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Abstract We construct a kind of linguistic truth-valued

intuitionistic fuzzy lattice based on linguistic truth-valued

lattice implication algebras to deal with linguistic truth

values. We get some properties of implication operators on

the set of _-irreducible elements. And furthermore the

implication operators on the linguistic truth-valued intui-

tionistic fuzzy lattice are discussed. The proposed system

can better express both comparable and incomparable

information. Also it can deal with both positive and neg-

ative evidences which are represented by linguistic truth

values at the same time during the information processing

system.

Keywords Lattice implication algebra � Linguistic truth-

valued intuitionistic fuzzy lattice � _-Irreducible element �
Intuitionistic fuzzy implication operator

1 Introduction

We often do some decision making under uncertain envi-

ronments with vague and imprecise information. In many

decision makings under uncertain environments, linguistic

terms rather than probabilistic values are taken into account

the managing of uncertainty in decision processes, fuzzy

linguistic approaches provide a direct way to represent the

linguistic information by means of linguistic variables and

process linguistic information. The use of linguistic infor-

mation thus enhances the reliability and flexibility of

classical decision models.

In our real life, we often use knowledge gained from our

experience to understand our surroundings, to learn new

things, and to make plans for the future. On the one hand,

limited by our capability to perceive the world and how

profoundly we infer, we find ourselves everywhere con-

fronted with uncertainty about the adequacy of our infor-

mation and inferences. On the other hand, we almost

always use natural languages to describe and communicate

our gained knowledge recognition, decision and execution

processes [23]. In Zadeh’s linguistic variables [31], a lin-

guistic value is consisted of atomic linguistic value and

linguistic hedge, e.g., very true (true is the atomic linguistic

value and very is linguistic hedge). In computing with

words (CWW), semantic of very true is expressed by a

fuzzy set on [0,1]. Information processing corresponding

linguistic values is translated to their semantics, and fuzzy

sets theory becomes main tool for CWW. Due to some

drawbacks in linguistic approaches based on fuzzy sets,

there exist many alternative methods for processing lin-

guistic information [10, 11], e.g., Huynh proposed a new

model for parametric representation of linguistic truth-

values [9, 14]. Turksen studied the formalization and

inference of descriptive words, substantive words and
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declarative sentence based on type-2 fuzzy sets [20]. Ho

discussed the ordering structure of linguistic hedges, and

proposed hedge algebra to deal with CWW [8, 19, 12].

Espinilla et al. presented several computational approaches

to manage multigranular linguistic scales in decision

making problems [4, 13, 16, 26]. There are many numeric

aggregation operators and linguistic aggregation operators

to aggregating them [5, 6, 7, 21, 24, 22]. Xu et al. proposed

linguistic truth-valued lattice implication algebra to deal

with linguistic truth inference [15, 17, 18, 27]. Zou et al.

[32–35] proposed a framework of linguistic truth-valued

propositional logic and developed the reasoning method of

six-element linguistic truth-valued logic system.

In fuzzy set theory, a degree of membership is assigned

to each element, where the degree of non-membership is

just automatically equal to 1 minus the degree of mem-

bership. However, human being who expresses the degree

of membership of a fuzzy set very often does not express

the corresponding degree of non-membership as the com-

plement to 1. Intuitionistic fuzzy sets (A-IFSs) introduced

by Atanassov is a powerful tool to deal with uncertainty [2]

which emerge from the simultaneous consideration of

membership and non-membership of the elements of a set

to the set itself. A-IFSs concentrate on expressing advan-

tages and disadvantages, pros and cons [3, 30, 25] and so

on. Formally, intuitionistic fuzzy set that is meant to reflect

the fact that the degree of non-membership is not always

equal to 1 minus degree of membership, but there may be

some hesitation degree is defined as follows [1]:

A ¼ fðx; lAðxÞ; mAðxÞÞjx 2 Ug; ð1Þ

where U is a discourse, lA(x) and mA(x) are the membership

degree and nonmembership degree of the object x 2 U

belonging to A � U which satisfied with 0 B lA(x) ?

mA(x) B 1 for any x 2 U: In the intuitionisitic fuzzy set

A; pAðxÞ ¼ 1� lAðxÞ � mAðxÞð8x 2 UÞ is called the degree

of indeterminacy of x to A. In Zadeh’s fuzzy set, if lA(x) is

the membership degree of x to A, then 1 - lA(x) is non-

membership degree, i.e.,lA(x) ? 1 - lA(x) = 1. Hence,

the intuitionisitic fuzzy set is an extension of fuzzy set. For

any intuitionistic fuzzy set A ¼ fðx; lAðxÞ; mAðxÞÞjx 2 Ug
and B ¼ fðx; lBðxÞ; mBðxÞÞjx 2 Ug; the operations of union

([), joint(\) and complement (0) are defined as follows:

A [ B ¼fðx;maxðlAðxÞ; lBðxÞÞ;minðmAðxÞ; mBðxÞÞjx 2 Ug;
A \ B ¼fðx;minðlAðxÞ; lBðxÞÞ;maxðmAðxÞ; mBðxÞÞjx 2 Ug;

A0 ¼fðx; mAðxÞ; lAðxÞÞjx 2 Ug:

All the intuitionistic fuzzy sets of U are denoted as

IFS(U), and the intuitionistic fuzzy sets have the following

order relations: 8A;B 2 IFSðUÞ;A�B if and only if 8x 2
U; lAðxÞ� lBðxÞ and mA(x) C mB(x). Naturally, A = B if

and only if A B B and B B A.

Inspired by A-IFSs, we discuss the linguistic truth-valued

intuitionistic fuzzy lattice in linguistic truth-valued lattice

implication algebra, intuitively, we use linguistic truth-valued

intuitionistic fuzzy set instead of classical linguistic truth of

propositions to express degrees of ‘‘true’’ and ‘‘false’’ of

uncertain propositions in practice. This paper is organized as

follows: in Sect. 2, we construct linguistic truth-valued intui-

tionistic fuzzy latticeLI2n: In Sect. 3, we discuss_-irreducible

elements of LI 2n and their properties. In Sect. 4, we discuss

implication operators on LI2n: We conclude in Sect. 5.

2 Linguistic truth-valued intuitionistic fuzzy lattice

LI 2n

Definition 1 [26] Let (L, _, ^, O, I) be a bounded lattice

with an order-reversing involution ‘‘0’’, I and O the greatest

and the smallest element of L, respectively, and

!: L� L �! L

be a mapping. ðL;_;^;0 ;!;O; IÞ is called a lattice

implication algebra (LIA) if the following conditions hold

for any x; y; z 2 L :

(I1) x! ðy! zÞ ¼ y! ðx! zÞ;
(I2) x! x ¼ I;

(I3) x! y ¼ y0 ! x0;
(I4) x! y ¼ y! x ¼ I implies x = y;

(I5) ðx! yÞ ! y ¼ ðy! xÞ ! x;

(I6) ðx _ yÞ ! z ¼ ðx! zÞ ^ ðy! zÞ;
(I7) ðx ^ yÞ ! z ¼ ðx! zÞ _ ðy! zÞ:

Definition 2 [28, 29] Let Ln ¼ fd1; d2; . . .; dng;
d1\d2\ � � �\dn; L2 ¼ fb1; b2g; b1\b2; ðLn;_ðLnÞ;^ðLnÞ;

0

ðLnÞ;!ðLnÞ; d1; dnÞ and ðL2;_ðL2Þ;^ðL2Þ;
0ðL2Þ ;!ðL2Þ; b1; b2Þ

be two Lukasiewicz implication algebra. For any

ðdi; bjÞ; ðdk; bmÞ 2 Ln � L2; if

ðdi; bjÞ _ ðdk; bmÞ ¼ ðdi _ðLnÞ dk; bj _ðL2Þ bmÞ; ð2Þ

ðdi; bjÞ ^ ðdk; bmÞ ¼ ðdi ^ðLnÞ dk; bj ^ðL2Þ bmÞ; ð3Þ

ðdi; bjÞ
0
¼ ðd0ðLnÞ

i ; b
0ðL2Þ
j Þ; ð4Þ

ðdi; bjÞ ! ðdk; bmÞ ¼ ðdi !ðLnÞ dk; bj !ðL2Þ bmÞ; ð5Þ

then ðLn � L2;_;^;0 ;!; ðd1; b1Þ; ðdn; b2ÞÞ is a lattice

implication algebra, denote as Ln � L2 (Fig. 1).

Let ADn ¼ fh1; h2; . . .; hng be a set of n hedge operators

and h1\h2\ � � �\hn;MT ¼ ff ; tg be ‘‘false (f)’’ and

‘‘true (t)’’, denote f \ t and LV(n 9 2) = ADn 9 MT. Define

the mapping g : LVðn�2Þ �! Ln � L2 as follows:

gððhi;mtÞÞ ¼ ðd0i; b1Þ; mt ¼ f ;
ðdi; b2Þ; mt ¼ t:

�
ð6Þ
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Then g is bejuction, its inverse mapping is g-1. For any

x; y 2 LVðn�2Þ; define

x _ y ¼ g�1ðgðxÞ _ gðyÞÞ; ð7Þ

x ^ y ¼ g�1ðgðxÞ ^ gðyÞÞ; ð8Þ

x0 ¼ g�1ððgðxÞÞ0Þ; ð9Þ

x! y ¼ g�1ðgðxÞ ! gðyÞÞ: ð10Þ

Then LVðn�2Þ ¼ ðLVðn�2Þ;_;^;0 ;!; ðhn; f Þ; ðhn; tÞÞ is

called linguistic truth-valued lattice implication algebra

from ADn and MT (Fig. 2). g is an isomorphic mapping

from ðLVðn�2Þ;_;^;0 ;!; ðhn; f Þ; ðhn; tÞÞ to Ln � L2:

Definition 3 In linguistic truth-valued lattice implication

algebra LVðn�2Þ; for any ðhi; tÞ; ðhj; f Þ 2 LVðn�2Þ; ððhi; tÞ;
ðhj; f ÞÞ is called as linguistic truth-valued intuitionistic

fuzzy pair if (hi, t)0 C (hj, f).

Theorem 1 For any ðhi; tÞ; ðhj; f Þ 2 LVð9�2Þ; ððhi; tÞ;
ðhj; f ÞÞ is a linguistic truth-valued intuitionistic fuzzy pair if

and only if i B j.

Proof For any ðhi; tÞ 2 LVð9�2Þ; we have (hi, t)0 =

(hi, f). Hence (hi, t)0 C (hj, f) if and only if (hi, f) C (hj, f).

In LVð9�2Þ; ðhi; f Þ� ðhj; f Þ if and only if i B j.

From the theorem 1, for any ðhi; tÞ 2 LVðn�2Þ; the

number of (hj, f) which can compose linguistic truth-

valued intuitionisitic fuzzy pairs with (hi, t) is n - i ? 1.

Hence, the number of linguistic truth-valued intuitionisitic

fuzzy pairs in LVðn�2Þ are

Xn

i¼1

ðn� iþ 1Þ ¼ n� ðnþ 1Þ
2

:

Denote all the linguistic truth-valued intuitionisitic fuzzy

pairs based on LVðn�2Þ as:

LI2n ¼ fððhi; tÞ; ðhj; f ÞÞjðhi; tÞ; ðhj; f Þ 2 LVðn�2Þ; i� jg:
ð11Þ

For any ððhi; tÞ; ðhj; f ÞÞ; ððhk; tÞ; ðhl; f ÞÞ 2 LI18; define the

operation ‘‘[’’, ‘‘\’’ and ‘‘:’’ as follows:

ððhi; tÞ; ðhj; f ÞÞ [ ððhk; tÞ; ðhl; f ÞÞ
¼ ððhi; tÞ _ ðhk; tÞ; ðhj; f Þ ^ ðhl; f ÞÞ; ð12Þ

ððhi; tÞ; ðhj; f ÞÞ \ ððhk; tÞ; ðhl; f ÞÞ
¼ ððhi; tÞ ^ ðhk; tÞ; ðhj; f Þ _ ðhl; f ÞÞ: ð13Þ

Where ‘‘_’’ and ‘‘^’’ are operations of LVðn�2Þ:
Based on 2n linguistic truth-valued lattice implication

algebra LVðn�2Þ; we can construct linguistic truth-valued

intuitionistic fuzzy lattice. Formally, denote

LI 2n ¼ ðLI2n;[;\Þ

as a linguistic truth-valued intuitionistic fuzzy lattice where

((hn, t), (hn, f)) and ((h1, t), (h1, f)) are the greatest element

and the least element of LI2n; respectively.

Definition 4 In the linguistic truth-valued intuitionistic

fuzzy lattice LI 2n ¼ ðLI2n;[;\Þ (Fig. 3), for any ððhi; tÞ;
ðhj; f ÞÞ; ððhk; tÞ; ðhl; f ÞÞ 2 LI2n; ððhi; tÞ; ðhj; f ÞÞ� ððhk; tÞ;
ðhl; f ÞÞ if and only if i B k and j B l, also

ððhi; tÞ; ðhj; f ÞÞ [ ððhk; tÞ; ðhl; f ÞÞ
¼ ððhmaxði;kÞ; tÞ; ðhmaxðj;lÞ; f ÞÞ; ð14Þ

ððhi; tÞ; ðhj; f ÞÞ \ ððhk; tÞ; ðhl; f ÞÞ
¼ ððhminði;kÞ; tÞ; ðhminðj;lÞ; f ÞÞ: ð15Þ

3 _-Irreducible element set in LI 2n

Theorem 2 In linguistic truth-valued intuitionistic fuzzy

lattice LI 2n;

1. ððhi; tÞ; ðhi; f ÞÞði 2 f2; 3; . . .; ngÞ are _-irreducible ele-

ments of LI2n; denote as J1 ¼ fððhi; tÞ; ðhi; f ÞÞji ¼ 2;

3; . . .; ng;
2. ððh1; tÞ; ðhi; f ÞÞði 2 f2; 3; . . .; ngÞ are _-irreducible ele-

ments of LI 2n; denote as J2 ¼ fððh1; tÞ; ðhi; f ÞÞji ¼ 2;

3; . . .; ng:Fig. 2 Hasse Diagrams of LVðn�2Þ

Fig. 1 Hasse Diagrams of

Ln � L2
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Proof 1. For any ððhk; tÞ; ðhl; f ÞÞ; ððhm; tÞ; ðhs; f ÞÞ 2 LI2n;

assume ((hk, t), (hl, f))[((hm, t), (hs, f)) = ((hi, t), (hi, f)), i.e.,

ððhmaxðk;mÞ; tÞ; ðhmaxðl;sÞ; f ÞÞ ¼ ððhi; tÞ; ðhi; f ÞÞ:

Hence, max(k, m) = i and max(l, s) = i. We discuss the

following three cases:

Case 1: If k = i and s = i, then m B k and l B s. Since

k B l, hence i = k B l B s = i, i.e., l = i. We obtain

((hk, t), (hl, f)) = ((hi, t), (hi, f)).

Case 2: If m = i and l = i, then k B m and s B l. Since

m B s, hence i = m B s B l = i, i.e. s = i. We obtain

((hm, t), (hs, f)) = ((hi, t), (hi, f)).

Case 3: If k = i and l = i, or m = i and s = i, then

((hk, t), (hl, f)) = ((hi, t), (hi, f)) or ((hm, t), (hs, f)) =

((hi, t), (hi, f)).

From the above three cases, for any ððhk; tÞ; ðhl; f ÞÞ;
ððhm; tÞ; ðhs; f ÞÞ 2 LI2n; if ((hk, t), (hl, f))[((hm, t), (hs, f)) =

((hi, t), (hi, f)), then ((hk, t), (hl, f)) = ((hi, t), (hi, f)) or

((hm, t), (hs, f)) = ((hi, t), (hi, f)). Hence, ððhi; tÞ; ðhi; f ÞÞ
ði 2 f2; 3; . . .; ngÞ are _-irreducible elements of LI 2n:

2. For any ððhk; tÞ; ðhl; f ÞÞ; ððhm; tÞ; ðhs; f ÞÞ 2 LI2n;

Assume ((hk, t), (hl, f))[((hm, t), (hs, f)) = ((h1, t), (hi, f)), i.e.,

ððhmaxðk;mÞ; tÞ; ðhmaxðl;sÞ; f ÞÞ ¼ ððh1; tÞ; ðhi; f ÞÞ;

clearly, max(k, m) = 1 and max(l, s) = i and k = m = 1.

We discuss the two cases:

Case 1: If l = i, then ((hk, t), (hl, f)) = ((h1, t), (hi, f)).

Case 2: If s = i, then ((hm, t), (hs, f)) = ((h1, t), (hi, f)).

From the cases 1 and 2, for any ððhk; tÞ; ðhl; f ÞÞ; ððhm; tÞ;
ðhs; f ÞÞ 2 LI2n; if ((hk, t), (hl, f)) [ ((hm, t), (hs, f)) = ((h1,

t), (hi, f)), then ((hk, t), (hl, f)) = ((h1, t), (hi, f)) or ((hm, t),

(hs, f)) = ((h1, t), (hi, f)).

Hence, ððh1; tÞ; ðhi; f ÞÞði 2 f2; 3; . . .; ngÞ are _-irreduc-

ible elements of LI2n:

Corollary 1 Assume ððhi; tÞ; ðhj; f ÞÞ 2 LI2n be a _-irre-

ducible. Then we get i = j or i = 1, i.e., ððhi; tÞ;
ðhj; f ÞÞ 2 J1 [ J2:

Proof If i = 1, then ððhi; tÞ; ðhj; f ÞÞ ¼ ððh1; tÞ; ðhj; f ÞÞ 2
J2 � J1 [ J2 can be obtained obviously. Assume i = 1 and

i \ j, Since

ððh1; tÞ; ðhj; f ÞÞ [ ððhi; tÞ; ðhi; f ÞÞ
¼ ððhmaxð1;iÞ; tÞ; ðhmaxðj;iÞ; f ÞÞ ¼ ððhi; tÞ; ðhj; f ÞÞ;

and ((h1, t), (hj, f)) = ((hi, t), (hj, f)), ((hi, t), (hi, f)) =

((hi, t), (hj, f)), while ((hi, t), (hj, f)) is _-irreducible ele-

ment, we get contradiction. Hence i = 1 and i = j, i.e.,

ððhi; tÞ; ðhj; f ÞÞ 2 J1 [ J2:

The Corollary 1 means that J1[ J2 are all the _-irre-

ducible elements of LI 2n: According to the Theorem 2 and

the representation theorem of attributive lattice, we get the

following corollary.

Fig. 3 Structure Diagrams of

LI2n
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Corollary 2 For any ððhk; tÞ; ðhl; f ÞÞ 2 LI2n � fððh1; tÞ;
ðh1; f ÞÞg; ððhk; tÞ; ðhl; f ÞÞ can be represented by the union of

two elements in J1[ J2, i.e.,

ððhk; tÞ; ðhl; f ÞÞ ¼ ððhk; tÞ; ðhk; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞ:

According to the Corollary 2, we consider the following

implication operators of J1 [ J2 [ {((h1, t), (h1, f))} in

which J 1 ¼ J1 [ fððh1; tÞ; ðh1; f ÞÞg and J 2 ¼ J2 [
fððh1; tÞ; ðh1; f ÞÞg:

4 Implication operator on LI2n

Definition 5 For any ððhi; tÞ; ðhj; f ÞÞ; ððhk; tÞ; ðhl; f ÞÞ 2
J1 [ J2[ fððh1; tÞ; ðh1; f ÞÞg;

1. If ððhi; tÞ; ðhi; f ÞÞ; ððhk; tÞ; ðhk; f ÞÞ 2 J 1; then

ððhi; tÞ; ðhi; f ÞÞ ! ððhk; tÞ; ðhk; f ÞÞ
¼ ððhminðn;n�iþkÞ; tÞ; ðhminðn;n�iþkÞ; f ÞÞ:

2. If ððh1; tÞ; ðhj; f ÞÞ; ððh1; tÞ; ðhl; f ÞÞ 2 J 2; then

ððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞ
¼ ððhminðn;n�jþlÞ; tÞ; ðhn; f ÞÞ:

3. If ððhi; tÞ; ðhi; f ÞÞ 2 J 1 and ððh1; tÞ; ðhl; f ÞÞ 2 J 2; then

ððhi; tÞ; ðhi; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞ
¼ ððhminðn;n�iþ1Þ; tÞ; ðhminðn;n�iþlÞ; f ÞÞ; ððh1; tÞ; ðhl; f ÞÞ
! ððhi; tÞ; ðhi; f ÞÞ
¼ ððhminðn;n�lþiÞ; tÞ; ðhn; f ÞÞ:

According to the definitions of the operator ‘‘[’’, ‘‘\’’

and ‘‘!’’, we can prove the following properties.

Proposition 1 For any ððhi; tÞ; ðhi; f ÞÞ; ððhk; tÞ; ðhk; f ÞÞ
2 J 1;

1. ððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ; ðhk; f ÞÞ 2 J 1;

2. ððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ; ðhk; f ÞÞ 2 J 1;

3. ððhi; tÞ; ðhi; f ÞÞ ! ððhk; tÞ; ðhk; f ÞÞ 2 J 1:

That is, the operators ‘‘[’’, ‘‘\’’ and ‘‘!’’ are closed

on J 1:

Proposition 2 For any ððh1; tÞ; ðhj; f ÞÞ; ððh1; tÞ; ðhl; f ÞÞ
2 J 2;

1. ððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞ 2 J 2;

2. ððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞ 2 J 2;

3. ððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞ 2 J 02 ¼ J02 [ fððh1;

tÞ; ðh1; f ÞÞg: That is, the operators ‘‘[’’ and ‘‘\’’ are

closed on J 2: But the operator ‘‘!’’ is not closed on

J 2:

Corollary 3 For any ððhi; tÞ; ðhi; f ÞÞ; ððhk; tÞ; ðhk; f ÞÞ;
ððhm; tÞ; ðhm; f ÞÞ 2 J 1

1. ðððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ; ðhk; f ÞÞÞ ! ððhm; tÞ; ðhm; f ÞÞ
¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ \ ðððhk; tÞ;
ðhk; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ;

2. ððhi; tÞ; ðhi; f ÞÞ ! ðððhk; tÞ; ðhk; f ÞÞ [ ððhm; tÞ; ðhm; f ÞÞÞ
¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ[
ðððhk; tÞ; ðhk; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ;

3. ðððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ; ðhk; f ÞÞÞ ! ððhm; tÞ;
ðhm; f ÞÞÞ ¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ[
ðððhk; tÞ; ðhk; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ;

4. ððhi; tÞ; ðhi; f ÞÞ ! ðððhk; tÞ; ðhk; f ÞÞ \ ððhm; tÞ;
ðhm; f ÞÞÞÞ ¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ\
ðððhk; tÞ; ðhk; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ:

Corollary 4 For any ððh1; tÞ; ðhj; f ÞÞ; ððh1; tÞ; ðhl; f ÞÞ;
ððh1; tÞ; ðhs; f ÞÞ 2 J 2

1. ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ ! ððh1; tÞ;
ðhs; f ÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ\
ðððh1; tÞ; ðhl; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ;

2. ððh1; tÞ; ðhj; f ÞÞ ! ðððh1; tÞ; ðhl; f ÞÞ [ ððh1; tÞ;
ðhs; f ÞÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ[
ðððh1; tÞ; ðhl; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ;

3. ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞÞ ! ððh1; tÞ;
ðhs; f ÞÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ[
ðððh1; tÞ; ðhl; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ;

4. ððh1; tÞ; ðhj; f ÞÞ ! ðððh1; tÞ; ðhl; f ÞÞ \ ððh1; tÞ;
ðhs; f ÞÞÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ\
ðððh1; tÞ; ðhl; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ:

Proof From the Eqs. (14), (15) and the Definition 5,

ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððh1; tÞ; ðhmaxðj;lÞ; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhminðn;n�maxðj;lÞþsÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;minðn�jþs;n�lþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðminðn;n�jþsÞ;minðn;n�lþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�jþsÞ; tÞ; ðhn; f ÞÞ \ ððhminðn;n�lþsÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ \ ðððh1; tÞ;
ðhl; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ:
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ððh1; tÞ; ðhj; f ÞÞ! ðððh1; tÞ; ðhl; f ÞÞ [ ððh1; tÞ; ðhs; f ÞÞÞ
¼ ððh1; tÞ; ðhj; f ÞÞ! ððh1; tÞ; ðhmaxðl;sÞ; f ÞÞ
¼ ððhminðn;n�jþmaxðl;sÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;maxðn�jþl;n�jþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhmaxðminðn;n�jþlÞ;minðn;n�jþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�jþlÞ; tÞ; ðhn; f ÞÞ [ ððhminðn;n�jþsÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ! ððh1; tÞ; ðhl; f ÞÞÞ [ ðððh1; tÞ; ðhj; f ÞÞ
! ððh1; tÞ; ðhs; f ÞÞÞ:

ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððh1; tÞ; ðhminðj;lÞ; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhminðn;n�minðj;lÞþsÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;maxðn�jþs;n�lþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhmaxðminðn;n�jþsÞ;minðn;n�lþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�jþsÞ; tÞ; ðhn; f ÞÞ [ ððhminðn;n�lþsÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ [ ðððh1; tÞ; ðhl; f ÞÞ
! ððh1; tÞ; ðhs; f ÞÞÞ:

ððh1; tÞ; ðhj; f ÞÞ ! ðððh1; tÞ; ðhl; f ÞÞ \ ððh1; tÞ; ðhs; f ÞÞÞ
¼ ððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhminðl;sÞ; f ÞÞ
¼ ððhminðn;n�jþminðl;sÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;minðn�jþl;n�jþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðminðn;n�jþlÞ;minðn;n�jþsÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�jþlÞ; tÞ; ðhn; f ÞÞ \ ððhminðn;n�jþsÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞÞ \ ðððh1; tÞ; ðhj; f ÞÞ
! ððh1; tÞ; ðhs; f ÞÞÞ:

Corollary 5 For any ððhi; tÞ; ðhi; f ÞÞ; ððhk; tÞ; ðhk; f ÞÞ 2
J 1ððh1; tÞ; ðhs; f ÞÞ 2 J 2;

1. ðððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ; ðhk; f ÞÞÞ ! ððh1; tÞ;
ðhs; f ÞÞ ¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ\
ðððhk; tÞ; ðhk; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ;

2. ððh1; tÞ; ðhs; f ÞÞ ! ðððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ;
ðhk; f ÞÞÞ ¼ ðððh1; tÞ; ðhs; f ÞÞ ! ððhi; tÞ; ðhi; f ÞÞÞ[
ðððh1; tÞ; ðhs; f ÞÞ ! ððhk; tÞ; ðhk; f ÞÞÞ;

3. ðððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ; ðhk; f ÞÞÞ ! ððh1; tÞ;
ðhs; f ÞÞÞ ¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ[
ðððhk; tÞ; ðhk; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ;

4. ððh1; tÞ; ðhs; f ÞÞ ! ðððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ;
ðhk; f ÞÞÞ ¼ ðððh1; tÞ; ðhs; f ÞÞ ! ððhi; tÞ; ðhi; f ÞÞÞ\
ðððh1; tÞ; ðhs; f ÞÞ ! ððhk; tÞ; ðhk; f ÞÞÞ:

Proof From the Eqs. (14), (15) and the Definition 5,

ðððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ; ðhk; f ÞÞÞ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhmaxði;kÞ; tÞ; ðhmaxði;kÞ; f ÞÞ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhminðn;n�maxði;kÞþ1Þ; tÞ; ðhminðn;n�maxði;kÞþlÞ; f ÞÞ
¼ ððhminðn;minðn�iþ1;n�kþ1ÞÞ; tÞ; ðhminðn;minðn�iþl;n�kþlÞÞ; f ÞÞ
¼ ððhminðminðn;n�iþ1Þ;minðn;n�kþ1ÞÞ; tÞ;
ðhminðminðn;n�iþlÞ;minðn;n�kþlÞÞ; f ÞÞ
¼ ððhminðn;n�iþ1Þ; tÞ; ðhminðn;n�iþlÞ; f ÞÞ\
ððhminðn;n�kþ1Þ; tÞ; ðhminðn;n�kþlÞ; f ÞÞ
¼ ðððhi; tÞ; ðhi; f ÞÞ! ððh1; tÞ; ðhs; f ÞÞÞ \ ðððhk; tÞ; ðhk; f ÞÞ
! ððh1; tÞ; ðhs; f ÞÞÞ:

ððh1; tÞ; ðhs; f ÞÞ ! ðððhi; tÞ; ðhi; f ÞÞ [ ððhk; tÞ; ðhk; f ÞÞÞ
¼ ððh1; tÞ; ðhs; f ÞÞ ! ððhmaxði;kÞ; tÞ; ðhmaxði;kÞ; f ÞÞ
¼ ððhminðn;n�sþmaxði;kÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;maxðn�sþi;n�sþkÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhmaxðminðn;n�sþiÞ;minðn;n�sþkÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�sþiÞ; tÞ; ðhn; f ÞÞ [ ððhminðn;n�sþkÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhs; f ÞÞ ! ððhi; tÞ; ðhi; f ÞÞÞ [ ðððh1; tÞ; ðhs; f ÞÞ
! ððhk; tÞ; ðhk; f ÞÞÞ:

ðððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ; ðhk; f ÞÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhminði;kÞ; tÞ; ðhminði;kÞ; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞ
¼ ððhminðn;n�minði;kÞþ1Þ; tÞ; ðhminðn;n�minði;kÞþlÞ; f ÞÞ
¼ ððhminðn;maxðn�iþ1;n�kþ1ÞÞ; tÞ; ðhminðn;maxðn�iþl;n�kþlÞÞ; f ÞÞ
¼ ððhmaxðminðn;n�iþ1Þ;minðn;n�kþ1ÞÞ; tÞ;
ðhmaxðminðn;n�iþlÞ;minðn;n�kþlÞÞ; f ÞÞ
¼ ððhminðn;n�iþ1Þ; tÞ; ðhminðn;n�iþlÞ; f ÞÞ [ ððhminðn;n�kþ1Þ; tÞ;
ðhminðn;n�kþlÞ; f ÞÞ
¼ ðððhi; tÞ; ðhi; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ [ ðððhk; tÞ;
ðhk; f ÞÞ ! ððh1; tÞ; ðhs; f ÞÞÞ:

ððh1; tÞ; ðhs; f ÞÞ ! ðððhi; tÞ; ðhi; f ÞÞ \ ððhk; tÞ; ðhk; f ÞÞÞ
¼ ððh1; tÞ; ðhs; f ÞÞ ! ððhminði;kÞ; tÞ; ðhminði;kÞ; f ÞÞ
¼ ððhminðn;n�sþminði;kÞÞ; tÞ; ðhn; f ÞÞ

¼ ððhminðn;minðn�sþi;n�sþkÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðminðn;n�sþiÞ;minðn;n�sþkÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�sþiÞ; tÞ; ðhn; f ÞÞ \ ððhminðn;n�sþkÞ; tÞ;

ðhn; f ÞÞ ¼ ðððh1; tÞ; ðhs; f ÞÞ ! ððhi; tÞ; ðhi; f ÞÞÞ \ ðððh1; tÞ;
ðhs; f ÞÞ ! ððhk; tÞ; ðhk; f ÞÞÞ:
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Corollary 6 For any ððhm; tÞ; ðhm; f ÞÞ 2 J 1 and ððh1; tÞ;
ðhj; f ÞÞ; ððh1; tÞ; ðhl; f ÞÞ 2 J 2;

1. ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ ! ððhm; tÞ;
ðhm; f ÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ\
ðððh1; tÞ; ðhl; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ;

2. ððhm; tÞ; ðhm; f ÞÞ ! ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ
¼ ðððhm; tÞ; ðhm; f ÞÞ ! ððh1; tÞ; ðhj; f ÞÞÞ [ ðððhm; tÞ;
ðhm; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞÞ;

3. ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞÞ ! ððhm; tÞ;
ðhm; f ÞÞÞ ¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ[
ðððh1; tÞ; ðhl; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ;

4. ððhm; tÞ; ðhm; f ÞÞ ! ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ;
ðhl; f ÞÞÞÞ ¼ ðððhm; tÞ; ðhm; f ÞÞ ! ððh1; tÞ; ðhj; f ÞÞÞ\
ðððhm; tÞ; ðhm; f ÞÞ ! ððh1; tÞ; ðhl; f ÞÞÞ:

Proof From the Eqs. (14), (15) and the Definition 5,

ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ! ððhm; tÞ; ðhm; f ÞÞ
¼ ððh1; tÞ; ðhmaxðj;lÞ; f ÞÞ! ððhm; tÞ; ðhm; f ÞÞ
¼ ððhminðn;n�maxðj;lÞþmÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;minðn�jþm;n�lþmÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðminðn;n�jþmÞ;minðn;n�lþmÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;n�jþmÞ; tÞ; ðhn; f ÞÞ \ ððhminðn;n�lþmÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ! ððhm; tÞ; ðhm; f ÞÞÞ \ ðððh1; tÞ;
ðhl; f ÞÞ! ððhm; tÞ; ðhm; f ÞÞÞ:

ððhm; tÞ; ðhm; f ÞÞ! ðððh1; tÞ; ðhj; f ÞÞ [ ððh1; tÞ; ðhl; f ÞÞÞ
¼ ððhm; tÞ; ðhm; f ÞÞ! ððh1; tÞ; ðhmaxðj;lÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhminðn;n�mþmaxðj;lÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhmaxðminðn;n�mþjÞ;minðn;n�mþlÞÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhminðn;n�mþjÞ; f ÞÞ [ ððhminðn;n�mþ1Þ; tÞ;
ðhminðn;n�mþlÞ; f ÞÞ
¼ ðððhm; tÞ; ðhm; f ÞÞ! ððh1; tÞ; ðhj; f ÞÞÞ [ ðððhm; tÞ;
ðhm; f ÞÞ! ððh1; tÞ; ðhl; f ÞÞÞ:

ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞÞ ! ððhm; tÞ; ðhm; f ÞÞ
¼ ððh1; tÞ; ðhminðj;lÞ; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞ
¼ ððhminðn;n�minðj;lÞþmÞ; tÞ; ðhn; f ÞÞ
¼ ððhminðn;maxðn�jþm;n�lþmÞÞ; tÞ; ðhn; f ÞÞ
¼ ððhmaxðminðn;n�jþmÞ;minðn;n�lþmÞÞ; tÞ; ðhn; f ÞÞ

¼ ððhminðn;n�jþmÞ; tÞ; ðhn; f ÞÞ [ ððhminðn;n�lþmÞ; tÞ; ðhn; f ÞÞ
¼ ðððh1; tÞ; ðhj; f ÞÞ ! ððhm; tÞ; ðhm; f ÞÞÞ [ ðððh1; tÞ; ðhl; f ÞÞ

! ððhm; tÞ; ðhm; f ÞÞÞ:

ððhm; tÞ; ðhm; f ÞÞ! ðððh1; tÞ; ðhj; f ÞÞ \ ððh1; tÞ; ðhl; f ÞÞÞ
¼ ððhm; tÞ; ðhm; f ÞÞ! ððh1; tÞ; ðhminðj;lÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhminðn;n�mþminðj;lÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhminðminðn;n�mþjÞ;minðn;n�mþlÞÞ; f ÞÞ
¼ ððhminðn;n�mþ1Þ; tÞ; ðhminðn;n�mþjÞ; f ÞÞ \ ððhminðn;n�mþ1Þ; tÞ;
ðhminðn;n�mþlÞ; f ÞÞ
¼ ðððhm; tÞ; ðhm; f ÞÞ! ððh1; tÞ; ðhj; f ÞÞÞ [ ðððhm; tÞ; ðhm; f ÞÞ
! ððh1; tÞ; ðhl; f ÞÞÞ:

5 Conclusion

In this paper, based on linguistic truth-valued lattice

implication algebra and A-IFSs, we construct linguistic

truth-valued intuitionistic fuzzy lattice, especially, we

discuss _-irreducible elements and implication operator of

the linguistic truth-valued intuitionistic fuzzy lattice, in

which, both comparable and incomparable information as

well as positive and negative evidences can be represented

by linguistic truth values at the same time during the

information processing system. Further work is to develop

linguistic intuitionisitic fuzzy logic and its logic reasoning.
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