Environ Earth Sci (2012) 66:319-326
DOI 10.1007/s12665-011-1241-3

ORIGINAL ARTICLE

Seismic stability analysis of soil nail reinforced slope
using kinematic approach of limit analysis

Siming He - Chaojun Ouyang + Yu Luo

Received: 11 June 2010/ Accepted: 14 July 2011 /Published online: 3 August 2011

© Springer-Verlag 2011

Abstract Prediction of the critical seismic yield accel-
eration coefficient and the seismic permanent displacement
of soil nail reinforced slope under seismic loading has been
playing an important role in helping design in the earth-
quake-prone areas. In this paper, the seismic stability of
soil nail reinforced slope is analyzed using the kinematic
theorem of limit analysis. The log-spiral failure mechanism
is considered and the corresponding analytical expressions
are derived to calculate the critical seismic yield acceler-
ation coefficient and the permanent displacement of slope
subjected to earthquake loading. A series of calculations
are carried out to illustrate the influence of inertial force on
the stability of a nail-reinforced slope. Parametric studies
indicate that the strength and geometry of slope as well as
characteristic parameters of soil nail have a significant
effect on the critical seismic yield acceleration coefficient
and the permanent displacement of soil nail reinforced
slope.
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D, Energy dissipation rate during rotational failure
due to soil nail
D, Energy dissipation rate during rotation failure

along the sliding surface

fi~fes Functions depend on the angle of 6y, 0,, ¢ and 8

F; Boundary traction

g Gravity acceleration

H Height of slope

H; Space distance of soil nail in vertical direction

kn Seismic acceleration coefficient input

ky Seismic yield acceleration coefficient

kye Critical seismic yield acceleration coefficient

L; Length of the ith soil nail

n Number of soil layers

ro, r,  Radius of the log-spiral with respect to angles 6,
and 0,

S Boundary area of the sliding soil mass

T; Force of the ith layer unit width

Vv Volume of the sliding soil mass

Vi Kinematically admissible velocity field

w Rate of work due to soil weight and inertial force

Xi Body forces

X Acceleration of the sliding block relation to the
slip surface

Z Depth of the ith layer measured downwards from
the top of the slope

Greek symbols
incline angle of soil nail
inclination angle of the slope
unit weight of soil
internal friction angle of soil
polar coordinate, m
0,  magnitudes of 6 used to describe the log-spiral
failure surface

e =2 ™R
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w,®, rotational angle, angular velocity and
acceleration of the rotation mass

[1] bond strength between soil nail and surrounding
soil

&jj strain rate field compatible with v;

ojj stress field relating to X; and F;

Introduction

In the past decades, soil nailing, which is developed on the
base of New Austrian Tunneling Method (NATM) and can
improve the soil shear strength significantly through steels
or other high strength strip materials, has been proved a
versatile and cost effective technique in reinforcing soil or
soft rock slope (Martin 1997). However, whether a soil nail
reinforced slope is available and economic or not depends
to a considerable extent on the design method and criterion.
The current design methods are usually sorted into criterion
based on factor of safety and criterion based on the per-
manent displacement. The proper design of slope rein-
forced by structures makes colossal demands on the in-
depth theoretical research, which in turn causes more and
more attention to be paid by an increasing population of
scientists.

The traditional concept for evaluating stability of slopes
is minimum factor of safety. If the factor of safety is less
than 1.0, the slope is often considered to be unsafe. Thus,
assuming the factor of safety equate 1.0, it is usually
convenient to obtain the maximum yield acceleration. At
present, theoretical methods of evaluating slope stability
based on factor of safety could be approximately catego-
rized into three groups: finite element method, limit equi-
librium method as well as limit analysis method. The finite
element method is certainly an appreciative and compre-
hensive approach to investigate the performance of soil nail
reinforced slope (Yang and Drumm 2000; Ng and Lee
2002; Cheuk et al. 2005; Zhou et al. 2009). However, its
fulfillment is usually too highly skilled to many engineers
and it usually requires accurate measurement of the prop-
erties of component materials which are often difficult to
achieve. Referring to the limit equilibrium method,
although it is easily understood and popular with engineers,
its solution cannot be regarded as rigorous in a strict
mechanical sense due to the arbitrary assumptions associ-
ated with interslice forces (Patra and Basudhr 2005; Nouri
et al. 2006).

In addition, limit analysis method has grown increas-
ingly important for slope stability design. Juran et al.
(1990) presented a kinematical limit analysis design
approach that provided a rational estimate of maximum
tension and shear forces mobilized in reinforcements, while
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it did not take account of the action of seismic loading.
However, the earth having earthquake occurred frequently
in recent years, such as the 2008 Wenchuan earthquake, the
2010 Chile earthquake and the 2011 Tohoku earthquake,
has made colossal demands on the design of structured
slope in which the seismic effects must be included (Derek
2005; Topal and Akin 2009). Thus, the limit analysis
considering the seismic loading was further proposed.
Chang et al. (1984) adopted the pseudo-static method of
upper bound limit analysis and Newmark’s analytical
procedure to determine the critical state and soil dis-
placements of natural slopes. Ausilio et al. (2000, 2001)
further extended the framework of the pseudo-static
approach to the slopes reinforced with geosynthetics or
piles. Furthermore, Michalowski and You (2000) based on
the kinematical approach of limit analysis, investigated the
seismic effects and soil displacements of slopes reinforced
by geotechnical structures, but a shallow slip mechanism is
assumed in advance. Giri and Sengupta (2009) proposed an
analytical method based on the kinematic theorem of limit
analysis to investigate the stability of reinforced slope
under the seismic loading and compared the results with
finite element solution. Nevertheless, they did not investi-
gate the influences on critical yield acceleration from
various characteristic parameters.

As is well known, design based on pseudo-static factor
of safety analysis is generally considered as conservative,
since even when the safety factor drops below one the
slope could experience only a finite displacement rather
than a complete failure. Hence, it is usually expensive for
large value of yield seismic acceleration, while the design
procedure based on permanent displacement is a proper
choice (Ausilio et al. 2000, 2001).

Thus, in present paper, a kinematic theorem of limit
analysis is proposed to investigate the critical seismic yield
acceleration coefficient and the permanent displacement of
soil nail reinforced slope. The log-spiral failure mechanism
is considered and the analytical expressions are deter-
mined. Many numerical computations are carried out to
investigate the influences on the critical seismic yield
acceleration coefficient from various factors including
cohesion and frictional angle of soil, cut slope ratio as well
as characteristic parameters of soil nail.

Kinematic approach of limit analysis

The kinematic approach of limit analysis, which is based
on the plasticity upper bound theory, has been widely
adopted to investigate the problem of soil stability (Chen
1975). In fact, the upper bound theorem can be established
directly if the following assumptions are made:
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1. Soil is a perfect plastic material. This implies that the
stress point cannot move outside the yield surface, so
the stress rate vector must be tangential to the yield
surface whenever plastic strain rates are occurring;

2. Yield function of the soil is convex in the stress space
and the plastic strain rates are derivable from the yield
function through the flow rule. Hence, it follows
from the flow rule and the perfect plastic property
assumption mentioned above, which gives ¢;&; = 0,
where G and &; are stress rate and plastic strain rate,
respectively;

3. Geometry changes are insignificant at the limit load,
which implies the virtual work principle can be
applied.

Application of the kinematic theorem requires equating
the rate of work done by tractions and body forces to the
internal energy dissipation rate. Any assumed strain rate
field, which is governed by the normality rule, is compat-
ible with the velocities at the boundary of the failure soil
mass. The work rate equation can be expressed as
following:

/O’U&UdV:/F,V,dS—f—/X,V,dV l,j: 1,2,3 (1)

Vv S Vv

where X; = body forces; F; = traction; v; = kinematically
admissible velocity field; éij = strain rate field compatible
with v;; g;; = stress field relating to X; and T;; S and V are,

Fig. 1 Log-spiral failure mechanism of soil nail reinforced slope

r = roell-t)ee (2)

where ry = radius of the log-spiral with respect to angle 6;
¢ = angle of soil shearing resistance and r and 6 are the
radius and angle of any point of the log-spiral. The
assumed failure surface can be completely specified by the
following three variables: the height of slope H, the angles
0o as well as 0,,. Following Ausilio (2000), the rate of work
due to soil weight and inertial force takes the form

W = argylfi — fo — B + knordy(fa — f5 — fo) (3)

where k;, = seismic coefficient; y = soil unit weight; and
the functions f| — fs depend on the angle of 0y, 0, ¢ and .
Expressions for f; — fg can be found in several works
(Ausilio et al. 2000, 2001; Michalowski and You 2000).
These expressions can be expressed as:

{(3tg¢p cos O, + sin 6;,) exp[3(0, — Op)1gp] — 31g¢p cos 6y — sin Oy }

fr= 3(1 + 91g20)

respectively, the loaded boundary and volume of the slid-
ing soil mass. In this paper, the kinematic approach is
employed to calculate the critical seismic yield accelera-
tion coefficient of soil nail reinforced slope.

Log-spiral failure mechanism

In the failure mode shown in Fig. 1, the reinforced soil mass
above the failure surface rotates as a rigid body about the
centre of rotation with angular velocity and the log-spiral
failure surface can be described by the following equation:

1L L
Hh= g—<2cos 0y — r_) sin 0,

ro 0

1 ) L .
fh= ECXP[(Qh — 0o)18¢)] [Sln(9h — o) — o Sin Hh}

L
X {cos 0o — — + cos 0, exp[(6, — Ho)tggo}}
0

L sin(0, — Op)

1o sin 9;1
B sin(Hh +p)

sin 0y sin B {sin 0, exp[(0n — Op)tgp] — sin Oy}
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{(3tg@ sin 0), — cos 6;,) exp[3(0, — Op)tgp] — 3tg¢p sin Hy + cos Oy }

fa= 3(1 + 91g20)

1L
f5 = ——sin2 9()
31"0

1 ) L .
fo = gexp[(ﬁh — 09)tg0] {sm(@h —0y) — asm 0,

x {sin 6y + sin 0, exp[(0 — Oo)tg0]}
The energy dissipation rate during rotational failure due
to soil nail can be expressed as

Dl = rowz Tie(ﬂi—E)o)zg(p SiH(Q,’ — O() (4)

i=1

where z; = depth of layer measured downwards from the
top of the slope; n = number of the reinforcement layers;
o = the incline angle of soil nail; 7; = force of the ith layer
per unit width, which is usually written as:

T,‘ = ﬁd,‘L[[‘C} (5)
where d; = diameter of the ith soil nail; L; = length of the
ith soil nail; [t] = bond strength between soil nail and
surrounding soil. 6; can be shown as:

Zi

|
= W{ngactgﬁ +71p {e(ﬁf—ﬁo)tg(ﬂ(sin 0; — cos 0;tgar)

+¢ 0000189 cos 0,190 — sin 60} } ©

. a2 S T;el0i=00)se sin(0; — o) + %[ez(()h—()o)zgw — 1]
y

orapgl(fi —f =) + k(s = f5 — fo)
= row Y Tl 0= sin(0, — )
i=1

=

2
Cryw |:e2(0070h)tg(p _ l] (9)
2tgp
where:
H
2 10
S=a (10)
a = =018 gin 9, — sin O, (11)

Equation (9) can be reduced as

HY[(fi —f —f5) + knlfa —f5 — fo)]

=d? Z T;e =089 in(0; — o)
i=1
+ caH [82((%‘700)%(# -1 (12)
2tg¢p
The kinematic theorem can be applied to give the upper-
bound solution for the seismic yield acceleration
coefficient of the log-spiral failure mechanism:

—H*(fi — - 1)

H*)(fa — fs — fo)

(13)

The energy dissipation rate during rotation failure along
the sliding surface can be written as

2
_ oD  2(0,—00)ig _ 1] 7
2 2tge ¢ 7

By equating the rate of external work to the energy
dissipation, we have

W=D, +D, (8)

And substituting the expressions W, D, and D, into (8)
yields
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The seismic yield acceleration coefficient is defined as
the horizontal ground acceleration in the downhill direction
and requires to be brought the safety factor with respect to
slope failure to one. However, it is assumed that the seis-
mic acceleration coefficient in the uphill direction is suf-
ficiently large as failure in that direction will not occur. The
critical seismic yield acceleration coefficient is obtained by
minimizing k, with respect to 0, and 0. This means taking
the first derivatives of k, and equating them to zero,

*k _
5 } (14)

a0, —
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Thus, for a slope with the values of height H and unit
weight 7 known, we can employ the sequential quadratic
programming to optimize the object function with respect
to 6y and 0, to get a least upper bound for the seismic
acceleration coefficient of the soil nail reinforced slope.

Assessment of permanent displacement

The permanent displacement is usually conducted using the
sliding block method originally proposed by Newmark
(1965). According to this method, the potential failure soil
mass is treated as a rigid block on an inclined plane, which
moves in the downhill direction whenever ground accel-
eration exceeds yield acceleration of slope. The earth-
quake-induced displacement can be obtained by integrating
twice the equation of motion,

cos(¢p — 0)
cos ¢

where X = acceleration of the sliding block relation to the
slip surface; kj,(f)g = ground acceleration time-history;
kyg = yield acceleration that is usually assumed to be
constant with time; g = gravity acceleration; = angle
that the inclined plane makes with the horizontal; sign
represents signal function.

In the case of the rotational failure mechanism, it is
more appropriate to express the equation of motion in
terms of the angular rotation of the failure mass relative to
the stable soil. The following equation can be derived:

i = sign(kn(t) — kye)gyra(fs — fs — fo)/ (WI?) (16)

where W and [/ are expressed as:

% = sign(k(1) — ky)g (15)

N2 _ _
W yro{exp[2(0h fo) tangp] —1 £sin o
2 2tan ¢ o
Hsin(0, + p)
—r—OWeXp[(Qh — 00) tan (,D] (17)

=B = =PI+ m s —fs —f)P/W (18)

Results and discussion

As shown in Fig. 2, a rotational log-spiral failure mecha-
nism is considered. In this paper, a series of calculations
are carried out to illustrate the influences of various factors
on the stability of a nail-reinforced slope. In order to show
the influences of various factors in figures visually, only
one variable varies with H ranging from 6 to 20 m in each
situation while the other variables are kept constant.
Without loss of generality, the following parameters are
used when they are kept constant: H;, = 1 m; f§ = 45°

323
o
/\\ - H=I2m c=25kPa
B =45° [t]=50kPa
a=10° y=19.5kN/m’
$=32° d=100mm

H,=1m L=10m

Log-spiral

soil nail

Fig. 2 Soil nail reinforced slope stability problem

o =10 ¢ = 32° ¢ =25kPa; [t] =50 kPa; y =19.5
kN/m*; d = 100 mm; L; = 10 m (Fig. 2). As a matter of
fact, modifications of value of those constants don’t change
the tendency of the influences of various factors, although
it has some influences on value of critical seismic yield
acceleration coefficient. In the following sections, the
critical seismic yield acceleration coefficient of the soil nail
reinforced slope is calculated based on Egs. (13) and (14)
while the permanent displacement is calculated based on
Eq. (16).

Effect of friction angle and cohesion of soil
on the critical seismic yield acceleration coefficient

In this section, we have investigated the influences of friction
angle ¢ and cohesion ¢ of soil on the critical seismic yield
acceleration coefficient k... Figure 3 shows the influences of
¢ on the variation of k. with different height H of slope. Itis
clearly demonstrated in Fig. 3 that both ¢ and H have sig-
nificant effects on the k. of the soil nail reinforced slope.
First, Fig. 3 shows that k. decreases with increasing H. This
is consistent with the truth in reality that the higher of the
slope, the more possible of failure. Actually, it will be found
that, for all situations considered in this manuscript, k.
always decreases with the increase of H. Second, it is obvi-
ously shown in Fig. 3 that k,, increases with the increase of
@. The resistance capability of soil increases with the
increase of ¢. Hence, the increase of ¢ means larger k. is
required to cause the slope to collapse. In addition, Fig. 4
shows the influences of ¢ on the variation of k. with different
height H of slope. It is seen that k. varies significantly with
soil cohesion ¢. With the increase of c, k. increases obvi-
ously. Similar to the influences of friction angle ¢, soil
cohesion ¢ has an equivalent effects on the strength of soil as
well as k.
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Fig. 3 Critical seismic yield acceleration coefficient versus internal
friction angle of soil with different height of slope
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Fig. 4 Critical seismic yield acceleration coefficient versus cohesion
of soil with different height of slope

Effect of cut slope ratio on the critical seismic yield
acceleration coefficient

In the slope engineering, if site conditions permitting, it is
important available manner to design milder slope ratio in
condition of the stability of slope. Thus, in order to
investigate the influences of cut slope ratio, under other
parameters remaining unchanged, the variations of k. with
H are studied with five kinds of cut slope ratio (1:0.5,
1:0.75, 1: 1, 1:1.25, 1:1.5). The results are shown in Fig. 5.
It is seen that k,, varies significantly for different cut slope
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ratio. In the same value of H, as cut slope ratio increases,
ky. decreases. In the same value of cut slope ratio, as
H reduces, k. increases. In addition, in the case of different
height of slope, the sensitivity of k,,. for cut slope ratio was
significantly different. For H = 6 m, when the cut slope
ratio reduces from H:D =2 to H:D = 0.67, k. only
increases from 0.75 to 0.84. However, for H = 20 m, when
cut slope ratio reduce from H:D = 2 to H:D = 0.67, k,,
increases from 0.16 to 0.43.

Effect of characteristic parameters of soil nail
on the critical seismic yield acceleration coefficient

The characteristic parameters of soil nail also have sig-
nificant effects on the critical seismic yield acceleration
coefficient of soil nail reinforced slope. The results are
shown in Figs. 6, 7, 8 and 9. From Fig. 6, as the length of
soil nail L increases, k,. increases. Figure 7 shows the
effects of bond strength of soil nail [1] on k.. It is seen that
kyc increases with the increasing [z]. In addition, Fig. 8
shows the influences of space distance of soil nail H;, on
kyc. It is found that k,. decreases significantly with the
increase of H;,. Nevertheless, it is demonstrated that, as
seen in Fig. 9, the effect of incline angle of soil nail o on
ky is insignificant for different height of slope.

Permanent displacement of soil nail reinforced slope
In spite of critical seismic yield acceleration coefficient,

permanent displacement evaluation becomes increasingly
important to design of slope engineering. In order to obtain

I
0.8 Z]
——fi—— H:D=1:0.5
b H:D=1:0.75
oz —v— H:D=1:1.0 |
- H:D=1:1.25
| —ag— H:D=1:1.5
06

04f

0.3

0.2

1 L. .
6 8 10 12 14 16 18

H(m)

Fig. 5 Critical seismic yield acceleration coefficient versus slope
ratio with different height of slope
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Fig. 6 Critical seismic yield acceleration coefficient versus length of
soil nail with different height of slope
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0.8 -
—=— [1]=30(kPa) ]
——a—— []=40(kPa)
07| —v— [1J=50(kPa) B
[]=60(kPa)
—<— [J=70(kPa)
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05}
0.4}
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Fig. 7 Critical seismic yield acceleration coefficient versus bond
strength of soil nail with different height of slope

the value of permanent displacement, we compute the time
integrations of Eq. (16) twice and get:
t t

Ao = / / sign(kn(t) — k)g1r (s — fs —fo)/ (W)didt

(19)

As a matter of fact, once the input curves of k,(¢) are
gained, the solution of Eq. (19) becomes easy. For
example, an earthquake is characterized with actual
seismic acceleration coefficient k, = 1 and with standing
shock time ¢ = 0.5 s. Similar to calculations shown in

I

0.8/ -

——— H,=1.0(m) |

0.7 b H,=1.5(m) -

i g H, =2.0(m) |

i H,=3.0(m) |

06 -
g |

K4
05
04}
0.3 L
6 8 10 12 14 16 . 18 20

H (m)

Fig. 8 Critical seismic yield acceleration coefficient versus space of
soil nail with different height of slope

6 8 90 12 14 16 18
H (m)

Fig. 9 Critical seismic yield acceleration coefficient versus incline
angle of soil nail with different height of slope

Fig. 3, the influences of ¢ on the rotational angle increment
of slopes with various slope heights are investigated with
the other parameters kept constant. The rotational angle
increment versus internal friction angle of soil with
different height of slope is shown in Fig. 10. It is
demonstrated that the rotational angle increment
increases with increasing H and decreases with increasing
¢@. Generating from above computation procedure,
predicting permanent displacement of slope structures
subjected to seismic loading from Eq. (19) is an available
way to instruct the design of reinforced slope.
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Fig. 10 Permanent displacement increment versus internal friction
angle of soil with different height of slope

Conclusion

This paper attempts to analyze the critical seismic yield
acceleration coefficient and permanent displacement of soil
nail reinforced slope under earthquake loading with the
upper bound theorem of limit analysis. A set of equations
are derived and a series of parametric studies are carried
out. Based on the results of parametric studies, the fol-
lowing conclusions are drawn:

1. The soil cohesion and frictional angle have a signif-
icant effect on the critical seismic yield acceleration
coefficient of soil nail reinforced slope. The critical
seismic yield acceleration coefficient increases with
increasing soil frictional angle and soil cohesion.

2. The cut slope ratio and height of slope play a
significant role on the critical seismic yield accelera-
tion coefficient of soil nail reinforced slope. The
critical seismic yield acceleration coefficient increases
with the increase of cut slope ratio, while it decreases
as the height of slope increases.

3. The characteristic parameters of soil nail have impor-
tant influences on the critical seismic yield accelera-
tion coefficient. The critical seismic yield acceleration
coefficient increases with increasing length and bond
strength of soil nail as well as decreasing space
distance of soil nail while the effects of the incline
angle of soil nail on the critical seismic yield
acceleration coefficient is insignificant for different
height slope.
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4. The permanent displacement of soil nail reinforced
slope has been derived and an example has been
carried out. The results suggest that the permanent
displacement prediction is consistent with the compu-
tation based factor of safety.
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