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Abstract The theory of concept lattice proposed by Wille
has been generalized in three different ways based on
binary formal contexts, and substantive properties with
respect to these formal concepts have been derived. In this
paper, we study a reverse problem, that is, how to char-
acterize the notions of formal concepts in terms of their
properties. Axiomatic characterizations for the theory of
formal concept analysis are presented. By this approach,
four types of conceptual knowledge system are defined,
and axiom sets that must be satisfied by the conceptual
knowledge system are stated. It is proved that axioms of
the conceptual knowledge system guarantee the existence
of certain types of binary relations producing the same
formal concepts. The independence of axiom sets charac-
terizing the conceptual knowledge system is examined.
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1 Introduction

The theory of concept lattice [formal concept analysis
(FCA)], proposed by Wille in 1982, is an effective method
for data analysis [5, 21]. The central notions of the FCA are
formal concepts and concept lattices. A concept lattice is
an ordered hierarchical structure of formal concepts that
are defined by a binary relation between a set of objects and
a set of attributes. Each formal concept is an object-attri-
bute pair, which consists of two parts: the extension
(objects covered by the concept) and intension (attributes
describing the concept). As an effective tool for data
analysis and knowledge processing, the FCA has been
successfully applied to various fields, such as decision
making, information retrieval, data mining, and knowledge
discovery.

The FCA by Wille has been expanded widely with the
development of science and technology in the modern
society. For example, Burusco [3] and Belohlavek [2]
generalized a model of the FCA in the fuzzy environment.
Alcalde et al. [1] discussed a L-Fuzzy context with some
unknown values. Zhang et al. [29] introduced the definition
of variable threshold concept lattices to reduce the number
of fuzzy concepts in a fuzzy formal context.

The theory of rough sets (RST) which was originated by
Pawlak [12] is another important method for data analysis
and knowledge processing. The basic structure of the RST
is that an approximation space consists of a universe of
discourse and a binary relation imposed on it. Using the
concepts of lower and upper approximations, the RST
argues that knowledge hidden in information systems may
be unraveled and expressed in the form of decision rules
[13, 19, 20, 23, 32].

In recent years, more and more research has been con-
ducted to combine the FCA and RST together, which

@ Springer



460

Int. J. Mach. Learn. & Cyber. (2013) 4:459-468

provides new, integrated approaches for data analysis. On
one hand, rough set approximation operators can be
introduced into the FCA by considering different types of
definability. For example, some authors introduced concept
approximations into the FCA [6, 7, 14, 15, 16], and some
others introduced rough reduction into the FCA [8, 31]. On
the other hand, the notions of formal concepts and concept
lattices are also introduced into the RST by considering
different types of formal concepts, such as the property and
object oriented formal concept lattices defined by Diintsch
and Gediga [4] and Yao [25-27], respectively, based on
approximation operators.

It is well-known that the axiomatic characterization of
rough approximation operators is an important approach
for studying mathematical structures of rough set algebras
[9, 11, 17, 18, 22, 24, 28]. The axiomatic approach takes
the lower and upper approximations as primitive notions
and a set of axioms are used to characterize approximation
operators that are the same as the ones produced by using
the constructive definitions. However, compared with the
studies on the axiomatic systems of rough sets, less effort
has been made for axiomatic characterizations in the FCA.
Zhang et al. [30] presented an axiomatic approach for the
formal concept introduced by Wille. Ma [10] discussed the
axiomatic characteristics of four types of formal concepts
using dualities. By comparing with the constructive
approach, the axiomatic approach aims to investigating the
mathematical characters of formal concepts rather than
developing methods for applications. In this paper, we
devote to the axiomatic approaches of the FCA.

In the following section, we first review the basic
notions of formal concepts and formal concept lattices
proposed by Wille. In Sect. 3, basic properties for the other
three types of formal concepts are illustrated. In Sect. 4, the
axiomatic characterizations of the four types of formal
concepts are presented, and then the independence of these
axiomatic systems is discussed. Section 5 concludes the

paper.

2 Preliminaries

A formal context is a triplet (U, A, I), where U =
{x1,%2,...,x,} is a non-empty finite set of objects, A =
{a1,aa,...,a,} a non-empty finite set of attributes, and I a
binary relation between U and A, which is a subset of the
Cartesian product U x A. For a pair of elements x € U and
a €A, if (x,a) € I, also written as x I a, we say that the
object x has the attribute a, or the attribute a is possessed by
the object x; if (x,a) & I, we say that the object x has not the
attribute a, or the attribute a is not possessed by the object x.

@ Springer

Denote (x,a) € I by 1 and (x,a) €I by 0, a formal
context can be denoted as a table only with the value 0
and 1.

The complement of a formal context (U, A, I) is defined
as (U, A, I™), where I~ = {(x,a)|~(xla),x € U,a € A}.

For a formal context (U,A,I),VX € P(U) and B €
P(A), where P(-) is the power set of -, a pair of set-theo-
retic operators , " are defined by

X" ={a€cAVx€X,(x,a) €}

B* = {x € U|Va € B, (x,a) € I}. M

X" denotes the set of attributes possessed by all objects in
X, B denotes the set of objects which possess all attributes
in B. For simplicity, Vx € U, we denote {x}" as x"; and
Vac A, {a} asd.

A pair (X,B),X € P(U),B € P(A), is called a formal
concept if X' =B and B" = X. X is referred to as the
extension of the concept (X, B) and B the intension of the
concept (X, B).

Let (U, A, I) be a formal context, VX, X;,X, € P(U) and
B,B;,B; € P(A), the pair of set-theoretic operators satis-
fies the following properties [5]:

(1) X, CX,=X; CX/,B, CB,= B;CBj;
2) X CX*,BC B,

(3) X* = X#¥% B — BEEk,

4) X, UXy =X, NX,, (B,UBy = BN By
5) XCB*"< BCX".

The set of all formal concepts of (U, A, I) forms a
complete lattice which is called the formal concept lattice
of (U, A, I).

3 Three other types of formal concepts and concept
lattices

In this section, we discuss three other types of formal
concepts which are complementary to the definition of
formal concepts introduced by Wille.

Let (U, A, I) be a formal context, a pair of dual opera-
tors % is defined as follows [25]: VX € P(U) and
B e P(A),

X = {acAl3x e U((x,a) 1IN & X)},

. @)
={xeUlFaeA((x,a) I Na & B)}.

The operators *f and *, "
related by:

X=X~ X" =X B'=B~*~ B* =B~

are in fact dual operators

where X~ denotes the complement of the set X.
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Theorem 3.1 [25] Let (U, A, I) be a formal context, then:
VX,X1,X, € P(U),B,By,B; € P(A),

(1) X CX= X5 CX}.B) C By = B} CB;
2) X2 X* BDB¥

(3) X! = X% B!= B,

@ (X, NXy) =x'Uxi, (BiNB,) =B UB;
(5) XDB'< BDX!.

Let X € P(U),B € P(A), a pair (X, B) is called a dual
concept if X = B* and B = X* [25]. For a set of objects
X € P(U) and a set of attributes B € P(A), from Theorem
3.1 we can obtain that (X* X*) and (B%,B¥) are dual
concepts.

Analogously, all dual concepts of (U, A,I) form a
complete lattice which is called the dual concept lattice of
U, A, D).

Let (U, A, I) be a formal context, the other two operators
D < are defined as follows [4, 25]: VX € P(U), B € P(A),

X" ={acAVxc U((x,a) € I = x € X)},

B°={x € U|da € A((x,a) e I Na € B)}. ®)

X ={acAFxc U((x,a) eI Nx € X)},

B” = {x € UVa € A((x,a) €I = a € B)}. )

They are also dual operators related by: X- = X~°~,
X°=X~5~;B" =B~°~ B°=B~"".

Theorem 3.2 [4, 25] The operators ©, ° satisfy the fol-
lowing properties: for VX, X, X, € P(U),B, By,
B, € P(A),

() X, CX, = X; CX;,X CX5,
B, C B, = BY C BB} C B;;

(2) XDo C X C X<>D7BD<> C B C B(}D;

(3) XD — XEIoEl’Xo — )(ODO7
B<> — BODO’BD _ BDOD;

@ (XUX)° =X UXS, (X1 NXy)” =xP nxy,
(ByUB,)° = B UBS, (B, NB,)” = BY NBY;

Table 1 A formal context (U, A, I)

X CBY < X° C B,
BPCX<BCXY

&)

For X € P(U),B € P(A), a pair (X, B) is called an
object-oriented concept if X = B°, B = X". From Theorem
3.2, we can verify that (X=°, X") and (B°®, B°) are object-
oriented concepts.

All object-oriented concepts of (U, A, I) form a com-
plete lattice which is called the object-oriented concept
lattice of (U, A, I).

By exchanging objects and attributes in the definition of
an object-oriented concept, we can define an attribute-ori-
ented concept, that is, a pair (X,B),X € P(U),B € P(A), is
called an attribute-oriented concept if X = BY,B = X°.
From Theorem 3.2, we can see that (X°, X°) and (B~ B=°)
are attribute-oriented concepts.

All attribute-oriented concepts of (U, A, ) form a
complete lattice which is called the attribute-oriented
concept lattice of (U, A, I)

Example 3.1 Table 1 gives a formal context (U, A, I)
with U=1{1,2,3,4,5,6} and A= {a,b,c, d, e, f}.
The concept lattice, the dual concept lattice, the object-
oriented concept lattice and the attribute-oriented concept
lattice of (U, A, I) are shown in Figs. 1, 2, 3, and 4,
respectively.

4 Axiomatic characterization of formal concepts

According to Sect. 3, from a formal context, four types of
formal concepts can be derived. In this section, we use
the axiomatic approach to characterize the essential
properties of the four types of formal concepts. At the
same time, we prove the independence of the axioms by
exemplifications.

Definition 4.1 Let U be a finite set of objects, A a finite
set of attributes, L.: P(U) — P(A), and H,:P(A) —
P(U). Then (U, A, L, H,) is called a conceptual knowl-
edge system if the following axioms are satisfied:
VXl,Xz S P(U)7B17B2 S P(A),

U a b c d e f
1 1 0 0 1 0 1
2 1 1 0 1 1 1
3 0 0 0 1 0 0
4 0 0 1 0 1 0
5 1 1 0 1 1 1
6 0 0 1 0 1 0
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Fig. 1 The formal concept
lattice

U,9)

)

(1235,d) (2456,¢)
(125, adf)
(25,abdef) (46,ce)

(

(D,4)

Fig. 2 The dualconcept lattice U,2)

)

(1235, abdf) (1346,¢)
(346,bce)
(13,abcdf) (46,abcef)

(

(D, 4)

Fig. 3 The object-oriented
concept lattice

U, 4)

)

(1235,abdf)  (12456,abcef)

(125,abf) (2456, bce)
25.) (46,¢)
(©.9)
(LC1) Lo(X; UXy) = L(X)) N Le(Xa),
(HC1) H.(By UBy) = H.(B)) NH.(By),
(LHC) a€L.(x) <= x€ H.(a),Yxe€ U,a€A.

For simplicity, we denote L.({x}) as L.(x), H.({a}) as
H.(a), H(LX)) as H LX) and L.(H/B)) as L.H.(B).
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Fig. 4 The
concept lattice

attribute-oriented (U, A)

(1235, abdef )

(1346, acdef )

(13,adf) (346, cde)

3,d) (46,ce)

(2,9)

Theorem 4.1 Let U be a finite set of objects, A a finite set
of attributes, L.: P(U) — P(A) and H.: P(A) — P(U).
Then there exists a binary relation I between U and A such
that L(X) = X', H(B) = B" for all X € P(U) and B €
P(A) iff (U, A, L., H,) is a conceptual knowledge system,
where X and B” are defined by Eq. (1).

Proof “=" It follows immediately from the properties of
X" and B". “<” Define a binary relation / C U X A as
follows:

I ={(x,a)|la € L.(x)}.
For any X € P(U), we have

X" ={acAVxeX, (x,a)el}
={acAlVx € X,a € L(x)}

= {a €Alae)L(x) = LL.(X)} = L.(X).
xeX

Thus X = L.X). Analogously, we can prove that

H.B) = B". O

The following example shows that the three axioms for
the conceptual knowledge system are independent, i.e., any
two of the axioms can not deduce the third one.

Example 4.1 Let U = {1, 2,3}, A = {a, b, c}.

(1) Define L.(X) = A for any X C U and H.(B) = () for
any B C A. It is easy to see that axioms (LC1) and
(HC1) are satisfied, and a € L.(1),but 1 ¢ H.(a), i.e.,
(LHC) is not satisfied. Thus L. and H,. do not imply
(LHC).

(2) Define L.(1) = {a}vLC(z) = {b}’Lc‘(?’) = {C}vl‘c (@
= AL(X)=0 for all other X CU.H.(a)=
{1}, He(b) = {2}, He(c) = {3}, He(0) = U, He(B) =
U for all other BCA. Since H.(AU {a})
= H.(A) = U # H.(A) N H.({a}), i.e., (HC1) is not
satisfied, we conclude that (LC1), (LHC)=+-(HC1).
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(3) Define L.(1) = {a},L.(2) = {b},L.(3) = {c},Lc(0
=A,L(X)=A for all other X CU.Hc/a)=
{1}, Ho(b) = {2}, Ho(c) = {3}, Ho(0) = U, Ho(B) =
() for all other B C A. It is easy to see that (HC1),
(LHC) are satisfied, and L.(UU {1}) = L.(U) =
A # L(U) N L{1}), ie., (LC1) is not satisfied.
This implies that (HC1), (LHC)=#-(LC1).

Therefore, axioms (LC1), (HC1) and (LHC) are
independent. U

Theorem 4.2. Let (U, A, L., H) be a conceptual
knowledge system, then VX € P(U),B € P(A), X CH,
L.(X) and B C L .H.(B).

Proof Vx e X,Va € Lc(X) =(\exLe(x), by (LHO),
we can obtain x € He(a). Sox € (e (x)Hela) = H,
(UQGL((X) a) = H.L.(X), that is X C H.L.(X). Similarly,
we can conclude B C L.H.(B). O

Let (U, A, L., H.) be a conceptual knowledge system. A
pair (X,B),X € P(U),B € P(A), is called a concept of
(U,A,L.,H,) if X = H.(B) and B = L.(X). We denote the
set of all concepts as L(U, A, L., H,).

The partial ordered relation < in L(U, A, L., H,.) is
defined as follows:

(X1,B1) <(X2,B) & X1 € X3(& B; 2 By).
It allows us to conclude the following:

Theorem 4.3 (L(U, A, L., H.), <) forms a complete
lattice, where the meet and the joint are, respectively, given
by:

(X],Bl) N (XQ,Bz) = (Xl OX2,LCHC(31 UBQ));
(X],B]) \Y (Xz,Bz) = (HCLC(Xl UXz),Bl ﬂBz).

Proof It follows immediately from Theorem 4.1. O

Definition 4.2 Let U be a finite set of objects, A a finite
set of attributes, L;: P(U) — P(A), and H,: P(A) —
P(U). Then (U, A, Ly, Hy) is called a dual conceptual
knowledge system if the following axioms are satisfied:
VXy,X, € P(U),B1,B, € P(A), (x,a) € U X A,

(LD1)  Ly(Xy NX2) = La(X)) U Ly(X>),
(HDl) Hd(Bl N Bz) = Hd(Bl) @] Hd(Bz),
(LHD) a & Ly(U — {x}) < x & Hy(A — {a})

Theorem 4.4 Let U be a finite set of objects and A a finite
set of attributes, Ly: P(U) — P(A) and Hy:P(A) —
P(U). Then there exists a binary relation I between
U and A such that Ly(X) = X* and Hy(B) = B* for all
X € P(U) and B € P(A) if and only if (U, A, Ly, Hy) is a
dual conceptual knowledge system, where X* and B* are
defined by Eq. (2).

Proof “=" It follows immediately from Theorem 3.1.
“<«<" Define a binary relation / between U and A by

I={(xa)la ¢ La(U — {x})}.
Note that for all X € P(U),X = (\,ex~ (U — {x}), we have

X ={acAPxec U((x,a) 1 Ax & X)}
={acAlFxeX” (xa) 1}
={acAlTxeX",acLy(U—-{x})}

= {a cAlae | J La(U—{x}) :Ld(X)} = Ly(X).

xex~

Hence X! = Ls(X). On the other hand, by axiom (LHD),
if I={(x,a)la ¢ Ls(U—{x})}, then I ={(x,a)lx & Hy
(A —{a})}. Hence

B'={xc Ul3a € A((x,a) ¢ I Na ¢ B)}
={xeU|FaeB”,(x,a) I}

= {x € Ulxe | J Ho(A—{a}) = Hd(B)} = H,(B),

acB¢

which implies that B* = H,(B). O

The following example shows that the three axioms in
Definition 4.2 are independent.

Example 4.2 Let U = {1, 2,3} and A = {a, b, c}.

(1) Define LX) = A for any X C U and Hy(B) = () for
any B C A. It is easy to verify that L; and H, satisfy
axioms (LD1) and (HD1), but they do not obey axiom
(LHD).

(2) Define L,;({1,2}) ={a,b},Ls({1,3}) ={a,c}, Ly
({2,3}) ={b,c},Ls(U) = 0, Ly(X) = A for all other
X CU,H;({a,b}) ={1,2},Hs({a,c}) = {1,3},Hy
({b,c}) ={2,3},H;(B) =0 for all other B C A.
Then L; and H, satisfy axioms (LD1) and (LHD).
Since Hy({a,b} N{a,c}) = Hy(a) = 0 # Hy({a,b})
UH; ({a,c}), we see that L; and H,; do not obey
axiom (HD1).

(3) Define Ly({1,2}) = {a,b},La({1,3}) = {a,c}, Lg
({2,3}) = {b,c},Ls(X) =0 for all other X C
U~Hd({a7b}) = {172}7 Hd({aﬂc}> = {173}aHd
({b,c}) = {2,3},Hy(A) =0, and Hi(B) = U for all
other B C A. Thus L, and H, satisfy axioms (HD1)
and (LHD), but they do not obey axiom (LD1).

Therefore, we have examined that axioms (LD1), (HD1)
and (LHD) are independent. O

The following theorem shows that if (U, A, L., H,) is a
conceptual knowledge system, then a dual conceptual
knowledge system can be constructed, that is, the dual oper-
ators of L. and H.,. satisfy the three axioms in Definition 4.2.
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Theorem 4.5 Let (U, A, L., H.) be a conceptual knowl-
edge system. If VX € P(U),B € P(A),Ly(X) = (L.(X™))
~, Hy(B) = (H.(B™))"~, then (U,A,Ly,Hy) is a dual
conceptual knowledge system.

Proof We only need to prove that Ly and Hy satisfy
axioms (LD1), (HD1), and (LHD). By the properties of the
duality and the complement, we have

Ld’<X1ﬁX2):(Lc(X1N UX;))N :(LC(XIN)HLC(X;))N
=(Le(X7))" U(Le(X5))” =La(X1) ULy (X2),

thus L, satisfies axiom (LD1).

Similarly, we can prove that H,; satisfies axioms (HD1).
Finally, for (x,a) € U x A, we have

adLa(U—{x}) <= a ¢ (L({x}))” <= aecL({x})
< x€H({a}) = x¢Hy(A—{a}).

Thus (U,A,Ly,Hy) is a dual conceptual knowledge sys-
tem. O

However, if (U, A, L., H.) be a conceptual knowledge
system, (U, A, Ly, H;) a dual conceptual knowledge sys-
tem, then for X € P(U) and B € P(A), the equations
LyX) = (L(X™))™ and H4«(B) = (H{(B™~))~ may be not
hold.

Example 4.3 Let U= {1,2,3},A={a, b, c}. L, H,.,
Ly, H; are defined as Table 2. It is easy to verify that
(U, A, L, H) 1is a conceptual knowledge system,
(U, A, L,, Hy) is a dual conceptual knowledge system. But
Li{2,3}) = {c}, (L({2,3})7)" = {b, c}, so Li({2, 3})
# (L({2,3)7)". Hi{a,c}) = {3} and (H.({a, c})7)~
= {1, 3}, hence H,({a, c}) = {3} # (H({a,c})7)".

Theorem 4.6 Let (U, A, Ly, H;) be a dual conceptual
knowledge  system, then VX € P(U),B € P(A),X D
HyLy(X),B D LyHy(B).

Proof ¥X C U, note that X =(),.y~ (U — {x}), then
Vx € X Va € (Lu(X))™ = Moy~ (La(U — {5})~, by
(LHD) we have x € (Hy(A — {a}))” . Hence

Table 2 An example to check that L,X) # (L(X7))~,
HyB) # (H{(B™))~

X B LX) H.(B) Ly(X) H/(B)
U A 0 0 0 0

{1, 2} {a, b} 0 0 {a, b} {1, 2}
(1, 3} {a, ¢} 0 0 {a, ¢} (3}
{2, 3} {b, c} 0 0 c} {2, 3}
{1} {a} {a} {1} A U
{2} {b} {b} {2} A U
{3} {c} {c} {3} {a, c} {2, 3}
0 0 A U A U

@ Springer

xe () (HaA—{a})”

ac(La(X))"~
= U  HaA—{a})
ac(La(X))"~
= (HaLa(X)) "™,
which implies that X~ C (H4L,(X))”. Thus XD
HyLy(X).

On the other hand, VB C A, note that B = (.5~ (A —
{a}), then Va e B~ Vxe& (HyB))" =(),ep~ (Ha(A —
{a}))™, by (LHD) we have a € (Ls(U — {x}))"~ . Hence

ae ) LU—{)"~

xe(Hq(B))™
= La(U = {x})
x€(Ha(B))~
= (LaH4(B))",
which implies that B~ C (L;H,(B))”. Thus BD

L,Hy(B). O
Let (U, A, L;, H;) be adual conceptual knowledge system.
A pair (X, B), X € P(U), B € P(A), is called a dual formal
concept of (U, A, L,, Hy) if X = Hy(B) and B = L«X). The
set of all dual concepts is denoted as L(U, A, Ly, H,).
For two dual concepts (X}, By) and (X5, B,), we define

(X1,B1) <(X2,B) & X1 C X5(& B; 2 By).
Then we get the following

Theorem 4.7 (L(U, A, L;, Hy), <) forms a complete
lattice in which the meet and the joint of the dual concepts
are defined as follows:

(X],B]) A (Xz,Bz) = (Hde(Xl ﬁXz),B] UBQ),
(X1,B1) V (X2,B2) = (X1 UXp, LyH (B N By)).

Proof It follows immediately from Theorem 4.4. O

In the following, we present the axiomatic character-
izations of the other two types of concept lattices.

Definition 4.3 Let U be a finite set of objects, A a finite
set of attributes, L,: P(U) — P(A), and H,: P(A) —
P(U). Then (U, A, L,, H,) is called an object-oriented
conceptual knowledge system if the following axioms are
satisfied: VX;,X, € P(U),B1,B; € P(A), (x,a) € U X A,

(LO1)  L,(Xy N Xa) = L,(X1) N L,(Xa)
(HO1) H,(ByUB,) = H,(By) UH,(B>),
(LHO) a€L,(U-{x}) < x ¢ H,(a).

Theorem 4.8 Let U be a finite set of objects, A a finite set
of attributes, L, : P(U) — P(A),H, : P(A) — P(U). There
exists a binary relation I between U and A such that
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L,(X) = X" and H,(B) = B°® for all X € P(U) and B€  Proof ¥X C U, note that X =), .y~ (U —{x}), then
P(A) if and only if (U, A, L,, H,) is an object-oriented ~ Vx € X~ ,Va € Ly(X) = (\,ex~ Lo(U — {x}), by (LHO),
conceptual knowledge system, where X and B° are  we have x € (H( ))N Hence

defined by Eq. (3).

Proof “=" It follows immediately from Theorem 3.2.
<" Define a binary relation / between U and A by I~ =
{(x,a)|x € H,(a)}. Then, for B C A, we have
B°={xecU|FacAla€eBA (x,a) €}
={xeUldacA(ae BAx € H,(a))}

= {xe Ulx € UH{,(a

acB

) = HO(B)} = HO(B)'

So H,(B) = B°. on the other hand, by axiom (LHO), we have
={a€cAVx e U((x,a) e I =xeX)}

={acAVxeUxeX™ = (x,a) eI}

={acANVxeX~,acL,(U—{x})}
= {a c€Alac ﬂN L,(U—{x}) = L(,(X)} =L,(X).

Therefore, L,(X) = X". O

The next example shows that the three axioms in Defi-
nition 4.3 are independent.

Example 44 Let U = {1,2,3} and A = {aq, b, c}.

(1) Define L,(X) = A for any X C U,H,(B) = U for any
B C A. Then it is clear that L, and H,, satisfy axioms
(LO1) and (HO1), but they do not obey axiom (LHO).

(2) Define L,({1,2}) {a}, L,({1,3}) {b},L,
({2,3}) = {c},L,(U) = A,L,(X) =0 for all other
X C U.H,({a.b}) = {3}H,({a}) = {1,2},H,
({b}) = {173}7 Ho({c}) = {273}7H0(®) =0, and
H,B) = U for all other B C A. Since H,({a, b}U
{a}) = H,({a, b}) = {3} # H,({a, b}) U H,({a}),
we conclude that L, and H, satisfy axioms (LO1)
and (LHO), but they do not obey axiom (HO1).

(3) Define  L,({1.2}) = {a}, L,({1.3}) = {b}. L,
({2,3}) = {c},L,(U) = A L,(3) = {a,b},L,
(X) =10 for all other X C U. H,({a}) ={1,2},
H,({b}) = {1,3}, Ho({c}) = {2,3},H,(0) = 0,
and H,(B) = U for all other B C A. Then it is easy
to check that axioms (HO1) and (LHO) are satis-
fied, however, L,({1,2} N{3}) =L,(0) =0 # L,
({1,2}) N L,({3}), that is, axiom (LOl) is not
satisfied. Hence (HO1), (LHO)#(LO1).

Thus, axioms (LO1), (HO1) and (LHO) are independent. [
Theorem 4.9 Let (U, A, L,, H,) be an object-oriented

conceptual knowledge system, then VX € P(U),B €
P(A),H,L,(X) C X and L,H,(B) 2 B.

xeﬂ

acLy(X)

U Hola)

acL,(X)

= (HOLU(X)) b

~

So X~ C (H,L,(X))~

hand, VBCA and VYa € B,Vx €
H,(a))™, by (LHO), we have ac

. It follows that X D H,L,(X).

On the other

(Ho(B))™ = Naesl(
L,(U — {x}), then

ac ﬂ L,(U — {x})
x€(Ho(B))™
=L| () W-{x})
x€(H,y(B))™
= L,H,(B).
Thus B C L,H,(B). O

Let (U, A, L,, H,) be an object-oriented conceptual
knowledge system. A pair (X, B), X € P(U), B € P(A), is
called an object-oriented concept of (U, A, L,, H,) if
X = H,B) and B = L,(X). The family of all object-ori-
ented concepts is denoted as L(U, A, L,, H,).

For two object-oriented concepts (Xj,
(X5, B,), we define

(Xl,Bl) < (Xz,Bz) = X] - X2(<:> B] - Bz)

B;) and

Then we conclude

Theorem 4.10 (L(U, A, L,, H,), <) is a complete lat-
tice, where the meet and the joint of the object-oriented
concepts are defined as follows:

(X1,B1) A (X2,B2) = (H,L,(X1 N X3),B1 N By);
(Xl,Bl) vV (XZ,BQ) = (X1 UXZ,LOHO(Bl UBQ)).

Definition 4.4 Let U be a finite set of objects, A a finite
set of attributes, L,:P(U) — P(A), and H,:P(A) —
P(U). Then (U, A, L,, H,) is called an attribute-oriented
conceptual knowledge system if the following axioms are
satisfied:

VX],XzGP( )VBl,Bzep(A)7V( )EUXA
(LP1)  Ly(Xi UX>) = Ly(X1) U Ly(X2),

(HP1) H,(BiNB>) = Hy(B1) N Hy(Ba),

(LHP) a¢L,(x) < xe€H,(A— {a})

Theorem 4.11 Let U be a finite set of objects and A finite
set of attributes, L,:P(U) — P(A) and H,:P(A) —

P(U). Then there exists a binary relation I between

@ Springer
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U and A such that L,(X) = X° and H,(B) = B" for all
X € P(U) and B € P(A) if and only if (U, A, L, H)) is an
attribute-oriented conceptual knowledge system, where X°
and B® are defined by Eq. (4).

Proof “=" Tt follows immediately from Theorem 3.2.
“<«” Define a binary relation / between U and A by

1™ ={(x,a)la & Ly(x)}.

Then, for X C U, we have

X ={acATxeU((x,a) e INx€X)}
={acAFxcUxeXnaecL,(x)}

= {a cAlae|JL(x) = LP(X)} = L,(X).
xeX

So L,(X) = X°. On the other hand, by axiom (LHP),

note that I~ = {(x,a)|la ¢ L,(x)}, then I~ = {(x,a)|x €
H,(A — {a})}. Hence

BY = {x € UVa € A((x,a) € = a € B)}
={xeUNa€A(@ae B~ = (x,a)€l™}
={xe U|Vae B~ ,x € H,(A—{a})}

= {x cUke () HyA—{a}) = HP(B)} — H,(B).

acB~

O
The following example shows that the three axioms in
Definition 4.4 are independent.

Example 4.5 Let U = {1, 2,3} and A = {a, b, c}.

(1) Define L,(X) = A for any X C U,H,(B) = U for any
B CA. Thus L, and H), satisfy axioms (LP1) and
(HP1), respectively, but they do not obey axiom
(LHO).

(2) Define L[’({l}) = {aab}vLP({z}) = {a,c}, LP({3})
= {b,c},L,(0) = 0,L,(X) = A for all other X C U.
Hy(A) = U, Hy({a,b}) = {1}, Hy({a,c}) = {2}, H,
({b,c}) = {3}, Hy({c}) = {1,2}, and H,(B) = { for
all other B C A. Then L, and H,, satisfy axioms (LP1)
and (LHP). Note that H,({a,b}N{c}) = H,(0) =
0 # H,({a,b}) NH,({c}), we see that H, does not
obey axiom (HP1).

(3) Define L,({1}) = {a,b},L,({2}) = {a,c}, L,({3})
= {ba c}7l‘[l(®) = 05 LI’({172}) = {c}aLP(X) :A
for all other X C U. H,({a,b}) = {1}, H,({a,c}) =
{2}, H,({b,c}) = {3}, Hy(A) = U, and H,(B) =0
for all other B C A. It is easy to see that axioms
(HP1) and (LHP) are satisfied. Note that L,({1, 2}U
{1hH =L,({1,2}) = {c} # L,({1,2H U  L,({1}),
thus axiom (LP1) is not satisfied.

@ Springer

Therefore, we have examined that axioms (LP1), (HP1)
and (LHP) are independent. O
The following theorem shows that if (U, A, L,, H,) is an
object-conceptual knowledge system, then the dual opera-
tors of L, and H, obey the three axioms in Definition 4.4.

Theorem 4.12 Let (U, A, L,, H,) be an object-concep-
tual knowledge system. If Ly(X) = (L,(X~))"~ ,Hy(B) =
(H,(B™))™,¥X € P(U),VYB € P(A), then (U,A,Ly,Hy)
is an attribute-oriented conceptual knowledge system.

Proof 1t is similar to the proof of Theorem 4.5. O

However, if (U, A, L,, H,) is an object-conceptual
knowledge system and (U, A, L,, H,) an attribute-con-
ceptual knowledge system, then for X € P(U) and B €
P(A), the equations L,(X) = (L,(X™))~ and H,B) =
(H,(B™))~ may not hold.

Example 4.6 Let U= {1,2,3} and A = {a, b, c}.
L,, H,, L,, H,, are defined as Table 3. Then it is easy to
verify that (U, A, L,, H,) is an object-conceptual knowl-
edge system and (U, A, L, H,) an attribute-conceptual
knowledge system. But L,({2, 3}) = A, (L,({2,3})7)~
= {b, c},s0 L,({2, 3})) # (L,({2,3})7)~. Also, H,({b,
ch) = {3}, (H({b, c})™)™ = {2, 3}, thus H,({b, c}) #
(Hy({D, cH™)™.

Theorem 4.13 Let (U, A, L,, H,) be an attribute-ori-
ented conceptual knowledge system, then, VX €
P(U),¥YB € P(A),X C H,L,(X),B D L,H,(B).

Proof VxeX,Vae (L,(X))” =Nex(Lp(x))™, by (LHP)
we have x € H,(A — {a}). Then

xe (] HyA-{a})
ag(Ly(X))™
= H, m (A—{a})
ag(Ly (X))~
= H,L,(X).

Hence X C H,L,(X).

Table 3 An example to check that L,X) # (L,(X™))",
H,(B) # (H,(B™))~

X B LX) H,(B) LX) H,(B)
U A A U A U
{1, 2} {a, b} {a} {1,3} A {1}
{1, 3} {a, ¢} {a, b} U A {2}
{2, 3} {b, c} {c} U A {3}
{1} {a} {a} {1} {a, b} 0

{2} {b} 0 {1, 3} {a, c} 0

{3} {c} 0 {2, 3} {b, c} 0

0 0 0 0 0 0
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On the other hand, VB C A, note that B = ()5~ (A —
{a}), then Va € B~ ,Vx € Hy(B) = (\,ep~ Hp(A — {a}),
by (LHP) we have a € (L,(x))" . Hence

ae [ L)~

x€H,(B)

= U Ly(x)

xEH,(B)

= (L,H,(B))" .

~

Consequently, B~ C (L,H,(B))"~ . Thus B O L,H,(B).
Cl

Let (U, A, L,, H,) be an attribute-oriented conceptual
knowledge system. A pair (X, B), X € P(U), B € P(A), is
called an attribute-oriented concept of (U, A, L, H),) if
X = Hy(B) and B = L,(X). The set of all attribute-oriented
concepts is denoted as L(U, A, L,, H,).

For two attribute-oriented concepts (X;, B;) and
(X5, B,), we define

(X1,B1) < (X2,B,) & X1 CXo(< B1 CBy).
Then, by Theorem 4.11, we can conclude

Theorem 4.14 (L(U, A, L, H,), <) forms a complete
lattice, where the meet and the joint of the attribute-ori-
ented concepts are, respectively, defined as follows:

(X1,B1) A (X2,B2) = (X1 N Xy, L,H,(B1 N By)),
(X1,B1) V (X2,B2) = (H,L,(X1 UX,),B1 UBy).

5 Conclusion

Generalizations of the FCA proposed by Wille have been
studied in various ways. A majority of the studies exam-
ined formal concepts and concept lattices by using con-
structive approach; however, less effort has been made by
using axiomatic approaches. In this paper, we discuss the
axiomatic characterizations of formal concepts. Using the
axiomatic approach, four types of conceptual knowledge
systems from a formal context are defined. Axioms for
characterizing conceptual knowledge systems guarantee
the existence of certain types of binary crisp relations
which produce the same formal concept operators. Fur-
thermore, the independence of axiom set for characterizing
each type of conceptual knowledge system is examined.
The formal concept axiomatic systems will help us to
understand the structural features of various formal
concepts.

An important generalization of the FCA is fuzzy concept
lattice. For may examine further research, the axiomatic
characteristic of concept lattice theory in the fuzzy envi-
ronment need to be investigated.
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