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Abstract

The main objective of this paper is to introduce some algebraic properties of finite linear Diophantine fuzzy subsets of group,
ring and field. Relatedly, we define the concepts of linear Diophantine fuzzy subgroup and normal subgroup of a group,
linear Diophantine fuzzy subring and ideal of a ring, and linear Diophantine fuzzy subfield of a field. We investigate their
basic properties, relations and characterizations in detail. Furthermore, we establish the homomorphic images and preim-
ages of the emerged linear Diophantine fuzzy algebraic structures. Finally, we describe linear Diophantine fuzzy code and
investigate the relationships between this code and some linear Diophantine fuzzy algebraic structures.
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1 Introduction

The membership of elements in classical set theory is con-
sidered in binary terms according to a bivalent condition
whether an element belongs to the set. This is insufficient
to deal with many real world problems. To eradicate these
restrictions, Zadeh (1965) proposed the fuzzy set (FS), in
which the membership degrees of elements range over the
interval [0, 1]. The membership degree 0 implies that an
element does not belong to the related fuzzy set, and the
membership degree 1 implies that an element completely
belongs to the related fuzzy set. The membership degrees on
the interval (0, 1) mean the partial membership to the fuzzy
set. Since that seminal publication, the fuzzy set theory was
widely studied in various directions like operational research
and decision making (Ekel 2002; Liu et al. 2019; Petchi-
muthu et al. 2020; Zimmermann 2001; Zhou et al. 2015).
As an extension of fuzzy set, Atanassov (1986) generalized
this notion and introduced a new concept called intuitionistic
fuzzy set (IFS). For further work related to IFSs and their
drawbacks, we may refer to Aydin and Enginoglu (2020),
Kamaci (2019), Karaaslan (2016), Karaaslan and Karatag
(2016), Kumar and Garg (2018) and Ulugay et al. (2019).
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Yager (2013) highlighted that in some practical implemen-
tations, the sum of degrees of membership and non-mem-
bership to which an alternative satisfying attribute may be
greater than 1, but their square sum is less than or equal to 1.
Therefore, he familiarized the model of Pythagorean fuzzy
set (PyFS). This paradigm was studied by many authors
in various aspects (Peng 2019; Peng and Garg 2019; Wei
and Wei 2018; Zhang et al. 2019). Yager (2017) proposed
the intuitionistic fuzzy set of type g (where g > 1), called
g-rung orthopair fuzzy set (q-ROFS), extending the spaces
of FS, IFS and PyFS. Subsequently, significant advances
were made with academic research related to g-ROFSs (Ali
2018; Liu and Wang 2018; Wang et al. 2019).

On the other hand, many authors studied the fuzzy set
theoretic approaches to the algebraic structures. Rosenfeld
(1971) formulated the notion of fuzzy subgroup of a group.
Subsequently, many researchers were engaged in extending
the notions of abstract algebra to the broader framework of
the fuzzy environment. Naturally, there exist an interest in
generalizing other types of algebraic structures (e.g. rings,
ideals, fields) as fuzzy algebraic structures. Liu (1982) dis-
cussed fuzzy set in the realm of ring theory. immediately
afterwards, among others, Aktas and Cagman (2007), Dixit
et al. (1992), Mukherjee and Sen (1987), Oztiirk et al. (2010)
studied on fuzzy ring/ideal and proposed certain ring theo-
retic analogues. Malik and Mordeson (1990) developed the
fuzzy subfields of a field and characterized the properties of
field extensions in terms of fuzzy subfields. In (Aygiinoglu
et al. 2012; Biswas 1997; Marashdeh and Salleh 2011; Yu
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and Yuan 2011; Zhang et al. 2010), the intuitionistic fuzzy
subalgebras of groups, rings and fields were explored and
their characterizations were discussed. Several authors
carried out further studies on the algebraic properties of
Pythagorean fuzzy set and g-rung orthopair fuzzy set [see
(Adak and Salokolaei 2019; Jansi and Mohana 2020; Lug-
man et al. 2019)]. Nowadays, research and improvement
of new algebraic structures in fuzzy set theory is still an
important issue.

In theory and practice, the fuzzy sets, intuitionistic fuzzy
set, Pythagorean fuzzy set and q-rung orthopair fuzzy set
have their own limitations related to the functions of mem-
bership and non-membership. Riaz and Hashmi (2019)
detailed these limitations and supported them with illus-
trative examples. To eliminate the restrictions of existing
methodologies, they proposed a new generalized form of
fuzzy set called linear Diophantine fuzzy set. The algebraic
properties of linear Diophantine fuzzy sets are issues that
have not been considered deeply until now. In this paper, we
aim to fill this research gap by revealing the structural char-
acteristics of linear Diophantine fuzzy set of some algebraic
structures. Accordingly, we define the prevailing concepts
of linear Diophantine fuzzy subgroup/normal subgroup/sub-
ring/ideal/subfield. Thus, we are tempted to generalise as
long as it is possible some of the results known in the fuzzy
set theory. We get many interesting results related to the lin-
ear Diophantine fuzzy relationships and linear Diophantine
fuzzy subalgebras of given algebraic structures. Also, we
focus on the construction of codes by linear Diophantine
fuzzy sets and their applications in practice.

The paper is organised according to the following. Sec-
tion 2 addresses the requisite preliminary concepts and
introduces the cartesian product of linear Diophantine fuzzy
sets. Sections 3 and 4 describe the linear Diophantine fuzzy
subgroup and normal subgroup of a classical group and
discuss their characterizations. Sections 5 and 6, introduce
the algebraic properties of linear Diophantine fuzzy set of
a ring and provide some theoretical results related to them.
Section 7 offers the way for revealing the structural charac-
teristics of linear Diophantine fuzzy subfield of a field. Sec-
tion 8 proposes an linear Diophantine fuzzy-based approach
to coding theory. Section 9 summarizes the conclusion of
this research.

2 Preliminaries

In this section, some essential concepts that are useful for
discussions in the next sections are explained.

Suppose that G is a set and “ - ” is a binary operation on
G. Then, the algebraic structure (G, -) is said to be a group if
and only if the following properties are satisfied:
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() 88 €EYVE.8 €Y.

() g (8 -8)=1(8 &) &V8g 88 €Y.

(iii) There exists an element e; € G such that
8reg=eg 8 =8Vg €Y.

(iv) Foreach g; € G, there exists an element gj‘1 € Gsuch

that g; - gj_1 = gj_1 - g = eg

If the properties (i) and (ii) are satisfied then (G, -) is called
a semigroup.

In addition to these properties, the following properties
is satisfied then (G, -) is termed to be a commutative group.

(V) 88 =88 V88 €Y.

A subgroup S of a group G is a subset of G which is a group
under the same operation as G. That is, S is a subgroup of G
if g;-q;' € Sforall g, g, €S CG. A subgroup N of G is
called a normal subgroup if g - g; - g~ ' € N forall g € N,
qEG(org; -8 EN S g -g € NVg;, g € G). Afunction
Y., * G = G, between groups G, and G, is called a group
homomorphism if lI’grp(g; . g]i) = ‘{‘g,p(g}) . ‘Pg,p(gi) for
all g},gi €q,

Assume that R is a set and “+ 7 and “ - is two binary
operation on R. Then, the algebraic structure (R, +, -) is
said to be a ring if and only if the following properties are
satisfied:

i) (R, +) is a commutative group.

(i) (R,-)is a semigroup.

(i) rpe (k) =rntren and(rj+rk)-r1=rj-r1+rk-r1
Vr,r.r €R.

A subring ‘H of a ring R is a subset of R which is a ring
under the same operations as R. That is, H is a subring of
Rifrp—r.€Handr;-r, € H for all rj,r, e HCR. A
subring Z of R is a left ideal if r - r; € 7 for all r; € T,
reR. Itisarightidealifrj -r EIforallrj el,reR.If
7 is both a left and right ideal, then it is called an ideal. A
function¥,,, : R, — R, between rings R, and R, is called
a ring homomorphism if ¥, -} +p, ) =Y, () +, W, ()
and ‘ng(rjl o r) = lI’mg(rj?) % v, () for all rjl, rreRr,
Aring (F,+, ) is called a field if (F — {0}, -) is an com-
mutative group, where 0 - indicates the identity element of the
group (F, +). A subfield K of a field F is a subset of F which
is a field under the same operations as . That is, K is a sub-
field of F if f; -, e KVf.fp e Kand f; - 7' € KV, (0F #)f; € K.
A function Wy, © F; — F, between fields 7 and F, is called
a field homomorphism if ¥, +, f)=¥u()+, ¥ut)

and ‘Pﬂd();.' - fk‘) = ‘Pﬂd();‘) o ‘Pﬂd(f,g)for all ]3,1 ,fk1 e F.
In 1965, Zadeh introduced the fuzzy set which is charac-
terized by a membership function that assigns a degree of
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membership ranging between zero and one for each object
in a universal set. Simply, a fuzzy set is denoted and defined
by § = {(g;, (M(g))) : q; € Q}, where Q is a universal set
and M : Q — [0, 1]a membership function. Since this sem-
inal publication, the fuzzy set theory has been widely stud-
ied and expanded. In 1986, Atanassov described intuition-
istic fuzzy set by including the non-membership function
to the construction of fuzzy set. In the following years, it
was defined the concepts of Pyhthagorean fuzzy set (Yager
2013) and g-rung orthopair fuzzy set (Yager 2017) which
deal with the squares and g-rungs of the degrees of mem-
bership and non-membership in the intuitionistic fuzzy set,
respectively. In 2019, Riaz and Hashmi pointed out that
these sets have their own restrictions related to the member-
ship and non-membership degrees (see Table 18 in (Riaz
and Hashmi 2019)). To eradicate the restrictions related to
membership and non-membership functions in the struc-
tures of these sets, Riaz and Hashmi (2019) developed the
linear Diophantine fuzzy set by adding reference parameters
into them. This set which was brought to the literature in
2019, is described as follows.

Definition 2.1 (Riaz and Hashmi 2019) Let O be a universal
set. Then, a linear Diophantine fuzzy set (LDFS) D on the
universal set Q is described in the following form

D = {(g; (Us(g)). B (g)). (. B)) : q; € 2} (2.1)

where U (q)), ©5(g)), a, p € [0, 1] are the degrees of mem-
bership, non-membership and reference parameters, respec-
tively. These degrees satisfy the the conditionsO < a + f < 1
and 0 < ally(q;) + f©Sg(g;) < 1forallg; € Q.

The reference parameters in the LDFS are specified attrib-
utes, but their degrees vary for each object in the universal set.
The above definition evokes that the degrees of « and f are
fixed for all objects. To emphasize that the degrees of refer-
ence parameters « and f for objects may vary (i.e. may not be
fixed) and to better elucidate the concepts in the next sections,
we revisit LDFS as follows.

D= {(qj, <ug(qj‘), ©g(qj)>’

(@), 2@))) : g € Q) @2

where ug(‘]j), @g(qj')s ag(qj')s ﬂg(qj') €[0,1] respec-
tively represent the degrees of membership, non-
membership and reference parameters for ¢; € Q
with the conditions 0< asj(qj) +ﬂ©(qj) <1 and
0< ag(qj)ug(qj) + ﬁg(qj)@g(qj) < 1. These reference
parameters can help in describing and classifying a par-
ticular system. The hesitancy degree can be considered

as gg(q]‘)'_g(q]‘) =1- ((Xg(q]‘)ug(q]‘) + ﬁg(qj)@g((]j))a

where £ is the reference parameter related to degree
of indeterminacy in the LDFS ©. Simply, a lin-
ear Diophantine fuzzy element (LDFE) is denoted by
D(g) = (Us(q). B(q)). (#°(q). #(4)). The set of all
LDFSs on the universal set Q is symbolized by LDFS(Q).

Example 2.2 Selection criteria are used to identify the most
qualified candidate among all candidates who meet minimum
qualifications and are selected for an interview for a particu-
lar position. The selection criteria go beyond minimum qual-
ifications and look at the quality, quantity and relevance of
the experience, education, knowledge and other skills each
applicant has. Assume that it is desired to determine the
best-qualified candidate who meets the specified selection
criteria and is also young. Let Q = {q,, ¢,, g3, g4} be a set of
candidates selected for an interview for a particular position.
For the construction of LDFS, the reference parameters are
considered as @ = young and f = not young (or old). Thus,
the following LDFS is created.

o | (@:(0.7.06).(0.8,0.2)). (5. (0:4.1).(05,0.4)).
=\ (g5.(0.9,0.4),¢0.3,0.7)), (¢4, (0.8,0.3), (0.6,0.4)) [

In the structure of LDFS 9, the LDFE
D(gq,) = ({0.7,0.6),(0.8,0.2)) implies that for the candi-
date g,, the degrees of membership and non-membership
with respect to the selection criteria are 0.7 and 0.6, and the
degrees of reference parameters: young and not young (or
old) are 0.8 and 0.2. Others can be expounded similarly. As
an explanatory to our proposal of Eq. (2.2) instead of Eq.
(2.1), it is sufficient to highlight that the grades of refer-
ence parameters “young” and “not young” change for each
candidate.

Definition 2.3 (Riaz and_Hashmi 2019) An LDFS on
the set Q of the form @ = {(g;,(0,1),(0,1)) : ¢; € Q}
is termed to be an empty (or null) LDFS, and the form
D ={(g;-(1,0),(1,0)) : g; € Q} is termed to be an abso-
lute LDFS.

Note 1 From now on, I = {1,2,...,n} unless otherwise
specified.

Definition 2.4 (Riaz and Hashmi 2019) Let

@i = {(CIJ‘» <u®’.(qj)9@®’.(qj)>a <a®i(q1')a ﬁgi(qj')>) : q; € 9}
for i € I be the LDFSs on the universal set O.

(1) The complement of D;, denoted by @l?, is defined as
D! = {(g) (B, (9 U, (@), (Bi(q)), a®i(g)) : ¢; € Q). Also,
it is clear that (99)° = D,.

(2) 9D;is asubset of D, fori,i’ €I, denoted by D; € D;,
if and only if D,(¢,) < D, (g;) (i.e., ugi(q_,.) < ugi, (g
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@Q(CIJ‘) 2 69[, (a) » OP"(C]]') <a® (g;) and
ﬂgf(qj) > o (g) forallg; € Q.
(3) D;and D, fori,i’ €I are equal, denoted by D; = D;,

if and only if D,(¢;) = D,(q;) (i.e., Uy (g;) = l[gi, (g

@) =Ga,(q) .  aD(g)=a(g) and
ﬂgf(qj) = g (gy) forallg; € Q.

(4) The union of D, for all i € I, denoted by | J,.,; D;, is
defined as
Ui = 1 (Ui, (@), S, (@)
i€l 2.3)

(a"i(g), B (g))) : ¢; € Q)

where for each ¢; € Q, Ugg () = Vier Uy (g)),
= Supiel{ugi(‘]j) }’aam’(%) = Vg @® (g) = Supia{ag’(%—)}
and ﬁug"(q_,') = Nies /3®"(61j) = infie[{ﬂﬁi(q_j)}'

(5) The intersection of D, for alli € I, denoted by (),.; D;
is defined as

ﬂ D; = {(g; (Upn, (@), ©7,(4))

iel ~ B 2.4)
(a"®i(q), B"(q))) : ¢; € Q}

where for each ¢, € Q, Uzg (q) = N\ig; Us,(q))

= infig; {Ug (4} Grp,(9) = Vie ©o,(4) = supic, { S5, (9))>

anﬁi(qj) = Nis agi(qj) = infie,{agf(q_,-)}

FP2(g) = Vier B4 = supier { A (g}

and

i
iel={12,3}

Definition 2.6 Let O, (i € I) be the universal sets. Also,
let D, be the LDFS on the universal set Q, for eachi € 1.
Then, the cartesian product of LDFSs D, (i € I), denoted by
I1.c; D, is defined as

12 = { (@)er Qria, (@ier) Stim, (@)

icl
(™G (@) ) - @ies € T] Qf}

il 0s)
where for each (C]jl:)[elenielgi’
Usip (@Dien) = Nigs U, (¢) = infig; {Us, () :
Biin, (@Die) = Vies B, (d) = supie/{ S, (4)) ,
aﬁgf((q;)iel) = Nie/ agf(q]’:) = infiel{a("’f(q;)} and

B (@)ie) = Vies B(@) = supiy 1F(q)):

Proposition 2.7 Let D, be the LDF'S on the universal set Q,
foreachi € 1. Then, [],c; D; is also LDFS.

Proof This can be easily proved by using the Definition 2.6,
therefore omitted. O

Example 2.8 Let Q, = {q}}, Q, = {q%,q%} and
Q; = {q?,q;} be three universal sets. We consider the
following LDFSs ®,, D,, D; on the universal sets 9,
Q,, Qs, respectively. D, = {(q}, {0.5,0.9),(0.2,0.5))},
D, = {(¢%.(0.9,0.8),(0.3,0.7)), (¢3,(0.8,0.7),(0.5,0.3)) }
and D, = {(¢2, (0.4,0.5),(0.8,0.1)), (¢3. (0.3,0.4),(0.3,0.6))}.

Then, the cartesian product of ®,, D, and D, is obtained
as follows.

® = { ((q}.4%.4)).(0.4,0.9),(0.2,0.7)), (4}, 4. 43). (0.3,0.9),(0.2,0.7)), }
((q,.45.97).(0.4,0.9),(0.2,0.5)), (4}, 4°. 43). (0.3,0.9),(0.2,0.6)) [

Proposition 2.5 Let®; € LDFS(Q) fori =1,2,3. Then, the
following properties are valid.

O DnF=FandDUi=9D, _
(i) D,nD =D adDUD, =D,

(IV) @1 N ($2 n @3) = (@1 n @2) N @3 and
gl V] (@2 U @3) = (%1 U gz) U 93,
(V) @1 ﬂ($2U93)=(®1 ﬂ@z)U(gl 093) and

g] V] (QZ n @3) = (@1 U %2) N (gl U SS)
Vi) (D, N D, = D UDand (D, UD,) = D N DS

Proof The proofs are clear from Proposition 3.7 in Riaz and
Hashmi (2019) and Definition 2.3. O

@ Springer

Definition 2.9 Let Q; and O, be two universal sets and
Y : 9, - 9Q,be afunction.

(H Ife, = {((I_;,(uml(q;)» @le(‘]}))» <ag‘(q;)a ﬁg‘(q;») : ‘I} €9}
is an LDFS on Q,, then the image ¥(9,) of LDFS 9,
is an LDFS on Q, and it is defined as follows:

(D) ={(¢, YD&) : ¢; € Q)

=@}, Uy, @), By, (@),
(@"®0g), Y@ ¢F € Qr)

={(q}. (YU (@), ¥(@o 7)),
(P@®)@), YB>)g)) : ¢ € Q,)

(2.6)



Linear Diophantine fuzzy algebraic structures

10357

where for all qj? € Q,,

V Ug (q)), ifq} € ¥7'(q))

)

YUy X)) ={

0, otherwise
@, (q)), ifg) € ¥7'(q))
¥ ) { N\®s,
(@gl)(qf ) {l, otherw1se ’
ml( 3} ifq. € ‘P_l(c]g)
Y(a®(g?)) = Va 4;)» 114; J
(@ (qf ) {0, otherwise ’
N2}, ifq; € ¥~ (q))

Y5> () ={ |

s otherwise
2 Iy, = {(q_f,(ugz(qf), @gz(tlf)% (a%(q_f), ﬁgz(qf») : qf € Q,}

is an LDFS on Q,, then the preimage ¥~1(D,) of
LDFS 9, is an LDFS on Q, and it is defined as

follows:

‘(D)) = {( ;’11,—1(@2)@})) tq € Q1}
(4 (o2 (4))- Swe(4)))
«'@)(qf)." @) (g)))) ra e 2.}

-{
(<"
é( (Ua.(¥(9)))- @a.(¥(4)))).
-{

Q2.7)

(¥(5))- (%)) 4 <)
(4:2:(%(s)))) s <21},

3 Linear Diophantine fuzzy subgroup

In this section, we introduce the notion of linear Diophantine
fuzzy subgroup and discuss its crucial properties.

Definition 3.1 Let (G, -) be a classical group and D be an
LDFS on G. Then, D is called a linear Diophantine fuzzy
subgroupoid (LDF-subgroupoid) of G iff the following con-
dition is satisfied

(G @(gj “g) > ‘})(gj) A D(g,) for all 88 € g,i.e.,

Un (g - 8) = Ugp(g) A Ugp(gp),
©5(8j - 81) < Ga(g) Y S (80)s
(Xg(gj 8K 2 ag(gj) Aa®(gy),
B2 - ) < B(g) v (g0

The linear Diophantine fuzzy subgroupoid D is called a
linear Diophantine fuzzy subgroup (LDF-sugroup) of G iff
the following condition is provided:

(G2) ‘})(gj‘l) =D(g)) forallg; € G, ie.,
u®(gj_l) = Ugp(g)), @@(gj_l> = ©q(g):
@®(g") =), #°(g7") = 525

The collection of all LDF-subgroups of G is denoted by

LDFsG(G).

Example 3.2 Let us consider the Klein’s 4-group
= {e, a, b, c} with the multiplication table:

0 o9 o

0O o9 oo
S0 0 Qe
2@ 0o o oo
o 2 o aolo

Then, the LDFS

o _ | (@(0.7.05),(0.5,04)).(a.(05,0.7).(04,0.5)),
17\ (6,(0.3,0.8),(0.2,0.6)), (c, (0.3,0.8), (0.2,0.6))

is an LDF-subgroup of G. However, the LDFS

o, _ [ (€.(03,05).(0.5,0.4)).(a.(0.4,0.7).(0.4,0.5)),
27 5,(0.3,0.8),(0.2,0.6)), (c, (0.3,0.8), (0.2,0.9))

is not an LDF-subgroup of G since U (e) # l[@?(a) A u@ (a)
and f(c) £ ™ (a) v f2(b).

Proposition 3.3 Ler G be a classical group and D be an

LDF-subgroup of G. Then,

1) Deg) > D(g)) for all g; € G, where e is the unit ele-
ment of G.
(ii) S)(gj‘) > D(g;) forall g; € G, where 1 € N.

Proof Let G be a classical group and D be an LDF-subgroup
of G.

(i) Let eg be the unit element of G. From Definition 3.1,
we obtain that for any g € g
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U (eg) =Us (g & ) = Un(g) A Un(g)
=Ugy(g) A Up(g) = Usp(g),

Boleq) =T (48" ) < Bo(g) v So (s
=G (g) Y ©5(8)) = ©5(g),

@) =a®(g;- g7 ) 2 a®(g) A a® (")
=a®(g) A a®(g) = a®(g)),

PR =05 57) < 12 v 5> (g;")
=p2(g) v B(g) = p(g).

Thus, by Definition 2.4 (2), we have D(eg) > D(g;) for all
8 €Y.

(i) It can be verified with the similar discussion, so it is
omitted.

O
Theorem 3.4 Let G be a classical group and D be an LDFS
on G. Then, ® is an LDF-subgroup of G if and only if
D(g;- &) = D(g) A D(gy) forall g, 8, €G.

Proof Let D be an LDF-subgroup of the classical group G.
By Definition 3.1, we obtain that for all 88k € g

Ug (g~ g") 2Ug(g) A Ug (g ')
=ug(gj) A Us(8h)s
@o (g 8') <@a(8) Y Sa (g )
=@®(gj) Y Sq(80)s
a® (g - 8;") 2a®(g) Aa®(g;")
=a®(g) A a®(gy).
B2 (g - 8c') <B(g) v B2(g;")
=p2(g) v B2(gy).

Thus, the desired inequality D(g; - g, ") > D(g;) A D(g,) is
satisfied.

Conversely, let D(g;- g H > D(g;)) A D(gy) for
all gj,gkeg. If it is taken g =eg, then we have
Deg - &= D(eg) A D(gr) = D(g ™) = D(gy
(using Proposition 3.3 (i)). Then, we can write
D(g) = D& ™H™H = D(g,™") and so D(g; ™) = D(gy)-
Considering the arbitrary property of g,, this equal-
ity meets the condition (G2) of being the LDF-sub-
group given in Definition 3.1. Taking into account
the assumption and the last equality, we obtain
D(g; - g) = Dg; - (&)™) = D(gy) A Dlge™") = Dg;) A DAgy) for all
8j»8x € G- This inequality meets the condition (G1) of being

@ Springer

the LDF-subgroup given in Definition 3.1. Consequently, the
LDFS 9 is an LDF-subgroup of G. O

Theorem 3.5 Let G be a classical group and D; (i € I) be the
LDF-subgroups of G. Then,

) g D;is an LDF-subgroup of G.
(i) ;e D;is an LDF-subgroup of G.

Proof Let D, (i € I) be the LDF-subgroups of the group G.

(i) To complete the proof, we should demonstrate that
ﬂiel Si(gj . gk_l) Z ﬂiel @,(gj) A ﬂiel @,(gk) fOI' all
88 €Y

By Definition 2.4 (5), we have

m QDi(gj ) gk_l)

- ((Urs, (8- 87")- @ (8- &7))-
<“ﬁ®" (-8"). A" (g gk_1)>)

for all g;, g, € G. Since D; (i € I) are the LDF-sub-
groups of G, we obtain

uﬁsi (gj : gk_l) :/\ ua (gj : gk_l)

i€l

3.1)

> N\ Us, () A Us (g)

iel

=</\ u@xgj)) A (/\ ugxgu)
iel iel

=uﬁgi (8) A uﬁa- (&1)-
(3.2)

Sao, (8- 87) =V @o (8- 87")

i€l

<\ (@q,(8) v o, (51)

iel

=(\/ @gi(gi)) v (\/ %,(g@)
iel iel

=@ﬁg,(gj) \% @ﬁgi(gk),
(3.3)
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/\a 8" gk

iel

> A\ @®(g) A a®(gy)

i€l

=< A a‘~‘>f(g,»)> A ( A a*’f(gk))
i€l i€l

=a"®i(g) A a"Pi(g)),

\//3g 8- 8!

i€l

<\/ (B (g v A ()

i€l

=<\/ /@f(g,-)) v (\/ ﬁ‘i’«gk))
i€l i€l

="(g) v f1i(g)).

gj gk

(3.4)

ﬁng g] gk

(3.5)

Form Egs. (3.2)-(3.5), the desired inequality (Eq. (3.1)) is
satisfied. Thus, the proof of (i) ends.

(i) The proof can be demonstrated similar to the proof of

Q).

O
Theorem 3.6 Let G, (i € I) be the classical groups and D,
be the LDF-subgroups of G; fori € I. Then, [[,; D, is an
LDF-subgroup of the group [],c; G

iel

Proof Suppose that D, are the LDF-subgroups of G, fori € I.
To conclude the proof, we have to verify that

Hiel ‘C‘;)i((g;)iel : (82);1) 2 Hie[ ‘C‘;)i((g;)iel) A Hie[ gi((g;;)iel)

for all (g;)iels (gi)iel €[l G-
By Definition 2.6, we have

=((s),,- @)

<gfi)iel ' (g;;)"_ell)’
g;'),e, (8)icr) )
()2

) )ar)))

(3.6)

for all (g;)iel, (&ier € [1ie; Gi- Since D; is the LDF-sub-
groups of G, for each i € I, we obtain

uﬁ%i(<gj‘>,~€, ) (gjc)z_ell) = uﬁ®i<<g; ’ (gi)_])iel>

(3.7)

- (e ()2 Ao
- uﬁgi<(g}>[€1) A Uiio, ((81) er)-

According to the similar discussion, the following inequali-
ties are also true.

@in (((5), (1))

o))
aﬁQ"(<g}:>i€1 ’ (g;c)l;ll) (3.9)
> aﬁ®f<(g;>i€1) A ™ ((g;c)iel)’ |
7 ((¢) - (6)2) G10)

= ﬁﬁgi(<g;)ie1) v ﬂﬁgi((g;c)iel)‘

Hence, [],; ®; is an LDF-subgroup of the group [],., G;.

O

iel

Example 3.7 Let us take into consideration the classical
groups (Z,,+) and (Z,, +). Also, we devised the following
LDF-subgroups of (Z,,+) and (Z,, +), respectively.

D, = {(0,(0.7,0.5),(0.3,0.6)), (1,(0.2,0.6), (0.2,0.7))},
_f (0.(0.4,0.4),(0.2,0.4)), (1, (0.3,0.8), (0.1,0.5)),
" | (2.(03,0.8),(0.1,0.5)),(3,(0.3,0.8),(0.1,05) [

Then, we obtain an LDFS on the group Z, X Z, as follows:

(0.0),(0.4,0.5),(0.2,0.6), (0, 1), (0.3,0.8), (0.1,0.6)),
2),(0.3,0.8),(0.1,0.6)), (0, 3), (0.3,0.8), (0.1,0.6)),
),{0.2,0.6),(0.2,0.7)), (I, 1), (0.2,0.8), (0.1,0.7)),
(1,2),(0.2,0.8),¢0.1,0.7)), (1. 3), (0.2,0.8), (0.1,0.7))

H D, = (:)
) ]

I OH Nl
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It is clear that the LDFS []
of Z, X Z,.

112} D; is an LDF-subgroup

i€l=

Theorem 3.8 Let G, and G, be two classical groups and
1 G, = G, be a group homomorphism. If D, is an LDF-
(D)) of D, is also an

Yo
subgroup of G,, then the image ¥

LDF-subgroup of G,.

8rp

Proof Let 9D, € LDFsG(G,). If ‘I’grp(g )=@ and

‘P (gz)—ﬂ for gl,gzegz, then it is clear that
g,p(Q)ELDFsG(QZ) Suppose that there exist
g8 € G, such that ¥, (¢)) =g} and ¥, (g)) =g;.
To complete the proof, we must demonstrate that

¥, (DT (8)7) = W, (D)(E]) AW, (D))(g3). Since
D, € LDFsG(G,) and ¥, is a group homomorphism (.e.,

P8 g™ =Y, @) ¥, (g)™) =g )
¥, (Us,) (23 (2)7)
@) ey (84(e)™)

2 \/ (Us, (g1) AUy (83))
81€¥,(87). 83€¥,,(83)

= v Uy (81) [A

81€%, (s7)

=Py (Us, ) (1) A

(s

usal (g
3.11)

\/ Us, (g;)

8 e\Pgrp (g )

Py (Us, ) (83):

glp(@®1)< (g%)_])
- A
g] (gz) elygrn(gl -(g%)_]>

< A (@s, (21) Vs, (23))
g€, (1) 8351 (83)

=l A S)|v] A ©a(s)

81E¥LL(87) 8 E¥L1(83)

=¥,,(@s,)(8]) VY, (Ss,)(23)-

@, (s (1))

(3.12)

@ Springer

Wy (™) (g3 (2) )

= @™ (g} (&)™)
gl (gz) E\Pw (31 (82) )

> \/ (a®(gl) Aa®

Cewsl (). e () (3-13)
=l 'V ®@)[r] V (=)
8%, (s7) 8€¥;1(83)
= W (@) (87) A Wy (™) (83),
W (5%) (23 (2) )
- o (g} ()
g(e) e () )
< A (8> (1) v B (23))
Glews1 (). el (2) G-19
= A E)[v] A ()
81€¥;1(s7) 8€¥;1(83)
=¥, (5%)(g7) v ¥y, (5%) (83)-
By Egs. (311) (3.14), we obtain that

grp(gl)(gl (gz) ) > ‘Pgrp(g )(g ) A Tgrp(gl)(gz) fOr
all gl s g2 € G,. Therefore, lI’g,p(S ) is an LDF-subgroup of
G,. O

Theorem 3.9 Let G, and G, be two classical groups and

¥, © G, = G, be a group homomorphism. If D, is an LDF-
subgroup of G,, then the preimage ‘I’grp(i‘)z) of D, is also an
LDF-subgroup of G,.

Proof Let D, € LDFsG(G,) . To con-
clude the proof, we have to prove that

o D8] - ()7 2 (D) A Wy (D)5 for
all gl,g2 € g,. Since D, e LDFsG(gz) and ‘P 1s a group
homomorphism

u\}';,;(@z)(gi ‘ (g;)_l> = u®2<l11(gi ' (g;)_l>)
= s, (¥(e) - ¥((s) 7))
> Us, (¥(s])) A U, (¥(s3))
= ul[lgr;(gz)(g}) A uw;ﬁ(%)(gé)’

(3.15)
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S (o) (81 (83) ) = @, (¥(s}- (1) "))

8rp

= @o, (Y(e}) - ¥((e1)7))

(3.16)
<@y, (¥(21)) v &g, (¥(22))
=Gy (3,)(81) V @i (2,)(82),
") (g (5)7") = U, (¥(s] - (1))
D, 1\ . 1\~!
(‘P(gl) ‘P<(g2) )) 3.17)
2 a®(¥(g))) Aa®(¥(g,))
= " () (gh) A a¥er(®) (g)),
ﬁK’l?(®2)< ( ) ) ﬂ®2< ( .(gé)_1>)
- 4 . n!
= (lp(gl) T((gz) )) (3.18)
<A (¥(gy)) v A% (¥(ss))
= p¥ (™) (gl) v p¥r(22) (),
Thus we have VP! (532)(81 (g3)” 1)>‘Pgrp(‘b2)(g1)
grp(@ )(gz) for all g1’gz € G,. Hence, ‘I’ (@2) is an
LDF-subgroup of G,. O

Example 3.10 Consider the groups (Z,, +) and (Z,, +). Also,
we take the function ¥,,, : Z, — Z,, ¥, (¥) = 7. Then, it
is obvious that ¥, is a group homomorphism. If it is taken

o - (0.(0.7,0.5),(0.3,0.3)), (1, (0.4,0.7),(0.2,0.8)),
7\ (2,(0.4,0.7),(0.2,0.8)), (3, (0.4,0.7), (0.2,0.8))

then 9D, € LDFsG(Z,). By Definition 2. 9 we
have Yo, Us, )(0) = Uy, ©) v Ugy, Q) = ,
lI‘grp(l[igl)(i) = l[gl(l) \Y u®1(3) 0 4 and others can be
obtained similarly. Then, by Theorem 3.8, we can say that

D, = {(0,(0.7,0.5),(0.3,0.3)),(1,(0.4,0.7),(0.2,0.8))}

is an LDF-subgroup of Z,. Indeed, we obtain that
D, € LDFsG(Z,) from Definition 3.1.

4 Linear Diophantine fuzzy normal
subgroup

This section focuses on the description of linear Diophan-
tine fuzzy normal subgroup.

Definition 4.1 Let G be a classical group group and D be an
LDF-subgroup of G. Then, D is called a linear Diophantine
Sfuzzy normal subgroup (LDF-Nsubgroup) of G if

(N1 D(g; - g - gj_l) =D(g) V8.8 €G-

Note that the collection of all LDF-Nsubgroups of G is
denoted by LDFNsG(G).

Example 4.2 Consider the symmetric group
S, = {0y = e.0, = (123), 6, = (132), 65 = (23), 6, = (13), 05 = (12)}
We can create the following Cayley table for S;.

o (1) 01 02 03 04 05

0p | 0o 01 02 03 04 05
01| 01 02 O0p 04 05 O3
02 | 02 0Op 01 Os5 03 04
03 | 03 05 04 0Op O2 O
04 | 04 03 05 01 0O O2

05 | 05 04 03 02 01 O0Op

Then, the LDFS

(64.(0.8,0.6), (0.4,0.6)), (5, (0.6,0.7), (0.2,0.7)),
(6,.(0.6,0.7),(0.2,0.7)), (5. (0.4,0.9), (0.1,0.7)),
(6,4,(0.4,0.9), (0.1,0.7)), (65, (0.4,0.9), (0.1,0.7))

R =

is an LDF-subgroup of S;. It is clear from (N1) of Defini-
tion 4.1 that D is an LDF-Nsubgroup of S;.
Proposition 4.3 Let D be an LDF-Nsubgroup of G. Then, the

following are equivalent:

) Dg-a-8 ") =D Vgg €9
(i) D(g-&) =D &) V88 €T
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Proof

(i)= (ii): Assume that D(g; - g, -gj‘]) = D(g;) for all

g;»8x € G. Taking the advantage of arbitrary property
8> the equality in (ii) is shown easily.

(ii)=(i): Let D(g; - 81) = D(g; - &)
for all 8 8k €G. Then, we obtain

g(g.i'gk'g_,'_l)=3)(gk'z§'j'8j_1)=®(gk) for all
8j»8x € G. This is sufficient for proof.

O
Lemma 4.4 Let G be a classical group group and D be an
LDF-subgroup of G. If the group G is a commutative then D
is an LDF-Nsubgroup of G.

Proof The proof is straightforward, hence omitted. O

Example 4.5 We consider

g={1,

the classical group
—1, i, —i} with the following natural multiplication:

Since the group G is a commutative, each LDF-subgroup of
G is also LDF-Nsubgroup.

Theorem 4.6 Let G be a classical group and D; (i € I) be the
LDF-Nsubgroups of G. Then,

(i) i D;is an LDF-Nsubgroup of G.
(i) U D;is an LDF-Nsubgroup of G.

Proof Assume that G is a classical group and ®; (i € I) are
the LDF-Nsubgroups of G.

(i) We have to prove that ﬂiel Dil8 8- 8 D
= Nie; Dilgforallg;, g, € G.Since D, € LDFNsG(G)
for eachi € I, we obtain by the definition of intersection,
Uzo (8- 8k '81_1) = Nier U (8- 8- 8j_1) = Nier
Ug (81) = Uxgp, (81)- On the other hand, the following
equalities are obtained in a similar way.

@ﬁgi(gj * 8k 'gj_l) = @ﬁgi(gk) > aHQ'(gj “ 8k 8,'_1)
= angi(gk), ﬂngi(gj "8 gj_l) = ﬁnQi(gk). Hence, we
say that(),.; ®; is an LDF-Nsubgroup of G.

(i) It can be proved by using the similar techniques.

@ Springer

Theorem 4.7 Let G, be the classical groups and D, be the
LDF-Nsubgroups of G, fori € I. Then, [],.,; ®; is an LDF-
Nsubgroup of the group [];; G-

Proof By considering the normality condition (N1) in Defi-
nition 4.1, it can be proved similar to that of Theorem 3.6.
O

Theorem 4.8 Let G, and G, be two classical groups and
Y., * G = G, be a surjective homomorphism of groups. If
D, is an LDF-Nsubgroup of G,, then the image ¥, ,(D,) of
D, is also an LDF-Nsubgroup of G,.

Proof From Theorem 4.8, ¥, (D)) € LDFsG(G,)
if ©, € LDFsG(G,). Hence, it is sufficient to dem-
onstrate the normality property of ¥,,,(®)) (.e.,
¥, (D] - 83) = ‘Pg,,,(® )&y -8 ) Assume

that there exist g7,g5 €0, such that ¥ rf(g ) =2g;.

‘1 (82) =g, and so lI‘grp(g1 g) =g, -8 . Since
Q)l S LDFNsG(Q ) and ‘Pg,p is a group homomorphlsm (i.e.,
W (g - (€)™ =Y, (&) - ¥, ((g)™) = g7 - (897

2 2 11
Y, Us (gt 3) =\  Us(sl-gl)
8185} (8183 @D
— — 1 ’
= \/ l[%(gfgl)—u@l(gz-g}),
88 €Y (e3 gD
2 2 11
Tgrp(@Ql)(gl 'gz) = /\ g, (31 'gz)
gl gze‘l’g,,,(g1 -£3) 42)
= N\ G (88)=Ga (8131
881€Y (&3 eD)
D D
Wy (a l)( )= v a l(gi gé)
81-6€¥;) (8183 “3)
=V o™ g) =™ (g |
gz gle‘PgriJ(gZ 31
Yo, 0™ (s1-a) = N\ (s 8)
8185 €¥ L (8783 )
= N\ (g =084l '
gz glelpgllp(gZ gl
Thus, the desired equality
¥, (D] - &) = ¥,,,(D))(g; - &) is satisfied, and so
¥, (D)) € LDFNsG(G,). O

Theorem 4.9 Let G, and G, be two classical groups and

Y., * G = G, be a group homomorphism. If D, is an LDF-
Nsubgroup of G,, then the preimage lI‘gw(gz) of D, is also
an LDF-Nsubgroup of G,.
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Proof From Theorem 3.9, ‘I’;rlp(i‘)z) € LDFsG(G,) if
D, € LDFsG(G,). To complete the proof, it is enough to

show that ‘P;r;(ﬁ)z)(g} -8y = ‘I‘;;(Q)z)(g; - g})- By the nor-

mality of D, and the homomorphism of ¥,, ,, we obtain
¥, (D2) (81 82) =Da(¥(s1 - 82))
=D,(¥(s1) - ¥(e1))
=D,(¥(s,) - ¥(s;)) (4.5)
=D,(*¥ (s, 1))
=¥ (D) (827 81)
for each g},géegl. So, we have
¥ (D,) € LDFNsG(G)). |

Example 4.10 We consider the LDFSs ®, and D, on the
groups (Z,,+) and (Z,,+), and the group homomor-
phism ¥,,, : Z, — Z, given in Example 3.10. We know
that ®, € LDFsG(Z,) and D, € LDFsG(Z,). Since Z,
is a commutative (abelian) group, ®, € LDFNsG(Z,)
from Lemma 4.4. By Theorem 4.8, we can say that D, is
an LDF-Nsubgroup of Z,. Indeed, this is obvious since
D, € LDFNsG(Z,) and Z, is a commutative (abelian) group.

5 Linear Diophantine fuzzy subring

In this section, the notion of linear Diophantine fuzzy sub-
ring is introduced and the related propositions are derived.

Definition 5.1 Let (R, +, -) be a classical ring and D be an
LDFS on R. Then, D is said to be a linear Diophantine fuzzy
subring (LDF-subring) of R if and only if the following
properties are satisfied:

R1) D(r;+ 1) 2 D(r) ADIVr, 1 €R.
R2) D(-r) =D(r)Vr; € R.
(R3)  D(r; - rp) 2 D(ry) AD(rVry, 1 €R.

Note that the collection of all LDF-subrings of R is
denoted by LDFsR(R).

Example 5.2 Let (R,+,-) be a classical ring and
C={ceR :rc=crforallr e R}. The set C denotes
center of R. Define an LDFS ® on R as follows:

o0y = { (09.05).(07.02)). ifreC
=\ ((0.4,0.8),(0.5,0.4)), otherwise

This LDFS 9D is an LDF-subring of R.

Proposition 5.3 Let (R, +, ) be a classical ring and D be
an LDF-subring of R. Then, ®(0g) = D(r)) for all r; € R,
where Oy, is the unit element of R related to the binary oper-
ation +.

Proof Let(R,+,-)be a classical ring. Obviously, (R, +)is a
group. Also, D is an LDF-subgroup of (R, +) since D is an
LDF-subring of R. Hence, the proof is clear from Proposi-
tion 3.3. O

Theorem 5.4 Let R be a classical ring and D be an LDFS on
R. Then,D is an LDF-subring of R iff the following axioms
are provided.

D) D —r) = D) AD(rVrjr €R.
(i) D@~ r) = D) ADIVry 1 € R.

Proof 1f ® is an LDF-subring of R, it has properties
(R1), (R2) and (R3) in Definition 5.1. Then, we obtain
D(r; = 1) 2 D) AD(=1) = D(r;) A D(ry) from (R1) and
(R2), and also D(r; - ) = D(r;) A D(ry) from (R3).
Conversely, assume that the axioms (i) and (ii) are satis-
fied. Especially, if we take r= 0y for the axiom (i), then
we obtain D(—r) = D(,), and so D(—(—r)) = D(—rp).
Consequently, we have D(—r,) = D(r;). Thus, we say that
the axiom (i) corresponds to the properties (R1) and (R2) in
Definition 5.1. Evidently, the axiom (ii) corresponds to the
property (R3) in Definition 5.1. Hence, the proof is com-
pleted. O

Theorem 5.5 Let R be a classical ring and D; (i € I) be the
LDFN-subrings of R. Then,

(i) i D;is an LDFN-subring of R.
(i) ;g D;is an LDFN-subring of R.

Proof Let ®; (i € I) be the LDF-subrings of the classical
ring R.

(i) We know that (R,+) is a group since (R,+,-) is
a ring. Then, D, (i € I) are the LDF-subgroups
of the group (R,+). From Theorem 3.5, we have
Nier Dir; = 1) = Nier Dir) ANy Di(ry) for all
rj, 1y € R. To terminate the proof, we must show that
Nier Dir; - 1) 2 iy Dir) ANy Dir) for  all
riry €R.

Since ®); for each i € [ is the LDF-subring of R,
we obtain
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uagi(rj . rk) = /\ ugi(rj . rk) > </\ ugl(l‘])>

i€l i€l
(5.1)
A ( A\ ugi(rk)> = Uzg (1) A Uzg (7)),
iel
@ﬁ@i(l’j . rk) = \/ @gi(}’j . rk) S (v @gl(rj)>
i€l i€l
(5.2)
v <\/ @gi(rk)> = G, (1) V G, (7).
i€l
aﬁgi(rj ) = /\ a®i(r; - r) > (/\ ag"(rj)>
iel iel (53)
A (/\ agi(rk)> = (xﬁg"(rj) A aﬁgi(rk),
iel
By r) =\ BP0y ) < (\/ ﬂgi(r,-)>
i€l i€l
(5.4)
v (\/ ﬁi’f(rk)> = B0 v B ().
iel

Considering Definition 2.4 (2) and (5), by Egs. (5.1)—(5.4),
we have (;; Di(r; - 1) 2 Nies Di(r) ANy Diry) for all
rj» 1 € R. This completes the proof of (i).

(i) It can be proved similar to the proof of (i).

O
Theorem 5.6 Let R; be the classical rings and D; be the
LDFN-subrings of R; fori € I. Then, [],¢; ®; is an LDFN-
subring of the ring [[,o; R,

i€l

Proof By considering the properties in Definition 5.1, the
proof can be verified similar to that of Theorem 6.6. O

Theorem 5.7 Let R, and R, be two classical rings and
¥, ¢ R = R, be aring homomorphism. If D, is an LDF-
subring of R,, then the image ¥,,,(D,) of D, is also an
LDF-subring of R,.

g

Proof By the computations similar to the proof of Theo-
rem 3.8, it can be demonstrated by considering Defini-
tion 5.1. O

Theorem 5.8 Let R, and R, be two classical rings and
VY, Ri = R, be a ring homomorphism. If D, is an

@ Springer

LDF-subring of R,, then the preimage ‘I‘;;(@z) of D, is
also an LDF-subring of R,.

Proof By the computations similar to the proof of Theo-
rem 3.9, it can be demonstrated by considering Defini-
tion 5.1. O

6 Linear Diophantine fuzzy ideal

In this section, the linear Diophantine fuzzy ideal is
described and it is supported by some illustrative examples.

Definition 6.1 Let (R, +, -) be a classical ring and D be an
LDFS on R. Then,

(1) D is called a linear Diophantine fuzzy left ideal
(LDF-leftideal) of R if and only if the following prop-
erties are satisfied:

(LID) D(r; = 1) = D(ry) A D(1)Vr, 1 € R
(LI2) D(r; - 1) = D(rIVrj 1y, € R.

(2) D is called a linear Diophantine fuzzy right ideal
(LDF-rightideal) of R if and only if the following prop-
erties are satisfied:

(RID) D(r; = 1) 2 D) A D(rVry, 1y € R.
(RI2) D(r; - 1) = D(ryVryr € R.

Definition 6.2 Let (R, +, ) be a classical ring and D be an
LDFS on R. Then, D is called a linear Diophantine fuzzy
ideal (LDF-ideal) of R if and only if the following proper-
ties are satisfied:

A1) D —r) = D) A DV, 1 € R.
A2)  D(r; - 1) 2 D(ry) VDIV, 1 €R.

Note that the collection of all LDF-ideals of R is
denoted by LDFI(R).

Remark Each LDF-ideal of the classical ring R is an LDF-
subring of R, but this argument is conversely not true in
general. For example, the LDFS D on R given in Exam-
ple 5.2 is an LDF-subring of R but may not be an LDF-ideal
of R.

Proposition 6.3 Let (R, +, ) be a classical ring and D be
an LDF-ideal of R.
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1) DOg) = D(r;) forall r; € R, where O is the unit ele-
ment of R related to the binary operation +.

(i) If (R,+,-) is a classical ring with identity, then
D(r;) = D(1y) for all r; € R, where 15 is the identity
of R.

Proof (i) Itis similar to the proof of Proposition 5.3, there-

fore omitted.

(ii) By considering Definition 6.1 (2), we obtain
D(r) =D(lg - 1)) 2 D(1g) for all ; € R, So

the proof is completed.

O
Example 6.4 We consider R = {0, p, g, r} with the following

Cayley tables:

=T Qg o+t
T8 oo
ok QO3S
=T R Q8 O

o o o oo

Q3 oI

" O 3 QR
hN o ol
QR O oOlv
2T Re" O

It can be easily verified that R is a ring with identity. Also,
we consider the following LDFS 9D on the ring R.

o - | (0.(0.6.0.7).(0.4,0.5)).(.(03,0.9),(0.1,0.7)),
=\ 4.(0.3,0.9),(0.1,0.7)), (r, (0.3,0.9), (0.1,0.7))

Then, we say that D is an LDF-ideal of R and it provides the
axioms in Proposition 6.3.

Theorem 6.5 Let R be a classical ring and D; (i € I) be the
LDFN-ideals of R. Then,

@) iy D, is an LDFN-ideal of R.
(i) ;e ®;is an LDFN-ideal of R.

Proof By considering the conditions in Definition 6.2, it can
be demonstrated similar to proof of Theorem 5.5. O

Theorem 6.6 Let R; be the classical rings and D; be the
LDFN-ideals of R for i€l. Then, [[,.; D, is an LDFN-
ideal of the ring [

i€l

tEI

Proof Assume that D, are the LDF-ideals of R, fori € I. To
complete the proof, we have to prove that for all

(8;)ie1, (g;;)iel € [l G5

H-E, g((rl:)iel - (r;;)iel) e

I1. 2@hed AT Di(Dier)s

iel
D ier - (e
g <" 1 1)
[T v [ Diien:
iel i€l

By Definition 2.6, we have

[1=((%) - (D) =

i€l

<aﬁ®i<<rj>ie1 . (r;;)i‘EI)’ 'Bﬁ@i<<rj>iel . (ri)i€1>>>
(6.2)
for all r; ier» ("Dier € [1 R, Since D; is the LDF-ideal of

i€l
‘R, for each i € I, we obtain

e ()., = (1)) = 5 (7 11), )
= Ntta (=) 2 A\ (e () A 202, ()

iel i€l

(6.3)
= <ng<rj>> A <Q ua(’i))
= l[ﬁ®1<(r;)iel> A uﬁ@,((rlic)iel)’

According to the similar discussion, the following inequali-
ties are also true.

: (6.4)
> - .

(6.5)
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(7)) - ()
<™ (1)) )V ™ ()i

Thus, W e obtain that
[T gi((r_;)iel = (Dien) 2 [ies gi((”_,l:)iel) AT D) for
all (g;)iel, (8Vier € [1ie; Gi- By using similar techniques, it
is easily shown that
Hiel @i((r})iel ’ (r;{)iel) 2 Hiel ‘Di((r;)iel) \ Hiel QDi((r;i)iel)

for all (¢);er. (8))ier € [1ies G- Hence [];¢; D, is an LDF-
ideal of the ring [],, G O

(6.6)

Theorem 6.7 Let R, and R, be two classical rings and
¥, © R = R, be aring homomorphism. If D, is an LDF-
ideal of R, then the image \¥,, (D)) of D, is also an LDF-

ideal of R,.

rng

Proof With the discussions similar to the proof of Theo-
rem 3.8, it can be verified by considering Definition 6.2.
O

Theorem 6.8 Let R, and R, be two classical rings and
¥, © Ry = R, be aring homomorphism. If D, is an LDF-
ideal of R,, then the preimage ‘I’:nlg(i‘)z) of D, is also an
LDF-ideal of R,.

Proof With the discussions similar to the proof of Theo-
rem 3.9, it can be verified by considering Definition 6.2.
O

7 Linear Diophantine fuzzy subfield

This section is devoted to the linear Diophantine fuzzy sub-
field and its theoretical results.

Definition 7.1 Let (F, +, -) be a classical field and D be an
LDFS on F. Then, D is said to be a linear Diophantine fuzzy
subfield (LDF-subfield) of F if and only if the following
properties are satisfied:

(F1) D +£) = D) A DIV fi € F.
(F2) D(-f) = D)Vf, € F.

F3) D - fi) = D) ADFS /i € F.
(F4) D™ = D)Vf(# 0, € F .

Note that the collection of all LDF-subfields of R is
denoted by LDFsF(F).

@ Springer

Example 7.2 Let us consider the field F = Q(\/E) , where Q
denotes the set of rational numbers. We define an LDFS ©
on F as follows:

_ J (L0),(1,0)), iff; € Q
W) = { ({0, 1),(0, 1)), Otl;erwise

Then, the LDFS ® is an LDF-subfield of F.

Proposition 7.3 Let (F, +, -) be a classical field and D be an
LDF-subfield of . D(0) = D(f;) for all r; € F, where 0
is the unit element of F related to the binary operation +.

Proof It can be shown similar to the proof of Proposi-
tion 5.3. O

Theorem 7.4 Let F be a classical field and D be an LDFS
on F. Then, D is an LDF-subfield of F iff the following
axioms are provided.

i) D —f) = D) A DG, fy € F.
(i) DG -£7) = D) A DRIV fi(# 0 € F.

Proof 1t can be seen by discussing similar to the proof of
Theorem 5.4. O

Theorem 7.5 Let R be a classical field and D; (i € I) be the
LDFN-subfields of F . Then,

(i) (i D;is an LDFN-subfield of R.
(i) U,e D;is an LDFN-subfield of R.

Proof Let’s prove (ii), the other assertion can similarly be
proved. Let D, (i € 1) be the LDF-subfields of the classical
field 7. We have to prove that

Ua-nzJamalJdd Ve F

iel iel iel
and
U547
iel
> JoamAJDi0 v 02 € F.
iel iel

Since D; (i € I) are the LDF-subfields of F, we obtain
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Uge (f; = 1) = \/ Uy (= 1)

iel
> \/ s, () A Us, (f)
iel (71)
=<\/ usm)> A (\/ uw)
i€l i€l
=Uge, () A Uge, (1),
and
Uon, (f;£7') =\ U, (- £i7")
el
> \/ Qe () A Vs, ()
i€l (72)
=<\/ ug,o&)) A <\/ ug,vk))
iel iel
=Ugs, (1) A Ugp, (fi)-
By the similar observation,
Sy, (; — i) < G, () V G, (),
oo, /i) < @ign, () V Sp () 73
O‘Ug"(ﬁ —fi) = aag"(}?) A aagi(fk),
R ~ N (7.4)
aU@,-(fj“ ‘ﬁ(_l) > anDi(f]") A augi(fk),
BU2(f, = fo) < O () V AUV (Fy),
(71.5)

ﬂGQ,(fj 'f}(_l) < ﬁOQ(f]) vV ﬁggi(fk)

are satisfied. Therefore, the union of the LDF-subfields D,
(i € I) is also an LDF-subfield. O

Note 2 Let F| and F, be two fields. F| X F, may not be
a field. For instance, Zp (p is a prime) is a field but Zp X Zp
is not a field.

Theorem 7.6 Let F, and F, be two classical fields and
Yy, + Fy = F, be a field homomorphism. If D, is an LDF-
subfield of F,, then the image ¥ 4,(D,) of & is also an LDF-
subfield of R ,.

Proof By the calculations similar to the proof of Theo-
rem 3.8, it can be easily obtained by considering Defini-
tion 7.1. O

Theorem 7.7 Let F, and F, be two classical fields and
Yy, + Fy = F, be a field homomorphism. If D, is an LDF-
ideal of F,, then the preimage ‘I‘f_,dl (D,) of D, is also an
LDF-ideal of F,.

Proof By the calculations similar to the proof of Theo-
rem 3.9, it can be easily obtained by considering Defini-
tion 7.1. O

8 An LDF-based approach to coding theory

In this section, we introduce the concept of linear Diophan-
tine fuzzy code and thus propose a different approach to
coding theory. Also, we investigate relationships between
the linear Diophantine fuzzy codes and LDF-algebraic struc-
tures (such as LDF-subring, LDF-ideal).

Now let’s briefly talk about the concepts of code, binary
code, codeword. For further information, we refer to Hill
(1986); Pless (1989).

A g-ary code € is a given set of sequences of symbols
where each symbol is selected from a set |, (is often taken
to be the set Z,) of g distinct elements. The set [, is said to
be the alphabet. If ¢ is a prime power (i.e. ¢ = p® for some
prime number p and positive integer a) then we take the
alphabet [, to be the finite field of order g. If ¢ = 2 then the
code is described as a binary code. That is, a binary code is
a set of sequences of 0’s and 1’s.

[F; will denote the set of all ordered n-tuples
a =a,a,...a, where a; € F". The elements of [ are said
to be vectors or words, and n is termed to be the length of
a;. Also, any element of € C F” is said to be a codeword.
Observe that the set [F; has g" elements. For example,
F23 = {000,001,010,011,100,101,110,111} is a set of all
ordered 3-tuples of 0’s and 1°s, and it has ¢" = 23 elements.
Also, € = {000, 111} is a binary code of F, and ¢; = 000
and ¢, = 111 are two codewords in €.

A vector (a;, a,, ..., a,) will usually be written simply as
aa, ...a,. We consider the ambient space [}’ of all n-tuples
of 0’s and 1’s with addition (+) and multiplication (-) of
vectors componentwise mod 2. That is, if two vectors are

aj=(a’i,aé,...,a’;l)andak=(a’l‘,a§,...,aﬁ)then
aj+ak=<a§ +a’{,aé+a§,...,a{l+afl> (mod2)  (8.1)
and

a;-a; = (a’i -a’;,aiz . a];, ,af; . aﬁ) (mod?2). (8.2)

Then, we say that (FJ', +,.) is a ring with identity, where
Op» = (0,0, ...,0) = 00...0 is the (additive) unit of [an and
’ N~—— ~—

n

I[an =(1,1,...,1)=11... 1 is the (multiplicative) identity
—_——

of F. For example, if two codewords of binary code € of [F25

@ Springer
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are ¢; = 10110 and ¢, = 11010 then ¢; + ¢, = 01100 and
¢; - ¢, = 10010.

Note 3 From now on, we assume that the alphabet F, is
F,, and so we use the binary code (i.e., 2-ary code).

Definition 8.1 Leta; = a’ a’ .d, be a word (vector) of Fy.
The weight of word a; is the sum of its elements (entries). It
is denoted by w(a;) = Y7 a.. If the word of F}' is Iy, then
w(l[an) = n and this is called the maximum Welght denoted
BY W

Note 4 For g-ary codes, the concept of weight of a
vector is given as “it is number of its elements that non-
zero entries” in literature (see (Ozkan and Ozkan 2002)
for details). For example, if we consider the codeword

= 1022001 for [F37 then we obtain w(c;) = 4. Since 2-ary
codes consist of 0 and 1, Definition 8.1 is the same as this
concept.

Definition 8.2 Leta; = a’ a’ .. d), be a word (vector) of F;.
If ‘w’ wJ .., are descr1bed to be the positions of entr1es
(i.e. a’],a’2,...,a’n resp.) in a; then the value
d, w’ +d, @) + - + d,w) are called 'the relative weight of
Word a;. It is denoted by w(a) = Y, a’ w’ If the word of

Fy is a; = g, then w(a)) = "(”;]) and this is said to be the

maximum relatlve weight, denoted by w,,,,

The concept of relative weight can be generalized as
follows.

Definition 8.3 Leta; = a’ a’ .. d, be a word (vector) of F;.
If wj w’ .., are descr1bed to be the positions of entr1es
(i.e. a’],a’Z, ,a’,, resp. ) in a; then the value
(a )’(w ) + () (wz)t + 4 (d )’(w’ ) are said to be the
t-rung relat1ve welght of word (vector) a;, where 7 is a posi-
tive integer. It is _denoted by
@) = Y (@) (@) =Y a(w). If the word of F!
is a; = 1g, then w"(a))is called the maximum f-rung rela—
tive we1ght denoted by w® . For example, w? = ("("Jrl))2
fort = 3.

In the year 1990, §e§elja and Tepavcevi¢ (1990) study on
construction of codes by P-fuzzy sets, in which (P, <) is a
partially ordered set. They described the following compo-
nentwise defined order on the set of codewords belonging
to a binary code.

Definition 8.4 (Seselja and Tepavcevi¢ 1990) Let

¢ = cfc’ ..c) and ¢, = ckck ...k be two any codewords
of the b1nary code € of [F" Ichi > cif foralli=1,2,...,n,

@ Springer

then two codewords ¢; and ¢, belonging to binary code € can
be ordered and this order is ¢ < ¢ Here, < is the ordinary
ordering relation on the lattice ({0, 1}, <) : 0 < 1. It is obvi-
ous thatcj = 1ffcjl = cf foralli=1,2,...,n

Proposition 8.5 Let € be a binary code of ;.
i ¢< O[an for all ¢;(# O[FZH) € C.
(ii) l[an < ¢;for all ¢;(# 1) € €.

Proof Let € be a binary code of F}'.

1) Ifg O[an) € €, we can say thatc’l: =1 > 0 for at least
one i€ {1,2,...,n}.
Definition 8.4.

(i) It can be proved similar to (i), and therefore omitted.

So, we have cj<O[F2n by

O
Example 8.6 We consider the binary code
= {000,001,011,111} of [F23. Then, we have

111 < 011 < 001 < 000.

Proposition 8.7 Let ¢; and ¢, be two codewords of the binary
code C of B If ¢; < ¢, then¢; - ¢ = ¢

Proof Assume thatc; = (c’l,c’z, ....c)andc, = (k... )
is two codewords of the code € of [, and ¢; < ck From
Deﬁn1t10n 8.4, we write c’ > ck for all i=1, 2 ,n. Since

c c € {0, l}and , we calculate (by Eq. (8 2))

(. k. k ik

cj-ck—(cj1 cl,c’2 c2,...,c’n cn>

. . 8.3)
=(cl,cz, ,cn) =¢.

O

Now, we introduce the concept of linear Diophantine
fuzzy code, which offers a different perspective on coding
theory.

Definition 8.8 Let € be a code of F} and D be an LDFS on
F)'. If the following properties are satisfied:

(Cl) D(a;-ap) < D(a)) AD(a)Va,, a;, € F).
(C2) ﬁ)(a ) # D(ay) 1fa # a,.



10369

Linear Diophantine fuzzy algebraic structures

dsqu  LLLLLLLL m  lLiLloLL L uor f Liiiiool 0 LLLLLLLO - LLLLLOLO é LLLLLLOO A 1LiLLLLOOO
H OLLLLLLL 1 OLLLLOLL A OLLLLLOL X  OLLLLOOL ~  OLLLLLLO v  OLLLLOLO < OLLLLLOO V  oLLLLOOO
z LOLLLLLL ! LOLLLOLL ? LoOLLLLOL @  Lo0LLLOOL { LOLLLLLO [ LOLLLOLO = LOLLLLOO <> LOLLLOOO
€ 00LLLLLL u 00LLIOLL F 00LLLLOL ¥ 00LLLOOL | 00LLLLLO \ 00LLLOLO > 00LLLLOO 1 00LLLOOO
¢ LLOLLLLL - LLOLLOLL L rioriior o LLOLLOOL } LLOLLLLO 1 LLOLLOLO ' LLOLLLOO —  LLOLLOOO
. OLOLLLLL d OLOLLOLL __ oLoLLLOL N  oioiio0L Z  oLoLLLLO Z oLoLLOLO - 01011100 < 0L0LLOOO
- LOOLLLLL r Lo0LLOLL [k rooriior O  tooiiool K looiiiro A tooLiOLO 6  LooLLLOO T roorro00
o O000LLLLL 1 000LLOLL ©® oooLLLOL A ooorroor X  000LLLLO X  000LLOLO 8  000LLLOO l 00011000
: LLLOLELL 1 LLLOLOLL v LLLOLLOL n LLLOLOOL M LLLOLLLO M LLLOLOLO L LLLOLLOO H LLLOL000
+  OLLOLLLL 1  otioloL Y  oLLoLioL D oiLolooL A OLLOLLLO A oLLoLoLO 9  oLioLLoo = {0kL0r000
§ LOLOLLLL I L0LOLOLL YV  LoloLLOb O  LoLoLOOL n L0LOLLLO N oLoloLo S LOLOLLOO § 10L0L000
b  ooioriLL 3  oololoLl _. ooloiiol O  ooloLoOL 3}  00LOLLLO 1 ooioiolo ¥  oolorioo b oororoo00
Ye LLOOLLLE E| LLOOLOLL _ LLooLiLoL (o) LL00LOOL S LLOOLLLO S LLOOLOLO € LLOOLLOO i LL00L000
= 0LOOLLLL 3 owootokk & oLoOLLOL Y/  oLoolooL 1 0LOOLLLO 4  orooioro ¢ 0L00LLOO i 01001000
F LO0OLLLL @  1000LOLL L000LLOL @  Lo00L00L b  roooiiio O  tooo0io0LO L L0001 100 »  Lo00L000
- 0000LLLL Q@  ooo0OLOLL 0000LLOL 31  ooootoor d  ooooiiio d ooooioro 0  0o0o00LLOO < 00001000
3 LLLLOLLL o LLLLOOLL « LLLLOLOL Y  tiiioool o LLLLOLLO O  LiLLOOLO / LLLLOLOO Lt LLLLOOOO
_ OLLLOLLL L__r 0LLLOOLL »  OLLLOLOL Y  oLLLooob u  oLLLOLLO N  oLLLOOLO . 01110100 £ 0LLLO00O
A 1oLL0LLL = LOLLOOLL ! LoLL0LO0L 1 L0LLO0OL w  LoLLOLLO IN  L0LLOOLO = LOLLOLOO L LOLLO00O
K ooriornr 4  oorroors ¥,  00LLOLOL 1 ooLLooOL |  ooLLoLLO 7  o0LLOOLO +  00LLOLOO S o00LL0000
N LLoLoLLL i rioroomt % LioL0L0L 1 LLOLOOOL | LLOLOLLO M LLoLooLO + 11010100 £ 11010000
n 0LOLOLLL T 0LO0LOOLL - oLoloLoL ] 0L0LO00L [ 0LOLOLLO r 0L0LOOLO % 0LOLOLOO O] 0L0L0000
N  1o0L0LLL 4 LooLooLL ® looiolol E) L00L000L 1 LOOLOLLO | L00L00LO ( 100L0L0O o 10010000
d 000LOLLL 7 000L00LL ? oooloiol 9 00010001 y 000LOLLO H oooiooL0 ) 000L0LOO a 00010000
d oo Y  iLL000bL o  lLLlOOLOL 5  1roooor 6  LiooLLO D LLLO0OLO ,  LLLOOLOO e 11100000
n oioorr e  oLioooii e oLLOOLOL e  0LL0o00OL } OLLOOLLO 4 oirioooL0 %}  0LL00LOO ¥ 01100000
QO  10L00LLL + 1010001 N  toroor0L e 1010000} E) L0LOOLLO 3 L0L000LO %  1LOLOOLOO % 10100000
O  00LOOLLL —  00LOOOLL u  oolooiol e 00LO00OL P  ooLooiio da ooLoooLo $  00L00LOO 4 00100000
0 LLO0OLLL |_ LLO00OLL n LiLooolLolL e LL00000L pJ LL000L1LO D 11000010 # LLO00LOO o 11000000
Q orooorLL L oroooort O  oLoooLOL 9  0L00000L q 01000410 d  oLooooLo w  0LO00LOO ® 01000000
tS) LOO0OLLL T  100000LL | 1000010} n 1000000} e 10000110 YV 10000010 i 10000100 @ 10000000
QO  oo000LLL 8| 000000} L 2  00000LOL 5  oooooo0L . 00000110 ® 000000L0 | ddeds 00000L00 linu 00000000
UILOVAVHO IA0D ANVNIES  ¥ILOVNVHO 3IAO0D ANVNIS NILOVNVHO 300D ANVNIE NILOVHNVHO 300D ANVNIS HILOVHVHD 300D ANVNIE UILOVHVHD 300D ANVNIE NILOVUVHO 300D AVVNIE HILOVAVHO 300D ANVNIE

Fig. 1 Binary code-character for [Fz8

pringer

a's



10370

H. Kamaci

then
D = {(¢, (Us (). S (¢)), (@®(c;). f2(c)))) = ¢; € €}

is called a linear Diophantine fuzzy code (LDF-code) cor-
responding to the code € of F)'.

Example 8.9 We consider [F28 and Fig. 1 (Source: https://theas
ciicode.com.ar/).

Let us generate LDF-code corresponding to the code €
of 8-tuples encoding (converting information from a source
into symbols) the text “LDFSs/2019”. Then, we have the
code € as follows:

3 01001100
¢ 01000100
G 01000110
¢ 01010011
~Je | ) o1t10011
€=1¢ (T oot01111 [
¢ 00110010
s 00110000
) 00110001
o 00111001

Also, we suppose that

D = {(a, (Ug(a), Sp(a)), (a®(a), f2(a))) : a; € F}}

where
3 dwy S - d)(w)y
tae) = | = g @)=\ T
n . 2 n . 2
X X - a)
) =| = | PR = [T

(8.4)

for all qa; € [F28.
From Definitions 8.1 and 8.3, we have
0 < Ug(a)), Sg(a)), ag(a_,-), ﬂg(a_,-) < 1. Also, we calculate

w0+ Py = (Eof) 4 (Eul) o (2t

L s
n 1_ n 1 a[ 3
2 Wfﬂ A > = (%) 1. Thus, D is an LDFS on

[FZS. Since it satisfies the conditions (C1) and (C2) in Defini-
tion 8.8, we can say that

@ Springer

Table 1 The tabular form of LDF-code corresponding to the code €

of [F28
Character Binary Code LDF-code
L 01001100 ({0.5188,0.8548), (0.1406, 0.3906))
D 01000100 ({0.4156,0.9094), (0.0625, 0.5625))
F 01000110 {(0.6614,0.75), (0.1406, 0.3906))
S 01010011 ({(0.8456, 0.5335), (0.25,0.25))
S 01110011 ({0.8579,0.5136), (0.3906, 0.1406))
/ 00101111 ((0.9713,0.2372), (0.3906, 0.1406))
2 00110010 ({0.5786,0.8155), (0.1406, 0.3906))
0 00110000 ((0.2649,0.9642), (0.0625, 0.5625))
1 00110001 ({(0.682,0.7312), (0.1406,0.3906))
9 00111001 ({(0.7494,0.6619), (0.25,0.25))
( 349 947\ ;9 25
€y 1967 V 206 (G & -
224 1072
(€22 {\/ 106" V Tooc )* <E E))’
567 729 9 25
G 1296’ 1296> <64 64>)
927 369
(€4 (\ T67 V To¢ ) <' 7
954 342
( 55 < s > < >)
D = 1296 129677 V64’ 64 $

1223
(€6 € 1296’

603
( 9> < 1296

728
L (€10, 1296

L

73

1296> <64 64 > >
434 862 9 25

(C7,< 1296° ﬁ%(a,a)),
91 1205

(¢8:{\/ To6° V Tooe )*

693 9 25
l296> <64 64>)
568

%)7 <Z’ Z>)

(¢;,(0.5188,0.8548), (0.1406, 0.3906)),
(¢,, (0.4156,0.9094), (0.0625, 0.5625)),
(3, (0.6614,0.75), (0.1406, 0.3906)),
(¢4, (0.8456,0.5335), (0.25,0.25)),

(¢5, (0.8579,0.5136), (0.3906, 0.1406)),
(¢, (0.9713,0.2372), (0.3906, 0.1406)),
(¢, (0.5786,0.8155), (0.1406, 0.3906)),
(g, (0.2649,0.9642), (0.0625, 0.5625)),
(¢o, (0.682,0.7312), (0.1406, 0.3906)),
(10, (0.7494, 0.6619), (0.25,0.25))

(12570

J

is an LDF-code corresponding to the code € of [FZS. In addi-
tion, we give the matching in Table 1.

Note 5 The the grades of reference parameters are

important for the LDF-code. We assume that a; = 00000100
and a;, = 00111000 (see: Fig. 1) then it is obtained that
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(by Eq. (8.4)). But we have D(a;) # D(q) by using the
grades of reference parameters.

Proposition 8.10 Let D be an LDFS on ) and D be an
LDF-code corresponding to the code € of F}. If ¢; < ¢, for
¢, ¢ € €, then D(¢;) = D(cy).

Proof Assume that D¢ is an LDF-code corresponding to
the code € of F} and ¢; < ¢;. Then, we have ¢; - ¢, = ¢, from
Proposition 8.7. By the property (C1) in Definition 8.8, we
write

@(cj . Ck) S@(Cj) A g(ck) = @(Ck)

<D(6) A D) = Dlep) < DAy ®:5)

for all ¢;, ¢, € €. Thus, the proof is completed. O

Proposition 8.11 Let € be a code of ) and D be an LDFS
onF)'. Assume that D is an LDF-code corresponding to the
code € of F'. Then,

() D(Og;) < D(c)) for all ¢,( Oy) € 6.
(i) De)) < D(lgy) for all ¢ 15y) € 6.

Proof Let D is an LDF-code corresponding to the code €
of FJ.
2

(i) By the property (C1) in Definition 8.8, we can write
D(c; - O[an) <D(ey) A Q(O[an) > Q(O[an) < D(¢)) for all
¢; € €. Considering the property (C2) in Defini-
tion 8.8, we have Q)(O[F;) < D(¢;) for all ¢;(# O[FZn) eC

(i) It can be proved similarly to the proof of (i).

O
Theorem 8.12 Let D be an LDFS on ). If © be an LDF-
subring/LDF-ideal of F}, then there is no LDF-code cor-
responding to any binary code € of F. (or contrapositive)

Proof The proof is clear from Definitions 5.1, 6.2, 8.8 and
Propositions 5.3, 6.3, 8.11. O

Example 8.13 We consider [Fzz={00,01,10,11}.
Then, we have Cayley tables in Example 6.4
(for 0=00,p=0l,g=10,r=11). It obvi-
ous that (F},+,.) is a ring with identity. If D is
an LDF-subring/LDF-ideal of F; then we have
Dp+q =2DdDP)AD(q) = D) =2DP)AD(g), and
D(g) > DP) A D(r) and D(p) > D(g) A D(r). These imply

D(p) = D(g) = D(r). By considering Proposition 5.3, we
have

D) = D(p) = D(g) = D). (8.6)

By considering Definition 8.8 (C2) and Proposition 8.11, we
say that if D is an LDF-subring/LDF-ideal of [F22 then there
is no LDF-code corresponding to any binary code € of [Fzz.

Discussion Can the properties (R1, R2, R3) in Defini-
tion 5.1 or the properties (I1, I2) in Definition 6.2 be taken
instead of properties (C1, C2) in Definition 8.87 Suppose that
D on [} has the properties (R1),(R2) and (R3) in definition of
LDF-subring. It is necessary in order to generate LDF-code
that each codeword in € matches a distinct LDF-number in D.
So, we assume that if a; # a; implies D(a;) # D(ay). We will
continue by considering this assumption.

For every aj(;é 1[F2n) (S [F2” there is an a; € [} such that
Gta=1lg, e.g., a, = 01010101 € F¥  for
a; = 10101010 € [FZS. From the property (R1) in Defini-
tion 5.1, we have

g(a] + ak) = @(lﬁx) Z @(aj) A g(ak)’ (87)
D(a; + l[an) = D(ay) = D(a)) A @(hpzn) (8.8)
and

Since a; # ay, this implies D(a;) # D(ay). If D(a;) < D(ay)
then D(a;) > @(I[F;) by Eq. (8.9) and @(1@) > D(a;) by Eq.
(8.7). So, we obtain i‘)(aj) = Q)(I[an). If D(a;) > D(a,) then
D(ay) > Q)(I[FZ,Z) by Eq. (8.8) and Q)(I[F;) > D(a;) by Eq.
(8.7). Hence, we obtain D(a;) = Q)(IF;). Therefore, if
aj+a, = 1[@, then @(aj) = @(I[an) or D(a;) = @(I[F;). Con-
sequently, we can say that D(a;) = @(IF;) for some (at least
@2~ -1) ay # l[an. This means that some codewords in €
match the same LDF-number. However, this is an undesir-
able result (contradiction).

Comparison In the year 2002, Ozkan and Ozkan pub-
lished a seminal paper, which aims to introduce the notion of
fuzzy code and thus propose a different approach to coding
theory. In (Ozkan and Ozkan 2002), the authors endeav-
ored to convert binary codes to fuzzy numbers by using
not-so fuzzy ideal, and thus made major contribution to
the literature. However, there are some flaws for the condi-
tions (see: Definition 2.2) in the definition of fuzzy code in
Ozkan and Ozkan (2002). The authors described the func-
tionJasJ : C — [0, 1]where C is a binary code (in Defini-
tion 2.2 (Ozkan and Ozkan 2002)). For x = 1000101 € C
and y = 1100010 € C in Example 2.2 (Ozkan and Ozkan
2002), it is obtained that x+y=0100111 ¢ C and
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x -y = 1000000 ¢ C. Hence, J(x+y) and J(x - y) are not
defined. Assume that

0000000
C= 0110000

0010000

0100000
(i.e., x+yeC and x-yeC for
all x,yeC) then it is calculated as

J(0110000 + 0010000) # min{J(0110000),J(0010000)}
Therefore, we can say that the function J does not generate
a fuzzy code for each code € of [!:27 , however can generate
fuzzy codes for some specially specified codes. Especially,
we take the code

0000000
0111100
0011000
0100100

then J is a fuzzy code according to Definition 2.2 in Ozkan
and Ozkan (2002), but J(0011000) = J(0100100) = %
Since 0011000 # 0100100, this is a problematic situa-
tion. To eradicate these restrictions, we describe the novel
concept of linear Diophantine fuzzy code (by using not-so
LDF-subring/LDF-ideal). Thus, we argue that linear Dio-
phantine fuzzy code can be generated for each code € of I}
if the LDFS D on [} satisfies the conditions (C1) and (C2)
in Definition 8.8. All of these are details demonstrating the
advantage of the LDF-code proposed in this section.

9 Conclusion

The studies of generalized types of fuzzy sets in the alge-
braic structures like group, ring, field are interesting research
topics. In this paper, we investigated the algebraic proper-
ties of linear Diophantine fuzzy sets in the structures of
groups, rings and fields. Some related concepts, e.g., the
linear Diophantine fuzzy subgroup, linear Diophantine fuzzy
normal subgroup, linear Diophantine fuzzy subring, linear
Diophantine fuzzy ideal, linear Diophantine fuzzy subfield
were proposed. In addition, we made a theoretical study on
their fundamental characteristic features analogous to those
of ordinary groups, rings and fields. Also, we proposed the
linear Diophantine fuzzy code corresponding to the binary
code, which can be used for data compression, data storage,
data transmission and cryptography.

We hope that this new notion will bring a new oppor-
tunity in the research and development of theory of linear
Diophantine fuzzy set, which is a generalized form of fuzzy
set. To extend this study, further research can be done by
examining the properties of linear Diophantine fuzzy sets

@ Springer

in other algebraic structures such as modules and lattices. In
the near future, we will endeavor to describe these potential
concepts for linear Diophantine fuzzy sets.
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