
ORIGINAL ARTICLE

Joint inversion of 2D resistivity and seismic travel time data
to image saltwater intrusion over karstic areas

Hamdan A. Hamdan • Antonis Vafidis

Received: 29 March 2012 / Accepted: 27 July 2012 / Published online: 19 August 2012

� Springer-Verlag 2012

Abstract The simultaneous inversion of multiple geo-

physical data types has been proven to be a powerful tool to

both improve subsurface imaging and help in the inter-

pretation process. The main goal of this paper was to

develop joint inversion strategies to provide improved

resistivity and seismic velocity images for delineating

saline water zones in karstic geological formations. The

cross-gradient constraint approach was adopted to jointly

invert resistivity and seismic first arrival data. The basic

idea of this approach is to quantitatively estimate the

structural similarity between resistivity and seismic

velocity models, using the cross product of their gradients

and to achieve a unified geological model which satisfies

both data sets. Initially, synthetic data were employed to

help develop a joint inversion strategy to be used over such

complex geological structures. The proposed strategy uses

a weighting factor for the cross-gradient constraints and

separate damping factors for the resistivity and seismic

data. This strategy was applied successfully on field data

from the karstic region of Stilos, Crete, Greece.

Keywords Joint inversion � Cross-gradient � Seawater

intrusion � Electrical tomography � Seismic tomography

Introduction

Tomography, a well-known technique, is widely used to

delineate the spatial distribution of the physical properties

of the geological formations such as resistivity and seismic

velocity. In particular, electrical tomography, due to its

sensitivity to the presence of ions, images effectively saline

water zones in coastal areas (Gnanasundar and Elango

1999; Abdul Nassir et al. 2000; Imhof et al. 2001;

Lashkaripour 2003; Singh et al. 2004; Kuras et al. 2005;

Ogilvy et al. 2009).

On the other hand, imaging the geological formations,

especially faults and fractured zones, is of great importance

in understanding the saline water intrusion mechanism.

Such information can be obtained using seismic methods

(Haeni 1986; Mela 1997; Jarvis and Knight 2002). The

combination of electrical and seismic tomography is

probably the most appropriate methodology to image fresh

and saline water zones in coastal areas (Sumanovac and

Weisser 2001; Balia et al. 2003).

However, it is often hard to find a geological scenario

which satisfies both resistivity and seismic velocity models.

Simultaneous inversion techniques have been proposed to

produce a unified model and reduce the ambiguities in

geophysical interpretation (Vozof and Jupp 1975; Lines

et al. 1988; Dobroka et al. 1991). The joint inversion of

different data sets has already been applied in cases where

these depend on the same physical parameter, such as data

from dc resistivity and transient electromagnetic methods

(Raiche et al. 1985; Sandberg 1993; Maier et al. 1995;

Schmutz et al. 2000; Albouy et al. 2001; Athanasiou et al.

2007).

When the datasets depend on different physical param-

eters, joint inversion either utilizes experimental relation-

ships between the petrophysical properties (Berge et al.

2000; Tillman and Stocker 2000) or the structural simi-

larity of the geophysical models. An essential condition in

the latter case is that the geophysical methods detect the

same layers (Hering et al. 1995; Lines et al. 1988).
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The joint inversion of electric and seismic tomography

data maintains the common structural boundaries between

the two models (structural approach) by employing a gra-

dient operator (Zhang and Morgan 1997; Haber and

Oldenburg 1997; Gallardo and Meju 2003, 2004). In this

paper, a joint inversion algorithm for electric and seismic

tomography is developed and tested on both synthetic and

real data. The efficiency of this algorithm in imaging saline

water zones in complex karstic geological formations is

also examined.

Formulation of the joint inversion algorithm

Geophysical data inversion aims at finding model param-

eters which will reproduce the measured data. In this

inversion procedure, it is necessary to solve the forward

problem. Several techniques have been proposed to study

the resistivity and seismic forward problems, which are

usually based on numerical methods.

In this paper, a 2.5D finite element method (Tsourlos

1995; Tsourlos et al. 1998) approach was adopted to solve

the resistivity forward problem. This approach gives better

estimates of the apparent resistivity, compared to the

conventional 2D method, since a 3D potential field is

considered (Dey and Morrison 1979).

An optimized ray bending method solves the seismic

forward problem using beta-splines for the ray parameter-

ization. The 2.5D approach employs a small size third

dimension axis (Moser 1991; Soupios et al. 2001).

Resistivity and seismic forward modeling involves non-

linear equations. By applying a first-order Taylor expan-

sion, one can get a set of two linear equations:

frðmrÞ ffi frðm0rÞ þ Jrðmr � m0rÞ ð1Þ
fsðmsÞ ffi fsðm0sÞ þ Jsðms � m0sÞ ð2Þ

where m0r and m0s are the initial resistivity and seismic

velocity models, respectively, while Jr, Js are Jacobian

matrices. For the resistivity method, the Jacobian matrix Jr

is estimated using the adjoint equation technique (Tsourlos

1995; McGillivray and Oldenburg 1990; Park and Van

1991), where the sensitivities are calculated as a function

of an adjoint field (the adjoint Green’s function) and the

electric field for every model cell. The Jacobian matrix Js is

calculated by finding the ray length in each cell.

The next step uses an optimization method which min-

imizes the differences between the theoretical and the

measured data. In geophysics, this is achieved by using the

least squares method. A smoothness constraint (Constable

et al. 1987) is added to the objective equation in order to

regularize the ill-posed inversion problem:

min UðmrÞ ¼ dr � frðmrÞk k2
C�1

ddr
þ arDmrk k2

n o
ð3Þ

min UðmsÞ ¼ ds � fsðmsÞk k2
C�1

dds
þ asDmsk k2

n o
ð4Þ

where d is the measured data (dr: the logarithm of the

apparent resistivities, ds: the seismic travel times), f is the

response of the model, (fr(mr): the computed apparent

resistivities, fs(ms): the computed travel times), D is the

smoothness matrix, ar and as are the weighting coefficients

which define the smoothing level of the models mr and ms,

respectively, and Cddr and Cdds are the covariance matrices

of the electric and seismic data, respectively.

To simultaneously invert resistivity and seismic data, a

common mesh for both models is necessary. Here, this

mesh was created for the finite element resistivity forward

problem and is subsequently used by the ray tracing

algorithm. The resulting resistivity and seismic velocity

models are considered structurally identical when their

gradient vectors have the same or opposite direction. This

can be expressed mathematically by the product of their

gradients (Gallardo and Meju 2003, 2004):

t
!
ðx; zÞ ¼ rmrðx; zÞ � rmsðx; zÞ ¼ 0 ð5Þ

where t
!

is the cross-gradient vector, and mr and ms are the

resistivity and seismic velocity models, respectively. This

equation is of great importance in guiding the joint

inversion procedure. Thus, the least squares joint

inversion becomes:

min Uðmr;msÞ ¼
dr � frðmrÞ
ds � fsðmsÞ

����
����

2

C�1
dd

þ
arDmr

asDms

����
����

2
( )

;

subject to t
!
ðmr;msÞ ¼ 0:

ð6Þ

To satisfy the cross-gradient constraint ( t
!
ðmr;msÞ ¼ 0Þ;

the gradient vectors must be parallel (same or opposite

direction) at points where variation in the physical

parameters (resistivity and velocity) occurs. This means

that the boundaries of the geological layers, detected by

both methods, are located at the same position. The cross-

gradient constraint t
!
ðmr;msÞ (mr, ms) is linearized using

the first-order Taylor expansion:

t
!
ðmr;msÞ ffi t

!
ðm0r;m0sÞ þ Jc

mr � m0r

ms � m0s

� �
ð7Þ

where Jc is the cross-gradient Jacobian matrix, which

expresses derivatives of t with respect to the resistivity and

seismic velocity. The values of Jc are calculated using

finite differences (Gallardo and Meju 2004).

The objective Eq. (6) is solved by using Lagrange

multipliers (Menke 1989). Here, we introduce a weighting
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factor wn (n denotes iteration number) in the formulation

proposed by Gallardo and Meju (2004):

m ¼ N�1
1 n2 � wnN�1

1 JT
c K ð8Þ

K ¼ ðJcN�1
1 JT

c Þ
�1ðJcN�1

1 n2 � Jcm0 þ t0Þ ð9Þ

where N1 and n2 are calculated using the equations:

N1 ¼
1
b2

r

JT
r C�1

rr Jr þ a2
r DTD 0

0 1
b2

s

JT
s C�1

ss Js þ a2
s DTD

" #

ð10Þ

and n2 ¼
1
b2

r

JT
r C�1

rr dr � frðm0rÞ þ Jrm0rf g
1
b2

s

JT
s C�1

ss ds � fsðm0sÞ þ Jsm0sf g

" #
ð11Þ

and br, bs are auxiliary damping factors for the resistivity

and seismic components in (10) and (11), while K is the

cross-gradient Lagrange multiplier used to determine the

contribution percentage of the cross-gradient constraint in

the inversion procedure. The first part of Eq. (8) describes

the independent inversion of resistivity and seismic mod-

els, while the second part represents the cross-gradient

constraint which is controlled by the Lagrange multiplier

K.

In this approach, the original equations proposed by

Gallardo and Meju (2004) are modified as follows:

– A weighting factor wn introduced in Eq. (8) takes

values between 0 and 1. When wn = 0, the resistivity

and seismic data are inverted independently. For

wn = 1, joint inversion is chosen. The inversion

process usually begins with wn = 0 at the first iteration.

Afterward, the cross-gradient constraint is gradually

introduced in the inversion process by increasing the

value of wn.

– The auxiliary damping factor b in the original equa-

tions is replaced by two factors corresponding to the

resistivity br and the seismic bs components. If bs [ br,

the cross-gradient constraint is more sensitive to the

resistivity data set, and thus the final outcome from the

joint inversion is biased toward the resistivity model.

These factors are very useful in cases where one of

the two methods gives better images (e.g., karstic

structures).

– An A priori model is not used in the objective Eq. (6).

This is usually the case in the absence of boreholes.

Model with limestone block

This model consists of a marly limestone block surrounded

by clays. The dimensions of this 2D model (Fig. 1a) are

40 9 10 m. The resistivity and P-wave velocity of the

clays are 10 X m and 1,000 m/s, respectively. The 6 9 3-

m marly limestone block buried at a depth of 2 m exhibits

a resistivity of 100 X m and a velocity of 2,000 m/s.

Synthetic apparent resistivity data are generated by the

finite elements (FE) algorithm (Tsourlos et al. 1998) using

the dipole–dipole array (41 electrodes). The dipole distance

a was set to 1 m, while the distance between the two

dipoles was set to na where n = 1, 2… 21. The ray tracing

method (Soupios et al. 2001) generated first arrivals for 39

geophone (receiver spacing = 1 m) and seven seismic shot

points (source spacing = 5 m) (Fig. 1a).

The resistivity and seismic inversion are initially applied

(Fig. 1b). The resistivity model was properly reconstructed

after nine iterations. The resistivity values in the karstified

marly limestone block, as well as the resistivity values of the

surrounding clays, are very close to the actual ones. The

inversion of the seismic data on the other hand, as expected,

was not equally acceptable. The first arrivals correspond to

seismic rays refracted from the top of the marly limestone

block. Thus, the ray coverage within the limestone block is

inadequate, resulting in imaging only the shallow part of the

block which is misplaced (shifted upward).

Using the same value for both damping factors (br, bs),

the joint inversion algorithm exhibits increased root mean

square (RMS) errors (Fig. 1c). In particular, the resistivity

values in the marly limestone block are overestimated

(300–500 X m). On the other hand, a high velocity zone is

present close to the surface and the velocity in the block is

underestimated at 1,300–1,600 m/s.

The fact that the limestone block is better imaged by the

independent resistivity inversion indicates that more

weight should be assigned to the resistivity data in the joint

inversion. Increasing the value of the damping factor bs in

Eqs. (10) and (11) improved significantly the joint inver-

sion (Fig. 1d). The damping factor bs was assigned a value

28 in the first iteration, which decreased gradually to 1 over

the first seven iterations, while factor br was kept as 1. The

marly limestone block is better imaged here. However, the

block’s resistivity is again overestimated.

To further improve these images, one can start with

independent inversion, followed by the gradual introduc-

tion of the cross-gradient constraint. This strategy uses

wn = 0 in the first iteration, then increases subsequently to

unity. This resulted in resistivity and velocity images

(Fig. 1e) exhibiting structural similarity. The seismic

velocities from this strategy show reduced RMS errors.

For the proposed joint inversion strategy, convergence is

faster compared to the equally weighted cross-gradient

inversion. This test shows that the joint inversion better

reconstructs the resistivity and seismic velocity images.

The use of the weighting factor wn and the auxiliary

damping factors (br, bs) improved significantly the per-

formance of the cross-gradient method (Fig. 2).
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Model with saline water zone

This 2D model (40 9 10 m) consists of two layers

(Fig. 3a). The thickness of the shallow layer is 3 m and its

resistivity is 40 X m, while its velocity is 1,200 m/s. These

are typical values for marls observed in the region of

Stylos, Chania. The deeper layer exhibits higher resistivity

(150 X m) and velocity (2,000 m/s) values typical for

saturated marly limestones. A saline water zone is also

present in the marly limestones. In this zone, the resistivity

is very low (10 X m), while the seismic velocity remains

the same. This is an appropriate model for testing the cross-

gradient joint inversion, since the velocity model encoun-

ters less interfaces compared to the electric one.

Synthetic apparent resistivity data and first arrival seis-

mic data were calculated using the same survey parameters

as in model 1 (Fig. 1). Random noise with normal distri-

bution and standard deviation of 5 % was added. Figure 3b

shows the outcome of the independent inversion (four

iterations). This geoelectric section indicates that the

resistivity values approach the actual ones, but the thick-

ness of the shallow layer is underestimated (2 m instead of

3 m). Seismic velocities are also in agreement with the

actual ones.

Applying the cross-gradient joint inversion, the resis-

tivity of the geoelectric layers and the thickness of the

shallow layer on the geoelectric section are correctly esti-

mated (Fig. 3c, four iterations). The resistivity images of

the independent and joint inversion are similar. This is

reasonable since high values were assigned to the damping

factor bs (60 in the first iteration and decreasing gradually

to 1 over the first nine iterations while factor br was kept as

1). In the velocity image resulting from the cross-gradient

joint inversion, the thickness of the shallow layer is more

accurately estimated and the structural similarity between

the resistivity and velocity sections is improved.

Fig. 1 Model 1: a the resistivity model is on the left and the seismic

velocity model is on the right. b Independent smoothness constraint

inversion sections. c Joint inversion sections: br = bs. d Joint

inversion sections: br \bs. e Joint inversion sections: br \bs, where

wn gradually increases by 20 % per iteration. The white frame
indicates the location of the marly limestone block
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Application to real data

The proposed joint inversion strategy was applied in the

region of Stilos, Crete, Greece (Fig. 4). Exploration bore-

holes and natural springs revealed saline water, at a dis-

tance of 1–3 km from the seashore. This region is strongly

karstified and consists mainly of alluvium, marls and marly

limestones.

Extensive geological and geophysical studies were

conducted in the region of interest (Michalakis et al. 2006;

Hamdan and Vafidis 2009; Hamdan et al. 2010; Soupios

et al. 2010) and involved 11 electrical tomography lines

(3.5 km) and 17 seismic tomography lines (3.5 km). The

aim of this survey was to study the main mechanisms

responsible for saline water intrusion and more specifically

to examine the contribution of a major NE–SW fault in

the saline water intrusion. The developed algorithm was

applied on data from two survey lines.

Line 1

This line is located in the southwest part of the survey

region, where karstified marly limestones outcrop. The

Wenner–Schlumberger array, using 28 electrodes and

electrode spacing of 7 m (189 m total length), was

deployed. The resistivity section from the independent

inversion (Fig. 5) indicates three geoelectric layers. These

layers are attributed to unsaturated karstified marly lime-

stones, saturated with freshwater and saturated but less

karstified.

The corresponding seismic tomography employed five

shot points (sledgehammer) in three 12-geophone spreads

and 5-m geophone spacing. The seismic velocity section

from independent inversion also suggests the existence of

three seismic layers (Fig. 5). Here, the first and second

Fig. 2 RMS errors for the resistivity (a) and seismic (b) data for

Model 1. Blue corresponds to the independent inversion, yellow to the

joint inversion (br = bs), green to the cross-gradient constraint joint

inversion (br \bs) and red to joint inversion (br \bs, wn gradually

increases by 20 % per iteration)

Fig. 3 Model 2: a the resistivity model is on the left (41 electrodes at every 1 m) and the seismic model is on the right. b Independent

smoothness constraint inversion; c joint inversion (br \bs) where wn gradually increases by 20 % per iteration
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layers are assigned to karstified and less karstified marly

limestone. The third layer is attributed to Tripoli

carbonates.

The independent inversion sections showed differences

in the thickness of resistivity and seismic layers. In par-

ticular, there is a pronounced discrepancy at horizontal

Fig. 4 Geological map of the

surveyed area showing the

location of the resistivity (red
color) and seismic (purple
color) tomography lines

Fig. 5 Comparison of the independent inversion sections (left) and

cross-gradient joint inversion sections (right) for line 1. a The

resistivity sections, b the seismic sections and c the result of

superimposing the resistivity section over the seismic one. The

dashed black line indicates the boundaries of the geoelectric zones,

while the white one indicates the seismic velocity boundaries
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distances greater than 175 m, where there is a lack of

resistivity data, which is partially reduced by the joint

inversion. The cross-gradient joint inversion algorithm and

the proposed strategy improved the structural similarity

between the two sections (Fig. 5c) indicating that the depth

of the water table is approximately 10 m and the geological

formations present at depths less than 35 m are karstified

marly limestones and not Tripoli carbonates.

Line 6

Line 6 is close to the seashore (at an elevation of 4 m). The

resistivity data were collected using the Wenner–Schlum-

berger array deploying 27 electrodes with 4-m spacing

(104 m in total length). One spread with five seismic shot

points and 12 geophones was used for the corresponding

seismic tomography. Marls are observed on the surface,

while marly limestones are expected at shallow depths.

A relatively high concentration of salts ([1,000 ppm) was

detected in a spring about 300 m to the east of this line.

In the resistivity section (from the independent inversion

after five iterations), low and very low resistivity zones are

attributed to marls (top) and saturated marly limestone

(probably seawater intrusion, Fig. 6), respectively. The

seismic section, on the other hand, revealed three seismic

layers attributed to marls (low velocities) and marly

limestones. The first layer has the same thickness in both

the resistivity and seismic sections. The main difference

between these sections is the third seismic zone which is

observed at the edges of the seismic section.

The resistivity section from the cross-gradient inversion

shows a third higher resistivity layer. Better structural

similarity between the two sections has been achieved,

indicating the presence of seawater intrusion in the second

and third layers.

Discussion and conclusions

Two new strategies for joint inversion of resistivity and

seismic data using cross-gradient are proposed and evalu-

ated using synthetic datasets over the complex structures.

In the case of model 1, the joint inversion significantly

improved the seismic velocity section. One can dispute the

advantages of using the joint inversion, since the inde-

pendent resistivity inversion gives better results and

exhibits lower RMS values. Nevertheless, achieving a

unified model, for both seismic and electric data, might be

of greater importance in the interpretation process, espe-

cially in geological conditions where it is difficult to decide

which method is more reliable. The proposed strategies

helped improving the joint inversion images by using a

weighting factor and different values for the seismic and

electric damping factors.

The case of model 2 is more difficult since the seismic

and resistivity models do not share the same (structural)

Fig. 6 Comparison of the independent inversion sections (left) and

cross-gradient joint inversion sections (right) for line 6. a The

resistivity sections, b the seismic sections and c the result of

superimposing the resistivity section over the seismic one. The

dashed black line indicates the boundaries of the geoelectric zones,

while the white one indicates the seismic velocity boundaries
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layers. Nevertheless, by increasing the difference between

the seismic and electric auxiliary damping factors (br, bs),

the cross-gradient scheme successfully improved the

structural similarity between both sections.

The application of the cross-gradient joint inversion

proved to be very useful in the interpretation of the field

data from the Stilos region. The independent inversion

sections showed differences in the thickness of the geo-

logical layers, while the joint inversion section gave a more

reasonable geological scenario. Specifically, in line 1, the

joint inversion produced a better image of the subsurface

and clarified the absence of Tripoli carbonates at the survey

depths. In line 6, the joint inversion showed an additional

less karstified marly limestone layer. These results

emphasize the importance of the joint inversion in the

interpretation process. Thus, joint inversion facilitates and

speeds up the interpretation and in some cases the number

of required verification boreholes is reduced.
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