Int. J. Mach. Learn. & Cyber. (2013) 4:365-372
DOI 10.1007/s13042-012-0100-1

ORIGINAL ARTICLE

Implication operators on the set of \-irreducible element
in the linguistic truth-valued intuitionistic fuzzy lattice

Li Zou - Xin Liu * Zheng Pei - Degen Huang

Received: 13 May 2011/ Accepted: 17 May 2012 /Published online: 21 June 2012

© Springer-Verlag 2012

Abstract We construct a kind of linguistic truth-valued
intuitionistic fuzzy lattice based on linguistic truth-valued
lattice implication algebras to deal with linguistic truth
values. We get some properties of implication operators on
the set of V-irreducible elements. And furthermore the
implication operators on the linguistic truth-valued intui-
tionistic fuzzy lattice are discussed. The proposed system
can better express both comparable and incomparable
information. Also it can deal with both positive and neg-
ative evidences which are represented by linguistic truth
values at the same time during the information processing
system.
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1 Introduction

We often do some decision making under uncertain envi-
ronments with vague and imprecise information. In many
decision makings under uncertain environments, linguistic
terms rather than probabilistic values are taken into account
the managing of uncertainty in decision processes, fuzzy
linguistic approaches provide a direct way to represent the
linguistic information by means of linguistic variables and
process linguistic information. The use of linguistic infor-
mation thus enhances the reliability and flexibility of
classical decision models.

In our real life, we often use knowledge gained from our
experience to understand our surroundings, to learn new
things, and to make plans for the future. On the one hand,
limited by our capability to perceive the world and how
profoundly we infer, we find ourselves everywhere con-
fronted with uncertainty about the adequacy of our infor-
mation and inferences. On the other hand, we almost
always use natural languages to describe and communicate
our gained knowledge recognition, decision and execution
processes [23]. In Zadeh’s linguistic variables [31], a lin-
guistic value is consisted of atomic linguistic value and
linguistic hedge, e.g., very true (true is the atomic linguistic
value and very is linguistic hedge). In computing with
words (CWW), semantic of very true is expressed by a
fuzzy set on [0,1]. Information processing corresponding
linguistic values is translated to their semantics, and fuzzy
sets theory becomes main tool for CWW. Due to some
drawbacks in linguistic approaches based on fuzzy sets,
there exist many alternative methods for processing lin-
guistic information [10, 11], e.g., Huynh proposed a new
model for parametric representation of linguistic truth-
values [9, 14]. Turksen studied the formalization and
inference of descriptive words, substantive words and
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declarative sentence based on type-2 fuzzy sets [20]. Ho
discussed the ordering structure of linguistic hedges, and
proposed hedge algebra to deal with CWW [8, 19, 12].
Espinilla et al. presented several computational approaches
to manage multigranular linguistic scales in decision
making problems [4, 13, 16, 26]. There are many numeric
aggregation operators and linguistic aggregation operators
to aggregating them [5, 6, 7, 21, 24, 22]. Xu et al. proposed
linguistic truth-valued lattice implication algebra to deal
with linguistic truth inference [15, 17, 18, 27]. Zou et al.
[32-35] proposed a framework of linguistic truth-valued
propositional logic and developed the reasoning method of
six-element linguistic truth-valued logic system.

In fuzzy set theory, a degree of membership is assigned
to each element, where the degree of non-membership is
just automatically equal to 1 minus the degree of mem-
bership. However, human being who expresses the degree
of membership of a fuzzy set very often does not express
the corresponding degree of non-membership as the com-
plement to 1. Intuitionistic fuzzy sets (A-IFSs) introduced
by Atanassov is a powerful tool to deal with uncertainty [2]
which emerge from the simultaneous consideration of
membership and non-membership of the elements of a set
to the set itself. A-IFSs concentrate on expressing advan-
tages and disadvantages, pros and cons [3, 30, 25] and so
on. Formally, intuitionistic fuzzy set that is meant to reflect
the fact that the degree of non-membership is not always
equal to 1 minus degree of membership, but there may be
some hesitation degree is defined as follows [1]:

A = {(x, 1y (), va(x))[x € U}, (1)

where U is a discourse, p(x) and v(x) are the membership
degree and nonmembership degree of the object x € U
belonging to A C U which satisfied with 0 < pus(x) +
va(x) <1 for any x € U. In the intuitionisitic fuzzy set
A, ma(x) =1 — py(x) — va(x)(Vx € U) is called the degree
of indeterminacy of x to A. In Zadeh’s fuzzy set, if u,(x) is
the membership degree of x to A, then 1 — pu(x) is non-
membership degree, i.e.,us(x) + 1 — pa(x) = 1. Hence,
the intuitionisitic fuzzy set is an extension of fuzzy set. For
any intuitionistic fuzzy set A = {(x, uy(x),va(x))|x € U}
and B = {(x, ug(x), vg(x))|x € U}, the operations of union
(U), joint(N) and complement (') are defined as follows:

A UB ={(x,max(p4(x), tz(x)), min(va(x), vg(x))|x € U},
ANB :{()C, min(ﬂA<x)v :uB(x))vmax(vA(x)a VB()C))|)C € U}a
A" ={(x,va (%), ua () |x € U}

All the intuitionistic fuzzy sets of U are denoted as
IFS(U), and the intuitionistic fuzzy sets have the following
order relations: VA, B € IFS(U),A <B if and only if Vx €
U, py(x) <pg(x) and va(x) > vp(x). Naturally, A = B if
and only if A < B and B < A.
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Inspired by A-IFSs, we discuss the linguistic truth-valued
intuitionistic fuzzy lattice in linguistic truth-valued lattice
implication algebra, intuitively, we use linguistic truth-valued
intuitionistic fuzzy set instead of classical linguistic truth of
propositions to express degrees of “true” and “false” of
uncertain propositions in practice. This paper is organized as
follows: in Sect. 2, we construct linguistic truth-valued intui-
tionistic fuzzy lattice £Z ,,,. In Sect. 3, we discuss V-irreducible
elements of £7,, and their properties. In Sect. 4, we discuss
implication operators on £7,,. We conclude in Sect. 5.

2 Linguistic truth-valued intuitionistic fuzzy lattice
LT 2n

Definition 1 [26] Let (L, V, A, O, I) be a bounded lattice
with an order-reversing involution “/”, I and O the greatest
and the smallest element of L, respectively, and

—: LxXL— L

be a mapping. (L,V,A,/,—,0,I) is called a lattice
implication algebra (LIA) if the following conditions hold
for any x,y,z € L:

I)x—(y—2z)=y— (x—2);

(L) x—x=1I

L) x—y=y —x;

Uy x —y=y—x=1implies x = y;
Is) (x—=y)—=y=(—x) —x

(Ie) (xVy) —z=(x—=2)A(y — 2);
) xAy)—z=(x—2)V(y—2).

Definition 2 [28, 29] Let L,={d,da,...,d,},
di<dy<--- <dy,Ly = {by, by}, b1 <bs, (Ly,V1,), N1’
(Ln)? 7 (La)> di, dn) and (L27 V(Lz)a /\(Lz)a,<Lz) > T (La)s by, b2)
be two Lukasiewicz implication algebra. For any
(di,b') (dk,bm) c Ln X Lz, if

(diy bj) V (diy b)) = (di V(1) di, bj V(1) bm), (2)

(di, bj) A (diyb) = (di N1,y diy b Niy) bm), (3)
(Ln) /(L2)

(dhb ( abj ? )7 (4)

(di,bj) — (di,bw) = (di —1,) dk, bj —(1,) b)), (5)

then (L, X Lp,V,A,,—,(d1,b1),(d,,by)) is a lattice

implication algebra, denote as £, x £, (Fig. 1).

Let AD, = {hy,hy, ..., h,} be a set of n hedge operators
and hy<hy<--- <h,,MT ={f,t} be “false (f)” and
“true (), denote f < t and Ly, x 2y = AD,, x MT. Define
the mapping g : Ly(,x2) — L, X L7 as follows:

sllhim) ={ (G = )
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Fig. 1 Hasse Diagrams of (dn,b1)
['n X [:2
(dn,, b2)
(d2,b1) (d2,b2)
(d1,b1)
(di1,b2)
Then g is bejuction, its inverse mapping is g~'. For any
X,y € Ly(nx2), define
xVy=g"'(g(x) Vg)), (7)
Ay =g '(glx) AgDy)), (8)
¥ =g ((s))), 9)
x—y=g"'(g(x) = &) (10)

Then ,CV<,,X2> = (Lv(nxz), V, A, —, (/’ly,,f)7 (hn, t)) is
called linguistic truth-valued lattice implication algebra
from AD,, and MT (Fig. 2). g is an isomorphic mapping
from (Ly(ux2), Vs, A5 =, (Baof)s (Bast)) to L, % Lo,

Definition 3 In linguistic truth-valued lattice implication
algebra Ly(,x2), for any (h;, 1), (h,f) € Lypxay, (A1),
(hj,f)) is called as linguistic truth-valued intuitionistic
fuzzy pair if (h;, 1) > (h;, ).

(hh t)7 (hjvf) S £V(9><2)7 ((hia t>7
(hj,f)) is a linguistic truth-valued intuitionistic fuzzy pair if
and only if i <j.

Theorem 1 For any

Proof For any (h;,t) € Ly9xz), we have (h;, 1) =
(h;, /). Hence (h;, 1) > (hj, f) if and only if (h;, f) > (h;, ).
In Ly(9x2), (hi,f) > (h;,f) if and only if i < j.

(hn; 1)
(h1, f)
(h27t)
(hl,t) (hn—lzf)
(hn, £)

Fig. 2 Hasse Diagrams of Ly ,x2)

From the theorem 1, for any (h;,1) € Ly(nx2), the
number of (h;, f) which can compose linguistic truth-
valued intuitionisitic fuzzy pairs with (h;, 1) isn — i + 1.
Hence, the number of linguistic truth-valued intuitionisitic

fuzzy pairs in Ly,2) are

< 1
SN n—it1)= nx(n+l)
i=1 2

Denote all the linguistic truth-valued intuitionisitic fuzzy
pairs based on Ly(,x2) as:

LD, = {((hivt)v (hj’f))|(hia t)v (hjaf) € EV(nX2)7i§j}'
(11)

For any ((hi,1), (hj,f)), ((he, 1), (h1,f)) € Llis, define the
operation * U” “N” and “—” as follows:

((hivt)v( jvf)) ((hka ) (hlaf))

= ((hivt) N (h/ﬂt)v( Jaf) (hl7f))7 (]2)
((hiat)7(hjaf))m((hk7 ) (hlaf))

= ((hiat) A (hkat)v( ]af) (hlvf)) (13)

Where “V” and “A” are operations of Ly,x2).

Based on 2n linguistic truth-valued lattice implication
algebra Ly (,x2), we can construct linguistic truth-valued
intuitionistic fuzzy lattice. Formally, denote

LIZn = (L12117 U7 ﬂ)
as a linguistic truth-valued intuitionistic fuzzy lattice where

(Chy, 1), (h,, H) and ((hy, 1), (hy, f)) are the greatest element
and the least element of £Z,,, respectively.

Definition 4 1In the linguistic truth-valued intuitionistic
fuzzy lattice LI, = (LL,,U,N) (Fig. 3), for any ((h;, t),

(hjvf))7 ((hka t)a (hlyf)) S LIZna ((hia t)v (hjvf)) < ((hk7 t)7
(hy, f)) if and only if i < k and j < I, also
((hiat) ( ]’f)) ((hk’t) (hlaf))

= (( max(i,k)» )a( max(j,l) 7f)) (14)
((hi, 1), (hy ) O ((hi 1), (R, f)

= (( min(i,k)» )7( min(j,1) . )) (15)

3 V-Irreducible element set in £7,,

Theorem 2 [n linguistic truth-valued intuitionistic fuzzy
lattice LT,,,

1. ((hi 1), (hi,f))(i € {2,3,...,n}) are V-irreducible ele-
ments of LT, denote as J; = {((h;, 1), (h;, f))|i = 2,
3, ..., n}

2 (1), ()i € (2,3,
ments of £7,,, denote as J, =

3, ..., n}

n}) are V-irreducible ele-

{((h1, 1), (hi, f))li =2,
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Fig. 3 Structure Diagrams of
LIZn

(h’ﬂ7 t)*

(hn-1,t)T

((h2,t), (h2, f))
(ha,t)T

((hnst), (hns f))

((h‘nfl’t)f (hnfly f))

r((hnflvt)v (h”VH f))

((h27 t), (hn7 f)) °

(hi,t)1 s
((h1,1), (h1, f))

|

((hlvt)v (h’mf))

| |

|
T T

(R, f) (ha, f)

Proof 1. For any ((hg, 1), (h,f)), (A, t), (hs,f)) € Lbyy,
assume ((hk’ t)’ (hlaf))u((hm’ t)? (hs’f)) = ((his t)’ (hisf)), i.e.,

((hmax(k,m)a t)’ (hmux(l,s)af)) = ((hi» t)a (huf))

Hence, max(k, m) = i and max(l, s) = i. We discuss the
following three cases:

Case l: If k =iand s = i, then m < k and [ < s. Since

k<l hence i=k<Il<s=11ie., [ =i We obtain

((he D), (hi, ) = (B, 1), (i, ).

Case 2: If m=iand [ =i, then k < mand s < [. Since

m<s,hence i=m<s <[=11e. s =i We obtain

(B> D), (hs, 1)) = ((his ), (hy, ).

Case 3: If k=i and [ =i, or m =i and s = i, then

(e, 1), (hy, ) = (Mg, 1), (hy, )) o (B, 1), (R, ) =

((hi, D), (hs, 1)).

From the above three cases, for any ((h, t), (h, f)),
((humy 1), (hs, f)) € Lipy, if (Mg, 1), (hgy DU((Bisy 1), (s, f)) =
((hi, D, (hy, ), then (A, 1), (b, ) = ((hi, 1), (B, f) or

((hm» t); (h.w f)) = ((hi» t)a (hi’ f)) HCHCC, ((hht)? (hhf))
(i € {2,3,...,n}) are V-irreducible elements of LZ5,.

2. For any ((hkvt)7(hlvf))7((hmvt)7(hsvf)) 6LI2”7
Assume ((y, 1), (hy, NIy, 1), (hs, ) = ((h1, D), (B, ), Le.,

((hmax(k,m); t)a (hmax(l,x)af)) = ((hla t), (hiaf))a

clearly, max(k, m) = 1 and max(l, s) = i and k = m = 1.
We discuss the two cases:

@ Springer

T T

(hn—ly f) (hn: f)

Case 1: If [ = i, then ((hy, 1), (B, )) = (hy, 0), (h;, )).
Case 2: If s = i, then ((h,,, 1), (hy, ) = ((hy, D), (h;, ).

From the cases 1 and 2, for any ((h, 1), (h,f)), (A, 1),
(hs.f)) € Lby, if (hg, 1), (hy, P) U ((hy, 1), (hs, ) = ((h1,
1), (h;, /), then ((hy, 1), (b, )) = ((hy, 1), (b, /) or (B, D),
(hs, ) = (M1, D), (hs, ).

Hence, ((hy,t), (h;,f))(i € {2,3,...,n}) are V-irreduc-
ible elements of £Z,,.

Corollary 1 Assume ((h;,t), (hj,f)) € LIy, be a V-irre-
ducible. Then we get i=j or i=1, ie, ((h1),
(7j,f)) € Ty U Ja.

Proof If i = 1, then ((h;, 1), (hj,f)) = ((hy,1), (hj,f)) €
J» C J; UJ, can be obtained obviously. Assume i # 1 and
i <Jj, Since

((hl ) t)’ (h]7f)) U ((hiv t)’ (hhf))
= ((hmax(l,i)v t)a (hmax(/li) 7f)) = ((hiv t)? (hjvf))v

and  ((hy, 0), (b, ) # ((hy, 1), (hy, ), (hy, 1), (hi, ) #
((hi, D), (hy, 1)), while ((h;, 1), (h;, ) is V-irreducible ele-
ment, we get contradiction. Hence i = 1 and i =, i.e.,
((hi, 1), (hi,f)) € J1 U Js.

The Corollary 1 means that J,U J, are all the V-irre-
ducible elements of £Z,,. According to the Theorem 2 and
the representation theorem of attributive lattice, we get the
following corollary.
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Corollary 2 For any ((h,1), (h,f)) € L, — {((h1,1),
(h1,0))}, ((hey 1), (hy,f)) can be represented by the union of
two elements in J;U J,, i.e.,

((hiy 1), (B, f)) = (s 1), (hies f)) U (R, 2), (B, f))-

According to the Corollary 2, we consider the following
implication operators of J; U J, U {((hy, 1), (hy, f)} in
which J; =J; U{((h],[),(h],f))} and J,=J,U
{((h1,1), (M)}

4 Implication operator on L7,

Definition 5 For any ((h;,
J] UJZU {((hlyt)a (hlaf))}7

t)a (hj7f))7 ((hka [)7 (hlaf)) €

Lo If ((hi 1), (hif)), (B, 1), (B, f)) € T, then
((his 1), (his.f)) = (s 1), (Bies )
= ((hmin<ll,n7i+k>7 t)? (hmin(n,nft”rk) 7f))
21 (), (of) (1), () € T, then

((h1s ), (Ry, f)) = (B, 1), (B, )

- ((hmm(nn —j+)» ) ( naf))
3. If ((hiy 1), (hi,f)) € J1 and ((hy, 1), (h,f)) € T, then
((hi 1), (hisf)) — ((h1,2), (hu,f)
= ((h in(nn—i+1)» t)a (hmin(n.,n—i+l)vf))> ((hl» t), (hl,f))

T

min
((his ), (hi.f))
min(

(i 1), (hn,f))-

nn—I+i)s

According to the definitions of the operator “U”, “N”
and “—”, we can prove the following properties.

Proposition 1 For any ((h;,
€J,

L ((h,
(hi,

t)v (hiaf))’ ((hk7 t)a (hkaf))

1), (he,f)) € T1;
1), (. f)) € T1;
1), (hi,f)) € J1.

perators “U”, “N” and “—” are closed

1), (hisf)) U (e,
2. ((hi, 1), (R f)) 0 (s
3. ((hi,1), (hinf)) — (e,

That is, the o
on j] .

Proposition 2 For any ((hi,1),(hy.f)), ((h
€ Ja,

Lo
2.

(
3.
t

1,1‘), (hlaf))

151),

(hj, 1), (i, f)) € Ta;
1), (y,

YU ((m
nn ((hh 1), (hi,f)) € T2
1), (hj ) — ((h1, 1), (b, f))ej2 Jy U A{((h1,

h
h
hy,
(h1, f))}. That is, the operators “U” and “N” are

(
(
(
);

closed on [J,. But the operator “—” is not closed on

J>.

Corollary 3 For any ((hi,t),(hi,f)), ((he,t), (hi,f)),

((hm?t)> (hlmf)) € jl

Lo (((hi, 1), (hio ) U (i, 1), (Mo ) = (s 2), (B, )
= (((hiy 1), (hir f)) = (s 1), (s f))) O (B, 1),
(hkvf)) - ((hm7t)7 (hm7f)))a

2. (hht)? (hhf)) - (((hkyt)7 (hk7f)) U ((hm7t)7 (hmvf)))
= (((hi, 1), (his ) = (s 1), (s )V
(((hkyt)’(hkvf)) ((hms 1), (hms f)))3

3. (((hit), (hisf)) N0 (s f) (h, ))) (i, 1),
(hn>f))) = (((his 1), (his f) — (B, 1), (B, f)))U
(s 1), (e, f)) = (s 1), (hs ) )5

4. ((hi, 1), (his ) — (P, )7(hk,f)) (hm, 1),
(hm>f)))) = (((iy 1), (his ) = (s 1), (i f)))0
(( hkat)v(hkaf)) (( m t)v( )))

Corollary 4 For any ((hi,1),(h;,f)), ((h1,1), (h,f)),

((hlat)’( f)) SVE)

Lo (((h1, ), (. £)) U ((ha, 1), (e f)) — ((has 1),
(hS7f)) ((( 1), (hjsf)) = ((hy, 1), (hs, )0
(((h1,12), (u, f)) = ((h,1), (hs, ))

2. (1), (k. f)) — (1), (B, f)) ((h1,1),
(hs.f))) = (((h1,2), ( j,f)) ((hy,1), (h )
(((h1,2), (1. f)) = ((h1, 1), (hs, )))

30 (A1, ), (hyf)) 0 (B, ) (h, f))) — ((hy, 1),
(he.f))) = (((h1,1), (. f)) — ((h1, 1), (hs.f)))U
(((hlvt)’ hl’f)) - ((hlat)’ (hSaf)));

4. ((l/llal‘)v(l/l]"f))_> (((hlat)’(hlvf)) (hl )
(h,f)))) = (((h1,1), (hy.f)) = ((h1,1), (hs, )N
(1, 0), (b, f)) = ((h1, 1), (hs, 1))

Proof From the Eqgs. (14), (15) and the Definition 5,

(((rs ), (hy, ) U (s 2), (Bif)) = (B ), (B )
1)y (hmax(ja)5f)) = ((;2), (hs, )

1), (hn, )

1), (hn, )

1) (s f))

1), (s f)) O (i
(h1;2), (jsf)) — (1

(u f)) (7

‘min(n,n—max(j,l)+s) s

‘min(n,min(n—j+s,n—I+s))

), (hn.f))
(((hy,1),

hmm (n,n—j+s)s (n,n—I+s)>

1), (o f))) 0
1), (s, f)))-

= ((h
((h
((h
((Pomin(min(nn—j-+s) min(nn—1-+5))
((
((
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((hl ,) (h i f )) ((( ) (h;,f))U((hl,t),(hs,f))) Proof From the Eqs. (14), (15) and the Definition 5,
= ((h1,1), (h;.f)) — ((h1,2), (Monan(i5) ) (((hiyt), (hinf)) U (B 1), (o)) — ((has 1), (hs,f)
= ((Min(mn—semasion > £)s (imf) = ((Mmax(ih)>1)s (Pmax(i ) o)) = (a1, (hsof))
= ((mintmastn_i-11nj)s1)s (usf)) = ((hmin(nn—max(i ) +1)s1)s Pmin(nn—max(i)+1).f))
= (st -5+t () = it e 1, Gt mintrivt i)
g 0 (e U g ) = Whniintumit ) itanr ), 0
(e 009) = (), G0 (. ) ———
— (1), (B ). = ((Mmin(nn—i+1)s1)s Papin(nn—iz1)of )N
((Mminnn—k+1)51)s min(nn—k41)5f)
(((h1, 1), (hif)) O (B, 0), (hiyf)) — (e, 1), (s, f) = (((hi, 1), (hisf)) — ((h1,2), (hsof))) O (e 2), (B f)
= ((m,1), (hingiayo f)) = (1, 1), (hs, f)) = ((h1,1), (hs.f)))-
= oty 1), o) (1), o)) = (i), i) U (i 1) (o)
= ((mintranastoi s+, ), (o)) = ((h121). (o)) = ((astiay 1) Urmatiso )
= ((Mmax(min(nn—j+s) min(nn—i+5))5 )5 (hns f)) = ((hmin(un—stmax(i)> 1) (hnsf))
= ((min(nn—j5): 1) (hns ) O ((Prsininn—i+5)5 1) (s ) = ((Pmintmmastn—sin—s i) 1)y (usf))
= (((h1,1), (j,.f)) = ((h1,1), (hs,f))) U (R, 1), (R, f) = ((Mmax(mintun—s+iy min(nn—s+2))s D)5 (s f))
= (1), (1, 1)) = ((hmin(nn—s+iys 1)s (hns ) U ((Mmin(nn—s+x)5 )s (s f))
(U150 ) = (1,0, G ) 0 (00, G ) ~ ) (e e I8 1)
= ((h1,1), (hj,f)) = ((h1,2), (hinis),f)) '
(it minti)>2)s (s ) (((his 1, o)) 0 (G ), G f))) — (), (o)
= ((Mmin(nmintn—jrtn—j+s)>t)s (Ausf)) = ((Mmin(iky> )s Pmin(in) o)) — ((h1,1), (hs,f))
= ((Mmin(min(nn—j+1).min(nn—j+s))» 1), (hns f)) = ((Mmin(nn—min(i)+1)5 1)y Mmin(nn—min(i)+1)>f))
= ((min(nn—j+1)> )5 s f)) O ((Pmininin—jvs)> )5 (Ansf)) = ((hmin(nmax(n—i+11—k+1))5 1)y Bamin(nmax(n—ista—t+1)) )
= (((h1,1), (B, ) — (1, 1), (ha, ) N (((B1,2), (Ry, f) = ((Mmax(min(nn—i+1)min(nn—k+1)> 1)
((hl’ 1), (hs.f)))- (Ponasx(min(nn—i+1)min(nn—k+0)) o))
= ((hmin(n—i+1)5 1)y Bmin(un—i1)>S)) U ((Amin(na—k+1), 1),
Corollary 5 For any ((h;, 1), (hi,f)), ((h, ), (h.f)) € Pmintrn—ic)sf))
Jillbs 1), (hef)) € T2 — (1), (hisf)) = (1, 2), () U (s ),
Lo (((hiy 1), (his f)) U ((hiey 1), (e f)) = ((ha, 1), (i f)) = ((hy, 1), (b, f))).
(hs f)) ((hiyt), (hi,f)) — (1, 1), (hs,f)))N
) EE}S )>(<hkf§;> (Egh t)> (hvf)>)>>u o (1, 1), (s, £)) = (((hir 1), (i f)) O (ks 2), (i )
(1), (hy, 1), (hi, v
(1)) = (1, 1), () = (1), i) = (U af)) = (Ut ) G 1)
(0 0 (G ) (), e
3. hiyt), (hi,f)) N hi,f))) — — ((h h,
(o, f))) = (i 1), (s f)) = (1, ), (o)) _ Eﬁh‘( e O )f 2,1 )
(((hiey 1), (M, f)) — ((ha,2), (hs,f))); min(min(m =) min{mn—s+E)
4. ((h, 1), (he, f)) — (((Bis ), (hisf)) O ((hyey 1), = ((Pmin(nn—s+iy:1)s (s ) OV (i n—s-+1)5 1),
(he,f))) = (((h1,1), (hs f)) = ((hi, 1), (hi,f)))N (hu.f)) = (((h1,2), (hs. ) = ((hi, 1), (hi. f))) 0 (B, 1),
(((h1,1), (h, ) = (7, 1), (B f)))- (he, ) = ((he, 1), (B, ).
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Corollary 6 For any ((hy,1), (hy,f)) € J1 and ((hy,1),

(7o f)); (R, 2), (B f)) € T,

L. (((hla )7( ]vf))u((hh ) (hl,f))) (( 7t),
(s f)) = (((h1, 1), (B, ) = (s 1), (B, f)))N
Eg(hl, 1), (hi.f)) — (((hm,l%(hm,f))),

h

2. ((hny 8)s (s f)) — (1, 2), (hy, ) U (A1, ), (B, f)))
= (((Tms 1), (B, f)) — (A1, 1), (B ) U (((Bs 1),
(s f)) — ((h1,1), (ha,f)));

3. (1), (i) 0 (R 1), (R f)) — ((Bas ),
(hmsf))) = (1, 1), (B, ) = ((Bany 1), (i, f)))U
(((h1, 1), (M1, f)) — (B 1), (R maf)));

4 ((hms 1), (hins ) — (((h1,2), (hyf)) N ((Ras 1),
(hhf)))) (i, 1), (hm;f)) = ((h1,1), (h,f)))N

((( ms )7( maf)) ((h1,f),(h1,f))).
Proof From the Eqs. (14), (15) and the Definition 5,

(s 1), (hjsf)) U (R 2), (o)) = (s 1), (o))

)y (Pnaxf ) = (B 1), ()

1), (hn.f))

1), (s f)

1), ()

1), (hsf)) O ((rain(on—r4m) 1) (o))
(h1,2); (hjsf ) = (s 2), (s ))) O (a1 7),

(h1.f)) = (s 1), (s )))-

(s ), (s f)) = (((h1,2), (Bjof ) U (B 2), (o))
i, ) ( tmf))_)((hh )7( ‘max(j,l) 7f))

hmm (n,n—m+1) 7t)7

hmm (n,n—max(j,I)+m)>

hmm (min(n,n—j+m),min(n,n—I4m))

hmzn rL n—j+m )

(71
((
((Poin(ormin(n—j-+mn—1-m))
((
((
((

=

( ‘min(n,n—m-+max(j,l) ))
Ponin(nn—m1) 1)y Pmax(min(nn—m-+j)min(nn—m-+1))f))
Myin(np—m+1)-1 a(hmm (n,n—m-+j) 7f))
(Pmin(nn—-m+1).f))
= (((hm, 1), (A f)) — ((h1,1), (h;.f)))

( mvf)) ((hh ),(hl,f)))

O (1), (s f))) = (i, 1), (s f))
= (s 1), (B, )

1), (hn.f))

hmm(n max(n—j+m,n—I+m))» )7( naf))

1), (hnsf))

U (1),

)
(
(Pomin(nn—min(G.1)+m)»
(
(

hmax(mm(n n—j+m),min(n,n—I+m))

= ((hmm(n n—j+m)s )7( naf)) (( min(n,n—I+m) s )7( n,f))
= (((h, 1), (. f)) = (s 1), (B f))) U (((R1,2), (he, )
= (s 1), (B, )

((hmin(n,n7m+1)7t)>

(s ), (s f)) = (B, 2), (B )

) ( m,f))_’((hlv ) ( min(/‘l)vf))

1 N ((h1,2), (hi.f)))
(P
(hmm nn —m+1) 7t)a hmm nn m+mm(/l af))
(
(

(
(
(
(

(
hmm (n,n—m+1) 7t)a (hmm (min(n,n—m-j),min(n,n—m+I)) af))
(

=

mm n,n— m+1 vt)a hmm n n— m+j :f)) ((hmin(n‘n—m+1)7t)a
(hmm (n,n—m+1) af))
= (A, 1), (s f)) —

— ((h1,1), (h1,f)))-

(1, 0), (hjsf))) U (i, 1), (o))

5 Conclusion

In this paper, based on linguistic truth-valued lattice
implication algebra and A-IFSs, we construct linguistic
truth-valued intuitionistic fuzzy lattice, especially, we
discuss V-irreducible elements and implication operator of
the linguistic truth-valued intuitionistic fuzzy lattice, in
which, both comparable and incomparable information as
well as positive and negative evidences can be represented
by linguistic truth values at the same time during the
information processing system. Further work is to develop
linguistic intuitionisitic fuzzy logic and its logic reasoning.
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