
N4(z)). Since z < x— z, it follows that (x—
7)) <7 and 7—>(x— 2) < (x> 7)) > (x> 2), this
implies that My (7 — (x = 2)) <Ma((x —
) = (x—2) and  Ny(d — (x—2))>
Na((x — 2)" — (x —>~z)). And so Mu((x —
z) —>~(x — 7)) > T(MA(~1 - (x—=2) = (x—
M) and Nyl — ) — (v —2)
<SNa(1 = ((x = 2)' = (x = 2))), Na(1)).
Since My((x — z)' — (x — 2)) = T(Ma(1 —
(r=2) = (x = 2)Ma((x = 2) = (x—
2)) STMs(1 = ((x = 2) = (x = 2))). M
(1)) and NA((x—>z)/—>Ex—>z)) S(Na(
(r—=2) = (x—2))), Na(lx = 2)" = (
7)) 2 S(Na(l = ((x = 2)' — (x = 2))),Na
(1))~, we have My((x — z) ~(x — 7)) =
Y:(MA(l —(x—2) = (x— z))z,MA(l)) and
Fallx — 2 — (x = 2)) = SV (1 = (v —
7) = (x — z2))),Na(1)). Therefore My(z —
(r = 2) <M ((x = 2) = (= 2)) = T(Ma(1
= ((x—2) = (x = 2))),Ma(1)) = T(Mx(1
(k=2 = 0) = (v — 2)), (1)) <
Ma(((x = 2) = 0) = (x — ) = Ma(x — )
and Ni(Z — (x = 2)) >Na((x = 2) — (x —

2)) = S(Na(1 = ((x = 2)' = (x — 2))), Na(1))
=S(Na(1 = ((x = 2) = 0) = (x = 2))),Na
1) >Na(((x = 2) = 0) = (x = 2)) = Nalx
— z), ie. Ma(x — ( — z)) <Ma(x — z) and
Na(x — (7 — 2)) > Na(x — z)for any x € L. It
follows from Proposition 12 that A is an IVI
(T, S)-fuzzy implicative filter. Furthermore, we
have A is an IVI (T, S)-fuzzy Boolean filter from

Theorem 4.

From Propositions 12 to 15 and Theorem 4, we have the

following:

Theorem 5 Let A be an IVI (T, S)-fuzzy filter of L. Then
the following are equivalent:

1.
2.

A is an IVI (T, S)-fuzzy implicative (Boolean) filter;
Wa(x = 3) > T(Ma(z — (v — ' — ))), W14 2)) and
Na(x = y) SS(Na(z — (x = () = ¥))),Na(z))  for
any x,y,z € L;

M (x) 2 T(Ma(z = (x — (x = ¥))),Ma(2)) and Ny
(1) <SMaz — (x — (x — 3))), Nal2)) for any xy,
zelL;

Mu(x — y)>Ma(x — (Y — y)) and Na(x — y) < Ny
(r— (Y = ) for any x.y € L ~
My (x) 2 T(Ma(z — ((x = y) = x)),Ma(2)) and Ny
(x) 2 S(Na(z = ((x = y) = x)),Na(z)) for any x,y,
7€ L;

My (x) = Ma(x' — x) and No(x) = Ny(X' — x) for any
x eL;

F(x) = Fla((x — y) — x) and Fa(x) = Fa((x — y)
— Xx) for any x,y € L.

Proposition 16 Let A be an interval valued intuition-
istic fuzzy set on L. Then A is an IVI (T, S)-fuzzy
implicative (Boolean) filter of L, if and only if, for any
4,p €D[0,1] and a+ <1, the sets U(My;d)( 0) and
L(Na; B)(#£ 0) are implicative (Boolean) filters of L,
where U(My;d) = {x € LIMa(x) >}, L(Ny; p) = {x € L|
Na(x) < B}

Proof 1Tt similar to Theorem 1, the details is omitted.

5 IVI (T, S)-fuzzy positive implicative (G-) filters

Definition 7 Let A be an interval-valued intuitionistic
fuzzy subset. A is called an IVI (T, S)-fuzzy G filter if it
satisfies (V1) and

(V12) My(x — (x — y)) <Ma(x —y) and Na(x — (x

—¥)) > Ny(x — y) for any x,y € L.
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Remark I  Obviously, in Definition 7, the condition (V12)
could equivalently be replaced by the following condition:
Ma(x = (x = y)) = Malx —y) and Na(x — (x = y)) =
Ni(x —y).
Definition 8 Let A be an interval-valued intuitionistic
fuzzy subset. A is called an IVI (T, S)-fuzzy positive
implicative filter of £ if it satisfies (V1) and

(VI3)My(x — 2) > T(Mp(x — (y — 2)),Ma(x — y))
and Ny (x — 2) <S(Na(x — (y — 2)), Na(x — y)) for any
x,y,2€ L.

Example 3 Let L= (L,V,\,®,—,0,1) be a residuated
lattice as in example 1, and define an interval-valued in-
tuitionistic fuzzy subset A of £ by

M4(0) = [0.3,0.4] = My(a) = Ma(b),M4(1) = [0.5,0.6].

N4 (0) = [0.4,0.5] = Nu(a) = Na(b),Na(1) = [0.2,0.3].

It is easy to verify that A is an interval-valued intuitionistic
(7 p,S) -fuzzy positive implicative filter of £, and also an
interval-valued intuitionistic (7 p, S)-fuzzy G-filter. But it
is not an imaginable interval-valued intuitionistic (7 p, S)-
fuzzy filter, where

Tp(%,y) = x y ,max{x"y",x"y"}],S = max.

Taking x = 1 in (V12), we can obtain the following
Proposition.

Proposition 17 Each IVI (T, S)-fuzzy positive implicative
filter is an IVI (T, S)-fuzzy filter.

Theorem 6 Let A be an IVI (T, S)-fuzzy filter of L. Then
the following are equivalent:

1. Ais an IVI (T, S)-fuzzy positive implicative filter;

2. Mj(x — y)>Ma(x — (x — y)) and Ny(x — y) <Ny
(x = (x —y)) for any x,y € L;

3. Ma((x —y) = (x = 2)) > Ma(x — (y — 2)) and N,
(x = y) = (x = 2)) <Na(x — (y — 2)) for any x,y,
zeL.

Proof Assume that A is an IVI (T, S)-fuzzy positive
implicative filter, we have My (x — y) > T(My(x — (x —
M) Ma(x — x)) = T(Ma(x — (x —y)),Ma(1)) > Ma(x
— (x—y)) and Ni(x—y) SS(Na(x — (x =), Na
(x = x)) = S(Na(x — (x = ¥)),Na(1)) < Nalx — (x —
y)). Thus (2) is valid.

Suppose that (2) holds. That is, assume that A is an IVI
(T, S)-fuzzy filter of L and Ma(x — y)>Ma(x —
(x = ¥)),Na(x = y) <Na(x — (x —y)). Note that x —
(y—2)<x— ((x = y) = (x — 7)), it follows that
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Ma((x =) = (x = 2)) = Ma(x — ((x = y) = 2))
Ma(x — (x = ((x =) = 2)))

Ma(x — ((x = y) = (x = 2)))
My

(x—=—2)

v

Y]

and

Na((x = y) = (x = 2) = Nalx = ((x = y) = 2))

Na(x = (x = ((x = y) = 2)))
Na(x

=

IN

A(x = ((x —=y) = (x = 2)))
<No(x — (y — 2)).

Assume that (3) holds, since A ia an IVI (T, S)-fuzzy
filter, we have My (x — z) > T(Ma(x — y), Ms((x — y) —
(x = 2)) = T(Ma(x — y), Ma(x — (y — 2))) and Ny (x —
2) SS(Na(x = y), Nallx = y) = (x = 2))) SS(Nalx —
y), Na(x — (y — 2))). Therefore, from Definition 8, A is
an IVI (T, S)-fuzzy positive implicative filter of L.

Corollary 4 Let A be an interval-valued intuitionistic
Sfuzzy subset of L. Then A is an IVI (T, S)-fuzzy G filter if
and only if A is an IVI (T, S)-fuzzy positive implicative
filter.

Proposition 18 Let A be an IVI (T, S)-fuzzy filter of L.
Then A is an IVI (T, S)-fuzzy positive implicative filter if
and only if Ma(y —x) >T(Ma(z — (v = (y = x))),
Ma(z)) and Na(y — x) SS(Na(z — (v — (v — %)), Na
() for any x,y,z € L.

Proof Since A is an IVI (T, S)-fuzzy positive implicative
filter, we have Ma(y — (v = x)) > T(Ma(z = (v = (v —
X)), Ma(z)) and  Na(y — (v = x)) <S(Na(z — (v —
(y = x))),Na(z). Since y —x=1—(y—x) =(—
y) — (y — x), it follows from that My (y — x) = M ((y —
Y) = (V= x))>Ma(y = (y = %) 2T(Ma(z — (v = (v

—x))),Ma(z)) and  Na(y = x) =Na((y =) = (v =
)(C);)S Na(y = (y = %)) < S(Nalz = (v = (v = x))), Na

2)).

Conversely, let A be an IVI (T, S)-fuzzy filter and
satisfies the condition: My(y — x) > T(My(z — (y —
(y = %)), Ma(z)) and Na(y — x) <S(Nalz = (v = (v —
x))),Na(z)) for any x,y,z € L. And so
Ma(z = x) 2 T(Ma((z = y) = (2 = (2 = x))),

Ma(z = y)).

and

Na(z = x) <S(Na((z = y) = (2 — (2 — x))),
Na(z = y)).
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Since 2 (N =y o< ko (=) = 0)LIAE) and Ny((— ) — ) < S
=), we have My((z—3) = (c— @ —=x) =My (=) =) Na2).  Since (x—y) —x<
2= (—x) and  Ni((z—=y) = (2= =2) =y = ((x—=y) =) wehave My((x = y) — ((x —
<Ni(z— (y — x)). We have MA(z—>x)>T(MA (z— ) —>y))~2 W((x—=y) = x)and Ny(x = y) = (x — y)
V) = (@= (2=x)),Ma(z =) 2T(Ma(e = (v = %), — y)) Na((x — y) — x). By hypotheses, Ma((y — x) —
Ma(z = ) and Naz =) <SS —y) = G — e~ ) =Malx—=3) =) and  Na((y —x) —x) = N,
x))), Na(z — ¥)) <S(Na(z — (y — x)),Na(z — ). ((x~—> y) —y). Since A is IVI (T, S)-fuzzy filter of
Hence A is an IVI (T, S)-fuzzy positive implicative filter. LMy((x — y)—y) > A((x -y —=((x—=y) —y)
and Ny ((x = y) =) < Na((x = 3) = (v = y) = ). I
Proposition 19 Let A be an IVI (T, S)-fuzzy positive follows that
implicative filter of L. Then A is an IVI (T, S)-fuzzy ~ -~
- M >M . 7
implicative filter of L if and only if Ms((y — x) — x) = a(ly = x) = x) 2 Ma((x = y) = x) @
Ma((x — y) =) and Na((y = x) — x) = Na((x — y) —  and
) Jor any %,y & L. Na((r = 2) = x) SNa((x = 9) = ). (3)
Proof Assume that A is an IVI (7T, S)-fuzzy implicative Since y<x—y and y—x<z— (y—x), we get

filter of £. We have, for any x,y,z € L,

Ma((y = x) = x) > T(Ma(z — (v = x) = x) = y)
—((y = %) = x)),Ma(2)).

(3)
and
Na((y = x) = x) <S(Na(z = (v = x) = x) =)
—((y = %) = x)),Na(2))
(4)
Taking z = 1 in (3) and (4), we have
Ma((y = x) = %) > Ma(((y = x) = x) =)
(=) — ). )
and
Na((r =) = ) SBa((y = ) = ) =) »
—((y = x) = x).
Since (x—y)—=y<(y—x)—=(x—y) —x)=@x—
= ((—=x)—-x)< (G—=x)—x)—y)—-0—

x) — x and A is an IVI (7, S)-fuzzy filter of L, we have
My(((y = %) = x) = y) = >Ma((x —
y) = y) and Na((((y = x) = x) = y) = (y = x) = x)
<Ni((x —y) — ). From (5) and (6), Ms((y — x) —
X)>Ma((x —y) —y) and Na((y = x) = x) SNa((x —
) — y) for any x,y € L. Similarly, we can prove M ((x —
) =) 2 Ma((y = %) = x) i
Na((y — x) = x). Hence Mu((y — x) = x) = Ma((x —
y) = y) and Na((y — x) — x) = Na((x = y) = y).
Conversely, since A is an IVI (7, S)-fuzzy filter of £, we
have, for any x,y,z € L, Ma((x — y) — x) > T(My(z —

(v —=x) —x)

~

and  Na((x —y) —y) <

(x—=y) = x<y—x<z— (y — x). It follows that

My(z — (y = %)) > Ma((x = y) — x). 9)
and
Na(z = (y = %)) <Na((x = y) = x). (10)

Hence Ma(y — x) > T(Ma(z — (x — ), Ma(z)) > T(My
((x =) = x),Ma(2)) and Na(y — x) <S(Na(z — (x —

¥),Na(2)) < S(Na((x = ¥) = %), Na(2)). And 50
M (x) > T(Ma((y — x) — x), Ma(y — x))
>T(Ma((x — y) — x), Ma(y — x))
>T(Ma((x — y) = %), T(Ma((x = y) = x),
M, (2)))
> T(T(Ma(2), Ma(z — ((x = y) = x))), Ma(2))
= T(Ma(2), Ma(z — ((x = y) = x))).
and
Na(x) <S(Na((y = x) = x), Na(y — x))

< S(S(Na(2),Na(z — ((x = y) — x))), Na(2))
= S(Na(2),Na(z — ((x = y) — x))).

Therefore A is an IVI (7, S)-fuzzy implicative filter of £
from Proposition 18.

Proposition 20 Let A be an IVI (T, S)-fuzzy filter. Then
Ais an IVI (T, S)-fuzzy positive implicative filter if and only
if My(x — x*) = My (1) and Ny(x — x*) = Na(1) for any
x €L
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Proof Suppose that A is an IVI (7, S)-fuzzy positive
implicative filter. Since x—(x— x?) = 1, we have M, (x —
=My(1) and Ni(x — (x — x2)) = Na(1).
Therefore My (x — x2) > T(Ma(x — (x — x%)), Ms(x —
x)) = T(Ma(1),Ma(1)) = Ma(1) and Ny(x — x?) <S(Na
(x = (x = 2%)), Na(x — x)) = S(Na(1), Na(1)) = Na(1).

= My (1) and Ny(x — x2) = Na(1)

(x = x%))

Therefore My (x — x?)
for any x € L.
Conversely, suppose that My (x — x?) = My (1) and
Na(x — x?) = Ny(1) for any x € L. Since (x— x°)—(x—
y) > x> y=x> (x> y) and A is an IVI (T, S)-fuzzy
filter of £, we have Ma((x — x%) — (x — y)) > My (x —
(x—y)) and Na((x = 2%) = (x = y)) SNa(x — (x =
y)). Hence My(x —y)>T(Ms((x — x%) — (x = y)),
Ma(x = x*) 2T(Ma(x — (x =), Malx — %)) =
T(Ma(x — (x = ), Ma(1)) 2 Ma(x — (x — y)) and Ny
(x =) S SWa((x = %) = (x =), Nax = 2%)) <S
(Nalx = (x = 3)),Nalx — 2%)) = S(Nalx — (x — y)),
N4(1)) <Na(x — (x — y)). It follows from Theorem 6
that A is an IVI (7, S)-fuzzy positive implicative filter of L.

Proposition 21 Let A be an interval valued intuitionistic
fuzzy set on L. Then A is an IVI (T, S)-fuzzy positive

implicative (G)-filter of L, if and only if, for any o?,ﬁ €
D[0,1] and G+ B<1, the sets U(Mu;d)(#0) and
(NA,ﬁ)(;«é 0) are positive implicative (G)-filters of L,
where U(My;3) = {x € LMy (x) > a},L(Na; f) = {x €
LN, (x) < ).

Proof 1Tt similar to Theorem 1, the details is omitted.

6 IVI (T, S)-fuzzy MV- (fantastic) filters

Definition 9 An interval-valued intuitionistic fuzzy set
A is called an IVI (T, S)-fuzzy MV-filter of L if it is an IVI
(T, S)-fuzzy filter and satisfies

(V14)  Mu(((x = y) = y) = x) >Ms(y — x)  and
Ni(((x = y) = y) — x) <Nu(y — x) for any x,y € L.

Remark 2 1In lattice implication algebras, BL-algebras,
Ry-algebras, the MV-filters are called fantastic filters.

Theorem 7 Let A be an interval-valued intuitionistic
fuzzy set L. Then A be an interval-valued T-fuzzy MV-filter,
if and only if, it satisfies (V1) and

(V15)  Ma(((x = y) = ¥) = x) 2 T(Ma(2), Ma(z —
(y —x))) and

Na(((x = y) = y) = x) <S(Na(2), Na(z = (v — x)))

for any x,y,z € L.

@ Springer

Proof Suppose that A be an IVI (7, S)-fuzzy MV-filter,
then (V1) is trivial. By Definition 9, we have

My(((x = y) = y) = x) > Ma(y — x)
>T(Ma(z — (y — x)), Ma(2))

and

Na(((x = y) = y) = x) SNaly — %)
<S(Na(z = (v — x)), Na(2))-

Conversely, suppose that A satisfies the conditions (V15).
Taking z = 1 in (V15), we have

Ma(((x = y) = ) = x) > Ma(y — )
and

Na(((x = y) = y) = %)
Taking y = 1 in (V15),

SNa(y = ).

Ma(x) = Ma(((x — 1) — 1) — x)
> T(My(2), Ma(z — (1 — x)))
= T(Ma(z — x),Ma(2))

and

Na(x) =Na((x = 1) = 1) = x)
<S(Na(z),Na(z — (1 —
=S(Na(z — x),Na(2)).

Together with (V1), we have A is an IVI (7, S)-fuzzy filter
of L. Therefore, A is an IVI (7, S)-fuzzy MV-filter.

x)))

In MV-algebras and lattice implication algebras, we
have (x— y)—» y=0— »)—- x and (k= y)— y)—
y = x— y. Therefore, we have the following Corollary.

Corollary 5 In MV-algebras and lattice implication
algebras, IVI (T, S)-fuzzy filters and IVI (T, S)-fuzzy MV-
filters are equivalent.

Proposition 22 Let A be an interval valued intuitionistic

Suzzy set on L. Then A is an IVI (T, S)-fuzzy MV filter of L,

if and only if, for any 4, € DI[0,1] and o + B <1, the sets
U(My;d)(# 0) and L(Ny; B)(# 0) are MV Jfilter of L,

where U(My; @) = {x € LIMx(x) > &}, L(Ny; ) = {x € L|

Na(x) < B}

Proof 1Tt similar to Theorem 1, the details is omitted.

Proposition 23 In a residuated lattice, every IVI (T, S)-
fuzzy implicative filter is an IVI (T, S)-fuzzy MV-filter.

Proof Assume that A be an IVI (7, S)-fuzzy implicative
filter of L. Since x<((x —y) —y)—x, and so
((x = y) = y) = x) » y<x—y. This implies that
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(x—=p) —=y) —=x) =y —

>(x—y)—

=((x—=y) =y —
>y — X

(((x =)

—y) —x)

(x—=y) —x)

It follows that MAN(((((X —y) — y)~—> x)—y) — ((x—
) = y) =) 2Ma(y = x) and Na(((((x = y) = y) =
x)—=y) = ((x—=y) —y)—x)<Naly —x). Since
A be an IVI (T, S)-fuzzy implicative filter of £, we have
Ma((((x = y) = y) = x) 2T(Maz = ((x = y) = ¥)

—x) = y) = (x = y) = y) = x))),Ma(z))and Na((((x
=) =) = 0)) SNz = (k=) =y) = x) =
y) = (k= y) =) = x))),Na(z)). Taking z=1, we

get Ma((x =) = y) = x) 2Ma((x = y) = y) —

x)=y) = (k=) —=y) = x))>Ma(y —x) and Ny
(x=y) =y —=x) <N(((x=y) —=y) =x)—
y) = (((x = y) = y) = x)) <Na(y — x). Hence, A is an

IVI (T, S)-fuzzy MV-filter.

The following Theorem gives the relation among the IVI
(T, S)-fuzzy implicative filter, IVI (7, S)-fuzzy positive
implicative filter and IVI (7, S)-fuzzy MV filter.

Theorem 8 An interval-valued intuitionistic fuzzy set
A of L is an IVI (T, S)-fuzzy implicative (Boolean) filter of
L if and only if A is both an IVI (T, S)-fuzzy positive
implicative filter and an IVI (T, S)-fuzzy MV-filter of L.

Proof Assume that A is an IVI (7, S)-fuzzy implicative
filter of £. From Proposition 23, we know A is both an IVI
(T, S)-fuzzy positive implicative filter and an IVI (7, S)-
fuzzy MV filter of L.

Conversely, suppose that A is both an IVI (7, S)-fuzzy
positive implicative filter and an IVI (7, S)-fuzzy MV filter
of £, we have, Ma((x — y) — y) >Ms((x —y) —
y) = ¥)) and Na((x = y) = y) <Na((x — y) —
). Since (x — y) — ¥ < (x - y) —
follows that Ms((x — y) — ((x — y) — ¥)) > M ((x —
¥)—x) and Na((x —y) = ((r—y) — ) <Na((x —
¥) —x). And 50 Ma((x = ¥) =) = Ma((x — ¥) — x)
and Ni((x —y) — y) <Na((x — y) — x). On the other
hand, since A is an IVI (7, S)-fuzzy MV-filter of L. So we
have Mu(((x — y) — y) — x) > M (y — x) and Na(((x —
y) — y) — x) <Nu(y — x). Since (x —y) = x<y — x,
we have My(y — x) > M, ((x — y) — x) and Ni(y — x)
<Na((x—y) —x).  Thus,  Mu(((x—y) =) —

X) 2 Ma((x = y) = x) and Na(((x = y) = ») = x) <Ny
((x =) —x), and so My(x) 2T(Ma(((x = y) = y) =
D H{(x =) = 1) > H(x = 3) ~ . (5~
= x) 2T(Ma(z — ((x — y)

(Nal((x = y) = y) —

(e =

(=)
(= y) =), it

) HX)),MA(Z)) and fo(x) SS
), Na(lx = y) = ¥)) <Na((x —

(((x =) =) =)

Y) = 0, Ral(x = 3) = ) <S(Fale — ((x = 3) — ),
No(2)). Hence Ma(x)>T(Ma(z — ((x — y) — x)), My
(z)) and Na(x) <S(Na(z — ((x = y) = x)),Na(z)). So
A is an IVI (T, S)-fuzzy implicative filter of L.

7 Conclusions

Filter theory plays an very important role in studying
logical systems and the related algebraic structures. In this
paper, we have combined the interval-valued intuitionistic
fuzzy set, t-norm, s-norm and the filter theory to develop
the interval-valued intuitionistic (7, S)-fuzzy (implicative,
Boolean, positive implication, G) filter theory of residuated
lattices. Mainly, we give some new characterizations of
interval-valued intuitionistic (7, S)-fuzzy (implicative,
Boolean, positive implication, G, MV) filters in residuated
lattices. Meanwhile, the relations among these fuzzy filters
are investigated, especially in some BL-algebras and lattice
implication algebras. We desperately hope that our work
would serve as a foundation for enriching corresponding
many-valued logical system.

Acknowledgments We would like to thank the anonymous
reviewers’ comments and suggestions improved both content and the
presentation of this paper. One of reviewer point out many typing
mistakes and grammar mistakes in the manuscript, we gave him (her)
heartfelt thanks. This work was supported by National Natural
Science Foundation of P.R.China (Grant No. 61175055), Sichuan
Key Technology Research and Development Program (Grant
No.2011FZ0051), Radio Administration Bureau of MIIT of China
(Grant No.[2011]146), China Institution of Communications(Grant
No.[2011]051). The Speciality Comprehensive Reform of Mathe-
matics and Applied Mathematics of Ministry of Education(ZG0464).
The Speciality Comprehensive Reform of Mathematics and Applied
Mathematics of Ministry of Education(01249). A Project Supported
by Scientific Research Fund of Sichuan Provincial Education
Department. The Scientific Research Research Fund of Neijiang
Normal University(No.13ZB05)

References

1. Abdullah S (2012) N-dimensional (o, B)-fuzzy H-ideals in
hemirings. Int J Mach Learn Cyber. doi:10.1007/s13042-012-
0141-5

2. Atanassov KT (1986) Intuitionistic fuzzy sets. Fuzzy Sets Syst
20:87-96

3. Atanassov KT, Gargov G (1989) Interval valued intuitionistic
fuzzy sets. Fuzzy Sets Syst 31:343-349

4. Bolc L, Borowik P (1994) Many-valued logic. Springer, Berlin

5. Deschrijver G (2008) A representation of z-norm in interval-
valued L-fuzzy set theory. Fuzzy Sets Syst 159:1597-1618

6. Deschrijver G (2007) Arithmetic operators in interval-valued
fuzzy set theory. Inf Sci 177:2906-2924

7. Ghorbani S (2011) Intuitionistic fuzzy filters of residuated lat-
tices. New Math Nat Comput 7:499-513

8. Jun YB (2001) Fuzzy positive implicative and fuzzy associative
filters of lattice implication algebras. Fuzzy Sets Syst
121:353-357

@ Springer


http://dx.doi.org/10.1007/s13042-012-0141-5
http://dx.doi.org/10.1007/s13042-012-0141-5

696 Int. J. Mach. Learn. & Cyber. (2014) 5:683-696
9. Jun YB, Song SZ (2002) On fuzzy implicative filters of lattice 19. Xu Y, Ruan D, Qin KY et al (2003) Lattice-valued logic-an
implication algebras. J Fuzzy Math 10:893-900 alternative approach to treat fuzziness and incomparability.
10. Liu Y, Liu J, Xu Y (2012) Fuzzy congruence theory of lattice Springer, Berlin
implication algebras. J Fuzzy Math 20:777-790 20. Xu WT, Xu Y, Pan XD (2009) Intuitionistic fuzzy implicative
11. Liu Y, Xu Y, Qin XY (2013) Interval-valued T-Fuzzy filters and filter in lattice implication algebras. J Jiangnan Univ (Nat Sci Ed)
interval-valued T-Fuzzy congruences on residuated lattices. J In- 6:736-739
tell Fuzzy Syst. doi:10.3233/IFS-130879 21. Zadeh LA (1965) Fuzzy set. Inf Sci 8:338-353
12. Novak V (1982) First order fuzzy logic. Stud Logica 46:87-109 22. Zhan JM, Dudek WA, Jun YB (2009) Intervel valued (€, € Vq)-
13. Pei Z (2007) Intuitionistic fuzzy filter of lattice implication fuzzy filter of psedo BL-algebras. Soft comput 13:13-21
algebra. J Xihua Univ (Nat Sci Ed) 26:17-20 23. Xue ZA, Xiao YH, Liu WH, Cheng HR, Li YJ (2012) Intui-
14. Ward M, Dilworth RP (1939) Residuated lattices. Trans Am tionistic fuzzy filter theory of BL-algebras. Int J Mach Learn
Math Soc 45:335-354 Cyber. doi:10.107/s13042-012-0130-8
15. Wang GJ (2003) Non-classical mathenatical logic and approxi- 24. Zhu YQ, Xu Y (2010) On filter theory of residuated lattices. Inf
mating reasoning. Beijing, Science Press Sci 180:3614-3632
16. Xu Y (1993) Lattice implication algebra. J Southwest Jiaotong 25. Zou L, Liu X, Pei Z, Huang D (2013) Implication operators on
Univ 28(1):20-27 the set of V-irreducible element in the linguistic truth-valued
17. Xu Y, Qin KY (1995) Fuzzy lattice implication algebras. intuitionistic fuzzy lattice. Int J Mach Learn Cyber 4(4):365-372
J Southwest Jiaotong Univ 2:121-127
18. Xu Y, Qin KY (1993) On filters of lattice implication algebras.

J Fuzzy Math 2:251-260

@ Springer


http://dx.doi.org/10.3233/IFS-130879
http://dx.doi.org/10.107/s13042-012-0130-8

	Interval-valued intuitionistic (T, S)-fuzzy filters theory on residuated lattices
	Abstract
	Introduction
	Preliminaries
	IVI (T, S)-fuzzy filters
	IVI (T, S)-fuzzy implicative (Boolean) filters
	IVI (T, S)-fuzzy positive implicative (G-) filters
	IVI (T, S)-fuzzy MV- (fantastic) filters
	Conclusions
	Acknowledgments
	References


