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Abstract In this paper, the intuitionistic fuzzy filter the-
ory of BL-algebras is researched. The basic knowledge of
BL-algebras and intuitionistic fuzzy sets is firstly reviewed.
The notions of intuitionistic fuzzy filters, lattice filters,
prime filters, Boolean filters, implicative filters, positive
implicative filters, ultra filters and obstinate filters are
introduced, respectively. Their important properties are
investigated. In intuitionistic fuzzy sets, intuitionistic fuzzy
filters, Boolean filters, ultra filters are proved to be equiv-
alent to lattice filters, implicative filters, obstinate filters,
respectively. Each intuitionistic fuzzy Boolean filter is an
intuitionistic fuzzy positive implicative filter, but the con-
verse may not be true in BL-algebras. The conditions under
an intuitionistic fuzzy positive implicative filter being an
intuitionistic fuzzy Boolean filter are constructed. Finally,
the concepts of the intuitionistic fuzzy ultra and obstinate
filters are introduced, and the intuitionistic fuzzy ultra filter
is proved to be equivalent to the intuitionistic fuzzy
obstinate filter in BL-algebras.
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1 Introduction

Fuzzy sets [1] are an important basic theory of machine
learning and cybernetics, and provide a basic theory for
fuzzy logical reasoning. Wu researched positive and neg-
ative fuzzy rule system, extreme machine learning and
image classification [2]. Pearl presented a hierarchial
multilevel thresholding method for edge information
extraction using fuzzy entropy [3]. Wang researched par-
ticle swarm optimization for determining fuzzy measures
from data [4] and studied maximum ambiguity based on
sample selection in fuzzy decision tree induction [5].

The logical foundations of processes handling uncer-
tainty in information use some classes of algebras as
algebraic semantics [6]. BL-algebras are the important
logical algebras, and have been widely applied to many
fields [7-13]. The filter theory plays an important role in
the study of logical algebras, and the sets of provable
formulae in corresponding inference systems from the
point of view of uncertain information can be described by
fuzzy filters of those algebraic semantics [6], and it has
been researched by many scholars [6—14, 17-22]. From the
perspective of logic, different fields correspond to different
sets of provable formulae. In 2010, the filter theory of re-
siduated lattices was researched by Zhu and Xu [14]. Thus
far, the filter theory of BL-algebras has been widely stud-
ied, and some important results have been obtained. In
particular, Michiro studied the filter theory of BL-algebras
[7], and Jiri researched fuzzy filters and fuzzy prime filters
of bounded R/-monoids and pseudo BL-algebras [6]. The
notions of fuzzy filters and fuzzy Boolean filters (impli-
cative filters, positive implicative filters, prime and ultra
filters, etc.) in BL-algebras were introduced, and their rel-
ative properties were obtained [8—11]. Moreover, based on
the concept of interval valued fuzzy sets introduced by
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Zadeh [15], Xu generalized the fuzzy filter theory of
BL-algebras [12, 13], and so on.

However, based on the notion of intuitionistic fuzzy sets
(IFS) proposed by Atanassov [16], the concept of the in-
tuitionistic fuzzy filter of BCI-algebras was introduced and
some important results were given [17]. Pei studied the
intuitionistic fuzzy filter of lattice implication algebras and
investigated their properties [18]. The intuitionistic fuzzy
filter in Heyting algebras was presented by Wang and Guo
[19]. Recently, Peng introduced the intuitionistic fuzzy
filter of effect algebras [20]. At present, the researches
about intuitionistic fuzzy filters in BL-algebras are less
frequent.

In this paper, the intuitionistic fuzzy filter theory of
BL-algebras is developed. This paper is organized as fol-
lows. In Sect. 2, we review related basic knowledge of
BL-algebras and intuitionistic fuzzy sets. In Sect. 3, we
introduce an intuitionistic fuzzy filter and a lattice filter of
BL-algebras and discuss their properties. We show that the
intuitionistic fuzzy filter is the intuitionistic fuzzy lattice
filter. In Sect. 4, we give the notion of intuitionistic fuzzy
filters of BL-algebras. In Sect. 5, intuitionistic fuzzy
Boolean filters and implicative filters are presented and
their important properties are investigated. The intuition-
istic fuzzy Boolean filter is proved to be equivalent to the
intuitionistic fuzzy implicative filter. In Sect. 6, we intro-
duce the notion of intuitionistic fuzzy positive implicative
filters in BL-algebras and investigate their properties.
Furthermore, the conditions under an intuitionistic fuzzy
positive implicative filter being an intuitionistic fuzzy
Boolean filter are constructed. In Sect. 7, we give the
concepts of intuitionistic fuzzy ultra filters and obstinate
filters, and study their properties. Meanwhile, we prove that
the intuitionistic fuzzy ultra filter is equivalent to the in-
tuitionistic fuzzy obstinate filter in BL-algebras.

2 Preliminaries

For the sake of convenience for statement, we firstly
summarize some related definitions and results which will
be used in the following.

Definition 2.1 ([8, 9, 21-23]) A BL-algebra is a structure
(L, A\, V, ®, —,0, 1) of type (2,2,2,2,0,0) such that the
following conditions are satisfied:

() (L, A, V,0,1)is a bounded lattice,

(2) (L, ®, 1) is an abelian monoid, i.e. ® is commutative
and associative and x ® 1 = x,

(3) ® and — form an adjoint pair, i.e. x ® y < z if and
only if x <y — z for all x,y,z € L (residuation),

4) xAy=x® (x - y) (divisibility),

(5) (x = y)V(y » x) =1 (prelinearity).
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Lemma 2.1 ([8, 20-24]) Let L be a BL-algebra. The
following properties hold, for all x,y,z €L (where
-x=x—0).

D x@x -y =y

2) x=y-> @y,

3) x<yifandonlyifx - y=1,

@ x=1l->x,x->x=Lx->0-x)=1,
x—>1=1,0- x=1,

6 x> -2)=@x®y) >z=y > (x -2,

6) x@y=xAy,

7N x->y=@y->290->@x->2,x>y<(z—->x >
(z = y),

®) Ifx<y theny»>z<x-ozandz >x=<7-Y,

9 x=<y-yx

10) y=<@ —->x —>x

(1) x®0=0,

(12) x<yimpliesx R 7 <y ® g,

(13) xVy)->z=x->29AN0G -2,

(14) x> O0AD=x-> N2,

15 x@OVvyy=xRy) V(xR 2,

(16) x> y=<(@x®2 > (y®2),

A7) x»®@@y—-20<y—-> x®2),

18) x->»®OG->2)=x-z

19 x®—x=0,

20) x ® y=01ifand only if x<—y and x <y implies
-y <,

2l) xVy=1impliesx@y=xAY,

22) xANOV=&EAYVEAD,xVOIAZD=CEVY)
A (xV 2),

23) x<—=x,-1=0,-0=1, ~——x = —ux,
< x — X,

24) ——(x®y) =-x® -y,

25 ~(xVy)=-xA-y,

26) If ~—x<——x — Xx, then -—x = x,

27 x=-u® (-x — x),

28) x—-y=y—-w=-w—-y=-(x®Yy),

(29) xVy=I[x->y) >y A —>x - x]

30) —(—x—x)=0.

Definition 2.2 ([16]) Let a set U be the fixed domain. An

intuitionistic fuzzy set A in U is an object, having the form
A(x) = {<x, gy (x), va(x) > |x € U}

Where ps(x): U — [0, 1] and v4(x): U — [0, 1] satisfying

0 < pa(x) 4+ va(x) < 1forallx € U, and ps(x) and v4(x) are

the degree of membership and the degree of non-membership

of the element x € U to A, respectively.

Definition 2.3 ([16]) Let A and B be arbitrary intuition-
istic fuzzy sets, then inclusion relation of IFS is defined by

A C Bif and only if w,(x) < pg(x), va(x) >vp(x).

For convenience, for all x,y € [0,1], we denote max
{x, ¥y} =xV yand min {x, y} = x Ay, respectively.
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3 Intuitionistic fuzzy filters and lattice filters
of BL-algebras

Definition 3.1 Let L be a BL-algebra, and an intuitionistic
fuzzy set A is called an intuitionistic fuzzy filter of L if it
satisfies:

(1) pa(1) = pa(x), va(l) < vu(x) for all x € L,

(2)  pa(y) = min {pa(x), pralx = )} = palx) A pralx — y)
for all x,y € L,

3) va(y) < max {va(x), va(x = ¥)} = v4(x) V valx —>y)
forall x,y € L.

Example 1 LetL = {0, a, b, 1}. ® and — are defined by
Tables 1 and 2, where 0 <a < b < 1. Then (L, A, V, ®,
—, 0, 1) is a BL-algebra. Define an intuitionistic fuzzy set
Ain L.

:U'A(l) = 077
va(1) = 0.2,

Ha (b) = 053
VA (b) = 04,

14(0) = pq(a) = 0.3
va(0) =va(a) =0.6

It can be easily checked that A satisfies the conditions of
the intuitionistic fuzzy filter. Therefore, A is an intuition-
istic fuzzy filter of L.

Theorem 3.1 Let the intuitionistic fuzzy set A be the in-
tuitionistic fuzzy filter of L. For all x,y € L, if x <y, then
Ha(X) = 1a(Y), va(x) = va(y).

Proof Suppose that the intuitionistic fuzzy set A is the
intuitionistic fuzzy filter. If x <y, then x — y = 1. By
Definition 3.1, we have

pa(y) > min{gy (x), p4(x — y)} = min{uy, (x), gy (1)}

= pta(x)
va(y) < max{va(x), va(x —y)} = max{va(x),va(1)}
=va(x)
Table 1 “®” operator table in L
® 0 a b 1
0 0 0 0 0
a 0 0 a a
b 0 a b b
1 0 a b 1
Table 2 “—” operator table in L
— 0 a b 1

—

- S Q O
[ e
Q Q =~

S = = =
O S -y

Hence, pia(x) < pa(y), va(x) = va(y). O

Theorem 3.2 Let A be an intuitionistic fuzzy setin L. A is
an intuitionistic fuzzy filter if and only if for all x,y,z €
L, x — (y — z) = 1 implies pa(z) > pa(x) A pa(y), va(2)
= va(®) V vay).

Proof Suppose that the intuitionistic fuzzy set A is an intui-
tionistic fuzzy filter. In view of Definition 3.1, then
1) = ) A pay = 2), val2) = valy) vV ovaly - 2)
and pia(y = 2) = (A tax = (v = 2)), va > 2 < va Vv
vax - (y 2 2). If x »> (y » 2) =1, then uy(y - 2) >
a0 A pa(1) = pa(x), vay = 2) < val®) V va(l) = valx).
S0 pa(@ = pa) A pay = 2 = pa) A palx), vaz) <
vaX) V va(y = 2) < va(y) V valx). Hence, pis(z) > pa(x)
A pa(y), va(@) < va(x) V va(y).

Conversely, since x —» (x — 1)=1 for all x€ L,
then pa(1) > () A pra(x) = pa(x), va(l) < va(x) Vvalx) =
v4(x). On the other hand, from (x —» y) - (x - y) = 1, it
follows that pia(y) > pa(x) A pralx = ¥), va(y) < valx) V
vs(x — y). By Definition 3.1, we get that A is an intuitionistic
fuzzy filter. O

Fromx — (y = z) = (x ® y) — z and Theorem 3.2, we
have the following.

Corollary 3.1 Let A be an intuitionistic fuzzy set in L. A
is an intuitionistic fuzzy filter if and only if for all x,y,z €
L x®@y<zory®x < zimplies ps(z) = pa(x) A pia(y),
va(2) = valx) V va(y).

Theorem 3.3 Let A be an intuitionistic fuzzy setin L. A is
an intuitionistic fuzzy filter if and only if (1) If x <y, then
pa(®) =< pa(y), va(x) = va(y), for all x,y € L, (2) palx ®
V) = pa(x) A pa(y), valx @ y) < valx) V va(y), for all
x,y € L.

Proof Let A be an intuitionistic fuzzy filter of L.
According to Theorem 3.1, we get, if x <y, then us(x)
< ua(3), v4(x) = v4(y). Since x ® y < x ® y and Corollary
3.1, then pia(x @ y) > pa(x) A pa(y), valx @ y) > valx) Vv
va().

Conversely, let A be an intuitionistic fuzzy set which
satisfies (1) and (2). Forall x,y,z € L,if x ® y < z, then by
(1) and (2), we have 114(2) > #a() A fa(Y), va(2) < va(@) V
va(y). By Corollary 3.1, we get that A is an intuitionistic
fuzzy filter. (]

Corollary 3.2 Let an intuitionistic fuzzy set A be an in-
tuitionistic fuzzy filter of L. For all x,y, z € L, the following
hold.

(D) If ualx = y) = pa(l), valx = y) = va(l), then pa(x)
< wa(y), valx) > va(y),
2 pax AY) = pra@) A pa(), valx Ay) = va(x) V va(y),
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B) walx ® ¥) = pualx) A pay), valx ® y) = valx) VvV
va(y),
@) 14(0) = pa(x) A prg(=x), va(0) = va(x) Vva(—x),
(5 walx = 2) = palx > ¥) Ay = 2,
valx = 2) S valx = y) Vvay — 2),
6) mlx =) S puax ®z->y®2),
vax = ¥) 2 vax ® z >y ® 2),
(N palx =) (@ = 2) > (x = 2),
vax =y) = valy = 2) = (x > 2)),
@) wlx = y) < sz = x) = (2 = ),
va(x =Y) = valz = x) = (2 = Y)).

Proof

(1) In view of Definition 3.1, and since us(x — y) =
pa(l), valx = y) = va(l), we have pa(y) > pa(x)
A palx = y) = pa0) A pa(l) = pa(x), va(y) < valx)
Vovalx = y) = va(x) V va(l) = va(x). So, pa(x) <
Ua), va(x) = va(y).

(2) Since x Ay <x,x Ay <y and Theorem 3.1, we

get pa(x A y) < pa(x) A pa(y), valx A y) = valx) V
va(y). By Definition 3.1, we have
ta(x Ay) > min{py (x — (x Ay)), pa(x)}
=min{p, ((x—x) A (x—y)), ua(x)}
=min{yu, (x—y), s (x)}
> min{min{u, (y = (x—=¥)), 4 (")}, pa(x)}
=min{min{u, (1), s (»)}, ta(x)}
=min{us (y), ta(X)} = pia (x) A pia ()
va(xAy)<max{va(x — (xAY)), va(x)}
=max{vs((x = x) A (x = y)), va(x)}
=max{va(x —y), va(x)}
< max{max{va(y — (x—y)),va(y)}, va(x)}
va(y)}, va(x)}

=max{va(y), va(x)} =va(x) Vva(y)

= max{max{v4 (1),

Therefore, pu(x A ¥) = pa®) A ua(y), vax A y) = vy

(x) V va(y).

(3) According to Theorem 3.3(2), we have ps(x ® )
> @) A pa(y), valx ® ¥) < valx) V va(y). Since
x ® y<x Ay and Theorem 3.1, we get us(x ®
V) = palx A y) = pa) A pay), valx ® y) Zvalx A
¥) = valx) V va(y) by (2). Hence, pa(x ® y) = palx A
Y), Vax @ y) = valx A y).

(4) According to (3), we have g (x) A gy (—x) = py(x ®
~x) = 14(0), va(x) Vva(=x) = valx ® —x) = v4(0).
Thus, 114(0) = pa(x) A g (—x), va(0) = va(x) Vva

(—x).
(5) By (3) and Theorem 3.1, since (x — y) ® (y —
D <x — z,we have ip((x - y) ® ¢y — 2)
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< palx = 2, vallx > ) @ (y = 2)) = valx — 2),
and pa(x = z2) = pialx = y) A pia(y = 2), valx = 2)
< va(x = y) V va(y — 2). Hence, (5) holds.

(6), (7), (8) can be easily proved by Lemma 2.1 and
Theorem 3.1(1). O

Theorem 3.4 Let A and B be intuitionistic fuzzy filters.
Then A N B is an intuitionistic fuzzy filter.

Proof Suppose that x - (y »> z) = 1 for all x, y, z € L.
Since A and B are intuitionistic fuzzy filters, then
Ha(@) = pa(x) A pa(y), va(@) < valx) V va(y) and up(z) >
us(x) A pp(y), va(z) < vp(x) V vp(y). So (ta A up)z) =
pa) A pra() A pp(x) A pup(y) = (Ha(x) A pup(x)) A (a(y) A
us(y) = (Ua N up)X) A (a A pp)(y), (va Vvp)(z) < valx)V
va) V vp(x) V vp(y) = (valx) V vp(x)) V (va(y) V vp(y)) =
(va V vp)(x) V (v4 V vp)(y). By Theorem 3.2, A N B is an
intuitionistic fuzzy filter. O

Definition 3.2 Let L be a BL-algebra, and an intuitionistic
fuzzy set A is called an intuitionistic fuzzy lattice filter of L,

if it satisfies pa(x A y) = pa(x) A pa(y), valx Ay) = va(x)
V vu(y), for all x, y € L.

Example 2 It can be easily checked that an intuitionistic
fuzzy set A in Example 1 is an intuitionistic fuzzy lattice
filter.

Theorem 3.5 FEach intuitionistic fuzzy filter is an intui-
tionistic fuzzy lattice filter.

Proof It can be easily proved by Corollary 3.2(2). ]

4 Intuitionistic fuzzy prime filters
of BL-algebras

Definition 4.1 Let an intuitionistic fuzzy set A be a non-
constant intuitionistic fuzzy filter of L. A is called an in-
tuitionistic fuzzy prime filter, if it satisfies p4 (x) > py (x V
¥),va(x) <va(x Vy) or pua(y) = pa(x V y), va(y) < valx vV
y), forall x, y € L.

Example 3 Let L and A be defined as in Example 1. It is
easily verified that A is an intuitionistic fuzzy prime filter
of BL-algebra L.

Theorem 4.1 Let an intuitionistic fuzzy set A be a non-
constant intuitionistic fuzzy filter in BL-algebra L. A is an
intuitionistic fuzzy prime filter if and only if p,(xV
Y) Spa(x) V pa (), va(x vV y) Zvalx) Avaly), for all x,y
e L.

Proof Let A be an intuitionistic fuzzy prime filter, by
Definition 4.1, we have us(x) > pa(x V y), va(x) < valx V
), and pus(y) = pa(x V' y), va(y) < valx V y). Therefore p4(x vV
Y) < pa@) Vo pa), valx V' y) = vax) A va(y).
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Conversely, we easily prove, us(x) > palx VvV y),

va(x) < valx V y) or pa(y) = palx V y), va(y) < valx vV
y). Hence, A is an intuitionistic fuzzy prime filter. O

Theorem 4.2 Let an intuitionistic fuzzy set A be a non-
constant intuitionistic fuzzy filter in BL-algebra L. A is an
intuitionistic fuzzy prime filter if and only if (,uA)ﬂA(]) =
{xlx €L, us(x) > pua(1)} and (VA)VA(I) = {xlx €L, va(x)
< va(1)} are prime filters.

Proof Obviously, (u4), 1) = {xlx € L, pa(x) = pa(D)},
(VA)VA(I) = {xlx € L, v4(x) = v4(1)}. Since A is a non-
constant intuitionistic fuzzy filter, then p4(0) < pa(1), v4(0)
> va(l), ie., 0 & (a),, (19,0 & (va),, (1), then (uy),, (1) and
(va),,(1) are prime filters.

Conversely, suppose (u4),, (1) and (va),,) are prime
filters. Then x =y € (), (1) X = ¥ € (va),, 1y Ory —
x € (), ¥y = x € (va), for all x,y e L. This
means that (x Vy) > y=x >y € ('“A)m(l)’ xVy -
y=x-y € Wa),nor@Vy ox=y->x € (),
(x Vy) = x=y > x €(a),q SoumxVy -
) = (1), va((x V y) = y) = v4(1). By Definition 3.1, we
get ua(y) = pal(x V. y) = ) Apalx VoY) = palx vV
Y, va) =vallx Vo y) = y) V ovalx Voy)=valx V
Y) or ps(x) = pa(x Voy) = x) Apalx Voy) = palx vV
¥, val®) = vallx V y) = %) V ovalx V y) = valx V ).
Thus, pa(x) V ua(y) = pa(x V' y), va(x) A va(y) < valx Vv
¥). Therefore, A is an intuitionistic fuzzy prime filter. [

Theorem 4.3 Let A be a non-constant intuitionistic fuzzy
filter in BL-algebra L. A is an intuitionistic fuzzy prime
filter if and only if pa(x — y) = pa(l), valx = y) = va(l)
or ua(y = x) = pa(1), va(y = x) = va(l).

Proof By Theorem 4.2, A is an intuitionistic fuzzy prime
filter if and only if (14),, (1), (va),,(1) are prime filters if
and only if x >y € (), 1)» * =¥ € (Va),, 1y Ory —
x € (Ha)y, 1),y = x € (va),,r if and only if pa(x —> y) =

ua(l), va(x — y) = va(l) or ua(y — x) = pua(1), valy —
x) = va(l). U

Theorem 4.4 Let A be a non-constant intuitionistic fuzzy
prime filter of BL-algebra L and B be a non-constant in-
tuitionistic fuzzy filter of BL-algebra L. If A C B, u,(1) =
ug(1),va(l) = vg(1), then B is also an intuitionistic fuzzy
prime filter.

Proof Since A is an intuitionistic fuzzy prime filter,
then ps(x — y) = pua(l), valx — y) = va(l) or uu(y —
x) = pa(l), va(y = x) = vq(l), forallx, y € L. If ps(x —
¥) = pa(1), valx — y) = va(l), by A CB and (1) =
(1), va(l) = vp(1), we have ug(x — y) = pug(l), vg(x —
y) = vg(1). Similarly, if ps(y = x) = pa(l), valy — x) =

va(l), then pg(y — x) = ugp(1), vg(y — x) = vg(1l). Using
Theorem 4.3, we have that B is an intuitionistic fuzzy prime
filter. O

5 Intuitionistic fuzzy Boolean filters and implicative
filters of BL-algebras

In this section, we introduce the notions of intuitionistic
fuzzy Boolean filters and implicative filters of BL-algebras
and investigate their properties.

Definition 5.1 Let an intuitionistic fuzzy set A be an in-
tuitionistic fuzzy filter of L. A is called an intuitionistic
fuzzy Boolean filter if iy (xV —x) = py(1),va(x vV —x) =
va(l), for all x € L.

The following example shows that intuitionistic fuzzy
Boolean filters exist.

Example 4 LetL = {0, a, b, 1}. ® and — are defined by
Tables 3 and 4 on L as follows.

Define A and V operations on L as min and max,
respectively. Then (L, A V ® —,0, 1) is a BL-algebra.
Define an intuitionistic fuzzy set A in L by

1a(0) =11, (1) = pa(a) = wa(b) =13
VA(O) =1, VA(I) :VA((Z) :VA(b) =1
WhereO§t1<t3§ 1,0§t4<t2§ 1,0§t1+t2§1,
0< I3+ 14 < 1.

It can be easily verified that A is an intuitionistic fuzzy
Boolean filter.

Theorem 5.1 Let an intuitionistic fuzzy set A be an in-
tuitionistic fuzzy filter. A is an intuitionistic fuzzy Boolean
filter if and only if py((x — ) — —x) = ua((~x — ¥)
— x) = pa(1),va((x = —x) = ) = va((~x — x) = x)
=va(l), for all x € L.

Table 3 “®”operator table in L

® 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a a b
1 0 a b 1

Table 4 “—” operator table in L

— 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 b 1 1
1 0 a b 1
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Proof Suppose A is an intuitionistic fuzzy Boolean filter,
by Definition 5.1, Lemma 2.1(29) and Corollary 3.2(2), we
have iy (x V —) = oy (((x — =) — =) A (- — x) —
x)) = pa((x = —x) = =) A pa((-x = x) = x) = py (1),
valeV =) = va(((x = ) = A (= = x) = x)) =
va((x = x) — —x) Vua((—x — x) = x) = wa(1). So,
ta(lx = =) — —x) = ((x — x) —x) = (1),
va((x = —x) = —x) = va((—x — x) = x) = va(l).
Conversely, it can be easily proved that A is an
intuitionistic fuzzy Boolean filter. O

Theorem 5.2 Let A and B be two intuitionistic fuzzy fil-
ters of L, which satisfy A C B,u,(1) = pg(1),va(1) =
vg(1). If A is an intuitionistic fuzzy Boolean filter, so is B.

Proof Let B be an intuitionistic fuzzy filter of L. If A is an
intuitionistic fuzzy Boolean filter, then py,(xV —x) =
wa(1),va(x VvV —x) =va(l) for all xe L. From ACB
and us(1) = up(l), va(l) = vp(l), it follows that ug(xV
—x) > up(1),ve(x V —x) <vg(l). Taking Definition 3.1(1)
into account, we have ug(xV —) = ug(1),vp(xV —x) =
vg(1). This implies that B is an intuitionistic fuzzy Boolean
filter. O

In [25], Turunen introduced the notion of implicative
filters in BL-algebras and proved that implicative filters are
equivalent to Boolean filters. Motivated by this result, in
the following, we introduce the notion of intuitionistic
fuzzy implicative filters in BL-algebras and want to obtain
similar result regarding intuitionistic fuzzy Boolean filters
and intuitionistic fuzzy implicative filters.

Definition 5.2 Let A be an intuitionistic fuzzy filter of
L. A is called an intuitionistic fuzzy implicative filter if it
satisfies for all x,y,z € L

(1 /JA()C_>
(2) valx—

)2 pa(x — (72 = ¥) Ay (v — 2),
2) <valx = (mz =) Vwaly — 2).

Theorem 5.3 Let A be an intuitionistic fuzzy filter of L.
The following are equivalent.

(1) A is an intuitionistic fuzzy implicative filter,
@) alx = 2) >y (x — (-2 — 2)),
valx = 2) Swvalx — (-2 — 7)),
B) ma(x = 2) =y (x = (2 —2)),
valx = 2) = valx = (2 — 2)),
A(x = 2) 2y — (x = (52— 2)) A (y),

“4) >
valx = z) <valy —

(x = (72— 2))) Vval(y).

Proof (1) = (2) Suppose that A is an intuitionistic fuzzy
implicative filter, then u,(x — z) >y (x — (-z — 2))A
a(z = 2),valx = 2) Svale — (72 = 7)), valz — 2)
follows from Definition 5.2, ie. p,(x — z) > pyu(x —
(mz = 2)) A pa(1), valx — 2) <walx — (-2 — 2)) V

@ Springer

va(l). Taking Definition 3.1(1) into account, we have
a5 — 2) > g1y (8 — (2 — 2)) g (¥ — 2) Sva (3 — (2 —
z)). Thus, (2) holds.

2) = 3) Since x > z=1->(x—z)<z— (x —
z) =x — (-z — z), by Theorem 3.3, we have u,(x —
2) Sy (x = (72— 2)), valx = 2) Zvalx — (-2 = 2)).
Considering (2), we get py(x —z) = py(x — (—mz —
2)), va(x — z) = va(x — (-z — z)). Thus, (3) holds.

(3) = (4) Since A is an intuitionistic fuzzy filter, then
talx = (2= 2) 2 (= (= (2= 2) Ay (),
valx = (2 —=2)) < waly— (x = (m2—2))) Vvaly)
Using (3), we obtain p, (x — z) > piy (y = (x = (mz—2))) A
s (¥), va(x = 2) Svaly = (x = (72 —2))) Vva(y). Thus,
(4) holds.

(4) = (1) Let A be an intuitionistic fuzzy filter, which
satisfies p14(x — 2) > (v — (x = (72 = 2))) A s (),
valx = 2) <va(y = (x = (m2 —2))) Vvaly)  for all
x,y,z € L. According to Corollary 3.2(5), we have u,(x ®
2= ) 2 (@2 —=y) Ay = 2), v (x® -z —2)
Sl ® 2 = y) Vwnly = 2), de. myx — (72—
2) Zua(x = (72 = ¥) A sy = 2), valx — (-2 —
7)) <va(x — (-z = y)) Vva(y — z). On the other hand,
by (@), we have ji,(x — 2) > iy (1 — (¥ — (=2 — 2))) A
s (1) va(x = 2) < a1 = (x — (2 — 2)) V(1) e,
mlx = 2) 2 p(x — (72 = 7)), vl — 2) Swalx —
(mz—2)). Hence, py(x —2)>pa(x — (72— y)) Ay
(y = 2), valx = 2) <valx = (mz = y)) Vvaly — 2).

Therefore, A is an intuitionistic fuzzy implicative filter. [

Next, we investigate the relationship between intui-
tionistic fuzzy implicative filters and intuitionistic fuzzy
Boolean filters.

Theorem 5.4 Let A be an intuitionistic fuzzy filter of L. A
is an intuitionistic fuzzy Boolean filter if and only if A is an
intuitionistic fuzzy implicative filter.

Proof Suppose that A is an intuitionistic fuzzy Boolean
filter. According to Definition 3.1,

fa(x = 2) > pa((zV =2) = (x = 2)) A a2V —2)
= ps((zV —2) = (x = 2)) Aa(1)
= ma((zV —z) = (x = 2))
=z = (x = 2)) A (-2 — (x = 2)))
= (7= (x = 7)) = wa(x — (2 — 7))
va(x — 2) <va((zV —z) = (x — 2)) Vvalz V —2)
=v4((zV —z) = (x = 2)) Vva(l)
=va((zV—z) = (x — 2))
=n(z—= (x—2)) A (72— (x—2))
=va(mz— (x = 7)) =valx = (-2 — 7))

It follows that p,(x — z) > uy(x — (mz — z)), valx — 2)
<va(x — (—z — z)). By Theorem 5.3, A is an intuition-
istic fuzzy implicative filter.
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Conversely, suppose that A is an intuitionistic fuzzy
implicative filter. By Theorem 5.3(3) and Lemma 2.1(28),
we have i (—x — x) = x) = sy (- — x) —

a (1), v (=% = x) = x) = va((-x — x) —

va(l) and gy (x — ) — ) = gy ((x — —x) —
) =y () = (2t —2) =ty (1), va (s ) —
) —VA((x—> ) = (w = ) = wal(x—x) — (
—x))=v4(1). By Lemma 2.1(29) and Corollary 3.2, we
get iy (xV =) = iy (x = ) = ) A gy ((x = x) = x) =
(1), (xV ) = va ((x = %) — =) Ava((-x — x) —
x) = v4(1). Thus, A is an intuitionistic fuzzy Boolean filter. (]

(=) =
(~x —x)) =

(_‘_Lx —

Obviously, Theorem 5.4 shows that intuitionistic fuzzy
implicative filters are equivalent to intuitionistic fuzzy
Boolean filters of BL-algebras.

Theorem 5.5 Let A be an intuitionistic fuzzy filter of L.
The following are equivalent.

(1) A is an intuitionistic fuzzy Boolean filter,
2 up(x) = pa(=x = x), valx) = va(x — x),
B a((x = y) = x) S pa(x), vallx = y) = x) Zvalx),
@ ua((x =) = x) = py(x )
va((x = y) = x) = valx),
pa(X) = g (2 = ((x = y) =

va(x) Svalz = ((x = y) —

(5) )) /\:uA(Z)7

X))V va(2).

Proof (1) = (2) Suppose that A is an intuitionistic fuzzy
Boolean filter, according to Theorem 5.4, so A is also an
intuitionistic fuzzy implicative filter. By Theorem 5.3(3),
this implies that p,(x) = uy(1 — x) = (1 — (—x —
%)) = sa(x = 2), va(x) = va(1 = x) = va(1 = (~x —
x)) = va(—x — x). Hence, (2) holds.

(2) = (3) Since —x =x — 0, according to Lemma
2.1(8), we have
which imply s, ((x — y) = x) < py(-x — x), va((x —
y) — x) >va(—x — x), thus A is an intuitionistic fuzzy
filter. From (2), we deduce that u,((x —y)— x)
< (1), va((x = ¥) — X) > va(2).

B3) = @4 Since x<(x - y) — ux it follows
that p4(x) < ua((x = y) = x), va(x) = val(x = y) = x).
Taking (3) into account, we get iy ((x — y) — x) =
Ha(X), va((x = ) = x) = va(x).

(4) = (5) Clearly, pa((x - y) = x) = paz - ((x -
Y) = X)) A pa(@), vallx = y) = x) S valz = (x = y) =
X)) V vu(z). Taking (4) into account, this implies that
() 2 pa(z = ((x = 3) = %)) A g (2),va(x) S vaz —
((x = y) — x)) V va(z). This shows that (5) holds.

(5) = (1) Let A be an intuitionistic fuzzy filter. In order
to prove that A is an intuitionistic fuzzy Boolean filter,
from Theorems 5.3 and 5.4, we only prove that p,(x —
2) 2 pp(x = (2 — 7)), valx = 2) Sva(x — (2 — 2)) for
all x,y,z€ L. Since z <x — z it follows that —(x —
7)<-zand -z — (x > z) <=(x — z) — (x — 2). By (5),

w<x =y, (x—y) mr<w =,

this implies that p,(—z— (x = 2)) <pu(~(x —2) —
(= 2)) = (1 — ((x— 2) — 0) = (x — 2))) A pa(1)

Spa(x—2), alz— (k= 2)) 2wk —2z) — (k-
) = va(l = (((x = 2) = 0) — (x — 2))) V va(1) > vy
(x = 2 ie pa(x = 2) > (-2 — (x — 2)),valx — 2)
<va(-z — (x — z)). Therefore, A is an intuitionistic
fuzzy Boolean filter. So, (1) holds. O

6 Intuitionistic fuzzy positive implicative filters
of BL-algebras

In this section, we introduce the notion of intuitionistic
fuzzy positive implicative filters of BL-algebras and
investigate their properties.

Definition 6.1 Let A be an intuitionistic fuzzy set in
L. A is called an intuitionistic fuzzy positive implicative
filter, for all x,y,z € L, if it satisfies

(D) pa(l) = pa(x), va(l) < valx),
2 walx = 2 Zualx - @ = 2) Aulx — ),
va(x = 2) S valx = (¥ = 2) V valx = y).

The following example shows that intuitionistic fuzzy
positive implicative filters exist.

Example 5 LetL = {0, a, b, 1}. ® and — are defined by
Tables 5 and 6 on L as follows.

Define A and V operations on L as min and max,
respectively. Then (L, A, V, ®, —, 0, 1) is a BL-algebra.
Define an intuitionistic fuzzy set A in L by
ta(a) = ps(b) = s (0) = 11, pa(1) =13
vala) =va(b) =va(0) =12, wa(l) =14
Where O§l1+l2§1,0§t3+t4§1,0§[1<[3§ 1,
O<snu<nhc=<l.

It can be easily verified that A is an intuitionistic fuzzy
positive implicative filter.

Table 5 “®”operator table in L

® 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a b b
1 0 a b 1

Table 6 “—” operator table in L

— 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 a 1 1
1 0 a b 1

@ Springer



666

Int. J. Mach. Learn. & Cyber. (2013) 4:659-669

The relationship between intuitionistic fuzzy positive
implicative filters and intuitionistic fuzzy filters is as follows.

Theorem 6.1 Each intuitionistic fuzzy positive implica-
tive filter is an intuitionistic fuzzy filter.

Proof Suppose that A is an intuitionistic fuzzy positive
implicative filter of L. Taking x=1 and Definition 6.1 (2)
into account, we have us(l1 — 2) > ua(1 - (y — 2))
A pa(l = y), val = 2) = wval = (y = 2)) Vvall - y),
for all y,z € L, i.e., pia(z) = sy = 2) A pa(y), va(@) <
va(y = 2) V v4(y). By Definition 6.1(1), we get that A is an
intuitionistic fuzzy filter.

The converse of Theorem 6.1 may not be true. Actually,
in Example 4, we define an intuitionistic fuzzy set A by

1a(0) =11, ppla) = pa(b) =13, ps(1) =1ts
VA(O) =D, VA((I) ZVA(b) =1, VA(I) =16
Where

O0<tn+6=<1,0=<n+1 <1,0<t5+ 1,<1, 0=
h<tz<ts<1,0<tg<ty<t, <1.

It can be easily checked that A is an intuitionistic fuzzy
filter, but A is not an intuitionistic fuzzy positive implica-
tive filter, because us(b — a) = uu(b) = t3 < us(b -
(b = @) Nualb = b) =15, va(b = a) = va(b) =13 >
VA(b - (b - Cl)) A VA(b - b) = l6. O

We investigate some characteristics of intuitionistic
fuzzy positive implicative filters as follows.

Theorem 6.2 Let A be an intuitionistic fuzzy filter of L.
The following are equivalent, for all x,y,z € L.

(1) A is an intuitionistic fuzzy positive implicative filter,
) palx = ) = palx = (x = y)),
valx = y) < valx = (x > y)),
B max = y) = palx = (x = y)),
valx = y) = valx = (x = y)),
4 palx = (¢ = 2) < allx = y) = (x = 2)),
valx = (y = 2) = vallx = y) = (x = 2)),
5 mlx = ¢ = 2)=mllx -y - & - 2),
valx = (v = 2) = wallx = y) = (x = 2)),
6) m((x ®y) = 2) = pallx Ay) = 2),
val(x @ y) = 2) = vallx A y) — 2).

Proof (1) = (2) Let A be an intuitionistic fuzzy positive
implicative filter. In view of Definition 6.1, then p,(x —
M = palc = (@ = P) A e = x), vale = 3) < valx —
(x = y) Vlx = x),ie., tpalx = y) > alx - (x —
)s valx = ) < walx = (x = y)). So, (2) holds.

(2) = (3) Since x - y < x — (x — V), according to
Theorem 3.3(1), we have iu(x — y) < mpulx » (x -
), valx = y) = valx - (x — y)). Taking (2) into
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account, ta(x = y) = alx - x = y), valx = y) =
va(x = (x = y)). Hence, (3) holds.

(3) = (1) Suppose that A is an intuitionistic fuzzy filter.
By Corollary 3.2(5) and Lemma 2.1(5), we get ps(x —
(x = 2) =l = ¥ Al - @& - 2)=ux -
WA palx = (¥ = 2), valx = (x = 2)) <valx = y) V
va(y = (x = 2)) = valx = y) V valx = (y = 2)). Taking
(3) into account, we have us(x — 2) > uplx -
V) Amalx = (v o ), valx o 7)) Svalx o )V
va(x = (y = 2)). By Definition 3.1(1), we get that A is an
intuitionistic fuzzy positive implicative filter. Thus, (1) holds.

(1) = (4) Suppose that A is an intuitionistic fuzzy
positive implicative filter. According to Definition
6.1, pu(x = (x = y) = 2) = mkx - (v - 2 —
(x> y) 2> DDA palx = (v = 2), valx = ((x > y) = 2))
Sl > (v —2) > (x> y) > ) Vol = (y = 2).
By Lemma 2.1(5) and Lemma 2.1(7), we get p (x — ((x —
Y) = 2) = pal(x = y) > (x = 2)), valx > ((x > y) = 2))
=val(x = y) = (x = 2)) and pra(x - ((y = 2) = ((x —
y) = 2)) =y = 2) = ((x = y) = (x = 2) = ua(l),
vax = ((y = 2) > (x = y) = 2) = waly » 2) = ((x —
y) = (x = 2))) = va(1). It follows that ps((x - y) - (x —
2) = ) Apalx = (v = 2) =mkx - @ - 2),
valx = y) - x - 2) <wval) V valx - @ -
7)) = v4(x = (y — 2)). Therefore, (4) holds.

@ =0)Sncex > @y-zgg=y->x-29=010 -
y) = (x > 2) > (x > y) > (x > z2), according to Theorem
3.1, we have u(x = (y = 2)) = pallx - y) > (x -
2)), va(x = (y = 2)) < val(x = y) = (x — 2)). Taking (4)
into account, we have ps(x = (y = 2)) = ua((x » y) —
(x = 2)valx > (v = ) =wllx = y) - (x - 2).
Hence, (5) holds.

(5)=(6)Sincex > (y > 7)) =x®y->zand(x Ay) —
I=x®x—>y) »>z= x>y - (x > z), considering
(5), we obtain pa((x ® y) = 2) = ual(x A y) = 2), va((x ®
y) = 2) = va((x A y) = 2). So, (6) holds.

(6) = (1) Suppose that A is an intuitionistic fuzzy filter,
then pa(1) > pa(x), va(l) < va(x). From Corollary 3.2(5)
and Lemma 2.1(5), we obtain g (x — (x = 2)) > pa(x —
WA Ay = (6 = 2) = palx = y) A alx > (v = 2)),
va(x = (x = 2)) S valx = y) Vvaly = (x > 2)) = valx -
Y) Vvalx = (y = 2). Since pa(x = (x = 2)) = palx ®
X = 2), valx &> (x = 7)) = valx ® x — 2), it follows from
(6) that ps((x ® x) = 2) = wa((x A x) > 2) = palx —
D, valx ® x) = 2 =wx A x) = 2) =vlx = 2).
Hence, (t,(x = 2) = fta(x = (v = 2) A talx = ¥), valx —
7) < valx = (y = 2)) Vva(x — y), it can be obtained that A is
an intuitionistic fuzzy positive implicative filter. O

Theorem 6.3 Let A and B be two intuitionistic fuzzy fil-
ters which satisfy A C B, pu, (1) = pg(1l), va(l) = vg(1). If
A is an intuitionistic fuzzy positive implicative filter, so is B.
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Proof In view of Theorem 6.2, we only prove
that p(x — 2) = pp(x — (x = 2)), va(x = 2) < vp(x —
(x > ), forall x,ze L. Lett=x - (x - z), then x —
xo>@t-2)=t->ox->x-2)=t—->t=1IfAisan
intuitionistic fuzzy positive implicative filter, and by The-
orem 6.2(3), then pu(x = (t = 2)) = walx » (x - (¢ >
) = pa(1), valx = (¢ = ) =wlx » x - (¢ -
2)) = va(l), ie, uat - x - 2) = wa(l) = up(1),
vat > (x - 2)) =wva(l) =vp(l). From A C B, we
get jp(t > (x = 2) = palt > (& = 2)) = pp(l), vp(t >
(x = 2)) < vat > (x = 2)) = vp(1), according to Defi-
nition 3.1(1), we have uz(t - (x — 2)) = ug(l), ve(t —
(x = z)) = vp(1). Since B is an intuitionistic fuzzy filter,
then pup(x — 2) > up(t —» (x — 2)) A pp), vplx —
) <vgt - (x — 7)) V vp(). Therefore, ug(x —
2) = pup(l) A pp(t) = ppt) = up(x = (x > 2)), valx = 2)
< vg(1) Vvg(t) = vg(t) = vg(x = (x — z)). Hence, B is an
intuitionistic fuzzy positive implicative filter. O

In the next, we investigate the relationship between in-
tuitionistic fuzzy Boolean filters and intuitionistic fuzzy
positive implicative filters.

Theorem 6.4 Each intuitionistic fuzzy Boolean filter is an
intuitionistic fuzzy positive implicative filter, the converse
may not be true.

Proof Suppose that A is an intuitionistic fuzzy Boolean
filter. Then gy (x — z) > pia (x V —x) = (x = 2)) A py(x V
) = (¥ V ) = (¢ = 2)) A g (1) = sy ((xV ) —
(x—=2),valx = 2)<va (x Vx) > (x > 2)) Vwua(xV
) =w((xV—x) = (x—=2) Vw(l)=vs ((xV—x)—
(x —2z). Since (xV x) - (x - 2) = (x —- (x —
)AN(x—(x—2z))=x— (x—z), and by Lemma
2.1, we get fiy ((xV ) = (x = 2)) = iy (x = (x = 2)),
va((x V) — (x — z)) = wa(x — (x — z)). Con-
sequently, ua(x — z) > walx - (x = 2), valx = 2)
< va(x = (x — z)). Taking Theorem 6.2 into account, we
get that A is an intuitionistic fuzzy positive implicative filter.
In Example 5, we know that A is an intuitionistic fuzzy
positive implicative filter, but A is not an intuitionistic fuzzy
Boolean filter because py(bV —b) =, (b) =1, #13 =
,uA(l),vA (b\/“b):vA(b)Zl‘z#M:vA(l). (|

Theorem 6.5 Let A be an intuitionistic fuzzy positive
implicative filter. A is an intuitionistic fuzzy Boolean filter
if and only if it satisfies pa((x = y) = y) = pa((y - x) —
X), Va((x = ¥) = y) = va((y = x) = x), for all x,y € L.

Proof Assume that A is an intuitionistic fuzzy Boolean
filter. Fromx =1—->x<(y »x) »xandy < (y - x) —
x, it follows that =((y — x) = x) <—w<x —y and (x —
V= y<o(y = x) = x) = y<(y = x) = x) =
((y = x) = x). Then g, (=((y = x) = x) = ((y = x) —
X)) Za((x = y) = y), =6 = %) = x) = (0=

x) = x)) <va((x — y) — y). Since A is an intuitionistic
fuzzy Boolean filter, and by Theorem 5.5(2), we obtain
ta((y = x) = x) = pa(=((y = x) = x) = (y = x) —
x));va((y = x) = x) = va(=((y = x) = x) = (v = %)
— ). S0, Ay = x) = 1) > pa((x = y) = y), valy =
X) = x) < va((x > y) = y). Similarly, we prove us((y —
x) = x) < pa((x = y) = y), valy = x) = x) = vallx -
y) = y). Consequently, pia((x = y) = y) = pa((y = x) >
x), vallx = ) = ) = valy = x) > x).

Conversely, suppose that A is an intuitionistic fuzzy
positive implicative filter, which satisfies pus((x — y) —

V) =y = x) = 1), vallx = y) = 3) = vy = x) =

. Then py((x — ) — ) = p((~x — x) —
x),va((x = —x) = —x) = va((—x — x) — x). This
implies gy (xV —x) = pyu ((x = —x) = —w),va(x V x) =

va((x = —x) — —x). In order to prove that A is an
intuitionistic fuzzy Boolean filter, we only need to show
pa((x = —x) = =) = (1), va((x = ) = ) =
va(1). Since A is an intuitionistic fuzzy positive implicative
filter, from Theorem 6.2(5), it follows that p, ((x — —x) —
) = iy ((x = ) = (x = 0)) = py(x — (~x = 0)) =
ialx = =) = py(1)ova((x — =) = ) = val(x —
x) = (x = 0)) = va(x = (~x = 0)) = valr — ~w) =
va(1). Therefore, py(x V —x) = s (1), va(x V —x) = va(1).
Hence, A is an intuitionistic fuzzy Boolean filter. O

7 Intuitionistic fuzzy ultra filters and intuitionistic
fuzzy obstinate filters of BL-algebras

Definition 7.1 An intuitionistic fuzzy set A in L is called
an intuitionistic fuzzy ultra filter of L, if it is an intuition-
istic fuzzy filter of L, which satisfies the following condi-
tions. pa(x) = pa(l), va(x) = va(l) or p,(—x) = p,(1),
va(—x) = va(l).

Example 6 Let L=1{0,a,b,c,d, 1}. - and ® are
defined by Tables 7 and 8.

Then (L, A, V, ®, —, 0, 1) is a BL-algebra. Let A be an
intuitionistic fuzzy set in L given by

fa(x) = { x oxe {l’a’d}m(x) — {'1 x€{l,a,d}

p otherwise A otherwise

Table 7 “—”operator table in L

— 0 a b c d 1
0 1 1 1 1 1 1
a c 1 b b a 1
b d a 1 a d 1
c a 1 1 1 a 1
d b 1 b b 1 1
1 0 a b c d 1
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Table 8 “®” operator table in L

® 0 a b ¢ d 1
0 0 0 0 0 0 0
a 0 d c 0 d a
b 0 c b c 0 b
c 0 0 c 0 0 c
d 0 d 0 0 d d
1 0 a b c d 1

Where 0 < fi<a<1,0<np<i<l,0<a+ <1,
0<p+i1<L

It can be easily verified that A is an intuitionistic fuzzy
ultra filter of L.

Theorem 7.1 A non-constant intuitionistic fuzzy set A in
L is an intuitionistic fuzzy ultra filter of L if and only if A is
an intuitionistic fuzzy Boolean filter and intuitionistic fuzzy
prime filter of L.

Proof Assume that A is an intuitionistic fuzzy Boolean
and intuitionistic fuzzy prime filter of L. According to
Theorem 4.1, when its formulae are equalities, we
have pi, (x vV —x) = py (1) = s (x) V pa (7x),va (xV —x) =
va(l) =va(x) Ava(—wx), for all x € L. If pa(x) # pa(l),
va(@) # va(1), we know ps(x) < pa(1), va(x) > va(1) and
Ha(=x) < pa(1), va(=x) 2 wa(l). Since py(1) = py(x)V
i (), va (1) = va(x) A va (), we gt iy () = puy(1),
va(—x) = va(1). Thus, A is an intuitionistic fuzzy ultra
filter of L.

Conversely, suppose that A is an intuitionistic fuzzy
ultra filter of L. For all x € L, since x<xV —wx,x<xV
x50 gy () S pa (o V), va (x) 2 wa (o V), gy ()
< pyu(x V =x),v4(—x) > v4(x V —x) by Theorem 3.3(1). In
view of Definition 7.1, we obtain py(x) = uu(1),
va(x) = va(l) or wy(—x) = pa(1),va(=x) = va(l). pa(1)
<ps(xV—x),va(l) >va(xV—x). Thus, by Definition
3.1(1), we get py(1) = ua(xV—x),va(l) =valx VvV —x).
This means that A is an intuitionistic fuzzy Boolean filter
of L. And, by Lemma 2.1(29) and Theorem 3.1, we
have pia(x V y) = pa((x = y) > ) A ((y = x) = x)
< a((x = y) = ¥), valx Vy) = val((x = y) = ) A —
xX) = x)) >v(x - y) - y),for all x,y € L. From
0 <y and Lemma 2.1(8), we get x - 0 <x — y and
(x =y) = y<—x—y. Thus, p,((x—y) —y) <pu(-x
—y),va((x = y) = y)>va(-x —y) by Theorem 3.1.
Hence, 1, (xVy) <y (—x — y),va(x Vy) Zva(-x — ).
I pa() = pa(D), va() = va(1), then paCx V ) < pa(1) =
HA) < pa(X) V pa(0), va(x Vy) = va(1) = va(x) > va(x) V
va). If ua(x) # pa(l), va(x) # va(l), then p,(—x) =
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Us(1), va(=x) = wva(1) by Definition 7.1. So, p,(y) >
Ha(=x = ¥) A pa () = pp (2 = A pg (1) = pa(-x —
1), 7 () < va(ox — 9) Vua(x) = wa(ox — ) V(1)
= va(—x — ). Therefore, us(x V y) < pa(y) < pa(x) vV
Ua(), va(x V y) > va(y) > va(x) A va(y). This means that
A is an intuitionistic fuzzy prime filter of L. O

Definition 7.2  Anintuitionistic fuzzy set A in L is called an
intuitionistic fuzzy obstinate filter of L if it is an intuitionistic
fuzzy filter of L that satisfies the following conditions:

pa(x) # ua(l), vax) # va(l) and pa(y) # pa(l),
va(y) # va(l), which imply pa(x — y) = pa(1), valx —
y) = va(l) and pa(y — x) = pa(1), valy — x) = va(l) for
all x,y € L.

Theorem 7.2 Let A be a non-constant intuitionistic fuzzy
filter of L. The following are equivalent:

(1) A is an intuitionistic fuzzy ultra filter,

(2) A is an intuitionistic fuzzy prime filter and intuition-
istic fuzzy Boolean filter,

(3) A is an intuitionistic fuzzy prime filter and intuition-
istic fuzzy implicative filter,

(4) A is an intuitionistic fuzzy obstinate filter.

Proof (1) = (2) It is proved by Theorem 7.1.

(2) = (3) It is easily proved by Theorem 5.4.

(3) = (1) Since the intuitionistic fuzzy Boolean filter is
equivalent to the intuitionistic fuzzy implicative filter. In
order to prove that an intuitionistic fuzzy prime filter or an
intuitionistic fuzzy implicative filter is an intuitionistic
fuzzy ultra filter, we only prove an intuitionistic fuzzy
prime filter or an intuitionistic fuzzy Boolean filter is an
intuitionistic fuzzy ultra filter. It is proved by Theorem 7.1.

(1) = (4) Assume that A is an intuitionistic fuzzy ultra
filter and pis(x) # pa(l), vax) # va(D), pa(y) # pa(l),
va() # va(l). Then py(—x) = pyu(1),va(—x) = va(1) and
Ua(—y) = s (1),va(=y) = va(1) by Definition 7.1. Since
-x<x—y, using Theorem 3.3(1), we get pu(x—
¥) > 4 () = g (1) va(x = 3) < va(-x) = wa(1).
According to Definition 3.1(1), it follows that u,(x —
y) = pa(l), va(x — y) = va(l). Similarly, we prove that
Ay = x) = pal), va(y = x) = va(1) from p,(-y) =
Ua(1),v4(=y) = va(1). This means that (4) holds.

(4) = (1) Assume that A is an intuitionistic fuzzy
obstinate filter and ps(x) # pa(l), va(x) # va(1), for all
x € L. Since A is a non-constant intuitionistic fuzzy filter
in L, ua(0) # pa(l), va(0) # va(1). By Definition 7.2,
we have () = py(x — 0) = (1), va () = va(x —
0) = v4(1). So, A is an intuitionistic fuzzy ultra filter by
Definition 7.1. Therefore, (1) holds. U
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8 Conclusions

The filter theory plays an important role in the study of
logical algebras. Up to now, the filter theory and fuzzy
filter theory of BL-algebras have been widely studied, and
some important results have been obtained. In this paper,
we develop the intuitionistic fuzzy filter theory of
BL-algebras, which is important for researching logical
algebras. We introduce the notions of intuitionistic fuzzy
filters, lattice filters, prime filters, Boolean filters, impli-
cative filters, positive implicative filters, ultra filters and
obstinate filters in BL-algebras, and investigate their char-
acteristics and their important properties, respectively.
Meanwhile, we also give the relationship between an in-
tuitionistic fuzzy filter and an intuitionistic fuzzy lattice
filter. The intuitionistic fuzzy Boolean filter is proved to be
equivalent to the intuitionistic fuzzy implicative filter. The
intuitionistic fuzzy ultra filter is also equivalent to the in-
tuitionistic fuzzy obstinate filter, and each intuitionistic
fuzzy Boolean filter is an intuitionistic fuzzy positive
implicative filter, but the converse may not be true in
BL-algebras. Furthermore, the conditions under an intui-
tionistic fuzzy positive implicative filter being an intui-
tionistic fuzzy Boolean filter are constructed. Finally, we
give the concepts of the intuitionistic fuzzy ultra and
obstinate filters, and study their properties. Meanwhile, we
prove that the intuitionistic fuzzy ultra filter is equivalent to
the intuitionistic fuzzy obstinate filter in BL-algebras.
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