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Abstract
Soil water retention curves (SWRC) are commonly used to predict unsaturated infiltration coefficients, but the conditions 
studied in traditional SWRC models are mostly isochoric conditions. It is assumed that there is a coupling function linking 
changes in water ratio with changes in void ratio, and that the coupling function depends on soil saturation under constant 
suction conditions. Based on the above assumptions the void ratio is introduced into the SWRC model and a SWRC for 
deformed soils is established. The two parameters added to the new model can be determined by constant suction compres-
sion tests. The final model for predicting the unsaturated permeability coefficient of deformed soils was obtained based 
on the SWRC discretization. The unsaturated permeability coefficient prediction model has only one additional parameter 
compared to the SWRC model and the parameter is a constant for the same soil and can be obtained from simple saturated 
permeability tests. Finally, the reliability of the model for application in the compacted loess of Yan’an was verified by means 
of a self-designed device for water infiltration.

Keywords Loess · Suction · Soil water retention curve · Unsaturated permeability coefficient

Introduction

The permeability coefficient and seepage law of soil are 
important topics in soil mechanics and geotechnical engi-
neering. Since the unsaturated permeability coefficient is 
closely related to the SWRC, establishing the relationship 
between the unsaturated permeability coefficient and the 
SWRC can serve the purpose of predicting the unsaturated 
permeability coefficient from the SWRC. Therefore, study-
ing the permeability coefficient and SWRC has both theo-
retical and practical significance.

SWRCs are the key to describing the seepage, mechan-
ics and their coupling processes in unsaturated soils (Hu 
et al. 2013). The work done so far on the SWRC is very 
large (Leong 2019). The traditional SWRC models assume 
a simple relationship between the degree of saturation and 
suction, mostly without considering the effect of deforma-
tion (Beckett and Augarde 2013; Fredlund and Xing 1994; 
van Genuchten 1980). However, as the study progressed, 
water retention was also influenced by the pore structure 
(Frydman and Baker 2009; Gens et al. 2011; Iyer et al. 2018, 
2019; Otalvaro et al. 2016; Romero and Jommi 2008). For 
small deformation it is acceptable to ignore the deforma-
tion of the specimen. However, for some special soil (loess) 
in the water content changes will produce larger deforma-
tion (collapse), in this case the soil deformation cannot be 
ignored. For this reason, some scholars have experimentally 
studied the evolution of SWRC due to structural changes in 
soils under different conditions, such as drying and wetting 
cycles and shrinkage (Wen et al. 2020, 2021b; Zhao et al. 
2020). However, the SWRC measurements are time consum-
ing. This is because it takes a long time for the pore water to 
reach stability in the soil under each matric suction. For this 
reason, the researchers introduced the void ratio based on the 
original model and described the influence of the combined 
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effect of the void ratio and the matric suction on the degree 
of saturation (Gallipoli et al. 2003; Mašín 2010; Nuth and 
Laloui 2008; Pasha Amin et al. 2016; Da et al. 2007; Zhou 
et al. 2012). The above-mentioned SWRCs considering 
deformation can be broadly classified into two categories. 
The first category considers that the effect of deformation 
on the SWRC is reflected by the air-entry value (Nuth and 
Laloui 2008). The effect of deformation on the SWRC was 
reflected by establishing the relationship between the void 
ratio and the air entry value (Huang et al. 1998), and the 
results of the study showed that the air entry value is a power 
function of the void ratio (Gallipoli 2012, 2003). The second 
type is the SWRC model established with the aid of theo-
retical analysis on the basis of experiments. Based on the 
experimental results, a relationship between water content 
and suction was established to introduce the void ratio into 
the SWRC model (Mašín 2010; Da et al. 2007). Theoretical 
analysis of the saturation variation process under the condi-
tion of three-phase proportional constraint predicted by the 
dual influence of void ratio and suction (Zhou et al. 2012).

The main ways to obtain the unsaturated permeability 
coefficient are direct measurement and estimation using 
models. The direct measurement of permeability coeffi-
cient requires special testing equipment and the technical 
requirements are high (Wen et al. 2019, 2022). Therefore, 
various models have been proposed to estimate the perme-
ability coefficient, using the relatively easy to measure water 
holding capacity (Fredlund and Xing 1994; Gardner 1958; 
Gui and Hsu 2009; Hunt et al. 2013; Lebeau and Konrad 
2010; van Genuchten 1980; Wen et al. 2021a). For predic-
tion of permeability coefficients of deformed soils, empirical 
prediction methods are mostly used (Reicosky et al. 1981), 
i.e., an empirical formula is obtained by a large number of 
statistics. However, the structure between different soils has 
obvious differences, and the applicability of the empirical 
formula has great limitations. SWRC can be used to pre-
dict the unsaturated permeability coefficient of soils. Fred-
lund and Xing (1994) proposed a permeability coefficient 
function built on the SWRC. Agus et al. (2005) proposed 
a method for estimation of permeability functions (i.e., 
saturated and unsaturated permeability coefficients) using 
SWRCs and saturated permeability coefficients obtained 
in the laboratory for some residual soils in Singapore. Tao 
et al. (2019) proposed a prediction method for unsaturated 
permeability coefficients based on the concept of differential 
SWRCs by combining the theory of fluid dynamics. The 
above research results fully demonstrate the feasibility of 
predicting unsaturated permeability coefficients by SWRCs, 
but the above research results are conducted under constant 
volume conditions. Therefore, the above methods do not 
consider the effect of deformation on the unsaturated per-
meability coefficient.

Theoretical studies based on both the SWRC model under 
deformation conditions and the prediction of unsaturated 
permeability coefficient by SWRCs can be obtained for the 
prediction model of unsaturated permeability coefficient 
under deformation conditions. Based on the above concept 
this study extends the traditional isovolume SWRC model 
to deformation conditions by introducing the void ratio, and 
then establishes the unsaturated permeability coefficient pre-
diction model under deformation conditions with the help of 
the SWRC model under deformation conditions. The reli-
ability of the model was finally verified by the data obtained 
from the home-made instrument.

Materials and methods

Test device

A homemade one-dimensional instantaneous infiltration 
device was used to measure the unsaturated permeability 
and SWRCs in this study, as shown in Fig. 1. The infiltra-
tion device mainly consists of a test bench, plexiglass bar-
rel, vertical loading device, moisture sensor, water potential 
sensor, and data acquisition system. In addition to fixing 
the Plexiglas barrel and the vertical loading device, the test 
bench can also adjust the distance between the Plexiglas bar-
rel and the vertical loading device. The plexiglass barrel was 
63 cm high; the inner diameter was 30 cm; and the barrel 
wall thickness was 1 cm. Its lateral deformation is less than 
0.02% after the vertical load is applied, which is negligible. 
Plexiglas barrels on both sides of the vertical spacing of 10 
cm evenly distributed small holes of 0.8 cm in diameter. 
The EC-5 moisture and MPS-6 water potential sensors are 
installed in the small holes on each side. MPS-6 water poten-
tial sensor developed by the United States METER com-
pany, the measurement range of 9–100000 kPa; resolution 
of 0.1 kPa; measurement accuracy of 2 kPa; measurement 
time of 150 ms. The EC-5 moisture sensor has a range of 
0–100%; resolution of 0.1%; measurement accuracy of 3%; 
and measurement time of 10 ms. The vertical loading device 
is mainly used for compacting the soil inside the Plexiglas 
barrel. The Plexiglas barrel is tightly fixed to the steel base 
by 4 threaded tie rods during the test. The base of the soil 
column is evenly distributed with 5 mm diameter permeable 
holes, under which is a water collection tank to drain water 
through a drainage pipe.

Materials

The loess used in this study was sampled in Yan’an New Dis-
trict, and the soil at the sampling site was Q3 loess. To mini-
mize sampling disturbance, all the samples were retrieved 
by hand, sealed with a plastic film inside a cylindrical iron 
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bucket, and transported to the laboratory. The physical prop-
erties of the retrieved material were determined following 
ASTM test methods. The particle size distribution was tested 
by a Bettersize 2000 laser particle size distribution meter, 
which showed that the loess sample consisted mainly of 
powder particles (about 78.99%), with approximately the 
same sand and clay content of 10.39% and 10.62%, respec-
tively (Fig. 2). Physical parameters, Atterberg limits, and 
the particle size distribution of the loess samples are listed 
in Table 1.

SWRCs and unsaturated permeability tests

Previous studies have shown that SWRC is largely con-
trolled by soil microstructure (Li et al. 2018; Mu et al. 
2020; Muñoz-Castelblanco et al. 2012; Ng et al. 2016). 
The prepared sample water content influences the pore size 

distribution curve of loess (Monroy et al. 2010; Oualmakran 
et al. 2016). From Table 1, the natural water content of loess 
is 10.19%. To make the microstructure of the specimens 
close to the natural loess to the maximum extent, the water 
content was set to 10%. The specimen preparation process is 
as follows. The soil samples were air-dried by knocking with 
a rubber hammer, passed through a 2 mm sieve and config-
ured with a loose soil of 10% water content. Loose soil was 
loaded into the incubator to allow sufficient water uniformity 
for sample preparation. Based on the water content of the 
soil, the cross-sectional area of the Plexiglas bucket and the 
target dry density, the mass of soil required for a 5-cm high 
soil column was calculated. The soil of the corresponding 
quality is evenly spread in the glass bucket, and then the 
loose soil is compacted to a height of 5 cm with the pressure 
device that comes with the infiltration device. During the 
compaction process, the virtual soil is uniformly stressed. 
Repeat the above steps to compact the soil in layers and 
shave the interface between the soil layers. The final soil col-
umns with a height of 50 cm and dry densities of 1.45, 1.55 

Fig. 1  Self-made unsaturated permeating instrument. a Schematic; b Physical image

Fig. 2  Particle size distribution of the tested loess

Table 1  Major physical properties of the loess used in this study

Property Value

Maximum dry density ρd (g/cm3) 1.69
Natural water content w (%) 10.19
Specific gravity Gs 2.72
Liquid limit wL (%) 28.9
Plastic limit wP (%) 16.1
Particle size distribution
Sand 0.075–2 mm (%) 10.39
Silt 0.002–0.075 mm (%) 78.99
Clay < 0.002 mm (%) 10.62
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and 1.65 g/cm3 were made. MPS-6 water potential sensors 
and EC-5 moisture sensors were placed in the hole running 
up both sides of the barrel. One set of sensors was set every 
10 cm, and a total of four sets were placed. A 10 cm thick 
glass bead was placed on the upper part of the soil column 
to prevent compaction of the soil surface or water seepage 
along the sidewall during the simulated rainfall process. A 
water spray can be used to simulate rainfall, and the total 
spraying time was 30 min, with a total rainfall of 4400 ml. 
Immediately after the rainfall, the top of the soil column was 
sealed with plastic wrap to prevent water from evaporat-
ing. Because the plexiglass barrel is transparent, the entire 
moisture infiltration process can be clearly observed, and 
the sensors record water potential and moisture data in real 
time. SWRC can be plotted based on the moisture and water 
potential recorded by the sensor. In addition, the unsaturated 
permeability coefficient of the specimen at different satura-
tions (matric suction) can be calculated by the instantaneous 
profile method based on the variation of moisture and water 
potential with time at different locations of the soil column.

Saturated permeability test

A metal mold is employed for statically compacted soil. The 
dry density of the specimens was 1.45, 1.55, and 1.65 g/
cm3, respectively. The dry density of the specimens used for 
saturated permeability and the soil columns used for unsatu-
rated permeability tests were kept consistent. Therefore, the 
results of the saturation permeability test can be used to 
determine the saturation permeability of the soil column. 
The variable head method measured the saturation perme-
ability at 20 ± 2 °C. Nanjing Soil Instrument Factory pro-
duced the instrument used in this study (Fig. 3). The specific 
operation steps were reported in Yuan et al. (2022). The 
variable head permeability was determined using the fol-
lowing formula:

where kS is the permeability (cm/s), A is the cross-sectional 
area of the sample  (cm2), a is the cross-sectional area of the 
tube  (cm2), L is the height of the sample (cm), and t1 and t2 
are the start and end times of the test (s), respectively.

Model building

SWRC model considering deformation

The pore ratio e (i.e., pore volume per unit solid volume) 
under constant suction may cause a change in the response of 
the water ratio ew (i.e., water volume per unit solid volume), 

(1)Ks = 2.3
aL

A(t2 − t1)
log

H1

H2

,

the magnitude of which depends on the amount of deforma-
tion of the pores filled or potentially filled with water. It can 
be assumed that the change in pore ratio de is proportional 
to the change in water ratio dew and that the proportionality 
is controlled by the scaling factor fc (Sr). fc (Sr) is a function 
of the degree of saturation Sr. The relationship between the 
change in void ratio de and the change in water ratio dew can 
be expressed as

The relationship between the void ratio and the water ratio 
is

Therefore, Eq. (2) also has to satisfy two limit states, the 
soil being completely dry (Sr = 0) and saturated (Sr = 1). When 
Sr = 0, no water is present in the soil and a change in the void 
ratio does not cause any change in the water ratio; therefore, fc 
(0) = 0. When Sr = 1, the pores are completely filled with water 
and a change in the void ratio causes the same change in the 
water ratio, hence fc (1) = 1. When the soil is partially satu-
rated (0 < Sr < 1), the change in void ratio de causes a propor-
tional change in the water ratio dew. The scaling factor fc (Sr) 
is referred to here as the "coupling function" and the coupling 
function does not depend on the matric suction.

From Eq. (3), it follows that

Substituting Eq. (4) into Eq. (2), we can get:

(2)dew = fc(sr)de

(3)ew = Sre

(4)dew = Srde + edSr

Fig. 3  Saturated permeation test device
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where gc(Sr) = fc(Sr) − Sr . The physical meaning of Eq. (5) 
is that at the same degree of saturation, the change in satura-
tion is related to the rate of change in the void ratio, but not 
to the void ratio.

According to the principle of suction equilibrium, as the 
suction decreases the water always tends to fill the smaller 
pore sizes first. Conversely, as the suction increases, the 
water tends to drain out of the larger pores first. Therefore, 
for a given suction level, there is a critical pore diameter 
and the pores in the soil with a pore diameter less than or 
equal to the critical pore diameter are saturated, while the 
pores larger than the critical pore diameter are filled with air. 
The difference between empty pores and saturated pores is 
mainly in the pore diameter. However, soil deformation is a 
direct influence on pore diameter. The structural strength of 
soils during deformation is mainly derived from the strength 
and number of particles contact points per unit volume (Li 
et al. 2019). With the increase of pore diameter, the contact 
point of particles in unit volume decreases, so soil compres-
sion tends to start from larger diameter pores (Wang et al. 
2021a). Therefore, the change in pore diameter depends 
mainly on the pressure level. When the pressure is low, if the 
pore diameter generated by macropore compression is still 
larger than the critical pore diameter, the empty pore will 
not be transformed into saturated pore (Wang et al. 2021a). 
When the pressure is high, the empty pore and saturated 
pore are compressed simultaneously. When the pressure is 
moderate, if the pore diameter generated by the compression 
of macropores is smaller than the critical pore diameter, the 
transformation of empty pore to saturated pore (Xu et al. 
2021a, b). Here, we present two assumptions to illustrate the 
possible mathematical form of the coupling function based 
on the possible deformation patterns of the pores. The first 
assumption is that the change in pore volume caused by 
compression or expansion of the soil under constant suction 
does not change the saturated state of the pores, i.e., the 
saturated pores remain saturated before and after deforma-
tion and the air-filled pores remain in a dry state. The second 
assumption is that the pore saturation state changes when the 
soil is deformed under constant suction, i.e., pores initially 
filled with air have the potential to become saturated during 
the deformation process.

For the first assumption, the deformation of the soil under 
constant suction does not change the saturation states of the 
pores, and therefore, the water ratio can only change through 
compression or expansion of the saturated pores. Based on 
this assumption we consider two possible mechanisms of 
extreme deformation.

The first mechanism is that a change in pore ratio at con-
stant suction will only change the larger sized pores, while 

(5)dSr = gc
de

�e

the smaller sized saturated pores are not affected. Therefore, 
the water ratio does not change when the soil has not reached 
full saturation (0≤ Sr <1), i.e., dew/de = 0. When the soil is 
saturated, dew/de = 1. Thus, the expression for the coupling 
function is

Equation (6) still satisfies two limiting conditions, namely, 
fc (0) = 0 and fc (1) = 1.

The second mechanism is that the saturated pores and the 
pores filled with air in a volume deformation under constant 
suction produce the same proportion of change. The water 
ratio and the void ratio have the same rate of change, i.e., 
dew/ew = de/e. From dew/de = ew/e = Sr, the coupling func-
tion is equal to the saturation at this point:

Equation (7) indicates that the volume change does not cause 
a change in the degree of saturation at a constant suction. 
In addition, Eq. (7) satisfies the two limiting conditions of 
complete drying and saturation, i.e., fc (0) = 0 and fc (1) = 1.

The two mechanisms represent two extreme cases and 
do not have universal applicability. Under low degree of 
saturation, the soil compression has a greater effect on the 
empty pore and the water within the saturated pore hardly 
drains. In this case, the specimen compression is closer to 
the first mechanism, i.e., the coupling function tends to Eq. 
(6). Conversely, at higher degrees of saturation, specimen 
compression also causes deformation of partially saturated 
pores. In this case, the specimen compression is closer to the 
second mechanism, i.e., the coupling function tends to Eq. 
(7). Combining the above two mechanisms and consider-
ing the situation between the two extreme mechanisms, the 
coupling function can be improved as

where a is the model parameter. To satisfy the two limiting 
conditions of complete drying and saturation, i.e., fc (0) = 0 
and fc (1) = 1, Eq. (8) must control a > 0. In addition, limit 
a ≥ 1 to avoid coupling functions larger than degree of satu-
ration. Because the coupling function once greater than the 
degree of saturation has the following equation:

The physical meaning of Eq. (9) is that the rate of change 
of water ratio is greater than the rate of change of pore, 
which is obviously not valid during the actual deformation of 
the soil. In addition, when the parameter a tends to infinity, 
Eq. (8) can be simplified to Eq. (6). When the parameter a is 

(6)
{

fc
(

Sr
)

= 0 0 ≤ Sr < 1

fc
(

Sr
)

= 1 Sr = 1

(7)fc
(

Sr
)

= Sr

(8)fc
(

Sr
)

= Sa
r

(9)dew∕de > Sr ⇒ dew∕ew > de∕e
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equal to 1, then it simplifies to Eq. (7). The two mechanisms 
are special cases of Eq. (8).

The first assumption, although useful for understand-
ing the deformation behavior of soils, is not realistic in soil 
deformation. Therefore, the second assumption is that the 
saturation state of individual pores changes during defor-
mation under constant suction, and the volume change may 
also lead to water discharge from saturated pores or water 
absorption saturation of empty pores. According to the 
Young–Laplace equation, the maximum saturated pore size 
and the suction are inversely proportional. Under constant 
suction, the pores larger than this pore diameter are filled 
with air, and the pores smaller than this pore diameter are 
in saturation. The pore size decreases when the soil is com-
pressed, and when the smallest empty pore diameter is less 
than or equal to the maximum saturated pore diameter, these 
pores will absorb water and become saturated. Conversely, 
some saturated pores are larger than the maximum saturated 
pore size due to expansion, and these voids will drain into 
empty pores. The water ratio decreases as the void ratio 
increases and increases as the void ratio decreases (Buenfil 
et al. 2005; Sivakumar 1993). In summary in this mecha-
nism, the change in void ratio produces a change in water 
ratio opposite to its sign. Therefore, the mathematical form 
of the coupling function must be flexible enough to obtain 
positive and negative values depending on the saturation. 
One expression that meets this condition is

where a, b1 and b2 are the model parameters, b1 + b2 = 1. 
Equation (10) can be simplified to Eq. (8) when b1 = 1, so 
a ≥ 1. From Eq. (9), to ensure that the coupling function 
is less than the degree of saturation, it is necessary to also 
ensure that b1 > 0. Equation (10) also satisfies the two limit-
ing conditions of complete drying and saturation, i.e., fc (0) 
= 0 and fc (1) = 1

Bringing Eq. (9) into Eq. (3), expressing the saturation 
with water ratio and void ratio:

Integrating Eq. (11), the relationship between water ratio 
and void ratio at constant suction is obtained as follows:

where ψ is the matric suction; C(ψ) is the integration con-
stant, whose magnitude depends on the matric suction.

By dividing both the left and right sides of the equation 
by the void ratio, the water ratio can be expressed in terms 
of the degree of saturation:

(10)fc
(

Sr
)

= b1S
a
r
+ b2Sr

(11)dew∕de = b1
(

ew∕e
)a

+ b2
(

ew∕e
)

(12)ew(e,�) =
[

ea−1∕
(

1 + C(�)eb1(a−1)
)]1∕(a−1)

The integration constant C(ψ) dependent on the suction 
is difficult to calculate directly, but can be replaced by a 
feasible isovolumetric retention curve.

The isochoric retention curve describes the variation of 
saturation with matric suction when the pore ratio is constant, 
so the relationship between C(ψ) and the isochoric retention 
curve is obtained by setting e = e0.

Substituting Eq. (14) into Eq. (13), the integration constant, 
can be eliminated:

Equation (15) describes the combined effect of suction 
and void ratio on the degree of saturation. Using Eq. (15) to 
describe the effect of void ratio and suction on degree of satu-
ration can be done in two steps. The first step is to select the 
isovolumetric retention curve model Sr (e0, ψ). Among the 
isovolume retention curves, a large number of research results 
have been published, among which the most commonly used 
are the VG model and the Fredlund–Xing model (Fredlund and 
Xing 1994; van Genuchten 1980). The model is selected and 
the isovolumetric retention curve parameters are obtained by 
fitting the matric suction and degree of saturation data under 
isovolumetric conditions. In the second step, the obtained iso-
volumetric retention curves are brought into Eq. (15) and then 
the deformation data (void ratio and degree of saturation) at 
constant suction are fitted to obtain the parameters a and b1.

Unsaturated permeability model

In the steady flow state Darcy's theorem also applies to unsat-
urated infiltration (Tian et al. 2020), which is known from 
Darcy's theorem:

where k is the permeability coefficient; A is the sectional 
area of the sample; Q is the sample volume flow rate; i is 
the hydraulic gradient.

Because the soil is composed of massive, connected pores, 
seepage occurs in these connected pores. In addition, unsatu-
rated soil always fills smaller pores size during humidifica-
tion. Due to the attenuation of matric suction, water gradually 
moves into the macropores. Therefore, integration can be used 
to divide the pores into n grades based on the pore size. It is 
assumed that only the first m classes of pores are filled with 
water under constant matric suction. Therefore, the pore flow 

(13)Sr(e,�) =
[

1∕
(

1 + C(�)eb1(a−1)
)]1∕(a−1)

(14)C(�) =
[

1∕Sa−1
r

(

e0,�
)

− 1
]

∕e
b1(a−1)

0

(15)
Sr(e,�) =

{

1∕
[

1 +
(

1∕Sa−1
r

(

e0,�
)

− 1
)(

e∕e0
)b1(a−1)

]}1∕(a−1)

(16)k =
Q

Ai



Environmental Earth Sciences (2023) 82:324 

1 3

Page 7 of 12 324

Q of the sample can be expressed as the sum of the pore vol-
ume flow of the first m grades (m ≤ n):

According to Hagen Poiseuille, the volume flow qi in the 
pores of grade i can be expressed as

where qi is the volume flow of the ith grade pore; ri is the 
pore radius; ∆p is the pressure difference between the two 
ends of the pore; η is the viscosity coefficient; l is the pore 
length. Assuming that the ratio of pore length (l) to sample 
length (L) is pi, the pore length can be expressed as Lpi.

Therefore, formula (16) can be expressed as

Due to the i-grade pore cross-sectional area Ai = πr2 i; 
head loss Δh = Δp/ρg; i = Δh/L. Therefore, Eq. (19) can be 
expressed as

The volume of liquid in the ith pore is ΔVw. Therefore, ΔVw 
= AiLpi; therefore, Eq. (20) can be further expressed as

where V is the sample volume.
For an ideal pore model, pi can be assumed to be a constant 

(Tao and Kong 2017). Therefore, the above formula can be 
written as

where kc = �g∕8��2
i
 . For the same soil kc is a constant.

The Young–Laplace equation was introduced to explain the 
influence of large pores on the inlet value, as

where di is the ith pore diameter; ψi is the matric suction cor-
responding to di; Ts is the surface tension on the water–gas 
interface, when the temperature is 30 °C, Ts = 71.42 kN/m 
(Wang et al. 2021b, c); and α is the contact angle between 
soil particles and pore water, generally being 0°.

To relate the permeability model to the SWRC model, the 
water volume is converted to degree of saturation.

(17)Q =
m
∑

i=1

qi

(18)qi =
�r4

i
Δp

8�l

(19)k =

∑m

i=1

�r4
i
Δp

8�l

Ai

(20)k =
�g

8�A

m
∑

i=1

r2
i
Ai

pi

(21)k =
�g

8�A

m
∑

i=1

r2
i
ΔVw

p2
i

(22)k = kc

m
∑

i=1

r2
i
ΔVw

V

(23)�i =
4TS cos �

di

Bringing Eqs. (23) and (24) into Eq. (22) can relate the 
permeability coefficient to matric suction and degree of 
saturation:

where kd = (2Ts cosα)2kc. For the same soil in the same test 
conditions kd is a constant.

When using Eq. (25) for unsaturated permeability 
coefficient calculation, the specific steps are: based on 
the SWRCs with different void ratios obtained with Eq. 
(15), a SWRC with a selected void ratio is divided into n 
segments according to the degree of saturation (Fig. 4). 
The amount of saturation change at level i is ΔSr, and 
the median value of saturation at section i corresponds 
to the matric suction of ψi. The n-segment data (degree 
of saturation and matric suction), the pore ratio and the 
saturation permeability coefficient measured by saturation 
permeability are brought into Eq. (25) to obtain the con-
stant kd. Assuming that only the first m levels of pores are 
saturated, the unsaturated permeability coefficient can be 
found by bringing the first m levels ΔSr and ψi into Eq. 
(25) if kd is known.

Since Eq. (15) can be derived as the expression of 
SWRCs for specimens with different void ratios, Eq. (25) is 
written in integral form as

The permeability coefficient when the specimen is satu-
rated (Sr = 1) is

(24)ΔVw

V
=

e

1+e
ΔSr

(25)k
�

Sr, e
�

= kd
e

1+e

m
∑

i=1

ΔSr

�2
i

(26)k
(

Sr, e
)

= kd
e

1+e

Sr

∫
0

dSr

�2(Sr ,e)

Fig. 4  Soil water retention curve differential intent
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The relative permeability coefficient can be expressed as

The relative permeability coefficient is calculated as 
follows: after solving the expression of SWRC with dif-
ferent void ratios in Eq. (15), the expression is brought 
into Eq. (28) to find the relative permeability coefficient 
of specimens with different pore ratios at different degrees 
of saturation. If you solve the unsaturated permeability 
coefficient, you first need to solve for the constant kd. Satu-
rated permeability test is performed on any of the void 
ratio specimens to obtain the saturation permeability coef-
ficient. The void ratio, saturation permeability coefficient 
and the SWRC at this void ratio are brought into Eq. (27) 
to obtain the constant kd. The permeability coefficients of 
specimens with different void ratios and different degrees 
of saturation can be obtained by bringing the constant kd 
and the expression of SWRC with different void ratios 
into Eq. (26).

Results and model validation

SWRC model validation

Moisture and water potential sensors buried at the same 
location in the soil column provide real-time measurements 
of volumetric moisture content and matric suction at that 
point. Various models have been proposed by domestic and 
foreign scholars to reflect the relationship between water 
content and matric suction. In this paper, the Fredlund–Xing 
model is used as the constant volume SWRC model. Because 
the medium-volume SWRC in Eq. (15) is a curve describing 
the relationship between matric suction and degree of satura-
tion at a constant void ratio, the volumetric water content is 
converted to degree of saturation as follows:

where C’(ψ) is the correction factor; ψr is the matric suction 
corresponding to the residual water content, generally taken 
as ψr =3000kPa (Sillers et al. 2001); and e is the natural 
constant.

(27)ks(e) = kd
e

1+e

1

∫
0

dSr

�2(Sr ,e)

(28)kr
(

Sr, e
)

=
∫ Sr
0

dSr

�2(Sr ,e)

∫ 1

0

dSr

�2(Sr ,e)

(29)Sr =
C�(�)

{ln [e+(�∕a)n]}
m

(30)C�(�) = 1 −
ln (1+�∕�r)
ln (1+106∕�r)

As seen in Sect. “SWRC model considering deforma-
tion”, after selecting the constant volume retention curve, 
a constant volume retention curve model is used to fit the 
data. In this paper, the Fredlund–Xing model (Eq. (29)) was 
first used to fit the matric suction and saturation of the 1.45 
g/cm3 soil column at this point e0 = 0.87 (Fig. 5). The fit-
ted curves are in good agreement with the measured data, 
and the correlation coefficient R2 is 0.998, indicating that 
the model fits the water retention curve of compacted loess 
in this study very well. The parameters in Eq. (29) were 
obtained by fitting, so that the constant volume retention 
curve is

Equation (31) is brought into Eq. (15) and then deforma-
tion data (void ratio and degree of saturation) at constant 
suction are fitted to obtain parameters a and b1. Wang et al. 
(2021c) examined the gravimetric water content of Yan'an 

(31)Sr(0.87,�) =
C�(�)

{ln
[

e+(�∕11.16)2.15
]

}
0.52

Fig. 5  Fitted and predicted isochoric SWRCs

Fig. 6  Relationship curve between void ratio and degree of saturation 
under constant suction
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compacted loess specimens with varying dry densities under 
constant matric suction. To align with the objectives of our 
study, we transformed the dry density into void ratio and 
the gravimetric water content into saturation, as depicted 
in Fig. 6. Equation (31) was brought into Eq. (15) and the 
experimental data were fitted according to the least squares 
method, where the void ratio was used as the independent 
variable and the degree of saturation as the dependent vari-
able (Fig. 6). The fitted parameters for the two suctions are 
summarized in Table 2. The R2 was all greater than 0.966 
and the fitted parameters were very close at different suction, 
indicating that the experiments were in good agreement at 
different suction, thus confirming the ability of the model to 
predict the degree of saturation of soils with different pore 
ratios at different suction. Therefore, the average value of 
the parameters at different suction is taken as the final value 
of the parameters.

The mean values of parameters a and b1 are brought into 
Eq. (14), at which time the expression of the Yan'an loess 
SWRC is.

To verify the accuracy of Eq. (31), the matric suction and 
saturation obtained for the 1.55 and 1.65 g/cm3 soil columns 
were predicted (Fig. 6). Figure 6 shows that the measured and 
predicted degrees of saturation for different dry densities under 
different suction are in general agreement. This illustrates that 
Eq. (32) has the capability to predict the degree of saturation of 
Yan'an compacted loess under deformation conditions. In addi-
tion, it demonstrates that the SWRC model in Eq. (15) possesses 
a degree of practicality in the context of deformation in loess. 
It is worth noting that Eq. (32) specifically applies this model 
to compacted loess soil and employs parameters sourced exclu-
sively from Yan'an compacted loess. As a result, the applicabil-
ity of Eq. (32) may be limited to Yan'an compacted loess. The 
suitability of this equation to other soil types is an area for 
further investigation.

(32)
Sr(e,�) =

{

1 +

(

(

ln(2.72+(�∕11.16)2.15)
0.52

C�(�)

)14.018

− 1

)

(

e

0.87

)14.1

}−0.071

Validation of permeability coefficient prediction 
model

Prediction of saturation permeability coefficient

The saturation permeation of different dry density speci-
mens can be obtained according to the saturation permea-
tion test (Table 3). Take 1.45 g/cm3 dry density speci-
men as an example, bring Eq. (32) into Eq. (27), and then 
use the saturation permeability coefficient and void ratio 
obtained from the test to find the constant kd = 0.018. The 
steps of predicting the saturated permeability coefficients 
of other samples with void ratios are similar to the above 
steps. First, Eq. (32) is brought into Eq. (27), and then 
put the obtained constants kd and void ratios into equa-
tions to obtain the saturation permeability coefficients of 
specimens with different void ratios (Table 3). It can be 
seen that the predicted values have some deviations com-
pared with the tested values, but they are of the same order 
of magnitude, indicating that the model proposed in this 
paper can be used for the prediction of saturated perme-
ability coefficients of the compacted loess in Yan'an.

Prediction of unsaturated permeability coefficient

During infiltration, the total head hw at any position zj 
without considering the osmotic pressure head is equal 
to the sum of the position head zj and the matric suction 
head hw, which is

The hydraulic gradient iw at point zj at time t is equal to 
the slope of the head distribution line at that point, which 
is

The water volume Vw between point zj and the top of 
the soil column is

(33)hw = zj + hm

(34)iw =
hw

dz

Table 2  Model parameters

Suction (kPa) Parameter R2

a b1

10 13.87 1.02 0.966
20 16.66 0.95 0.996
50 16.87 0.97 0.997
100 14.84 1.05 0.998
200 12.85 1.04 0.999
Mean 15.018 1.006 –

Table 3  Test value and predicted value of saturated permeability 
coefficient

�
d
 (g/cm3) 1.45 1.55 1.65

Test ks (cm/s) 1.18 ×  10–4 6.14 ×  10–5 2.35 ×  10–5

Predicted ks (cm/s) – 2.83 ×  10–5 1.18 ×  10–5



 Environmental Earth Sciences (2023) 82:324

1 3

324 Page 10 of 12

where A is the cross-sectional area of the soil column  (cm2); 
θw(z)t is the volumetric water content at point z at time t.

The flow velocity vw at point zj can be expressed as

The unsaturated permeability coefficient is

where iave is the average hydraulic gradient of the point 
within the selected time.

The forward difference method is used when calculating 
iave, which is

where hw(j), t is the water head at point zj at time t.
According to the volumetric water content and matric 

suction monitored using the MPS-6 water potential sensor 
and EC-5 water sensor, the relationship between the unsatu-
rated permeability coefficient and degree of saturation of 
compacted loess with different dry densities can be calcu-
lated using the instantaneous profile method (Fig. 7). The 
unsaturated permeability coefficient prediction method is 
basically the same as the saturated permeability coefficient 

(35)Vw =

Zj

∫
0

�w(z)tAdz

(36)vw =
dVw

Adt

(37)k = −
vm

iave

(38)iave =
1

2

(

hw(j+1),t1−hw(j),t1

zj+1−zj
+

hw(j+1),t2−hw(j),t2

zj+1−zj

)

prediction method. First, the formula (32) is brought into the 
formula (26), and then the constant and void ratio obtained 
above are brought into the formula (26) to obtain the rela-
tionship curves between degree of saturation and unsaturated 
permeability coefficient for different pore ratios (Fig. 7). To 
verify the accuracy of the model, the experimental data and 
predicted unsaturated permeability coefficient curve are plot-
ted on the same graph (Fig. 7).

Figure 7 shows that the measured and predicted values 
of unsaturated permeability coefficient are in general agree-
ment. It shows that for Yan’an compacted loess in a certain 
state, where the void ratio and saturated permeability coef-
ficient are known, the saturated/unsaturated permeability 
coefficient of any pore ratio specimen can be predicted by 
following the above steps.

It should be noted that Eqs. (15) and (26) can in theory 
predict SWRCs and unsaturated permeability coefficients for 
any soil under deformation conditions, but the data used in 
the validation process of this paper are from the compacted 
loess of Yan'an New District. Therefore, the parameters in 
Sect. “Results and model validation” can only guarantee the 
applicability to Yan'an loess, and the applicability to other 
types of soils needs to be further verified. For the use of 
other soils refer to the use methods in Sect. “Results and 
model validation”. In summary, the prediction model pro-
posed in this paper is simple, reliable and practical, and can 
provide technical support for the study of unsaturated soil 
seepage during deformation.

Fig. 7  Measured unsaturated 
permeability coefficient and the 
corresponding prediction curve
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Conclusions

In this paper, the SWRC model and the unsaturated infil-
tration model were established under the consideration of 
deformation conditions, and the reliability of the models 
was verified. The following conclusions are mainly obtained:

1. In this paper, a coupling function is set to link the 
change of water ratio with the change of void ratio under 
constant suction. The coupling function contains two 
parameters that extend the traditional isochoric SWRCs 
to different void ratio states. The SWRCs with different 
void ratios can be predicted by the model proposed in 
this paper.

2. Darcy's theorem is still applicable to unsaturated seep-
age. First, the pore size distribution is differentiated 
to propose a permeability coefficient model based on 
the pore size distribution, furthermore, the pore size 
distribution is transformed into a SWRC. Finally, the 
saturated/unsaturated permeability coefficient prediction 
model considering soil deformation is derived by means 
of the SWRC considering the deformation.

3. The SWRC model and the permeability coefficient pre-
diction model were verified using the measured data. 
The SWRC model can accurately describe not only the 
SWRC of constant-volume soils, but also the SWRC 
with different void ratios; the permeability coefficient 
prediction model can also accurately predict the perme-
ability coefficient of Yan'an compacted loess.

4. This model not only considers the effects of void ratio 
and suction on the degree of saturation, but also consid-
ers the effects of void ratio and saturation on the perme-
ability coefficient, so it can provide some support for the 
study of water-force coupling in unsaturated soils.
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