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Abstract In this paper, the intuitionistic fuzzy filter the-

ory of BL-algebras is researched. The basic knowledge of

BL-algebras and intuitionistic fuzzy sets is firstly reviewed.

The notions of intuitionistic fuzzy filters, lattice filters,

prime filters, Boolean filters, implicative filters, positive

implicative filters, ultra filters and obstinate filters are

introduced, respectively. Their important properties are

investigated. In intuitionistic fuzzy sets, intuitionistic fuzzy

filters, Boolean filters, ultra filters are proved to be equiv-

alent to lattice filters, implicative filters, obstinate filters,

respectively. Each intuitionistic fuzzy Boolean filter is an

intuitionistic fuzzy positive implicative filter, but the con-

verse may not be true in BL-algebras. The conditions under

an intuitionistic fuzzy positive implicative filter being an

intuitionistic fuzzy Boolean filter are constructed. Finally,

the concepts of the intuitionistic fuzzy ultra and obstinate

filters are introduced, and the intuitionistic fuzzy ultra filter

is proved to be equivalent to the intuitionistic fuzzy

obstinate filter in BL-algebras.

Keywords BL-algebras � Intuitionistic fuzzy filters �
Intuitionistic fuzzy Boolean and implicative filters �
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1 Introduction

Fuzzy sets [1] are an important basic theory of machine

learning and cybernetics, and provide a basic theory for

fuzzy logical reasoning. Wu researched positive and neg-

ative fuzzy rule system, extreme machine learning and

image classification [2]. Pearl presented a hierarchial

multilevel thresholding method for edge information

extraction using fuzzy entropy [3]. Wang researched par-

ticle swarm optimization for determining fuzzy measures

from data [4] and studied maximum ambiguity based on

sample selection in fuzzy decision tree induction [5].

The logical foundations of processes handling uncer-

tainty in information use some classes of algebras as

algebraic semantics [6]. BL-algebras are the important

logical algebras, and have been widely applied to many

fields [7–13]. The filter theory plays an important role in

the study of logical algebras, and the sets of provable

formulae in corresponding inference systems from the

point of view of uncertain information can be described by

fuzzy filters of those algebraic semantics [6], and it has

been researched by many scholars [6–14, 17–22]. From the

perspective of logic, different fields correspond to different

sets of provable formulae. In 2010, the filter theory of re-

siduated lattices was researched by Zhu and Xu [14]. Thus

far, the filter theory of BL-algebras has been widely stud-

ied, and some important results have been obtained. In

particular, Michiro studied the filter theory of BL-algebras

[7], and Jiri researched fuzzy filters and fuzzy prime filters

of bounded Rl-monoids and pseudo BL-algebras [6]. The

notions of fuzzy filters and fuzzy Boolean filters (impli-

cative filters, positive implicative filters, prime and ultra

filters, etc.) in BL-algebras were introduced, and their rel-

ative properties were obtained [8–11]. Moreover, based on

the concept of interval valued fuzzy sets introduced by
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Zadeh [15], Xu generalized the fuzzy filter theory of

BL-algebras [12, 13], and so on.

However, based on the notion of intuitionistic fuzzy sets

(IFS) proposed by Atanassov [16], the concept of the in-

tuitionistic fuzzy filter of BCI-algebras was introduced and

some important results were given [17]. Pei studied the

intuitionistic fuzzy filter of lattice implication algebras and

investigated their properties [18]. The intuitionistic fuzzy

filter in Heyting algebras was presented by Wang and Guo

[19]. Recently, Peng introduced the intuitionistic fuzzy

filter of effect algebras [20]. At present, the researches

about intuitionistic fuzzy filters in BL-algebras are less

frequent.

In this paper, the intuitionistic fuzzy filter theory of

BL-algebras is developed. This paper is organized as fol-

lows. In Sect. 2, we review related basic knowledge of

BL-algebras and intuitionistic fuzzy sets. In Sect. 3, we

introduce an intuitionistic fuzzy filter and a lattice filter of

BL-algebras and discuss their properties. We show that the

intuitionistic fuzzy filter is the intuitionistic fuzzy lattice

filter. In Sect. 4, we give the notion of intuitionistic fuzzy

filters of BL-algebras. In Sect. 5, intuitionistic fuzzy

Boolean filters and implicative filters are presented and

their important properties are investigated. The intuition-

istic fuzzy Boolean filter is proved to be equivalent to the

intuitionistic fuzzy implicative filter. In Sect. 6, we intro-

duce the notion of intuitionistic fuzzy positive implicative

filters in BL-algebras and investigate their properties.

Furthermore, the conditions under an intuitionistic fuzzy

positive implicative filter being an intuitionistic fuzzy

Boolean filter are constructed. In Sect. 7, we give the

concepts of intuitionistic fuzzy ultra filters and obstinate

filters, and study their properties. Meanwhile, we prove that

the intuitionistic fuzzy ultra filter is equivalent to the in-

tuitionistic fuzzy obstinate filter in BL-algebras.

2 Preliminaries

For the sake of convenience for statement, we firstly

summarize some related definitions and results which will

be used in the following.

Definition 2.1 ([8, 9, 21–23]) A BL-algebra is a structure

(L, ^, _, �, ? , 0, 1) of type (2,2,2,2,0,0) such that the

following conditions are satisfied:

(1) (L, ^, _, 0, 1) is a bounded lattice,

(2) (L, �, 1) is an abelian monoid, i.e. � is commutative

and associative and x � 1 = x,

(3) � and ? form an adjoint pair, i.e. x � y B z if and

only if x B y ? z for all x; y; z 2 L (residuation),

(4) x ^ y = x � (x ? y) (divisibility),

(5) (x ? y) _ (y ? x) = 1 (prelinearity).

Lemma 2.1 ([8, 20–24]) Let L be a BL-algebra. The

following properties hold, for all x; y; z 2 L (where

:x ¼ x! 0Þ.

(1) x � (x ? y) B y,

(2) x B y ? (x � y),

(3) x B y if and only if x ? y = 1,

(4) x = 1 ? x, x ? x = 1, x ? (y ? x) = 1,

x ? 1 = 1, 0 ? x = 1,

(5) x ? (y ? z) = (x � y) ? z = y ? (x ? z),

(6) x � y B x ^ y,

(7) x ? y B (y ? z) ? (x ? z), x ? y B (z ? x) ?
(z ? y),

(8) If x B y, then y ? z B x ? z and z ? x B z ? y,

(9) x B y ? x,

(10) y B (y ? x) ? x,

(11) x � 0 = 0,

(12) x B y implies x � z B y � z,

(13) (x _ y) ? z = (x ? z) ^ (y ? z),

(14) x ? (y ^ z) = (x ? y) ^ (x ? z),

(15) x � (y _ z) = (x � y) _ (x � z),

(16) x ? y B (x � z) ? (y � z),

(17) x � (y ? z) B y ? (x � z),

(18) (x ? y) � (y ? z) B x ? z,

(19) x� :x ¼ 0;

(20) x � y = 0 if and only if x�:y and x B y implies

:y�:x;

(21) x _ y = 1 implies x � y = x ^ y,

(22) x ^ (y _ z) = (x ^ y) _ (x ^ z), x _ (y ^ z) = (x _ y)

^ (x _ z),

(23) x�::x; :1 ¼ 0; :0 ¼ 1; :::x ¼ :x;

::x�:x! x;

(24) ::ðx� yÞ ¼ ::x� ::y;

(25) :ðx _ yÞ ¼ :x ^ :y;

(26) If ::x�::x! x; then ::x ¼ x;

(27) x ¼ ::x� ð::x! xÞ;
(28) x! :y ¼ y! :x ¼ ::x! :y ¼ :ðx� yÞ;
(29) x _ y = [(x ? y) ? y] ^ [(y ? x) ? x],

(30) :ð::x! xÞ ¼ 0:

Definition 2.2 ([16]) Let a set U be the fixed domain. An

intuitionistic fuzzy set A in U is an object, having the form

AðxÞ ¼ f\x; lAðxÞ; vAðxÞ[ jx 2 Ug

Where lA(x): U ? [0, 1] and vA(x): U ? [0, 1] satisfying

0 B lA(x) ? vA(x) B 1 for all x 2 U; and lA(x) and vA(x) are

the degree of membership and the degree of non-membership

of the element x 2 U to A, respectively.

Definition 2.3 ([16]) Let A and B be arbitrary intuition-

istic fuzzy sets, then inclusion relation of IFS is defined by

A � B if and only if lAðxÞ� lBðxÞ; vAðxÞ� vBðxÞ:

For convenience, for all x; y 2 ½0; 1�; we denote max

{x, y} = x _ y and min {x, y} = x ^ y, respectively.
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3 Intuitionistic fuzzy filters and lattice filters

of BL-algebras

Definition 3.1 Let L be a BL-algebra, and an intuitionistic

fuzzy set A is called an intuitionistic fuzzy filter of L if it

satisfies:

(1) lA(1) C lA(x), vA(1) B vA(x) for all x 2 L;

(2) lA(y) C min {lA(x), lA(x ? y)} = lA(x) ^ lA(x ? y)

for all x; y 2 L;

(3) vA(y) B max {vA(x), vA(x ? y)} = vA(x) _ vA(x ?y)

for all x; y 2 L:

Example 1 Let L = { 0, a, b, 1}. � and ? are defined by

Tables 1 and 2, where 0 \ a \ b \ 1. Then (L, ^, _, �,

? , 0, 1) is a BL-algebra. Define an intuitionistic fuzzy set

A in L.

lAð1Þ ¼ 0:7; lAðbÞ ¼ 0:5; lAð0Þ ¼ lAðaÞ ¼ 0:3
vAð1Þ ¼ 0:2; vAðbÞ ¼ 0:4; vAð0Þ ¼ vAðaÞ ¼ 0:6

It can be easily checked that A satisfies the conditions of

the intuitionistic fuzzy filter. Therefore, A is an intuition-

istic fuzzy filter of L.

Theorem 3.1 Let the intuitionistic fuzzy set A be the in-

tuitionistic fuzzy filter of L. For all x; y 2 L; if x B y, then

lA(x) B lA(y), vA(x) C vA(y).

Proof Suppose that the intuitionistic fuzzy set A is the

intuitionistic fuzzy filter. If x B y, then x ? y = 1. By

Definition 3.1, we have

lAðyÞ� minflAðxÞ; lAðx! yÞg ¼ minflAðxÞ; lAð1Þg
¼ lAðxÞ

vAðyÞ� maxfvAðxÞ; vAðx! yÞg ¼ maxfvAðxÞ; vAð1Þg
¼ vAðxÞ

Hence, lA(x) B lA(y), vA(x) C vA(y). h

Theorem 3.2 Let A be an intuitionistic fuzzy set in L. A is

an intuitionistic fuzzy filter if and only if for all x; y; z 2
L; x! ðy! zÞ ¼ 1 implies lA(z) C lA(x) ^ lA(y), vA(z)

B vA(x) _ vA(y).

Proof Suppose that the intuitionistic fuzzy set A is an intui-

tionistic fuzzy filter. In view of Definition 3.1, then

lA(z) C lA(y) ^ lA(y ? z), vA(z) B vA(y) _ vA(y ? z)

and lA(y? z) C lA(x)^ lA(x? (y? z)), vA(y? z) B vA(x)_
vA(x ? (y ? z)). If x ? (y ? z) = 1, then lA(y ? z) C

lA(x) ^ lA(1) = lA(x), vA(y ? z) B vA(x) _ vA(1) = vA(x).

So lA(z) C lA(y) ^ lA(y ? z) C lA(y) ^ lA(x), vA(z) B

vA(x) _ vA(y ? z) B vA(y) _ vA(x). Hence, lA(z) C lA(x)

^ lA(y), vA(z) B vA(x) _ vA(y).

Conversely, since x ? (x ? 1) = 1 for all x 2 L;

then lA(1) C lA(x)^ lA(x) = lA(x), vA(1) B vA(x)_ vA(x) =

vA(x). On the other hand, from (x ? y) ? (x ? y) = 1, it

follows that lA(y) C lA(x) ^ lA(x ? y), vA(y) B vA(x) _
vA(x ? y). By Definition 3.1, we get that A is an intuitionistic

fuzzy filter. h

From x ? (y ? z) = (x � y) ? z and Theorem 3.2, we

have the following.

Corollary 3.1 Let A be an intuitionistic fuzzy set in L. A

is an intuitionistic fuzzy filter if and only if for all x; y; z 2
L; x� y� z or y � x B z implies lA(z) C lA(x) ^ lA(y),

vA(z) B vA(x) _ vA(y).

Theorem 3.3 Let A be an intuitionistic fuzzy set in L. A is

an intuitionistic fuzzy filter if and only if (1) If x B y, then

lA(x) B lA(y), vA(x) C vA(y), for all x; y 2 L; (2) lA(x �
y) C lA(x) ^ lA(y), vA(x � y) B vA(x) _ vA(y), for all

x; y 2 L:

Proof Let A be an intuitionistic fuzzy filter of L.

According to Theorem 3.1, we get, if x B y, then lA(x)

B lA(y), vA(x) C vA(y). Since x � y B x � y and Corollary

3.1, then lA(x � y) C lA(x) ^ lA(y), vA(x � y) C vA(x) _
vA(y).

Conversely, let A be an intuitionistic fuzzy set which

satisfies (1) and (2). For all x; y; z 2 L; if x � y B z, then by

(1) and (2), we have lA(z) C lA(x) ^ lA(y), vA(z) B vA(x) _
vA(y). By Corollary 3.1, we get that A is an intuitionistic

fuzzy filter. h

Corollary 3.2 Let an intuitionistic fuzzy set A be an in-

tuitionistic fuzzy filter of L. For all x; y; z 2 L; the following

hold.

(1) If lA(x ? y) = lA(1), vA(x ? y) = vA(1), then lA(x)

B lA(y), vA(x) C vA(y),

(2) lA(x^ y) = lA(x)^ lA(y), vA(x^ y) = vA(x)_ vA(y),

Table 1 ‘‘�’’ operator table in L

� 0 a b 1

0 0 0 0 0

a 0 0 a a

b 0 a b b

1 0 a b 1

Table 2 ‘‘!’’ operator table in L

! 0 a b 1

0 1 1 1 1

a 0 1 1 1

b 0 a 1 1

1 0 a b 1
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(3) lA(x � y) = lA(x) ^ lA(y), vA(x � y) = vA(x) _
vA(y),

(4) lAð0Þ ¼ lAðxÞ ^ lAð:xÞ; vAð0Þ ¼ vAðxÞ _ vAð:xÞ;
(5) lA(x ? z) C lA(x ? y) ^ lA(y ? z),

vA(x ? z) B vA(x ? y) _ vA(y ? z),

(6) lA(x ? y) B lA(x � z ? y � z),

vA(x ? y) C vA(x � z ? y � z),

(7) lA(x ? y) B lA((y ? z) ? (x ? z)),

vA(x ?y) C vA((y ? z) ? (x ? z)),

(8) lA(x ? y) B lA((z ? x) ? (z ? y)),

vA(x ?y) C vA((z ? x) ? (z ? y)).

Proof

(1) In view of Definition 3.1, and since lA(x ? y) =

lA(1), vA(x ? y) = vA(1), we have lA(y) C lA(x)

^ lA(x ? y) = lA(x) ^ lA(1) = lA(x), vA(y) B vA(x)

_ vA(x ? y) = vA(x) _ vA(1) = vA(x). So, lA(x) B

lA(y), vA(x) C vA(y).

(2) Since x ^ y B x, x ^ y B y and Theorem 3.1, we

get lA(x ^ y) B lA(x) ^ lA(y), vA(x ^ y) C vA(x) _
vA(y). By Definition 3.1, we have

lAðx^ yÞ�minflAðx!ðx^ yÞÞ; lAðxÞg
¼minflAððx! xÞ^ðx! yÞÞ; lAðxÞg
¼minflAðx! yÞ; lAðxÞg
�minfminflAðy!ðx! yÞÞ;lAðyÞg; lAðxÞg
¼minfminflAð1Þ;lAðyÞg; lAðxÞg
¼minflAðyÞ; lAðxÞg¼ lAðxÞ^lAðyÞ

vAðx^ yÞ�maxfvAðx!ðx^ yÞÞ; vAðxÞg
¼maxfvAððx! xÞ^ðx! yÞÞ; vAðxÞg
¼maxfvAðx! yÞ; vAðxÞg
�maxfmaxfvAðy!ðx! yÞÞ;vAðyÞg; vAðxÞg
¼maxfmaxfvAð1Þ;vAðyÞg; vAðxÞg
¼maxfvAðyÞ; vAðxÞg¼ vAðxÞ_ vAðyÞ

Therefore, lA(x ^ y) = lA(x) ^ lA(y), vA(x ^ y) = vA

(x) _ vA(y).

(3) According to Theorem 3.3(2), we have lA(x � y)

C lA(x) ^ lA(y), vA(x � y) B vA(x) _ vA(y). Since

x � y B x ^ y and Theorem 3.1, we get lA(x �
y) B lA(x ^ y) = lA(x) ^ lA(y), vA(x � y) CvA(x ^
y) = vA(x) _ vA(y) by (2). Hence, lA(x � y) = lA(x ^
y), vA(x� y) = vA(x ^ y).

(4) According to (3), we have lAðxÞ ^ lAð:xÞ ¼ lAðx�
:xÞ ¼ lAð0Þ; vAðxÞ _ vAð:xÞ ¼ vAðx� :xÞ ¼ vAð0Þ:
Thus, lAð0Þ ¼ lAðxÞ ^ lAð:xÞ; vAð0Þ ¼ vAðxÞ _ vA

ð:xÞ:
(5) By (3) and Theorem 3.1, since (x ? y) � (y ?

z) B x ? z, we have lA((x ? y) � (y ? z))

B lA(x ? z), vA((x ? y) � (y ? z)) C vA(x ? z),

and lA(x ? z) C lA(x ? y) ^ lA(y ? z), vA(x ? z)

B vA(x ? y) _ vA(y ? z). Hence, (5) holds.

(6), (7), (8) can be easily proved by Lemma 2.1 and

Theorem 3.1(1). h

Theorem 3.4 Let A and B be intuitionistic fuzzy filters.

Then A \ B is an intuitionistic fuzzy filter.

Proof Suppose that x ? (y ? z) = 1 for all x, y, z [ L.

Since A and B are intuitionistic fuzzy filters, then

lA(z) C lA(x) ^ lA(y), vA(z) B vA(x) _ vA(y) and lB(z) C

lB(x) ^ lB(y), vB(z) B vB(x) _ vB(y). So (lA ^ lB)(z) C

lA(x) ^ lA(y) ^ lB(x) ^ lB(y) = (lA(x) ^ lB(x)) ^ (lA(y) ^
lB(y)) = (lA^ lB)(x)^ (lA^ lB)(y), (vA_ vB)(z) B vA(x)_
vA(y) _ vB(x) _ vB(y) = (vA(x) _ vB(x)) _ (vA(y) _ vB(y)) =

(vA _ vB)(x) _ (vA _ vB)(y). By Theorem 3.2, A \ B is an

intuitionistic fuzzy filter. h

Definition 3.2 Let L be a BL-algebra, and an intuitionistic

fuzzy set A is called an intuitionistic fuzzy lattice filter of L,

if it satisfies lA(x ^ y) = lA(x) ^ lA(y), vA(x ^ y) = vA(x)

_ vA(y), for all x, y [ L.

Example 2 It can be easily checked that an intuitionistic

fuzzy set A in Example 1 is an intuitionistic fuzzy lattice

filter.

Theorem 3.5 Each intuitionistic fuzzy filter is an intui-

tionistic fuzzy lattice filter.

Proof It can be easily proved by Corollary 3.2(2). h

4 Intuitionistic fuzzy prime filters

of BL-algebras

Definition 4.1 Let an intuitionistic fuzzy set A be a non-

constant intuitionistic fuzzy filter of L. A is called an in-

tuitionistic fuzzy prime filter, if it satisfies lAðxÞ� lAðx _
yÞ; vAðxÞ� vAðx _ yÞ or lA(y) C lA(x _ y), vA(y) B vA(x _
y), for all x, y [ L.

Example 3 Let L and A be defined as in Example 1. It is

easily verified that A is an intuitionistic fuzzy prime filter

of BL-algebra L.

Theorem 4.1 Let an intuitionistic fuzzy set A be a non-

constant intuitionistic fuzzy filter in BL-algebra L. A is an

intuitionistic fuzzy prime filter if and only if lAðx _
yÞ� lAðxÞ _ lAðyÞ; vAðx _ yÞ� vAðxÞ ^ vAðyÞ; for all x, y

[ L.

Proof Let A be an intuitionistic fuzzy prime filter, by

Definition 4.1, we have lA(x) C lA(x _ y), vA(x) B vA(x _
y), and lA(y) C lA(x_ y), vA(y) B vA(x_ y). Therefore lA(x_
y) B lA(x) _ lA(y), vA(x _ y) C vA(x) ^ vA(y).
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Conversely, we easily prove, lA(x) C lA(x _ y),

vA(x) B vA(x _ y) or lA(y) C lA(x _ y), vA(y) B vA(x _
y). Hence, A is an intuitionistic fuzzy prime filter. h

Theorem 4.2 Let an intuitionistic fuzzy set A be a non-

constant intuitionistic fuzzy filter in BL-algebra L. A is an

intuitionistic fuzzy prime filter if and only if ðlAÞlAð1Þ =

{x|x [ L, lA(x) C lA(1)} and ðvAÞvAð1Þ = {x|x [ L, vA(x)

B vA(1)} are prime filters.

Proof Obviously, ðlAÞlAð1Þ = {x|x [ L, lA(x) = lA(1)},

ðvAÞvAð1Þ = {x|x [ L, vA(x) = vA(1)}. Since A is a non-

constant intuitionistic fuzzy filter, then lA(0) B lA(1), vA(0)

C vA(1), i.e., 0 62 ðlAÞlAð1Þ; 0 62 ðvAÞvAð1Þ; then ðlAÞlAð1Þ and

ðvAÞvAð1Þ are prime filters.

Conversely, suppose ðlAÞlAð1Þ and ðvAÞvAð1Þ are prime

filters. Then x ? y [ ðlAÞlAð1Þ, x ? y [ ðvAÞvAð1Þ or y ?
x [ ðlAÞlAð1Þ, y ? x [ ðvAÞvAð1Þ for all x, y [ L. This

means that (x _ y) ? y = x ? y [ ðlAÞlAð1Þ, (x _ y) ?
y = x ? y [ ðvAÞvAð1Þ or (x _ y) ? x = y ? x [ ðlAÞlAð1Þ,

(x _ y) ? x = y ? x [ ðvAÞvAð1Þ. So lA((x _ y) ?
y) = lA(1), vA((x _ y) ? y) = vA(1). By Definition 3.1, we

get lA(y) C lA((x _ y) ? y) ^ lA(x _ y) = lA(x _
y), vA(y) B vA((x _ y) ? y) _ vA(x _ y) = vA(x _
y) or lA(x) C lA((x _ y) ? x) ^ lA(x _ y) = lA(x _
y), vA(x) B vA((x _ y) ? x) _ vA(x _ y) = vA(x _ y).

Thus, lA(x) _ lA(y) C lA(x _ y), vA(x) ^ vA(y) B vA(x _
y). Therefore, A is an intuitionistic fuzzy prime filter. h

Theorem 4.3 Let A be a non-constant intuitionistic fuzzy

filter in BL-algebra L. A is an intuitionistic fuzzy prime

filter if and only if lA(x ? y) = lA(1), vA(x ? y) = vA(1)

or lA(y ? x) = lA(1), vA(y ? x) = vA(1).

Proof By Theorem 4.2, A is an intuitionistic fuzzy prime

filter if and only if ðlAÞlAð1Þ; ðvAÞvAð1Þ are prime filters if

and only if x ? y [ ðlAÞlAð1Þ, x ? y [ ðvAÞvAð1Þ or y ?

x [ ðlAÞlAð1Þ, y ? x [ ðvAÞvAð1Þ if and only if lA(x ? y) =

lA(1), vA(x ? y) = vA(1) or lA(y ? x) = lA(1), vA(y ?
x) = vA(1). h

Theorem 4.4 Let A be a non-constant intuitionistic fuzzy

prime filter of BL-algebra L and B be a non-constant in-

tuitionistic fuzzy filter of BL-algebra L. If A � B; lAð1Þ ¼
lBð1Þ; vAð1Þ ¼ vBð1Þ; then B is also an intuitionistic fuzzy

prime filter.

Proof Since A is an intuitionistic fuzzy prime filter,

then lA(x ? y) = lA(1), vA(x ? y) = vA(1) or lA(y ?
x) = lA(1), vA(y ? x) = vA(1), for all x, y [ L. If lA(x ?
y) = lA(1), vA(x ? y) = vA(1), by A � B and lA(1) =

lB(1), vA(1) = vB(1), we have lB(x ? y) = lB(1), vB(x ?
y) = vB(1). Similarly, if lA(y ? x) = lA(1), vA(y ? x) =

vA(1), then lB(y ? x) = lB(1), vB(y ? x) = vB(1). Using

Theorem 4.3, we have that B is an intuitionistic fuzzy prime

filter. h

5 Intuitionistic fuzzy Boolean filters and implicative

filters of BL-algebras

In this section, we introduce the notions of intuitionistic

fuzzy Boolean filters and implicative filters of BL-algebras

and investigate their properties.

Definition 5.1 Let an intuitionistic fuzzy set A be an in-

tuitionistic fuzzy filter of L. A is called an intuitionistic

fuzzy Boolean filter if lAðx _ :xÞ ¼ lAð1Þ; vAðx _ :xÞ ¼
vAð1Þ; for all x [ L.

The following example shows that intuitionistic fuzzy

Boolean filters exist.

Example 4 Let L = {0, a, b, 1}. � and ? are defined by

Tables 3 and 4 on L as follows.

Define ^ and _ operations on L as min and max,

respectively. Then (L, ^ _ � ? , 0, 1) is a BL-algebra.

Define an intuitionistic fuzzy set A in L by

lAð0Þ ¼ t1; lAð1Þ ¼ lAðaÞ ¼ lAðbÞ ¼ t3
vAð0Þ ¼ t2; vAð1Þ ¼ vAðaÞ ¼ vAðbÞ ¼ t4

Where 0 B t1 \ t3 B 1, 0 B t4 \ t2 B 1, 0 B t1 ? t2 B 1,

0 B t3 ? t4 B 1.

It can be easily verified that A is an intuitionistic fuzzy

Boolean filter.

Theorem 5.1 Let an intuitionistic fuzzy set A be an in-

tuitionistic fuzzy filter. A is an intuitionistic fuzzy Boolean

filter if and only if lAððx! :xÞ ! :xÞ ¼ lAðð:x! xÞ
! xÞ ¼ lAð1Þ; vAððx! :xÞ ! :xÞ ¼ vAðð:x! xÞ ! xÞ
¼ vAð1Þ; for all x 2 L:

Table 3 ‘‘�’’operator table in L

� 0 a b 1

0 0 0 0 0

a 0 a a a

b 0 a a b

1 0 a b 1

Table 4 ‘‘!’’ operator table in L

! 0 a b 1

0 1 1 1 1

a 0 1 1 1

b 0 b 1 1

1 0 a b 1
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Proof Suppose A is an intuitionistic fuzzy Boolean filter,

by Definition 5.1, Lemma 2.1(29) and Corollary 3.2(2), we

have lAðx _ :xÞ ¼ lAðððx! :xÞ ! :xÞ ^ ðð:x! xÞ !
xÞÞ ¼ lAððx! :xÞ ! :xÞ ^ lAðð:x! xÞ ! xÞ ¼ lAð1Þ;
vAðx _ :xÞ ¼ vAðððx! :xÞ ! :xÞ^ ðð:x! xÞ ! xÞÞ ¼
vAððx ! :xÞ ! :xÞ _ vAðð:x ! xÞ ! xÞ ¼ vAð1Þ: So,

lAððx! :xÞ ! :xÞ ¼ lAðð:x ! xÞ ! __xÞ ¼ lAð1Þ;
vAððx! :xÞ ! :xÞ ¼ vAðð:x! xÞ ! xÞ ¼ vAð1Þ:

Conversely, it can be easily proved that A is an

intuitionistic fuzzy Boolean filter. h

Theorem 5.2 Let A and B be two intuitionistic fuzzy fil-

ters of L, which satisfy A � B; lAð1Þ ¼ lBð1Þ; vAð1Þ ¼
vBð1Þ: If A is an intuitionistic fuzzy Boolean filter, so is B.

Proof Let B be an intuitionistic fuzzy filter of L. If A is an

intuitionistic fuzzy Boolean filter, then lAðx _ :xÞ ¼
lAð1Þ; vAðx _ :xÞ ¼ vAð1Þ for all x 2 L: From A � B

and lA(1) = lB(1), vA(1) = vB(1), it follows that lBðx _
:xÞ� lBð1Þ; vBðx _ :xÞ� vBð1Þ: Taking Definition 3.1(1)

into account, we have lBðx _ :xÞ ¼ lBð1Þ; vBðx _ :xÞ ¼
vBð1Þ: This implies that B is an intuitionistic fuzzy Boolean

filter. h

In [25], Turunen introduced the notion of implicative

filters in BL-algebras and proved that implicative filters are

equivalent to Boolean filters. Motivated by this result, in

the following, we introduce the notion of intuitionistic

fuzzy implicative filters in BL-algebras and want to obtain

similar result regarding intuitionistic fuzzy Boolean filters

and intuitionistic fuzzy implicative filters.

Definition 5.2 Let A be an intuitionistic fuzzy filter of

L. A is called an intuitionistic fuzzy implicative filter if it

satisfies for all x; y; z 2 L

(1) lAðx! zÞ� lAðx! ð:z! yÞÞ ^ lAðy! zÞ;
(2) vAðx! zÞ� vAðx! ð:z! yÞÞ _ vAðy! zÞ:

Theorem 5.3 Let A be an intuitionistic fuzzy filter of L.

The following are equivalent.

(1) A is an intuitionistic fuzzy implicative filter,

(2) lAðx! zÞ� lAðx! ð:z! zÞÞ ;
vAðx! zÞ� vAðx! ð:z! zÞÞ;

(3) lAðx! zÞ ¼ lAðx! ð:z! zÞÞ;
vAðx! zÞ ¼ vAðx! ð:z! zÞÞ;

(4) lAðx! zÞ� lAðy! ðx! ð:z! zÞÞÞ ^ lAðyÞ;
vAðx! zÞ� vAðy! ðx! ð:z! zÞÞÞ _ vAðyÞ:

Proof (1) ) (2) Suppose that A is an intuitionistic fuzzy

implicative filter, then lAðx! zÞ� lAðx! ð:z! zÞÞ^
lAðz ! zÞ; vAðx ! zÞ � vAðx ! ð:z ! zÞÞ; vAðz ! zÞ
follows from Definition 5.2, i.e. lAðx! zÞ� lAðx!
ð:z ! zÞÞ ^ lAð1Þ; vAðx ! zÞ � vAðx ! ð:z ! zÞÞ _

vAð1Þ: Taking Definition 3.1(1) into account, we have

lAðx! zÞ�lAðx! ð:z! zÞÞ ;vAðx! zÞ� vAðx! ð:z!
zÞÞ: Thus, (2) holds.

(2) ) (3) Since x! z ¼ 1! ðx! zÞ�:z! ðx!
zÞ ¼ x! ð:z! zÞ; by Theorem 3.3, we have lAðx!
zÞ� lAðx! ð:z! zÞÞ; vAðx! zÞ� vAðx! ð:z! zÞÞ:
Considering (2), we get lAðx! zÞ ¼ lAðx! ð:z!
zÞÞ; vAðx! zÞ ¼ vAðx! ð:z! zÞÞ: Thus, (3) holds.

(3) ) (4) Since A is an intuitionistic fuzzy filter, then

lAðx! ð:z! zÞÞ � lAðy! ðx! ð:z! zÞÞÞ ^ lAðyÞ;
vAðx! ð:z! zÞÞ � vAðy! ðx! ð:z! zÞÞÞ _ vAðyÞ:
Using (3), we obtain lAðx! zÞ�lAðy! ðx! ð:z! zÞÞÞ ^
lAðyÞ; vAðx! zÞ�vAðy! ðx! ð:z! zÞÞÞ _ vAðyÞ: Thus,

(4) holds.

(4) ) (1) Let A be an intuitionistic fuzzy filter, which

satisfies lAðx ! zÞ � lAðy ! ðx ! ð:z ! zÞÞÞ ^ lAðyÞ;
vAðx! zÞ� vAðy! ðx! ð:z! zÞÞÞ _ vAðyÞ for all

x; y; z 2 L: According to Corollary 3.2(5), we have lAðx�
:z! zÞ� lAðx� :z! yÞ ^ lAðy! zÞ; vA ðx� :z! zÞ
� vAðx � :z ! yÞ _ vAðy ! zÞ; i.e., lAðx ! ð:z !
zÞÞ � lAðx ! ð:z ! yÞÞ ^ lAðy ! zÞ; vAðx! ð:z!
zÞÞ� vAðx! ð:z! yÞÞ _ vAðy! zÞ: On the other hand,

by (4), we have lAðx! zÞ� lAð1! ðx! ð:z! zÞÞÞ ^
lAð1Þ; vAðx! zÞ� vAð1! ðx! ð:z! zÞÞÞ _ vAð1Þ; i.e.,

lAðx ! zÞ � lAðx ! ð:z ! zÞÞ; vAðx ! zÞ � vAðx !
ð:z! zÞÞ: Hence, lAðx! zÞ� lAðx! ð:z! yÞÞ ^ lA

ðy! zÞ; vAðx! zÞ� vAðx! ð:z! yÞÞ _ vAðy! zÞ:
Therefore, A is an intuitionistic fuzzy implicative filter. h

Next, we investigate the relationship between intui-

tionistic fuzzy implicative filters and intuitionistic fuzzy

Boolean filters.

Theorem 5.4 Let A be an intuitionistic fuzzy filter of L. A

is an intuitionistic fuzzy Boolean filter if and only if A is an

intuitionistic fuzzy implicative filter.

Proof Suppose that A is an intuitionistic fuzzy Boolean

filter. According to Definition 3.1,

lAðx! zÞ� lAððz _ :zÞ ! ðx! zÞÞ ^ lAðz _ :zÞ
¼ lAððz _ :zÞ ! ðx! zÞÞ ^ lAð1Þ
¼ lAððz _ :zÞ ! ðx! zÞÞ
¼ lAððz! ðx! zÞÞ ^ ð:z! ðx! zÞÞÞ
¼ lAð:z! ðx! zÞÞ ¼ lAðx! ð:z! zÞÞ

vAðx! zÞ� vAððz _ :zÞ ! ðx! zÞÞ _ vAðz _ :zÞ
¼ vAððz _ :zÞ ! ðx! zÞÞ _ vAð1Þ
¼ vAððz _ :zÞ ! ðx! zÞÞ
¼ vAððz! ðx! zÞÞ ^ ð:z! ðx! zÞÞÞ
¼ vAð:z! ðx! zÞÞ ¼ vAðx! ð:z! zÞÞ

It follows that lAðx! zÞ� lAðx! ð:z! zÞÞ; vAðx! zÞ
� vAðx! ð:z! zÞÞ: By Theorem 5.3, A is an intuition-

istic fuzzy implicative filter.
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Conversely, suppose that A is an intuitionistic fuzzy

implicative filter. By Theorem 5.3(3) and Lemma 2.1(28),

we have lAðð:x! xÞ! xÞ ¼ lAðð:x! xÞ! ð:x! xÞÞ ¼
lAð1Þ; vAðð:x! xÞ ! xÞ ¼ vAðð:x! xÞ ! ð:x! xÞÞ ¼
vAð1Þ and lAðx!:xÞ!:xÞ ¼ lAððx!:xÞ! ð::x!
:xÞÞ ¼ lAðð:x! xÞ! ð:x ! xÞÞ ¼ lAð1Þ;vAðx!:xÞ !
:xÞ ¼ vAððx!:xÞ! ð::x!:xÞÞ ¼ vAðð:x! xÞ! ð:x

! xÞÞ ¼ vAð1Þ: By Lemma 2.1(29) and Corollary 3.2, we

get lAðx_:xÞ ¼ lAððx!:xÞ!:xÞ^ lAðð:x! xÞ! xÞ ¼
lAð1Þ;vAðx_:xÞ ¼ vAððx!:xÞ ! :xÞ ^ vAðð:x! xÞ !
xÞ ¼ vAð1Þ: Thus, A is an intuitionistic fuzzy Boolean filter. h

Obviously, Theorem 5.4 shows that intuitionistic fuzzy

implicative filters are equivalent to intuitionistic fuzzy

Boolean filters of BL-algebras.

Theorem 5.5 Let A be an intuitionistic fuzzy filter of L.

The following are equivalent.

(1) A is an intuitionistic fuzzy Boolean filter,

(2) lAðxÞ ¼ lAð:x! xÞ; vAðxÞ ¼ vAð:x! xÞ;
(3) lAððx! yÞ ! xÞ� lAðxÞ; vAððx! yÞ ! xÞ� vAðxÞ;
(4) lAððx! yÞ ! xÞ ¼ lAðxÞ;

vAððx! yÞ ! xÞ ¼ vAðxÞ;
(5) lAðxÞ� lAðz! ððx! yÞ ! xÞÞ ^ lAðzÞ;

vAðxÞ� vAðz! ððx! yÞ ! xÞÞ _ vAðzÞ:

Proof (1) ) (2) Suppose that A is an intuitionistic fuzzy

Boolean filter, according to Theorem 5.4, so A is also an

intuitionistic fuzzy implicative filter. By Theorem 5.3(3),

this implies that lAðxÞ ¼ lAð1! xÞ ¼ lAð1! ð:x!
xÞÞ ¼ lAð:x! xÞ; vAðxÞ ¼ vAð1! xÞ ¼ vAð1! ð:x!
xÞÞ ¼ vAð:x! xÞ: Hence, (2) holds.

(2) ) (3) Since :x ¼ x! 0; according to Lemma

2.1(8), we have :x� x! y; ðx! yÞ ! x�:x! x;

which imply lAððx! yÞ ! xÞ� lAð:x! xÞ; vAððx!
yÞ ! xÞ� vAð:x! xÞ; thus A is an intuitionistic fuzzy

filter. From (2), we deduce that lAððx! yÞ ! xÞ
� lAðxÞ; vAððx! yÞ ! xÞ� vAðxÞ:

(3) ) (4) Since x B (x ? y) ? x, it follows

that lA(x) B lA((x ? y) ? x), vA(x) C vA((x ? y) ? x).

Taking (3) into account, we get lA((x ? y) ? x) =

lA(x), vA((x ? y) ? x) = vA(x).

(4) ) (5) Clearly, lA((x ? y) ? x) C lA(z ? ((x ?
y) ? x)) ^ lA(z), vA((x ? y) ? x) B vA(z ? ((x ? y) ?
x)) _ vA(z). Taking (4) into account, this implies that

lAðxÞ � lAðz ! ððx ! yÞ ! xÞÞ ^ lAðzÞ; vAðxÞ � vAðz !
ððx ! yÞ ! xÞÞ _ vAðzÞ: This shows that (5) holds.

(5)) (1) Let A be an intuitionistic fuzzy filter. In order

to prove that A is an intuitionistic fuzzy Boolean filter,

from Theorems 5.3 and 5.4, we only prove that lAðx!
zÞ�lAðx! ð:z! zÞÞ; vAðx! zÞ� vAðx! ð:z! zÞÞ for

all x; y; z 2 L: Since z B x ? z, it follows that :ðx!
zÞ�:z and :z! ðx! zÞ�:ðx! zÞ ! ðx! zÞ: By (5),

this implies that lAð:z! ðx! zÞÞ�lAð:ðx! zÞ !
ðx! zÞÞ ¼ lAð1! ðððx! zÞ ! 0Þ ! ðx! zÞÞÞ ^ lAð1Þ
�lAðx! zÞ; vAð:z! ðx! zÞÞ � vAð:ðx! zÞ ! ðx!
zÞÞ ¼ vAð1 ! ðððx ! zÞ ! 0Þ ! ðx ! zÞÞÞ _ vAð1Þ � vA

ðx ! zÞ; i.e. lAðx ! zÞ � lAð:z ! ðx ! zÞÞ; vAðx ! zÞ
� vAð:z ! ðx ! zÞÞ: Therefore, A is an intuitionistic

fuzzy Boolean filter. So, (1) holds. h

6 Intuitionistic fuzzy positive implicative filters

of BL-algebras

In this section, we introduce the notion of intuitionistic

fuzzy positive implicative filters of BL-algebras and

investigate their properties.

Definition 6.1 Let A be an intuitionistic fuzzy set in

L. A is called an intuitionistic fuzzy positive implicative

filter, for all x; y; z 2 L; if it satisfies

(1) lA(1) C lA(x), vA(1) B vA(x),

(2) lA(x ? z) C lA(x ? (y ? z)) ^ lA(x ? y),

vA(x ? z) B vA(x ? (y ? z)) _ vA(x ? y).

The following example shows that intuitionistic fuzzy

positive implicative filters exist.

Example 5 Let L = {0, a, b, 1}. � and ? are defined by

Tables 5 and 6 on L as follows.

Define ^ and _ operations on L as min and max,

respectively. Then (L, ^, _, �, ? , 0, 1) is a BL-algebra.

Define an intuitionistic fuzzy set A in L by

lAðaÞ ¼ lAðbÞ ¼ lAð0Þ ¼ t1; lAð1Þ ¼ t3
vAðaÞ ¼ vAðbÞ ¼ vAð0Þ ¼ t2; vAð1Þ ¼ t4

Where 0 B t1 ? t2 B 1, 0 B t3 ? t4 B 1, 0 B t1 \ t3 B 1,

0 B t4 \ t2 B 1.

It can be easily verified that A is an intuitionistic fuzzy

positive implicative filter.

Table 5 ‘‘�’’operator table in L

� 0 a b 1

0 0 0 0 0

a 0 a a a

b 0 a b b

1 0 a b 1

Table 6 ‘‘!’’ operator table in L

! 0 a b 1

0 1 1 1 1

a 0 1 1 1

b 0 a 1 1

1 0 a b 1
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The relationship between intuitionistic fuzzy positive

implicative filters and intuitionistic fuzzy filters is as follows.

Theorem 6.1 Each intuitionistic fuzzy positive implica-

tive filter is an intuitionistic fuzzy filter.

Proof Suppose that A is an intuitionistic fuzzy positive

implicative filter of L. Taking x=1 and Definition 6.1 (2)

into account, we have lA(1 ? z) C lA(1 ? (y ? z))

^ lA(1 ? y), vA(1 ? z) B vA(1 ? (y ? z)) _ vA(1 ? y),

for all y; z 2 L; i.e., lA(z) C lA(y ? z) ^ lA(y), vA(z) B

vA(y ? z) _ vA(y). By Definition 6.1(1), we get that A is an

intuitionistic fuzzy filter.

The converse of Theorem 6.1 may not be true. Actually,

in Example 4, we define an intuitionistic fuzzy set A by

lAð0Þ ¼ t1; lAðaÞ ¼ lAðbÞ ¼ t3; lAð1Þ ¼ t5

vAð0Þ ¼ t2; vAðaÞ ¼ vAðbÞ ¼ t4; vAð1Þ ¼ t6

Where

0 B t1 ? t2 B 1, 0 B t3 ? t4 B 1, 0 B t5 ? t6 B 1, 0 B

t1 \ t3 \ t5 B 1, 0 B t6 \ t4 \ t2 B 1.

It can be easily checked that A is an intuitionistic fuzzy

filter, but A is not an intuitionistic fuzzy positive implica-

tive filter, because lA(b ? a) = lA(b) = t3 \ lA(b ?
(b ? a)) ^ lA(b ? b) = t5, vA(b ? a) = vA(b) = t4 [
vA(b ? (b ? a)) ^ vA(b ? b) = t6. h

We investigate some characteristics of intuitionistic

fuzzy positive implicative filters as follows.

Theorem 6.2 Let A be an intuitionistic fuzzy filter of L.

The following are equivalent, for all x; y; z 2 L:

(1) A is an intuitionistic fuzzy positive implicative filter,

(2) lA(x ? y) C lA(x ? (x ? y)),

vA(x ? y) B vA(x ? (x ? y)),

(3) lA(x ? y) = lA(x ? (x ? y)),

vA(x ? y) = vA(x ? (x ? y)),

(4) lA(x ? (y ? z)) B lA((x ? y) ? (x ? z)),

vA(x ? (y ? z)) C vA((x ? y) ? (x ? z)),

(5) lA(x ? (y ? z)) = lA((x ? y) ? (x ? z)),

vA(x ? (y ? z)) = vA((x ? y) ? (x ? z)),

(6) lA((x � y) ? z) = lA((x ^ y) ? z),

vA((x � y) ? z) = vA((x ^ y) ? z).

Proof (1) ) (2) Let A be an intuitionistic fuzzy positive

implicative filter. In view of Definition 6.1, then lA(x ?
y) C lA(x ? (x ? y)) ^ lA(x ? x), vA(x ? y) B vA(x ?
(x ? y)) _ vA(x ? x), i.e., lA(x ? y) C lA(x ? (x ?
y)), vA(x ? y) B vA(x ? (x ? y)). So, (2) holds.

(2) ) (3) Since x ? y B x ? (x ? y), according to

Theorem 3.3(1), we have lA(x ? y) B lA(x ? (x ?
y)), vA(x ? y) C vA(x ? (x ? y)). Taking (2) into

account, lA(x ? y) = lA(x ? (x ? y)), vA(x ? y) =

vA(x ? (x ? y)). Hence, (3) holds.

(3)) (1) Suppose that A is an intuitionistic fuzzy filter.

By Corollary 3.2(5) and Lemma 2.1(5), we get lA(x ?
(x ? z)) C lA(x ? y) ^ lA(y ? (x ? z)) = lA(x ?
y) ^ lA(x ? (y ? z)), vA(x ? (x ? z)) B vA(x ? y) _
vA(y ? (x ? z)) = vA(x ? y) _ vA(x ? (y ? z)). Taking

(3) into account, we have lA(x ? z) C lA(x ?
y) ^ lA(x ? (y ? z)), vA(x ? z)) B vA(x ? y) _
vA(x ? (y ? z)). By Definition 3.1(1), we get that A is an

intuitionistic fuzzy positive implicative filter. Thus, (1) holds.

(1) ) (4) Suppose that A is an intuitionistic fuzzy

positive implicative filter. According to Definition

6.1, lA(x ? ((x ? y) ? z)) C lA(x ? ((y ? z) ?
((x ? y) ? z))) ^ lA(x ? (y ? z)), vA(x ? ((x ? y) ? z))

B vA(x ? ((y ? z) ? ((x ? y) ? z))) _ vA(x ? (y ? z)).

By Lemma 2.1(5) and Lemma 2.1(7), we get lA(x ? ((x ?
y) ? z)) = lA((x ? y) ? (x ? z)), vA(x ? ((x ? y) ? z))

= vA((x ? y) ? (x ? z)) and lA(x ? ((y ? z) ? ((x ?
y) ? z))) = lA((y ? z) ? ((x ? y) ? (x ? z))) = lA(1),

vA(x ? ((y ? z) ? ((x ? y) ? z))) = vA((y ? z) ? ((x ?
y) ? (x ? z))) = vA(1). It follows that lA((x ? y) ? (x ?
z)) C lA(1) ^ lA(x ? (y ? z)) = lA(x ? (y ? z)),

vA((x ? y) ? (x ? z)) B vA(1) _ vA(x ? (y ?
z)) = vA(x ? (y ? z)). Therefore, (4) holds.

(4) ) (5) Since x ? (y ? z) = y ? (x ? z) = (1 ?
y) ? (x ? z) C (x ? y) ? (x ? z), according to Theorem

3.1, we have lA(x ? (y ? z)) C lA((x ? y) ? (x ?
z)), vA(x ? (y ? z)) B vA((x ? y) ? (x ? z)). Taking (4)

into account, we have lA(x ? (y ? z)) = lA((x ? y) ?
(x ? z)), vA(x ? (y ? z)) = vA((x ? y) ? (x ? z)).

Hence, (5) holds.

(5)) (6) Since x ? (y ? z) = x � y ? z and (x ^ y) ?
z = (x � (x ? y)) ? z = (x ? y) ? (x ? z), considering

(5), we obtain lA((x � y) ? z) = lA((x ^ y) ? z), vA((x �
y) ? z) = vA((x ^ y) ? z). So, (6) holds.

(6)) (1) Suppose that A is an intuitionistic fuzzy filter,

then lA(1) C lA(x), vA(1) B vA(x). From Corollary 3.2(5)

and Lemma 2.1(5), we obtain lA(x ? (x ? z)) C lA(x ?
y) ^ lA(y ? (x ? z)) = lA(x ? y) ^ lA(x ? (y ? z)),

vA(x ? (x ? z)) B vA(x ? y) _ vA(y ? (x ? z)) = vA(x ?
y) _ vA(x ? (y ? z)). Since lA(x ? (x ? z)) = lA(x �
x ? z), vA(x ? (x ? z)) = vA(x � x ? z), it follows from

(6) that lA((x � x) ? z) = lA((x ^ x) ? z) = lA(x ?
z), vA((x � x) ? z) = vA((x ^ x) ? z) = vA(x ? z).

Hence, lA(x ? z) C lA(x ? (y ? z)) ^ lA(x ? y), vA(x ?
z) B vA(x? (y? z))_ vA(x? y), it can be obtained that A is

an intuitionistic fuzzy positive implicative filter. h

Theorem 6.3 Let A and B be two intuitionistic fuzzy fil-

ters which satisfy A � B; lAð1Þ ¼ lBð1Þ; vAð1Þ ¼ vBð1Þ: If

A is an intuitionistic fuzzy positive implicative filter, so is B.
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Proof In view of Theorem 6.2, we only prove

that lB(x ? z) C lB(x ? (x ? z)), vB(x ? z) B vB(x ?
(x ? z)), for all x; z 2 L: Let t = x ? (x ? z), then x ?
(x ? (t ? z)) = t ? (x ? (x ? z)) = t ? t = 1. If A is an

intuitionistic fuzzy positive implicative filter, and by The-

orem 6.2(3), then lA(x ? (t ? z)) = lA(x ? (x ? (t ?
z))) = lA(1), vA(x ? (t ? z)) = vA(x ? (x ? (t ?
z))) = vA(1), i.e., lA(t ? (x ? z)) = lA(1) = lB(1),

vA(t ? (x ? z)) = vA(1) = vB(1). From A � B; we

get lB(t ? (x ? z)) C lA(t ? (x ? z)) = lB(1), vB(t ?
(x ? z)) B vA(t ? (x ? z)) = vB(1), according to Defi-

nition 3.1(1), we have lB(t ? (x ? z)) = lB(1), vB(t ?
(x ? z)) = vB(1). Since B is an intuitionistic fuzzy filter,

then lB(x ? z) C lB(t ? (x ? z)) ^ lB(t), vB(x ?
z) B vB(t ? (x ? z)) _ vB(t). Therefore, lB(x ?
z) C lB(1) ^ lB(t) = lB(t) = lB(x ? (x ? z)), vB(x ? z)

B vB(1) _ vB(t) = vB(t) = vB(x ? (x ? z)). Hence, B is an

intuitionistic fuzzy positive implicative filter. h

In the next, we investigate the relationship between in-

tuitionistic fuzzy Boolean filters and intuitionistic fuzzy

positive implicative filters.

Theorem 6.4 Each intuitionistic fuzzy Boolean filter is an

intuitionistic fuzzy positive implicative filter, the converse

may not be true.

Proof Suppose that A is an intuitionistic fuzzy Boolean

filter. Then lAðx! zÞ� lAððx _ :xÞ ! ðx! zÞÞ ^ lAðx _
:xÞ ¼ lAððx _ :xÞ ! ðx! zÞÞ ^ lAð1Þ ¼ lA ððx _ :xÞ !
ðx! zÞÞ; vAðx! zÞ� vA ððx _ :xÞ ! ðx! zÞÞ _ vAðx _
:xÞ ¼ vAððx _ :xÞ ! ðx! zÞÞ _ vAð1Þ ¼ vA ððx _ :xÞ !
ðx! zÞÞ: Since ðx _ :xÞ ! ðx ! zÞ ¼ ðx ! ðx !
zÞÞ ^ ð:x! ðx! zÞÞ ¼ x! ðx! zÞ; and by Lemma

2.1, we get lAððx _ :xÞ ! ðx! zÞÞ ¼ lAðx! ðx! zÞÞ;
vAððx _ :xÞ ! ðx ! zÞÞ ¼ vAðx ! ðx ! zÞÞ: Con-

sequently, lA(x ? z) C lA(x ? (x ? z)), vA(x ? z)

B vA(x ? (x ? z)). Taking Theorem 6.2 into account, we

get that A is an intuitionistic fuzzy positive implicative filter.

In Example 5, we know that A is an intuitionistic fuzzy

positive implicative filter, but A is not an intuitionistic fuzzy

Boolean filter because lAðb _ :bÞ ¼ lAðbÞ ¼ t1 6¼ t3 ¼
lAð1Þ; vA ðb _ :bÞ ¼ vAðbÞ ¼ t2 6¼ t4 ¼ vAð1Þ: h

Theorem 6.5 Let A be an intuitionistic fuzzy positive

implicative filter. A is an intuitionistic fuzzy Boolean filter

if and only if it satisfies lA((x ? y) ? y) = lA((y ? x) ?
x), vA((x ? y) ? y) = vA((y ? x) ? x), for all x; y 2 L:

Proof Assume that A is an intuitionistic fuzzy Boolean

filter. From x = 1 ? x B (y ? x) ? x and y B (y ? x) ?
x, it follows that :ððy! xÞ ! xÞ�:x� x! y and ðx!
yÞ ! y � :ððy ! xÞ ! xÞ ! y � :ððy ! xÞ ! xÞ !
ððy! xÞ ! xÞ: Then lAð:ððy! xÞ ! xÞ ! ððy! xÞ !
xÞÞ � lAððx ! yÞ ! yÞ; vAð:ððy ! xÞ ! xÞ ! ððy!

xÞ ! xÞÞ� vAððx! yÞ ! yÞ: Since A is an intuitionistic

fuzzy Boolean filter, and by Theorem 5.5(2), we obtain

lAððy ! xÞ ! xÞ ¼ lAð:ððy ! xÞ ! xÞ ! ððy ! xÞ !
xÞÞ; vAððy ! xÞ ! xÞ ¼ vAð:ððy ! xÞ ! xÞ ! ððy ! xÞ
! xÞÞ: So, lA((y ? x) ? x) C lA((x ? y) ? y), vA((y ?
x) ? x) B vA((x ? y) ? y). Similarly, we prove lA((y ?
x) ? x) B lA((x ? y) ? y), vA((y ? x) ? x) C vA((x ?
y) ? y). Consequently, lA((x ? y) ? y) = lA((y ? x) ?
x), vA((x ? y) ? y) = vA((y ? x) ? x).

Conversely, suppose that A is an intuitionistic fuzzy

positive implicative filter, which satisfies lA((x ? y) ?
y) = lA((y ? x) ? x), vA((x ? y) ? y) = vA((y ? x) ?
x). Then lAððx ! :xÞ ! :xÞ ¼ lAðð:x ! xÞ !
xÞ; vAððx ! :xÞ ! :xÞ ¼ vAðð:x ! xÞ ! xÞ: This

implies lAðx _ :xÞ ¼ lAððx! :xÞ ! :xÞ; vAðx _ :xÞ ¼
vAððx! :xÞ ! :xÞ: In order to prove that A is an

intuitionistic fuzzy Boolean filter, we only need to show

lAððx ! :xÞ ! :xÞ ¼ lAð1Þ; vAððx ! :xÞ ! :xÞ ¼
vAð1Þ: Since A is an intuitionistic fuzzy positive implicative

filter, from Theorem 6.2(5), it follows that lAððx! :xÞ !
:xÞ ¼ lAððx! :xÞ ! ðx! 0ÞÞ ¼ lAðx! ð:x! 0ÞÞ ¼
lAðx! ::xÞ ¼ lAð1Þ; vAððx! :xÞ ! :xÞ ¼ vAððx!
:xÞ ! ðx! 0ÞÞ ¼ vAðx! ð:x! 0ÞÞ ¼ vAðx! ::xÞ ¼
vAð1Þ: Therefore, lAðx _ :xÞ ¼ lAð1Þ; vAðx _ :xÞ ¼ vAð1Þ:
Hence, A is an intuitionistic fuzzy Boolean filter. h

7 Intuitionistic fuzzy ultra filters and intuitionistic

fuzzy obstinate filters of BL-algebras

Definition 7.1 An intuitionistic fuzzy set A in L is called

an intuitionistic fuzzy ultra filter of L, if it is an intuition-

istic fuzzy filter of L, which satisfies the following condi-

tions. lA(x) = lA(1), vA(x) = vA(1) or lAð:xÞ ¼ lAð1Þ;
vAð:xÞ ¼ vAð1Þ:

Example 6 Let L = {0, a, b, c, d, 1}. ? and � are

defined by Tables 7 and 8.

Then (L, ^, _, �, ? , 0, 1) is a BL-algebra. Let A be an

intuitionistic fuzzy set in L given by

lAðxÞ ¼
a x 2 f1; a; dg
b otherwise

�
vAðxÞ ¼

g x 2 f1; a; dg
k otherwise

�

Table 7 ‘‘!’’operator table in L

! 0 a b c d 1

0 1 1 1 1 1 1

a c 1 b b a 1

b d a 1 a d 1

c a 1 1 1 a 1

d b 1 b b 1 1

1 0 a b c d 1
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Where 0 B b\ a B 1, 0 B g\ k B 1, 0 B a ? g B 1,

0 B b ? k B 1.

It can be easily verified that A is an intuitionistic fuzzy

ultra filter of L.

Theorem 7.1 A non-constant intuitionistic fuzzy set A in

L is an intuitionistic fuzzy ultra filter of L if and only if A is

an intuitionistic fuzzy Boolean filter and intuitionistic fuzzy

prime filter of L.

Proof Assume that A is an intuitionistic fuzzy Boolean

and intuitionistic fuzzy prime filter of L. According to

Theorem 4.1, when its formulae are equalities, we

have lAðx _ :xÞ ¼ lAð1Þ ¼ lAðxÞ _ lAð:xÞ; vA ðx_:xÞ ¼
vAð1Þ ¼ vAðxÞ ^ vAð:xÞ; for all x 2 L: If lA(x) = lA(1),

vA(x) = vA(1), we know lA(x) B lA(1), vA(x) C vA(1) and

lAð:xÞ � lAð1Þ; vAð:xÞ � vAð1Þ: Since lAð1Þ ¼ lAðxÞ_
lAð:xÞ; vAð1Þ ¼ vAðxÞ ^ vAð:xÞ; we get lAð:xÞ ¼ lAð1Þ;
vAð:xÞ ¼ vAð1Þ: Thus, A is an intuitionistic fuzzy ultra

filter of L.

Conversely, suppose that A is an intuitionistic fuzzy

ultra filter of L. For all x 2 L; since x� x _ :x;:x� x _
:x; so lAðxÞ� lAðx _ :xÞ; vAðxÞ� vAðx _ :xÞ; lAð:xÞ
� lAðx _ :xÞ; vAð:xÞ� vAðx _ :xÞ by Theorem 3.3(1). In

view of Definition 7.1, we obtain lA(x) = lA(1),

vA(x) = vA(1) or lAð:xÞ ¼ lAð1Þ; vAð:xÞ ¼ vAð1Þ: lAð1Þ
� lAðx _ :xÞ; vAð1Þ� vAðx _ :xÞ: Thus, by Definition

3.1(1), we get lAð1Þ ¼ lAðx _ :xÞ; vAð1Þ ¼ vAðx _ :xÞ:
This means that A is an intuitionistic fuzzy Boolean filter

of L. And, by Lemma 2.1(29) and Theorem 3.1, we

have lA(x _ y) = lA(((x ? y) ? y) ^ ((y ? x) ? x))

B lA((x ? y) ? y), vA(x _ y) = vA(((x ? y) ? y) ^ ((y ?
x) ? x)) C vA((x ? y) ? y), for all x; y 2 L: From

0 B y and Lemma 2.1(8), we get x ? 0 B x ? y and

ðx! yÞ ! y�:x! y: Thus, lAððx! yÞ ! yÞ� lAð:x

! yÞ; vAððx! yÞ ! yÞ� vAð:x! yÞ by Theorem 3.1.

Hence, lAðx _ yÞ� lAð:x! yÞ; vAðx _ yÞ� vAð:x! yÞ:
If lA(x) = lA(1), vA(x) = vA(1), then lA(x _ y) B lA(1) =

lA(x) B lA(x) _ lA(y), vA(x _ y) C vA(1) = vA(x) C vA(x) _
vA(y). If lA(x) = lA(1), vA(x) = vA(1), then lAð:xÞ ¼

lAð1Þ; vAð:xÞ ¼ vAð1Þ by Definition 7.1. So, lAðyÞ�
lAð:x! yÞ ^ lAð:xÞ ¼ lAð:x! yÞ^ lAð1Þ ¼ lAð:x !
yÞ; vAðyÞ � vAð:x ! yÞ _ vAð:xÞ ¼ vAð:x ! yÞ _ vAð1Þ
¼ vAð:x! yÞ: Therefore, lA(x _ y) B lA(y) B lA(x) _
lA(y), vA(x _ y) C vA(y) C vA(x) ^ vA(y). This means that

A is an intuitionistic fuzzy prime filter of L. h

Definition 7.2 An intuitionistic fuzzy set A in L is called an

intuitionistic fuzzy obstinate filter of L if it is an intuitionistic

fuzzy filter of L that satisfies the following conditions:

lA(x) = lA(1), vA(x) = vA(1) and lA(y) = lA(1),

vA(y) = vA(1), which imply lA(x ? y) = lA(1), vA(x ?
y) = vA(1) and lA(y ? x) = lA(1), vA(y ? x) = vA(1) for

all x; y 2 L:

Theorem 7.2 Let A be a non-constant intuitionistic fuzzy

filter of L. The following are equivalent:

(1) A is an intuitionistic fuzzy ultra filter,

(2) A is an intuitionistic fuzzy prime filter and intuition-

istic fuzzy Boolean filter,

(3) A is an intuitionistic fuzzy prime filter and intuition-

istic fuzzy implicative filter,

(4) A is an intuitionistic fuzzy obstinate filter.

Proof (1) ) (2) It is proved by Theorem 7.1.

(2) ) (3) It is easily proved by Theorem 5.4.

(3) ) (1) Since the intuitionistic fuzzy Boolean filter is

equivalent to the intuitionistic fuzzy implicative filter. In

order to prove that an intuitionistic fuzzy prime filter or an

intuitionistic fuzzy implicative filter is an intuitionistic

fuzzy ultra filter, we only prove an intuitionistic fuzzy

prime filter or an intuitionistic fuzzy Boolean filter is an

intuitionistic fuzzy ultra filter. It is proved by Theorem 7.1.

(1) ) (4) Assume that A is an intuitionistic fuzzy ultra

filter and lA(x) = lA(1), vA(x) = vA(1), lA(y) = lA(1),

vA(y) = vA(1). Then lAð:xÞ ¼ lAð1Þ; vAð:xÞ ¼ vAð1Þ and

lAð:yÞ ¼ lAð1Þ; vAð:yÞ ¼ vAð1Þ by Definition 7.1. Since

:x� x! y; using Theorem 3.3(1), we get lAðx!
yÞ� lAð:xÞ ¼ lAð1Þ; vAðx! yÞ� vAð:xÞ ¼ vAð1Þ:
According to Definition 3.1(1), it follows that lA(x ?
y) = lA(1), vA(x ? y) = vA(1). Similarly, we prove that

lA(y ? x) = lA(1), vA(y ? x) = vA(1) from lAð:yÞ ¼
lAð1Þ; vAð:yÞ ¼ vAð1Þ: This means that (4) holds.

(4) ) (1) Assume that A is an intuitionistic fuzzy

obstinate filter and lA(x) = lA(1), vA(x) = vA(1), for all

x 2 L: Since A is a non-constant intuitionistic fuzzy filter

in L, lA(0) = lA(1), vA(0) = vA(1). By Definition 7.2,

we have lAð:xÞ ¼ lAðx! 0Þ ¼ lAð1Þ; vAð:xÞ ¼ vAðx!
0Þ ¼ vAð1Þ: So, A is an intuitionistic fuzzy ultra filter by

Definition 7.1. Therefore, (1) holds. h

Table 8 ‘‘�’’ operator table in L

� 0 a b c d 1

0 0 0 0 0 0 0

a 0 d c 0 d a

b 0 c b c 0 b

c 0 0 c 0 0 c

d 0 d 0 0 d d

1 0 a b c d 1
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8 Conclusions

The filter theory plays an important role in the study of

logical algebras. Up to now, the filter theory and fuzzy

filter theory of BL-algebras have been widely studied, and

some important results have been obtained. In this paper,

we develop the intuitionistic fuzzy filter theory of

BL-algebras, which is important for researching logical

algebras. We introduce the notions of intuitionistic fuzzy

filters, lattice filters, prime filters, Boolean filters, impli-

cative filters, positive implicative filters, ultra filters and

obstinate filters in BL-algebras, and investigate their char-

acteristics and their important properties, respectively.

Meanwhile, we also give the relationship between an in-

tuitionistic fuzzy filter and an intuitionistic fuzzy lattice

filter. The intuitionistic fuzzy Boolean filter is proved to be

equivalent to the intuitionistic fuzzy implicative filter. The

intuitionistic fuzzy ultra filter is also equivalent to the in-

tuitionistic fuzzy obstinate filter, and each intuitionistic

fuzzy Boolean filter is an intuitionistic fuzzy positive

implicative filter, but the converse may not be true in

BL-algebras. Furthermore, the conditions under an intui-

tionistic fuzzy positive implicative filter being an intui-

tionistic fuzzy Boolean filter are constructed. Finally, we

give the concepts of the intuitionistic fuzzy ultra and

obstinate filters, and study their properties. Meanwhile, we

prove that the intuitionistic fuzzy ultra filter is equivalent to

the intuitionistic fuzzy obstinate filter in BL-algebras.
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