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Abstract Understanding the changes in fluid flux and

hydraulic head in a confined aquifer where heat flow from

below exists is important in the development of a geothermal

field of basin-type. A 3D mathematical model describing

thermal groundwater flow and heat transport is established.

The partial differential governing equations are solved with

the standard Galerkin finite element method and the

streamline upwind Petrov–Galerkin method. Two cases of

temperature differences between the bottom and upper

boundaries are considered and one case of hydraulic gradient

difference between the left and right boundaries are also

examined. The numerical results show that when the tem-

perature of the aquifer is under normal temperature and the

temperatures of the top boundary are 45, 50 and 55 �C with

the temperature of the bottom boundary of 60 �C, the values
of fluid flux through the vertical flow section are 1000, 2134,

2214 and 2295 m3/d in Case 2, which are mainly affected by

the dynamic viscosity u. When the temperature difference

between the top and bottom boundaries increases, the

hydraulic gradient in x direction slightly increases with the

increasing temperature difference. When the temperature

differences are 15, 10, 5 and 0 �C, respectively, the hydraulic
gradients are 0.01005, 0.01003, 0.01002 and 0.01 in Cases 1

and 2, and almost keep the same value of 0.01 under normal

temperature. The hydraulic head in z direction obeys a

nonlinear change and can be described with a 2nd order

polynomial function.

Keywords Thermal groundwater � Temperature �
Hydraulic head � Flow flux � Finite element method

Introduction

It is well known that in a horizontal, homogeneous and

isotropic confined aquifer under normal temperature, fluid

flux meets Darcy’s law and hydraulic head linearly chan-

ges in the flow direction. In Fig. 1a if the confined aquifer

has the width B and under normal temperature, the

hydraulic head H will decrease linearly or the hydraulic

gradient will keep constant in x direction, and the fluid flux

Qa through any vertical flow section under a steady-state

condition can be calculated using Qa ¼ KMBðH1 � H2Þ=L
(Bear 1972, 1979). Nevertheless, when heat flow from

below exists as shown in Fig. 1b, whether the flow flux Qb

and the hydraulic gradient keep the same as those in

Fig. 1a and whether the hydraulic head H meets the linear

variation in x direction are seldom examined. The focus of

this work is on the effect of temperature on fluid flux and

the hydraulic head variation in a geothermal confined

aquifer system.
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Thermal groundwater in porous media is thought to be

density-dependent flow, which has been studied exten-

sively because of its important theoretical and practical

applications. Fluid density gradients and dynamic viscosity

resulting from variations in temperature play a significant

role in flow and heat transport in groundwater systems

(Simmons et al. 2001; Diersch and Kolditz 2002; Simmons

et al. 2010; Ataie-Ashtiani et al. 2014). A large number of

numerical studies have used the Elder problem (Elder

1967) as an example of density-dependent flow. It has been

widely used as an unstable density-dependent flow

benchmark problem (Voss and Souza 1987; Diersch and

Kolditz 2002; Simpson and Clement 2003; Woods and

Carey 2007; Ataie-Ashtiani et al. 2014). However, the case

in Fig. 1b is seldom examined.

For a geothermal system, the density and dynamic vis-

cosity of thermal groundwater are affected by temperature

(Diersch 2005b). Therefore, the governing equation of

thermal groundwater flow is different from that of con-

stant-density flow under normal temperature. For thermal

groundwater flow, there are two common forms of the

governing equation. One is that the equivalent hydraulic

head in the reference condition is defined to describing

thermal groundwater, which can reflect the hydraulic

changes affected by temperature (Diersch 2005b; Post et al.

2007). The other is that the pressure is adopted as the main

variable (Kipp 1987; Pruess et al. 1999; COMSOL 2013).

Both equations are deprived by the conservation law of

continuum mass in porous media. For heat transport in a

geothermal system, there are also two forms of the gov-

erning equation which are of the convective form and the

divergence form (Kipp 1987; Pruess et al. 1999; Diersch

2002). The convective form is more common and is dif-

ferent from the divergence form when dealing with

boundary conditions by using the finite element method

(Diersch 2002). Considering the effect of the temperature

on the density and dynamic viscosity, the appropriate

analytical solution describing the thermal groundwater

flow in Fig. 1b is hardly achieved (Wang 2011). Therefore,

the numerical method is put forward and widely applied to

describe the groundwater flow because of the great flexi-

bility in handling complex problems. Many numerical

codes have been developed, such as MODFLOW, TOUGH

2, FEFLOW (Voss 1984; Brebbia and Zamani 1989; Pruess

et al. 1999; Harbaugh 2005; Diersch 2005b).

In this paper, the equivalent hydraulic head in the ref-

erence condition in the governing equation of thermal

groundwater flow and the convective form of heat trans-

portation are adopted. The system of governing equations

and the Darcy’s velocity are solved by means of the stan-

dard Galerkin finite element and streamline upwind Pet-

rov–Galerkin method (SUPG). An emphasis is placed on

the effect of the temperature on fluid flux through the

vertical flow section and the equivalent hydraulic head

variation in the x, y and z directions in different cases in a

steady-state condition in the geothermal system shown in

Fig. 1c. Knowledge of the flow flux and hydraulic head

change in a geothermal confined aquifer is helpful in

understanding the principle of groundwater movement in a

groundwater system and is important in guiding the

exploitation and utilization of thermal groundwater.

Fig. 1 Schematic profiles showing groundwater flow in x direction in

a horizontal, homogeneous and isotropic confined aquifer with width

B under a steady-state condition a under normal temperature, b when

the heat flow from below is present and c the hydraulic head in x and

z direction when the heat flow from below is present
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Mathematical models

For thermal groundwater, especially in deep-seated aqui-

fers, the temperature is relatively high and changes greatly.

The density and dynamic viscosity of thermal groundwater

can be expressed as a function of temperature ignoring the

effect of pressure and total dissolved solids on the thermal

groundwater. Therefore, two factors should be considered

in depriving the equations describing the thermal ground-

water flow (Diersch 2005b). The general form of the

Darcy’s law describing the flow rate in a geothermal sys-

tem is:

q ¼ � k

u
ðrpþ qgrzÞ ð1Þ

where q is the Darcy’s velocity whose components along x,

y and z directions are qx, qy and qz (L T-1), k is compo-

nents of the permeability tensor (L2), u is the dynamic

viscosity, p is the fluid pressure (M L-2 T-2), q is the fluid

density (M L-3), g is the gravitational acceleration (LT-2),

z is the elevation above the datum (L).

In a geothermal system the equivalent hydraulic head

under the reference condition can be defined as

(Lusczynski 1961; Post et al. 2007):

H ¼ p

q0g
þ z ð2Þ

where q0 is the density under the reference condition

defined for a fixed temperature (M L-3).

The reference hydraulic conductivity K [L T-1] and the

dynamic viscosity difference ratio ur are introduced:

K ¼ q0gk
u0

ð3Þ

ur ¼
u

u0
ð4Þ

where u0 is the dynamic viscosity under the reference

condition.

By substituting Eqs. (2), (3), and (4) into Eq. (1), we

obtain the Darcy’s velocity in the geothermal system as

follows:

q ¼ �K

ur
ðrH þ qrrzÞ ð5Þ

where qr ¼ ðq� q0Þ=q0 is the density difference ratio.

This equation represents two driving forces that cause

thermal groundwater flow, the equivalent hydraulic head

differences that originate from the topographic relief on the

water table, and a buoyancy force caused by density dif-

ferences of the fluid. Furthermore, the dynamic viscosity

difference ratio ur play an important role in thermal

groundwater, which is usually neglected for solute trans-

port equations (Ophori 1998).

According toEq. (5), the fluid fluxQ (L3 T-1) through the

flow section in a geothermal system can be expressed as:

Q ¼ n � q � S ð6Þ

where n is the directed positive outward on S, S is the area

of the flow section (L2).

According to the universal principle of conservation, the

mass conservation equation for thermal groundwater flow

neglecting the source/sink can be written as (Bear 1972):

o

ot
ðq/Þ þ r � ðqqÞ ¼ 0 ð7Þ

where / is the porosity [-].

Introduce the reference specific storage coefficient, S0
(L-1):

S0 ¼ q0g½ð1� /Þaþ b/� ð8Þ

Substituting Eqs. (2), (3), (5) and (8) into Eq. (7), the

governing equation for thermal groundwater flow can be

deprived:

S0ð1þ qrÞ
oH

ot
þ /
q0

oq
oT

oT

ot
�r � Kð1þ qrÞ

ur
ðrH þ qrrzÞ

� �

¼ 0 ð9Þ

According to the energy conservation of a geothermal

system, the transport equation for the heat in which the

sink/source is neglected can be expressed as (Bear 1972;

Diersch 2005b):

½/qCf þ ð1� /ÞqsCs�
oT

ot
þ qCfqrT �r � ðk � rTÞ ¼ 0

ð10Þ

where qs is the density of solid particles [ML-3], T is the

temperature [H], Cf is the specific heat capacity of water

(J M-1 H-1), Cs is the specific heat capacity of solid

particles (J M-1 H-1). k is the tensor of the hydrody-

namic-thermo-dispersion (J L-1 T-1 H-1).

Several relations are reported in the literature describing

the dependence of fluid viscosity and density on tempera-

ture (Smith and Chapman 1983; Heggen 1983; Diersch

2005b). We have chosen to use two of the more simple

models, given as:

q ¼ q0½1� bðTÞðT � T0Þ� ð11Þ

ur ¼
1þ 0:7063nðT¼T0Þ � 0:04832n3ðT¼T0Þ

1þ 0:7063n� 0:04832n3
ð12Þ

with n ¼ ðT � 150Þ=100 at T (�C), where b(T) is the fluid

expansion coefficient and T0 indicates the reference values

of temperature.

To close the set of the governing equations the tensor of

the hydrodynamic–thermo-dispersion k is given by (Dier-

sch 2005b):
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k ¼ kcond þ kdisp; kcond ¼ ½/kf þ ð1� /Þks�dij;

kdisp ¼ qCf ½aT qj jdij þ ðaL � aTÞ
qiqj

qj j �
ð13Þ

where kf ; ks are the thermal conductivity of the water and

solid phase, respectively, and aL; aT are the longitudinal

and transverse thermodispersivity qj j is the absolute

specific Darcy’s fluid flux, dij (Kronecker’s delta) is equal
to 1 if i ¼ j, otherwise it is equal to zero.

Finite element formulation

Equations (5) and (10) are approximated using the Galer-

kin finite element technique. The procedure of the Galerkin

formulation is now standard and can be found in many

references (Huyakorn et al. 1987; Diersch 2005a; Wang

2008). Thus, the final systems of differential equations that

need to be solved are given below. The system of equations

for fluid flow takes the following form:

OIJðdHJ=dtÞ þ PIJðdTJ=dtÞ þ SIJHJ � FI ¼ 0 ð14Þ
AIJqJ ¼ BI ð15Þ

where the subscripts I; J ¼ 1; . . .;M, denoting nodal indi-

ces; HJ are nodal equivalent hydraulic head values; TJ are

nodal temperature values; qJ are nodal velocity values; M

is the number of nodes in the finite element network, and

OIJ , SIJ , FI , PIJ , AIJ and BI are matrices given by OIJ ¼P
e

R
Xe

S0ð1þ qrÞNINJ ; SIJ ¼
P
e

R
Xe

Kijð1þqrÞ
ur

oNI

oxi

oNJ

oxj
; FI ¼

P
eR

Ce

NIn� q�
P
e

R
Xe

Kijqrð1þqrÞ
ur

oNI

oxi

oy
oxj
, PIJ ¼

P
e

R
Xe

/
q0

oq
oT
NINJ, AIJ

¼
P
e

R
Xe

NINJ, BI ¼ �
P
e

R
Xe

Kij

ur

oNJ

oxj
HJNI �

P
e

R
Ce

Kijqr
ur

oy
oxj

NI

where Xe is the spatial domain of the element, Ce is the

boundary of Xe, NI , NJ are basis functions and n is the

directed positive outward on Ce; i; j ¼ x; y; z are spatial

indices of the Cartesian coordinates.

For the conduction–convection heat transfer Eq. (10),

the numerical oscillation and inaccuracies may occur

solved by the standard Galerkin method solution. Thus,

another method is provided to handle this case which is the

streamline upwind Petrov–Galerkin method (SUPG)

(Brooks and Hughes 1982; Zienkiewicz and Wu 1992;

Nadukandi et al. 2010). The matrix system of Eq. (10) for

heat transportation can be expressed as

EIJðdTJ=dtÞ þ UIJTJ � QIJ ¼ 0 ð16Þ

with its components written in indicial notations:

EIJ ¼
P
e

R
Xe

½/qCf þ ð1� /ÞqsCs�wINJ;UIJ ¼
P
e

R
Xe

qCfqi
oNJ

oxi
wI þ

P
e

R
Xe

kij
owI

oxi

oNJ

oxj
;QIJ ¼

P
e

R
Ce

wIn � ðk � rTÞ

It is found that the test function wI of the form given

below is optimal:

wI ¼ NI þ
ah
2

uxðoNI=oxÞ þ uyðoNI=oyÞ þ uzðoNI=ozÞ
uj j

ð17Þ

ux ¼ qCf qx

uy ¼ qCf qy

uz ¼ qCf qz

8><
>: ð18Þ

uj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y þ u2z

q
ð19Þ

a ¼ aopt ¼ coth
Pe

2
� 2

Pe
ð20Þ

Pe ¼ uj jh
k

ð21Þ

where h is the element size and here Pe is the element

Peclet number.

For linear equations, quite a few methods have been

developed, such as the Gauss–Seidel iteration method, the

Gauss elimination method, the successive over relaxation

method and so on (Li et al. 2005; Xue and Xie 2007). For

nonlinear equations, the Picard iteration method is rela-

tively common (Putti and Paniconi 1995; Huang et al.

1996). In this work, Eqs. (14) and (15) are solved by using

the successive over relaxation method and Eq. (16) is

nonlinear equation which is solved with the Picard iteration

method. The numerical results have been verified with the

software FEFLOW.

The geothermal confined aquifer

The horizontal, homogeneous and isotropic confined

aquifer exists in China when the heat flow from below

exists, as shown in Fig. 1b. The aquifers of this type are

widely distributed in North China in confined aquifers of

great depths in sedimentary basins and are of low-to-

moderate temperature (Wang et al. 1993; Chen et al. 1994).

For example, thermal groundwater with temperature

ranging from 45 to 60 �C is found in the Tertiary sandstone

aquifer system beneath the cities of Tianjin and Beijing

(Zhou et al. 2001a, b). The aquifers of this type in China,

which are composed mainly of sandstone and limestone,

are of large range and thickness and can be considered to

be infinite (Chen et al. 1994; Lin et al. 2013). Fluid flux and

the equivalent hydraulic head of the middle part in these

aquifers can be considered to be hardly affected by the

boundary conditions if sources do not exist. In this paper,

we place an emphasis on the features of fluid flux and the

equivalent hydraulic head of the middle part in these
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aquifers. Therefore, a 3D steady-state mathematical model

can be established. The aquifer is assumed to be a hori-

zontal, homogeneous and isotropic confined one consisting

of sandstone which is schematically shown in Fig. 1. The

modeled domain is assumed a rectangular of

10,000 9 1000 m and the thickness of the aquifer is

100 m. We focus on the middle part of the model, which

ranges in the x axis from 4500 m to 5500 m.

The model domain is discretized by using

100 9 100 9 10 m cube in x, y and z directions with

10,000 elements. For heat flow, the top and bottom

boundaries are boundary conditions of the first type, the

values of which are T1 and T2. The other boundary con-

ditions are assigned no-heat flow, which can be expressed

as n � ðk � rTÞ ¼ 0. For water flow, the left and right

boundary conditions are the first type, of which the values

are H1 and H2 and zero flux boundary conditions are

adopted for the other sides.

Considering the occurrence of thermal groundwater of

low-to-moderate temperature in China, the following three

cases are illustrated. In these cases, the effect of the tem-

perature on fluid flux and the equivalent hydraulic head of

thermal groundwater are examined. The reference tem-

perature is equal to the normal temperature, which is given

as 15 �C. The value of the reference hydraulic conductivity
is 1.15741 9 10-5 m/s (1 m/d).

Case 1

In Case 1, an emphasis is placed on the effect of temper-

ature on fluid flux and the equivalent hydraulic head. It is

assumed that the temperature of the entire model is con-

stant, which values are 40, 50 and 60 �C. The equivalent

hydraulic heads of the left and right boundaries under the

reference temperature are 1100 and 1000 m, respectively.

Case 2

Case 2 focuses on the effect of the temperature difference

of the model on fluid flux and the equivalent hydraulic

head. The equivalent hydraulic heads of the left and right

boundaries under the reference temperature are 1100 m

and 1000 m, respectively. The temperature of the bottom

boundary is 60 �C. The temperature of the top boundary is

changed, which values are in 45, 50 and 55 �C.

Case 3

Case 3 centers on the effect of the equivalent hydraulic

head difference on fluid flux and the equivalent hydraulic

head. The equivalent hydraulic heads of the left bound-

ary are 1100, 1300 and 1500 m, respectively. The

equivalent hydraulic heads of the right boundary remain

unchanged, which value is 1000 m and the temperature

of the top and bottom boundary are 45 and 60 �C.
Except the values of parameters and boundary conditions

mentioned above, the values of other parameters and

boundary conditions which are kept unchanged in the

simulation are listed in Table 1.

In the above cases, the profile in which y is equal to

500 m is chosen to examine the equivalent hydraulic head

variation in x and z directions. For the equivalent hydraulic

head in x direction, three lines in which z is equal to 100,

50 and 0 m are chosen in the profile. For the equivalent

hydraulic head in z direction, three lines in which x is 4500,

5000 and 5500 m are chosen in the profile. The profile in

which x is equal to 5500 m is chosen as the vertical flow

section.

Results and discussions

In the paper the hydraulic head, the temperature and the

Darcy velocities in x, y and z directions are obtained by

using the finite element method. And the equation groups

of the hydraulic head, the temperature and the Darcy

velocities in x, y and z directions are solved by using the

iteration methods. Therefore, the maximum tolerances of

the iteration methods are needed. For the hydraulic head,

the relative maximum tolerances are up to the magnitude

order of 10-11. For the temperature the relative maximum

tolerances are up to the magnitude order of 10-9, and for

the Darcy velocities the relative maximum tolerance is up

to the magnitude order of 10-13. In fact for the hydraulic

head and temperature, the five digits after decimal point of

the numerical results are kept for figures and compared

with the values of the hydraulic head and the temperature,

the other digits after decimal point can be neglected.

Table 1 Basic parameters for the numerical simulations

Quantity Value

Length of the modeled domain (L) 10,000 m

Thickness of the modeled domain (M) 100 m

Width of the modeled domain (B) 1000 m

Porosity (/) 0.03

Gravitational acceleration (g) 9.81 ms-2

Thermal conductivity of the water (kf ) 0.65 Jm-1 s-1 K-1

Thermal conductivity of the solid phase (ks) 2.6 Jm-1 s-1 K-1

Longitudinal thermodispersivity (aL) 0 m

Transverse thermodispersivity (aT) 0 m

Density of solid particles (qs) 2600 kg m-3

Specific heat capacity of solid particles (Cs) 878 J kg-1 K-1

Specific heat capacity of water (Cf ) 4200 J kg-1 K-1
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For the equivalent hydraulic head in x direction, Figs. 2,

3, 4 show that the equivalent hydraulic head has a linear

decrease with the increasing x in Case 1. When the tem-

perature of the whole aquifer is 40, 50 and 60 �C,
respectively, the slopes of the three lines in x direction are

0.01, which is just equal to the hydraulic gradient in the

aquifer under normal temperature. The result indicates that

when the left and right boundary conditions of the aquifer

are determined, the temperature of the aquifer has no

influence on the hydraulic gradient in Case 1. This phe-

nomenon keeps consistent with the aquifer under normal

temperature.

For the equivalent hydraulic head in z direction, Figs. 2,

3, 4 indicate that when the elevation z decreases, the

equivalent hydraulic head decreases linearly in Case 1.

When the temperature of the whole aquifer increases, the

slopes of the three lines in z direction also increase. For

example, when the temperature is 40, 50 and 60 �C, the
values of the slopes are 0.0069, 0.0111 and 0.0159. This

phenomenon is different from the aquifer under normal

temperature.

For the aquifer under normal temperature given as 15 �C,
fluid flux through the flow section can be easily calculated

by using Eq. (6), and the value is 1000 m3/d. However,

Fig. 5 shows that when the temperature of the whole aquifer

increases, fluid flux through the vertical flow section also

increases in Case 1. For example, when the temperature is

15, 40, 50 and 60 �C, the values of fluid flux are 1000, 1717,
2039 and 2378 m3/d. This can be explained by using

Eqs. (5) and (6). Firstly, Figs. 2, 3, 4 indicate that the

hydraulic gradient in x direction remains unchanged when

the temperature of the aquifer increases in Case 1. Sec-

ondly, the aquifer is assumed to be a homogeneous and

isotropic confined aquifer. The reference hydraulic con-

ductivity K and the area of the vertical flow section S are

determined and the value of rz in x direction is equal to 0.

Therefore, the last term ur, which is affected by the tem-

perature, is the unique factor to have direct influence on the

fluid flux in Case 1. According to Eq. (4), it is found that the

dynamic viscosity u is the unique factor to lead to the

increase of the fluid flux. For example, when the tempera-

ture is 40 �C, the value of ur is 0.5821 and the Darcy’s

velocity of each node in x direction is 0.01718 m/d, which

can be solved by Eq. (5). The value of fluid flux through the

vertical flow section is 1718 m3/d, which is just equal to the

value solved by Eq. (15). When the temperature is 50 and

60 �C, the same conclusions can be drawn that the dynamic

viscosity u directly affected the fluid flux and the Darcy’s

velocity can also directly be solved by using Eq. (5).

Therefore, in Case 1 when the temperature increases, the

dynamic viscosity u decreases, which directly lead to the

increase of Darcy’s velocity and fluid flux.

Figures 6, 7, 8 show that the equivalent hydraulic head

also varies linearly in x direction in Case 2. However, the

slopes of the fitted lines are slightly different from that in

Case 1. In Case 2, the slopes slightly increase with the

temperature difference between the top boundary and the

bottom boundary. For example, when the temperature

Fig. 2 Equivalent hydraulic

head and fitted curves in Case 1

in which the temperature is

40 �C a in x direction and b in

z direction
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difference is 15, 10 and 5 �C, the slopes are 0.01005,

0.01003 and 0.01002. In contrast with the values of the

equivalent hydraulic head in the mathematical model, the

errors caused by the slopes can be neglected. It is also

found that the slopes in x direction remain unchanged in

different temperature of the top boundary in Case 2, which

value is 0.01. Besides, the slopes of the three lines on

which z is equal to 100, 50 and 0 m keep the same in

z direction. This phenomenon shows that the slopes have

no relationship with the elevation.

Fig. 3 Equivalent hydraulic

head and fitted curves in Case 1

in which the temperature is

50 �C a in x direction and b in

z direction

Fig. 4 Equivalent hydraulic

head and fitted curves in Case 1

in which the temperature is

60 �C a in x direction and b in

z direction
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Figures 6, 7, 8 also indicate that in z direction the

equivalent hydraulic head obeys nonlinear changes and

increases with the elevation, which is different from that in

Case 1 and that in the aquifer under normal temperature.

This phenomenon can be described by using a 2nd order

polynomial function. The fitted functions show that when

the temperature difference between the top boundary and

the bottom boundary is higher, this phenomenon is more

obvious in Figs. 6, 7, 8. When the temperature difference

decreases, the equivalent hydraulic head is close to the

linear changes.

Figure 9 indicates that fluid flux through the vertical

flow section increases with the temperature of the top

boundary. The temperature difference between the top

boundary and the bottom boundary in Case 2 is higher, the

values of fluid flux is also higher. For example, when the

temperature differences are 15, 10, 5 and 0 �C, the values

of fluid flux are 2134, 2214, 2295 and 2378 m3/d. The

slopes in x direction are thought to remain unchanged when

the temperature difference increases in Figs. 6, 7, 8.

Therefore, the same conclusion can be drawn that Darcy’s

velocity and fluid flux are directly determined by the

dynamic viscosity u, which is affected by temperature. The

temperature decreases with the elevation in Case 2.

Therefore, the Darcy’s velocity of each node in x direction

increases when the elevation decreases. For example, when

the temperature of the top boundary is 45 �C, for the nodes
of coordinates of (4500,500,100), (4500,500,50) and

Fig. 5 The trend of fluid flux

variation with the temperature

in Case 1

Fig. 6 Equivalent hydraulic

head and fitted curves in Case 2

in which the temperature of the

top boundary is 45 �C a in

x direction and b in z direction

397 Page 8 of 12 Environ Earth Sci (2016) 75:397

123



(4500,500,0), the Darcy’s velocities are 0.019, 0.021 and

0.024 m/d.

Figures 6, 10, 11 indicate that when the equivalent

hydraulic head difference between the left boundary and

the right boundary enlarges 3 and 5 times, the equivalent

hydraulic head also varies linearly in x direction and the

hydraulic gradient also enlarge 3 and 5 times. For example,

when the equivalent hydraulic head differences are 100,

300 and 500 m, respectively, the values of the hydraulic

gradient are 0.01005, 0.03026 and 0.05044, which keep

consistent with the aquifer under normal temperature. The

equivalent hydraulic head in z direction also meets

Fig. 7 Equivalent hydraulic

head and fitted curves in Case 2

in which the temperature of the

top boundary is 50 �C a in

x direction and b in z direction

Fig. 8 Equivalent hydraulic

head and fitted curves in Case 2

in which the temperature of the

top boundary is 55 �C a in

x direction and b in z direction
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nonlinear variation and increases with the elevation, which

can be describes by a 2th order polynomial function as

shown in Figs. 6, 10 and 11. When the values of the

equivalent hydraulic head difference are 100, 300 and

500 m, the fitted functions do not remain unchanged,

which are affected by the hydraulic gradient. Figure 12

shows that when the values of the equivalent hydraulic

head are 1100, 1300 and 1500 m, the fluid flux through the

vertical flow section linearly increases, which keep con-

sistent with the aquifer under normal temperature. There-

fore, fluid flux through the vertical flow section increases

linearly with the hydraulic gradient in the geothermal

confined aquifer system.

Thus, for a horizontal, homogeneous and isotropic

confined aquifer, the flow flux Qb is greater than Qa in the

aquifer under normal temperature, the equivalent hydraulic

head H meets a linear variation in x direction and a non-

linear variation in z direction, and the hydraulic gradient

almost remains unchanged when the heat flow from below

is present in a steady-state condition shown in Fig. 1c.

Conclusions

The numerical results of a 3D steady-state mathematical

model show that the fluid flux through the flow section

increases with the temperature and is larger than that in the

confined aquifer under normal temperature. The equivalent

hydraulic head decreases linearly with the increase of x in x

direction and the equivalent hydraulic head obeys

Fig. 9 The trend of fluid flux

variation with the temperature

of the top boundary in Case 2

Fig. 10 Equivalent hydraulic

head and fitted curves in Case 3

in which the equivalent

hydraulic head of the left

boundary is 1300 m a in

x direction and b in z direction
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nonlinear changes in z direction in a geothermal system of

a horizontal, homogeneous and isotropic confined aquifer

where the heat flow from below exists, as shown in Fig. 1c.

For fluid flux through the vertical flow section, the tem-

perature increases and the dynamic viscosity u decreases,

which directly lead to the increase in the fluid flux. When

the temperature of the top boundary is 45, 50 and 55 �C,
the values of fluid flux through the vertical flow section are

2134, 2214 and 2295 m3/d in Case 2. When the hydraulic

gradient linearly increases, the fluid flux also increases

linearly, which is consistent with the aquifer under normal

temperature. For the equivalent hydraulic head in x direc-

tion, when the temperature difference between the top and

bottom boundaries increase, the hydraulic gradient slightly

increases with the temperature difference. For example,

when the temperature differences are 15, 10, 5 and 0 �C,
the hydraulic gradients are 0.01005, 0.01003, 0.01002 and

0.01 in Cases 1 and 2. When the equivalent hydraulic head

difference between the left and right boundaries enlarges 3

and 5 times, the equivalent hydraulic heads also decrease

linearly and the hydraulic gradient also enlarges 3 and 5

times. For the equivalent hydraulic head in z direction, the

equivalent hydraulic head obeys nonlinear changes and

increases with the increasing elevation and can be descri-

bed by using a 2nd order polynomial function. The fitted

functions show that when the temperature difference

between the top and bottom boundaries is higher, this

phenomenon is more obvious. When the temperature dif-

ference decreases, the equivalent hydraulic head is close to

the linear changes. When the temperature difference is

Fig. 11 Equivalent hydraulic

head and fitted curves in Case 3

in which the equivalent

hydraulic head of the left

boundary is 1500 m a in

x direction and b in z direction

Fig. 12 Fluid flux and fitted

curves in Case 3 in which the

equivalent hydraulic heads of

the left boundary are 1100, 1300

and 1500 m

(1000 m\HB1500 m)
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equal to 0, the equivalent hydraulic head just meet the

linear changes in z direction. The numerical results are

helpful in understanding the principle of groundwater

movement in a thermal groundwater system.

Acknowledgements This work was supported by the Natural Sci-

ence Foundation of Beijing (8152026), the Fundamental Research

Funds for the Central Universities of China (2652013085,

2652014089, 2652015244, 2652015245, 2562015426) and the project

of China Geological Survey (1212011120064).

References

Ataie-Ashtiani B, Simmons CT, Werner AD (2014) Influence of

boundary condition types on unstable density-dependent flow.

Groundwater 52:378–387

Bear J (1972) Dynamics of fluids in porous media. American Elsevier,

NewYork

Bear J (1979) Hydraulics of groundwater. McGraw-Hill, London

Brebbia CA, Zamani NG (1987) Boundary element techniques:

applications in fluid flow and computational aspects. Computa-

tional Mechanics Publications, Southampton

Brooks AN, Hughes TJ (1982) Streamline upwind/Petrov-Galerkin

formulations for convection dominated flows with particular

emphasis on the incompressible Navier-Stokes equations. Com-

put Methods Appl Mech Eng 32:199–259

Chen M, Wang J, Deng X (1994) Geothermal resources in China.

Science Press, Beijing (In Chinese)
COMSOL (2013) COMSOL multiphysics modeling guide (version

4.4). COMSOL AB, Stockholm

Diersch H-JG (2002) About the difference between the convective

form and divergence form of transport equation. FEFLOW-

White papers, vol I, WASY Ltd, Berlin

Diersch H-JG (2005b) FEFLOW Reference Manual WASY GmbH

Institute for Water Resources Planning and Systems Research

Ltd, Berlin

Diersch H-JG (2005a) FEFLOW-White papers, vol I. WASY GmbH

Institute for Water Resources Planning and Systems Research

Ltd, Berlin

Diersch H-JG, Kolditz O (2002) Variable-density flow and transport

in porous media: approaches and challenges. Adv Water Resour

25:899–944

Elder J (1967) Transient convection in a porous medium. J Fluid

Mech 27:609–623

Harbaugh AW (2005) MODFLOW-2005, the US Geological Survey

modular ground-water model: The ground-water flow process

US Department of the Interior, US Geological Survey

Heggen RJ (1983) Thermal dependent physical properties of water.

J Hydraul Eng 109:298–302

Huang K, Mohanty B, Van Genuchten MT (1996) A new conver-

gence criterion for the modified Picard iteration method to solve

the variably saturated flow equation. J Hydrol 178:69–91

Huyakorn PS, Andersen PF, Mercer JW, White HO (1987) Saltwater

intrusion in aquifers: development and testing of a three-

dimensional finite element model. Water Resour Res

23:293–312

Kipp KL (1987) HST3D: a computer code for simulation of heat and

solute transport in three-dimensional ground-water flow systems

U.S. Geological Survey, Water-Resources Investigations Report,

86-4095

Li Q, Wang N, Yi D (2005) Numerical analysis. Tsinghua University

Press, Beijing (In Chinese)

Lin W, Liu Z, Wang W, Wang G (2013) The assessment of

geothermal resources potential of China. Geol China 40:312–321

Lusczynski NJ (1961) Head and flow of ground water of variable

density. J Geophys Res 66:4247–4256
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