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Abstract
Extensive mine dumps consisting of loosely deposited sands have been created as a result of open-pit lignite mining, with 
a risk of soil liquefaction under high water saturation and a corresponding initiating event. Soil compaction is one of the 
feasible methods for reducing the probability of liquefaction. For the monitoring of liquefaction events and the evaluation of 
compaction work, seismic survey methods with sensitivity to changes in soil saturation and structure may thus complement 
other methods. Compared to exploration methods for deep systems, the shallow subsurface presents some unique challenges. 
To this end, an open-source, customizable code based on Biot’s theory was developed in the FEniCS library, which takes into 
account partial saturation and porosity dependence of stiffness, permeability, and other quantities. Following code verifica-
tion, a comprehensive investigation of parameter studies is conducted, from which the effects of different factors on wave 
propagation characteristics were obtained. The numerical model was applied to simulate the expected changes in seismic 
response following soil compaction. Furthermore, the position of the high saturation area could be detected from the reflection 
and refraction P waves. The goal of this work is to provide an analysis framework for the assessment of compaction works 
and monitoring liquefiable soils in mine dumps under conditions of variable saturation due to rising groundwater tables.

Keywords Wave propagation · Loosely deposited sands · Partially saturated porous media · Seismic survey

Introduction

Loosely deposited sands in former mining areas or depos-
ited as part of marine sedimentation are problematic from 
a geotechnical perspective. Marine sediments are regularly 
used as the foundation soil for various ocean engineering 
applications. Anthropogenic dynamic loads or natural seis-
micity can have a detrimental impact on the stability of such 
foundations. Likewise, large areas of sandy soil deposited as 
part of open-pit mines are attractive as landscapes for renew-
able energies, such as solar and wind energy, but likewise, 
require careful foundation engineering and soil mechanical 
insights. These landscapes are prone to liquefaction follow-
ing groundwater rise after the cessation of mining activi-
ties. Soil compaction is one of the feasible treatments for 
the utilization and reclamation of loosely deposited sands. 
It is therefore necessary to investigate how to monitor the 
liquefaction events as well as how to assess the success of 
compaction works.

Seismic wave characteristics lead us to understand the 
physical properties of the medium and can help addressing 
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challenging geotechnical problems, e.g, seismic site inves-
tigation for landslide risk assessment (Zakaria et al 2022) 
and dam construction (Takamte et al 2022). Forward seismic 
modeling is an effective tool to determine the seismic finger-
print of expected geological features. Geotechnical materials 
are usually three-phase composites composed of solid, liq-
uid, and gas phases. However, it is common in seismic analy-
ses to model geotechnical materials as single-phase elastic 
solids in many cases. Although this modeling approach is 
valid at typical seismic frequencies, no direct correlation 
between seismic characteristics and soil properties, e.g., 
saturation, porosity, permeability, and other factors, can be 
established with are essential in soil engineering (Carcione 
2015). Biot’s theory (Biot 1956a, b) provided a fundamental 
framework for the analysis of wave propagation in porous 
media and predicted the existence of two types of compres-
sional waves with different velocities, which are called the 
fast P wave (PI wave), similar to the elastic P wave, and the 
slow P wave (PII wave), first confirmed by Plona’s experi-
ment (Plona 1980). Afterward, numerous authors modi-
fied and simplified Biot’s theory, e.g. Boer and Didwania 
(2001), and provided formulations, which are easier to solve 
numerically.

Seismic wave propagation and attenuation in porous 
geotechnical materials differ owing to various solid matrix 
structures, like the existence of fractures and heterogene-
ous pore distribution. To address this problem, Guo et al. 
have adopted the Chapman effective medium model and 
carried out numerical experiments to assess the variation in 
P-wave velocity and attenuation, and the shear-wave splitting 
anisotropy with the frequency and azimuth of the incident 
wave (Guo et al 2018). Moradi et al. have focused on the 
prediction of dynamic permeability and dynamic tortuos-
ity of granular media at different frequencies from porosity 
and average grain size data, utilizing numerical simulations 
(Moradi and Kantzas 2018). To approximate seismic wave 
propagation in double-porosity media, Liu et al. have used 
the effective Biot theory, which can explain the high level 
of attenuation observed at seismic frequencies, but which is 
unaccounted for with classic Biot theory (Liu and Green-
halgh 2019). Ding et al. have measured the scale-dependent 
velocity and anisotropy effects through laboratory experi-
ments on porous and non-porous artificial rocks containing 
aligned fractures (Ding et al 2020). In accordance with the 
wave features in porous and fractured media, Lahcen and 
Pascale have investigated the hydrogeophysical characteri-
zation of a chalk aquifer in Beauvais, France (Zouhri and 
Lutz 2016). Moreover, a pressure gradient leading to fluid 
flow accompanied by energy dissipation, known as wave-
induced fluid flow can be induced when a seismic wave 
passes through the porous media (Anthony and Vedanti 
2020). This characteristic has been further applied in oil 
or gas exploration (Gao et al 2021) and CO2 sequestration 

(Goodarzi et al 2011; Boxberg et al 2015) or hydrogen stor-
age (Pfeiffer et al 2016) monitoring.

In view of the above study, the soil structure as well as the 
fluid properties can contribute to changes in wave propaga-
tion features. In geotechnical engineering, the localization 
and characterization of soil heterogeneities and events by 
seismic monitoring requires knowledge of the frequency, 
depth and saturation dependency of dynamic soil proper-
ties. Previous studies have shown that the seismic velocity 
in geotechnical material basically shows the following varia-
tion pattern (Mikhaltsevitch et al 2016): almost no change or 
only a slight decrease in the range of most water saturation, 
and a sudden and significant increase when approaching full 
saturation. It provides the possibility to identify highly satu-
rated areas, e.g. the groundwater table, employing seismic 
survey method. Furthermore, there is a significant change 
of the pore structure during the compaction process, which 
will also affect the seismic wave propagation and impact 
the detection results. However, most compaction assessment 
methods, like dynamic cone penetration test, are local in 
nature, which is problematic especially for characterization 
at the large scale. To date, studies that employ seismic sur-
vey method for monitoring liquefaction events and assess-
ment compaction works are still limited.

Meanwhile, the interpretation of seismic data from shal-
low loose media is different from deep systems analysis due 
to the complexity of the environmental conditions (Crane 
2013). For example, stiffness and saturation vary strongly 
with depth in typical soils. The common methods and tools 
of interpreting seismic field data for deep exploration are not 
directly transferable to environmental or geotechnical appli-
cations with shallow depth and loose material (Prasad et al 
2012). In this regard, numerous scholars have investigated 
the effect of relevant properties of shallow loose media on 
wave propagation characteristics at the laboratory scale and 
developed theoretical models, e.g. Williams et al (2002); 
Zimmer et al (2007); Barrière et al (2012); Gu et al (2021). 
However, there is generally a different between acoustic 
(field scale) and ultrasonic (lab scale) frequency ranges in 
terms of wave propagation characterizes (Shukla 2019). This 
requires indirect parameter adjustments not directly related 
to soil state variables, composition or direct laboratory test-
ing at higher frequencies. In addition, some researchers have 
developed modified interpretative tools based on equiva-
lent elastic modeling, e.g., Shen et al (2013). The studies 
of poroelastic modeling for complex shallow loose media, 
especially considering its property variations with depth, 
remains limited, e.g, Asfour (2021). There is a lack of open-
source, customizable codes for the dynamics of partially 
saturated media with features relevant for shallow subsur-
face applications, hindering the transfer of more advanced 
interpretation tools into geotechnical practice. Existing tools 
resting on elastic assumptions are only partially applicable, 
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and often fall short when transferring lab to field-scale data 
due to a lack of physically based frequency and composi-
tion dependence. To facilitate these types of analyses, this 
work establishes a basic flexible and accessible analysis 
framework that can later be extended towards inelastic soil 
behaviour due to existing interfaces to non-linear constitu-
tive integrators (Helfer et al 2020).

This paper is outlined as follows: first, an extended Biot’s 
model with two fluid phases is proposed and developed in 
FEniCS Python library (Sect. 2); secondly, a set of analytical 
solutions is used to verify the numerical implementation and 
parameter studies demonstrate the rich physical features of 
the model in Sect. 3; thirdly, the numerical model is applied 
for the application of seismic monitoring in mine dumps 
compaction in Sect. 4; finally, the conclusions are presented 
in Sect. 5.

Mathematical model

Governing equations

To model the wave propagation in loosely deposited sands, 
a fully coupled u-p-w formulations is presented based on 
Biot’s theory (Biot 1956a, b), which describes the mixture 
balance of momentum, fluid balance of momentum and fluid 
mass conservation in terms of the solid skeleton displace-
ment � , relative fluid displacement � and pore pressure p 
as follows:

where, the relative displacement of fluid is defined as 
� = �(�f − �) . The Biot coefficient represents the ratio of 
changes in the fluid volume to the total bulk volume for 
deformation on the drained condition (Biot and Willis 
1957; Zienkiewicz 1982), defined as � = 1 − K∕Ks . The 
storativity coefficient represents the increase of the amount 
of fluid (per unit volume of solid) as a result of a unit 
increase of pore pressure (Chang and Yoon 2018), given by 
S = �∕Kf + (� − �)∕Ks . Moreover, the tortuosity, which is a 
parameter describing the geometry of the pore space, can be 
approximated by � = 1 + 0.5(1∕� − 1) (Carcione 2015). The 
effective density of porous media is determined by the den-
sity of solid grain and fluid, defined as � = ��f + (1 − �)�s . 
Table 1 give notations used throughout the paper.

In Biot’s theory, the flow mode of pore fluid is frequency-
dependent, and there is a critical frequency, given by:

(1)𝜌�̈ + 𝜌f�̈ = div (�� − 𝛼pI)

(2)𝜌f�̈ +
𝜌f𝜏

𝜙
�̈ +

𝜇f

kf
�̇ = −grad p

(3)Sṗ + 𝛼 div �̇ + div �̇ = 0

When f∕fc ≪ 1 , the viscous interaction forces become 
dominant in fluid motion. This describes a low-frequency 
regime, whereas high-frequency wave propagation occurs 
if f∕fc ≫ 1 where inertial forces dominate. However, for 
approximately 0.1 ⩾ f∕fc ⩾ 10 both the inertial and the vis-
cous forces contribute to fluid motion. This frequency range 
describes an intermediate regime with attenuated waves 
(Han et al 2016). It should be pointed out that a relaxation 
function is required in the high-frequency regime to better 
characterize the fluid flow, which is further discussed in the 
subsequent work.

The deformation of the solid skeleton is governed by 
the effective stress. According to the generalized form of 
Hooke’s law, the constitutive equation of the elastic solid 
skeleton is written as

where K and G can be considered as linearized stiff-
ness values around an initial state characterized by strong 
non-linearity.

The relationship between strain and displacement in the 
poroelastic model is given by

Effective fluid model

In the previous section, we have discussed the classic Biot 
theory of single-phase fluid. Now a simple manner to include 
two-phase effects is discussed. According to Berryman (Ber-
ryman et al 1988), two-phase fluid in porous media can be 
represented by a single-multiphase fluid, which is only valid 
when the fluid phases are mixed at a sufficiently fine scale 
with respect to the wavelength, coinciding with the low-
frequency condition. Thereby, the effective bulk modulus 
of fluid can be calculated according to the Wood’s work 
(Wood 2021):

An effective viscosity can be obtained from water and gas 
viscosity following (Teja and Rice 1981):

(4)fc =
��f

2�kf��f

(5)�
� = 2G� +

(
K −

2

3
G
)
tr(�)I

(6)� =
1

2
(grad � + (grad �)T).

(7)
1

Kf

=
1 − Sw

Kg

+
Sw

Kw

.

(8)�f = �g

(
�w

�g

)Sw

.



 Environmental Earth Sciences (2023) 82:200

1 3

200 Page 4 of 15

Considering the interaction between the pore gas and water, 
the relative permeability functions depend on saturation 
(Barrière et al 2012), specifically

was chosen here.
The effective saturation of gas and water is defined as:

where, the � represent either gas or water; the maximum and 
minimum saturation are linked via Smax

w
= 1 − Smin

g
 and 

Smax
g

= 1 − Smin
w

.
The effective permeability is defined consisting of gas 

and water relative permeability:

(9)krξ = S
1∕2

eξ

[
1 −

(
1 − S

1∕mξ

eξ

)mξ

]2

(10)Seξ =
S� − Smin

�

Smax
�

− Smin
�

(11)kf = kf0(krw + krg).

According to the Kozeny–Carman equation (Costa 2006; 
Mohammadi et  al 2020), the permeability-porosity 
relationship

can be used to estimate the effect of a variable packing den-
sity, e.g. with depth, on the permeability. Meanwhile, for 
the mixture of two-phase fluid, the fluid density is a linear 
average of each component, given by

.

Boundary condition

Along the far-field boundaries, the classic first-order vis-
cous absorbing boundary is employed to improve computa-
tional efficiency and avoid artificial reflection. The traction 

(12)kf0 = k0

(
�

�0

)3(
1 − �0

1 − �

)2

(13)�f = �g(1 − Sw) + �wSw

Table 1  List of symbols used 
throughout the paper Greek Symbols

� Biot coefficient � Porosity
� Parameter of Newmark-� method �0 Reference porosity
� Parameter of Newmark-� method � Media effective density
� Small strain tensor �f Fluid density
�̂ Unit outward normal to interface �g Gas density
� Total stress tensor �s Solid grain density
�

′ Effective stress tensor �w Water density
�f Fluid viscosity � Tortuosity
Operators
(∙)T Transpose operator div Divergence operator
̈(∙) Second order time derivative operator grad Gradient operator
̇(∙) First order time derivative operator tr Trace operator

Roman Symbols
� Solid displacement vector kf Effective permeability
�f Fluid displacement vector krg Relative permeability of gas
� Relative fluid displacement vector krw Relative permeability of 

water
e Void ratio p′ Effective pressure
f Source dominate frequency p Pore pressure
fc Critical frequency pa Atmospheric pressure
G Shear modulus of skeleton/matrix pc Capillary pressure
K Bulk modulus of skeleton/matrix S Storage coefficient
Kf Bulk modulus of fluid Sw Water saturation
Kg Bulk modulus of gas vpII Velocity of slow P wave
Ks Bulk modulus of solid grain vpI Velocity of fast P wave
Kw Bulk modulus of water vs Velocity of S wave
k0 Reference permeability z Depth
kf0 Intrinsic permeability
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vectors on boundaries with unit outward normal � are given 
by (Morency and Tromp 2008):

and

The mathematical model is numerically formulated via the 
finite element method, and programmed using the open-
source finite element library FEniCS (Langtangen and Logg 
2017). Detailed information on the implementation can be 
found in Appendix A.

Verification and parameter studies

Model verification against analytical solution

To verify the numerical model, a 2D homogeneous saturated 
poroelastic media is excited with a Ricker wavelet source 
with a frequency of 30Hz. Since the physical quantities asso-
ciated with the saturation are constants once the saturation is 
determined, only the case of Sw = 1.0 , i.e, full saturation, is 
studied in this section for principal code verification. Partial 
saturation in particular will be acressed in the next section.

It should be pointed out that the source can be introduced 
as a moment tensor which only generates P waves. In the 
case of an inviscid fluid ( �f = 0 ), the numerical result is 
compared with the analytical solution derived by Dai et al 
(1995). In the case of a viscous fluid ( �f = 0.001 Pa s), the 
analytical solution employed was derived by Carcione and 
Ouiroga-Goode (1996).

(14)
� = 𝜌vpI(�̇ ⋅ �)� + 𝜌fvpII(�̇ ⋅ �)� + (𝜌 − 𝜙𝜌f∕𝜏)vs(� − �⊗ �) ⋅ �̇

(15)�f = 𝜌fvpII𝜏∕𝜙(�̇ ⋅ �)� + 𝜌fvpI(�̇ ⋅ �)�.

The model setup is displayed in Fig. 1(a) and Table 2 lists 
the input parameters. Figure 1(b) and Fig. 1(c) show snap-
shots of the total solid displacement at 0.15s of the inviscid 
model and viscous model, respectively. It can be clearly 
found that there are two types of P waves in the inviscid 
model, whereas only one exists in the viscous model.

From Fig. 1(e) and Fig. 1(f), there is a good agreement of 
the vertical solid skeleton displacement at receivers between 
the simulation result and analytical solution. The agree-
ment between these two solutions illustrates the capability 
of the numerical model to capture seismic waves in porous 
media. Furthermore, the vertical solid skeleton displace-
ment obtained with inviscid model and viscous model are 
compared in Fig. 1(d). The difference between two results 
coincides with the velocities summarized in Table 2 and 
shows that seismic wave in viscous model exhibits a strong 
attenuation.

Parameter studies

The flow mode of fluid in porous media is frequency-
dependent. Thus, it is necessary to study the effect of fre-
quency on wave propagation in loosely deposited sands 
and to stay within the validity limits of a chosen modeling 
approach. According to the numerous experimental data 
shown in the literature review, the P wave velocity suddenly 
increases as full saturation is approached. This is an impor-
tant feature in applications with variable groundwater tables, 
such as mine deposits. We therefore demonstrate the model’s 
capability to capture this effect in this section.

A second important feature for this type of applica-
tion scenario is the dependence of several hydraulic and 
mechanical properties on the packing density. In the pro-
cess of compaction, the pore structure becomes dense, which 
means that the porosity is reduced. It is essential to per-
form a parametric study of the effect of porosity on seismic 
wave propagation to provide a basis for the interpretation of 
seismograms. In the low-frequency range, the stiffness of 
the soil depends only on the microscopic pore structure and 
the minerals making up the grains (Pride 2005). Under this 
assumption, a theoretical model was proposed for predicting 
the stiffness module of loosely deposited sands of an open-
pit mine dumps based on experimental data by (Wegener 
and Hering 2018):

where the e is the void ratio, given by e = �∕(1 − �) ; pa is 
the atmospheric pressure, 1 × 105Pa ; p′ is the effective pres-
sure. Here, the Poisson’s ratio � was set to 0.3.

To demonstrate the physical features of the model, three 
sets of simulations were conducted to study the impact of 

(16)G = 323
(2.97 − e)2

1 + e
⋅ pa ⋅

(
p�

pa

)0.5

Table 2  Input parameters for verification simulations

1Inviscid model
2Viscous model

Variable Unit Value

�s Kgm−3 2650
�f Kgm−3 1000
Ks Pa 3.6 × 1010

Kf Pa 2.2 × 109

K Pa 7.9 × 108

G Pa 8.1 × 107

� – 0.4
kf m2 1 × 10−11

�f Pa s 0 (0.001)
vpI ms−1 14341 (1379)2

vpII ms−1 4661 (70)2
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frequency, porosity, and saturation on wave propagation. The 
input parameters are listed in Table 3. The analytical solu-
tion of different wave velocities could be obtained by mono-
chromatic wave analysis, which will be applied to compare 
with numerical outcomes. Figure 2 presents the comparison 
between the analytical solution and the numerical results of 
wave velocities and attenuation. The results of the two meth-
ods are in agreement, which further verifies the correctness 
of the numerical model in terms of parameter dependence.

The effect of frequency on the wave propagation is dem-
onstrated in Fig. 2(a)-(c). From those figures, it can be 
seen that the velocity of the fast P wave and shear wave are 
almost independent of the frequency in the low-frequency 
regime, where the viscous shearing dominates, and in the 
high-frequency regime, where the inertia force dominates. 
But in the intermediate regime, there are significant veloc-
ity changes since both forces contribute on a comparable 
magnitude. For the slow P wave in the diffusive and inter-
mediate regimes, the velocity increases due to the increasing 
interaction between the solid and the fluid and reaches a 

constant value in the high-frequency regime. Moreover, it is 
also found that the attenuation of the fast P wave and shear 
wave are independent of the frequency in the low-frequency 
and high-frequency regimes. There is a peak in the inter-
mediate regime because this is the result of a combination 
of inertia force and viscous shearing. Furthermore, it can 
be seen that the attenuation of slow P wave has a strong 
frequency dependence and tends to zero in high frequency 
regime. This is explained by the fact that this wave is dif-
fusive in the low-frequency regime whereas it propagates in 
the high-frequency regime.

Figure 2(d)-(f) display the effect of porosity on the wave 
propagation. It can be found that the velocities of the fast 
P wave and shear wave have an apparent reduction with 
increasing porosity. This is mainly because the increase in 
porosity leads to a reduction in the stiffness of the soil skel-
eton. Otherwise, the velocity of the slow P wave becomes 
larger due to the enhanced relative motion of solid–fluid 
with the increase of porosity. It should be stated that the slow 

Fig. 1  The results of 2D simulation for wave propagation in a homo-
geneous saturated porous media. The four edges are absorbing bound-
aries. (a) The geometry, the position of source and receivers. (b) 
Snapshot of the total solid skeleton displacement of inviscid model 
at t = 0.15s. The fast P wave and slow P wave can be observed. (c) 
Snapshot of the total solid skeleton displacement of viscous model at 

t = 0.15s. Only fast P wave could be observed. (d) Comparison of 
the vertical solid displacement seismograms between inviscid model 
and viscous model. (e) Comparison of the vertical solid displacement 
seismograms to the analytical solution for inviscid model. (f) Com-
parison of the vertical solid displacement seismograms to the analyti-
cal solution for viscous model
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P wave can’t be observed in these simulation results owing 
to a strong attenuation in the low-frequency regime.

Figure 2(g)-(i) illustrate the results of the saturation effect 
on the wave propagation. From those figures, it can be noted 
that the velocity of the fast P wave has a sudden increase in 
the highly saturated area coinciding with the literature review 
whereas shear wave velocity undergoes a slight decrease due 
to the increase in the effective density of the porous media as 
the saturation increases. Meantime, the slow P wave will not 
be discussed as it is difficult to capture in field measurements. 
Two different porosity cases are presented to reveal the vari-
ation of velocity due to compaction. The compaction effect 
reduces the porosity of the soil, and the velocities of waves 
increases which is well explained in the porosity variation sets.

The frequency- and saturation-dependent behaviour 
observed here is supported by previously published data 
(Boxberg et al 2015; Xiong et al 2021).

Application example: seismic monitoring 
in mine dumps compaction

Motivation

The following model refers to the practical aspects of land-
scape recultivation after open-pit mining south of Berlin and 

west of the city of Cottbus in the region of Lower Lusatia/
Germany. The landscape in this region is shaped by large 
open pit mines with tertiary lignite seams covered by Pleis-
tocene sands, silt and clay. The overburden sediments ahead 
of the mining zone are continuously removed and used to fill 
the remaining pits after the extraction of the lignite. These 
fillings consist of a mixture of unconsolidated sediments 
with a high porosity. In particular the unconsolidated sands 
cause unexpected problems after the closure of the mines 
and the rerise of the groundwater to its natural level. The 
reduced stability of these sands causes soil liquefaction, 
which poses a safety issue not only to the immediate loca-
tion where liquefaction occurs but also to the surroundings 
of the former mines because of possible flood waves in the 
numerous lakes in Lower Lusatia. Such a flood wave event 
occurred for example on the embankment of Lake Knap-
pensee near the town of Hoyerswerda on March 11 in 2021 
during recultivation works (Oberbergamt 2021). A land area 
of approximately 400m to 500m times 200m flowed into the 
lake and caused a flood wave with a height of 1.5m destroy-
ing some of the infrastructure on the shore of the lake. As a 
consequence, the lake and its surroundings were closed for 
public use by the mining authority.

An aim of the ongoing recultivation is to compact and 
stabilize the soil in endangered areas. Soil compaction is 
mainly used for this purpose. For instance, as part of the 
Trans-European Railway Corridor CE 30, the railway line 
Wegliniec-Horka-Roßlau on the German/Polish border is 
above the dumping area of the former open pit mine in the 
region of Lusatia. To eliminate the risk of settlements and 
liquefaction, as so to ensure the safe operation of the rail-
road, vibratory compaction of the mine dumps was carried 
out (Wegener and Hering 2018). To evaluate the need for 
and the success of this procedure and to distinguish between 
areas with sufficient compaction and areas with a remaining 
high porosity in the subsurface prone to soil liquefaction, 
seismic surveys might be used to characterize the state of 
the subsurface.

Model description

The parameter studies showed the capability of the model 
to capture effects related to changing saturation, soil den-
sity and other parameters in a homogeneous setting. Now 
its behaviour in a heterogeneous setting is studied, where 
depth-dependent stress states and water content given by 
the soil’s retention curve are provided as input. The devel-
oped axisymmetric model is thus used to detect reflectors 
related to state variable gradients and to quantify changes 
due to compaction works of mine dumps of loosely depos-
ited sands. The model is presented in Fig. 3. The seismic 
point source is always situated in the center of the receiver 

Table 3  The physical properties for parameter studies

Note: The variation of � entails variations of other hydromechanical 
parameters (stiffness, permeability, density)

Variable Unit Frequency 
study

Porosity study Saturation study

�s Kgm−3 2650 2650 2650
�w Kgm−3 1000 1000 1000
�g Kgm−3 N/A N/A 1.2
Ks Pa 3.6 × 1010 3.6 × 1010 3.6 × 1010

Kw Pa 2.2 × 109 2.2 × 109 2.2 × 109

Kg Pa N/A N/A 1 × 105

p′ Pa 1 × 105 1 × 105 1 × 105

� – 0.42 Varies 0.42(0.3)
�0 – 0.40 0.40 0.40
k0 m2 1 × 10−11 1 × 10−11 1 × 10−11

�w Pa s 0.001 0.001 0.001
�g Pa s N/A N/A 1 × 10−5

Sw – 1 1 Varies
Smin
w

– N/A N/A 0.085
Smin
g

– N/A N/A 0
mg – N/A N/A 2.05
mw – N/A N/A 1.05
f Hz Varies 50 50
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Fig. 2  Parameter studies in terms of frequency, porosity and saturation

Fig. 3  Model geometry for a 
seismic survey
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line and acts as a vertical force. The source signature is a 
Gaussian wavelet with a source center frequency of 50Hz. 
The receivers record the vertical component of the particle 
velocity, including the surface receivers and well receivers. 
The surface of the model is characterized by a free surface 
boundary condition, i.e. the stress vanishes on the surface 
whereas other edges are absorbing boundaries. This top 
boundary condition together with the source on the surface 
will generate a Rayleigh wave that is close to the shear wave 
velocity, although we are not concerned with it in this paper. 
The changes of porosity is utilized to describe the compac-
tion process, i.e. � = 0.42 represents the state of pre-com-
paction and � = 0.3 indicates the state of post-compaction. 
The parameters are summarized in Table 3.

As the Eq. 16, the stiffness is dependent on the effec-
tive pressure in addition to the pore structure. An effective 
pressure model considering capillary pressure in the vadose 
zone can be employed (Romero-Ruiz et al 2021), defined as:

where �z = �gz is the overburden stress; pξ = �ξgz is the 
gas or water pore fluid pressure; pc is the capillary pres-
sure, fulfilling the van Genuchten’s constitutive model 
(Van Genuchten 1980) as shown in Eq. 18.

where pvg is a pressure scaling parameter, pvg = 677Pa ; 
mc and nc are the exponent parameters, nc = 2.68 and 
mc = 1 − 1∕nc . These parameters of van Genuchten’s model 
for loosely deposited sands are obtained from Carsel and 

(17)p� = �z − Sewpg − Sew(pc − pg)

(18)pc = pvg
[
(Sew)

−1∕mc − 1
]1∕nc

Parrish (1998). The saturation is taken in the range of 0.085 
to 1, and the range of capillary pressure can be calculated.

A saturation distribution given by a retention curve is 
considered in this application, which also determines the 
position of the groundwater table. It is found that the cap-
illary pressure varies linearly with depth applying van 
Genuchten constitutive model to 1D isotropic Richards’ 
equation (Solazzi et al 2021). If the saturation at ground-
water table is set as 1.0 and the saturation at Earth’s surface 
is set as 0.085, the saturation function of depth could be 
obtained as:

where, pmax
c

 is the maximum capillary pressure; zw is the 
depth of water table, zw = 15m.

Results and discussion

Compaction works of loosely deposited sands change soil 
properties such as the porosity, permeability and the stiffness 
which in turn will change the wave propagation. A rising 
ground water table will cause changing saturation profiles. 
Considering the saturation and stiffness distribution along the 
depth, the simulations were conducted to detect the location 
of the groundwater table and assess the influence of porosity 
variations as they would occur in compaction works. Settle-
ment after compaction is not regarded in this paper.

Figure  4 shows the snapshots of the solid skeleton 
displacement at 0.10s for states of pre-compaction and 

(19)Sew =

{{
1 +

[
𝜌wg

pvg

(
zw − z

)]nc}−mc

for z < zw

1 for z ≥ zw

Fig. 4  Snapshot of solid skel-
eton of total displacement at t 
= 0.10s
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post-compaction. It can be clearly noticed that the fast P 
waves are reflected and refracted near the water table which 
can be used to recognize high-saturation areas. The waves 
propagate farther in the state of post-compaction by compar-
ing the two snapshots. This is because compaction works 
resulted in a smaller porosity, which in turn led to a larger 
wave velocity. This has been well explained in parameter 
studies.

In practice, seismograms are an important results 
obtained by geophysicists through seismic survey methods, 
which indicates the changes in the subsurface structure. The 
seismograms of the vertical solid skeleton velocity at sur-
face receivers are presented in Fig. 5 for pre-compaction and 
post-compaction states above the water level. From those 
figures, direct P wave, shear wave, reflection P wave and 
refraction P wave can all be observed. However, it is difficult 
to distinguish the reflected P wave from the direct P wave 
after 0.10s or beyond a distance of 50m from the source (for 
the chosen parameters). This demonstrates that the seismic 
refraction method may be more applicable to shallow explo-
ration. Moreover, after compaction works, the reflection P 
wave and the refraction P wave can be received earlier as 
shown in Fig. 5(c). This observation illustrates that compac-
tion effects increase wave velocities in the soil to a degree 
that can be picked up by seismic methods with the aim of 
compaction assessment.

In general, well survey data can be supplemented to the 
surface survey to obtain high-resolution seismograms and 
to better see below the ground water table. Besides, for the 
compaction assessment, well survey or cross-hole survey can 
more accurately distinguish between areas with sufficient 

compaction and areas with a remaining high porosity in the 
subsurface prone to soil liquefaction. Figure 6 shows the 
seismograms of the vertical solid skeleton velocity at well 
receivers. It can be noticed that the different wave types 
can be well distinguished from each other, i.e. well data 
can provide a better inversion of physical information than 
the seismic surface survey in the local assessment of the 
subsurface structure, e.g., through cross-hole tomography 
imaging. The comparison between the pre-compaction and 
post-compaction at well receivers below the water level are 
presented in Fig. 6(c). It can again be seen that the wave 
velocities pre- and post-compaction differ sufficiently for 
signal analysis to aid with compaction assessment.

Conclusions

This study presents a poroelastic dynamic model for partially 
saturated media with features relevant for the shallow sub-
surface. A series of parameter studies centered around the 
effects of frequency, porosity and saturation was carried out. 
The numerical model was applied to a mine dump monitoring 
application and picks up a range of relevant wave phenomena 
in fluid-filled porous media with gradients in saturation, effec-
tive stress and stiffness (fast P wave, shear wave, reflection, 
refraction, etc.). The following conclusions can be drawn: 

1. Given the complex characteristics of loosely deposited 
sands, a poroelastic dynamic model should integrate 
porosity and effective stress-dependent properties due 

Fig. 5  Seismograms of vertical solid skeleton displacement at surface receivers
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to their effect on wave velocities. This includes retention 
curve-based saturation profiles particularly in soils with 
higher suction.

2. Parametric studies can help in linking lab-scale material 
characterization with in-situ applications, which often 
rely on very different testing frequencies. Models such 
as this one are naturally frequency-dependent due to dif-
ferent phase properties (e.g. density) and have multipha-
sic dissipation mechanisms explicitly represented.

3. Starting from retention curves and well-defined prop-
erty-composition relationships, the position of the high 
saturation area (water table) can be detected from the 
reflected and refracted P waves.

4. Comparing the effects of different soil densities pre- and 
post-compaction, signal shifts sufficient for interpreting 
soil compaction improvements were observed both for 
surface surveys and cross-hole surveys.

This paper can provide useful information for the design 
and utilization of seismic methods employed in mine dump 
monitoring applications. Although this study attempts to 
develop a numerical model for describing the wave propaga-
tion in complex loosely deposited sands, lab and field tests 
are still needed to further validate the developed model. 
Future work will isolate the effects of dynamic drainage-
imbibition effects, as for example present in the model by 
Boxberg et al (2015), on the predictions under practically 
relevant conditions. Moreover, soil compaction is not a 

homogeneous process but induces heterogeneous structures 
with porosity gradients towards each primary compaction 
point. Furthermore, the pre-compaction state is already 
characterized by heterogeneities itself due to mine dump 
and in-situ soil genesis. This heterogeneity will lead to more 
complex wave signals and is also the topic of future work.

Appendix A

A.1 Weak form for equations system

The space of square integrable functions over the domain is 
denoted by L2(Ω) . The first-order Sobelov space function 
space over the domain is denoted by H1(Ω) . For the integrals 
in the computed domain, we choose an appropriate function 
space for � , � and p, respectively.

Additionally, following a Bubnov-Galerkin procedure, we 
introduce test functions for the three equations as �� , �� , �p . 
Suitable function spaces for the test functions are given by

P = {p ∈ L2(Ω)}, p = p̄ on 𝜕Ωp}

W = {� ∈ H1(Ω), � = �̄ on 𝜕Ωw}

U = {� ∈ H1(Ω), � = �̄ on 𝜕Ωu}

Fig. 6  Seismograms of vertical solid skeleton displacement at well receivers
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The weak form is a scalar relation, which can be get by multiply-
ing the equations with arbitrary function and integrating over 
the computational domain. To adopt the finite element method 
to solve the problem, it is necessary to derive the weak form of 
the system of equations, firstly. The principle of virtual work is 
a weak form of equations system, in which the arbitrary func-
tion which are called weighted function or test function for three 
equations are �� , �� , �p . The weak form are obtained using 
these functions as follows:

.

A.2 Spatial discretization

The computational domain is discrete using finite element mesh 
with Ne cells. The solid displacement can be approximated by 
a sum such that:

where Nb is are the shape function(the quadratic piecewise poly-
nomials), �̃b(t) are the nodal solid displacement of the associa-
tion time.

An approximation for the test function of solid displacement 
is specified by

The fluid displacement can be approximated by the same 
method:

�P = {�p ∈ L2(Ω)}, �p = 0 on �Ωp}

�W = {�� ∈ H1(Ω), �� = 0 on �Ωw}

�U = {�� ∈ H1(Ω), �� = 0 on �Ωu}.

∫Ω

𝛿𝐮 ⋅ 𝜌�̈� dΩ + ∫Ω

𝛿𝐮 ⋅ 𝜌f�̈� dΩ

+ ∫Ω

(grad 𝛿𝐮) ∶ (�� − 𝛼pI) dΩ + ∫𝜕Ω

𝛿𝐮 ⋅ �̄� d𝜕Ω = 0

∫Ω

𝛿𝐰 ⋅ 𝜌f�̈� dΩ + ∫Ω

𝛿𝐰 ⋅

𝜇f

k
�̇� + ∫Ω

𝛿𝐰 ⋅

𝜌f𝜏

𝜙
�̈� dΩ

− ∫Ω

(grad 𝛿𝐰) ∶ (pI) dΩ + ∫𝜕Ω

𝛿𝐰 ⋅ �̄�f d𝜕Ω = 0

∫Ω

𝛿p ⋅ 𝛼 div �̇� dΩ + ∫Ω

𝛿p ⋅ Sṗ dΩ + ∫Ω

𝛿p ⋅ div �̇� dΩ = 0

�(�, t) ≈ �̂ =
∑
b

Nb(�)�̃b(t) = �(�)�̃(t)

𝛿�(�, t) ≈ 𝛿�̂ =
∑
a

Na(�)𝛿�̃a = �(�)𝛿�̃(t)

�(�, t) ≈ �̂ =
∑
b

Nb(�)�̃b(t) = �(�)�̃(t)

where �̃b(t) are time dependent nodal fluid displacement. The 
shape function of fluid displacement are same with the solid 
displacement as the same integral space is employed for them.

An approximation for the test function of fluid displacement 
is given by

The pore pressure can be approximated as follows:

where Hb are the shape functions(the linear piecewise polyno-
mials) of pore pressure, �̃b(t) are the nodal pore pressure of the 
association time.

The test function of pore pressure approximates as follows:

Next by substituting the above approximations into weak form 
system, the equations are extended as:

where:

and the � is the strain–displacement matrix, C is the elasticity 
matrix.

A.3 Time discretization

The Newmark-� method is a popular time integration method, 
which is widely used in dynamic finite element analysis. It yields 
the following expressions for the update of the wave field:

𝛿�(�, t) ≈ 𝛿�̂ =
∑
a

Na(�)𝛿�̃a(t) = �(�)𝛿�̃(t)

p(�, t) ≈ p̂ =
∑
b

Hb(�)p̃b(t) = �(�)p̃(t)

𝛿p(�, t) ≈ 𝛿p̂ =
∑
a

Ha(�)p̃a = �(�)𝛿p̃(t)

Ms
̈̃u +Mf

..

�w+Kũ − 𝛼B�p = Ts

Msf

..

�u+Mff

..

�w+D
.

�w−B�p = Tf

𝛼BT
.

�u+BT
.

�w+Q
.

�p = 0

�s = ∫Ω

�T𝜌� dΩ �f = ∫Ω

�T𝜌f� dΩ

� = ∫Ω

�TC� dΩ �s = ∫Γ

�T�̄ dΓ

�sf = ∫Ω

�T𝜌f� dΩ �ff = ∫Ω

�T
𝜏𝜌f

𝜙
� dΩ

� = ∫Ω

�T
𝜇f

k
� dΩ � = ∫Ω

�T�I dΩ

�f = ∫Γ

�T�̄f dΓ � = ∫Ω

S�� dΩ

�̇n+1 = �̇n + Δt
[
(1 − 𝛾)�̈n + 𝛾�̈n+1

]

�̈n+1 =
1

𝛽Δt2
(�n+1 − �n − Δt�̇n) +

1 − 2𝛽

2𝛽
�̈n
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where, � and � are used to control the accuracy and stability 
of the time discretization method. The Newmark-� method 
is unconditionally stable when � ⩾

1

2
 and � ⩾

1

4
(� +

1

2
)2 

(Hughes 2012). The update expressions for the fluid veloc-
ity field follow analogously:

The expression for the update of the pressure rate ṗ is given 
as (Zienkiewicz et al 1990):

where, the parameter � has to fulfill the stability condition 
� ⩾

1

2
 . In this paper, � =

1

2
, � =

1

4
, � =

1

2
 , to ensure numeri-

cal stable.
Expanding the time terms as the above approximation 

method, the following system to solve can be obtained:

where:

�̇n+1 = �̇n + Δt[(1 − 𝛾)�̈n + 𝛾�̈n+1

�̈n+1 =
1

𝛽Δt2
(�n+1 − �n − Δt�̇n) +

1 − 2𝛽

2𝛽
�̈n.

ṗn+1 =
1

𝜃Δt
(pn+1 − pn) −

1 − 𝜃

𝜃
ṗn

⎡⎢⎢⎣

�11 �12 �13

�21 �22 �23

�31 �32 �33

⎤
⎥⎥⎦

⎡
⎢⎢⎣

�̃n+1
�̃n+1

p̃n+1

⎤
⎥⎥⎦
=

⎡⎢⎢⎢⎣

�sn+1

�fn+1

�pn+1

⎤⎥⎥⎥⎦

�11 = m1�s +� �12 = m1�f

�13 = −𝛼� �21 = m1�sf

�22 = m1�ff + d1� �23 = −�

�31 = d1𝛼�
T �32 = d1�

T

�33 = d4� m1 =
1

𝛽Δt2

m2 =
1

𝛽Δt
m3 =

1 − 2𝛽

2𝛽

d1 =
𝛾

𝛽Δt
d2 = 1 −

𝛾

𝛽

d3 = Δt

(
1 − 𝛾

1 − 4𝛽

2𝛽

)
d4 =

1

𝜃Δt

d5 =
1 − 𝜃

𝜃

�sn+1 = �sn +�s(m1�̃n + m2
̇̃�n + m3

̈̃�n) +�f(m1�̃n + m2
̇̃�n + m3

̈̃�n)

�fn+1 = �fn +�sf(m1�̃n + m2
̇̃�n + m3

̈̃�n)

+�ff(m1�̃n + m2
̇̃�n + m3

̈̃�n) + �(d1�̃n + d2 ̇̃�n + d3 ̈̃�n)

�pn+1
= Δt𝛼B�(d1�̃n + d2 ̇̃�n + d3 ̈̃�n) + �T(d1w̃n + d2 ̇̃wn + d3 ̈̃wn)

+ Q(d4p̃n + d5 ̇̃pn)

Meanwhile, the choice of element sizes and time step lengths 
influences the numerical dispersion (Tasiopoulou et  al 
2015). A sufficiently refined mesh is necessary to obtain 
accurate results, as the numerical dispersion increases with 
increasing element size. The mesh size should be less than 
a tenth of the minimum wavelength for application of the 
Galerkin finite element method (Hughes 2012):

where vmin is the minimum velocity in the porous medium.
Simultaneously, the time step size is constrained as 

follows:

where vmax is the maximum velocity in porous media, which 
is usually the velocity of the fast P wave in porous media.

After choosing a suitable element size and time increment, 
the developed model is programmed into the FEniCS python 
library (Langtangen and Logg 2017), which is a popular open-
source finite element computing platform for solving partial 
differential equations. Moreover, the direct solver(SuperLU) 
or block-pre-conditioned solver(GMRES) are employed to 
solve linear systems of equations in FEniCS programs.

Δx ≤ vmin

10f

Δt ≤ Δx

vmax

≤ vmin

vmax

⋅

1

10f
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