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Abstract
This article is an advanced approach to linguistic intuitionistic fuzzy variable through application of cubic set theory. For

instance, we establish the idea of the linguistic intuitionistic cubic fuzzy variable (LICFV) theory and define several

operations for LICFV; also establish a series of weighted aggregation operators under linguistic intuitionistic cubic fuzzy

information, so called linguistic intuitionistic cubic fuzzy weighted averaging (LICFWA) operator, linguistic intuitionistic

cubic fuzzy order weighted averaging (LICFOWA) operator, linguistic intuitionistic cubic fuzzy weighted geometric

(LICFWG) operator, linguistic intuitionistic cubic fuzzy order weighted geometric (LICFOWG) operator, linguistic

intuitionistic cubic fuzzy hybrid averaging (LICFHA) operator, and linguistic intuitionistic cubic fuzzy hybrid geometric

(LICFHG) operator; and further study their fundamental properties and showed the relationship among these aggregation

operators. In order to demonstrate the feasibility and practicality of the mentioned new technique, we develop multi-criteria

decision-making algorithm under linguistic intuitionistic cubic fuzzy environment. Further, the proposed method applied to

mobile phone selection, consider numerical application of mobile phone. Comparing the proposed techniques with other

pre-existing aggregation operators, we concluded that the proposed technique is better, reliable, and effective.

Keywords Linguistic intuitionistic cubic fuzzy variable � Linguistic intuitionistic cubic fuzzy weighted averaging and

geometric operators � Multi-criteria decision-making

1 Introduction

Multi-criteria decision-making (MCDM) has played an

significant role in everyday activities, such as economic,

engineering, education, medical, and so on. In MCDM, one

of the problems involves gathering multiple sources of

information, i.e. finite alternatives giving the final result by

aggregating process according to the attribute values of

different alternatives (Chen and Tan 1994; Hong and Choi

2000; Li 2014; Merigo and Casanovas 2010; Xia and Xu

2013; Zhang and Liu 2010). One critical question in the

decision process is how to communicate the value of the

attribute. Due to the difficulty of the decision-making

problems, it is often difficult to represent the attributes by

crisp numbers. Because decision-makers may take deci-

sions at a certain stage, due to the complexities of these

decision-making issues and management environments,

they can have concerns regarding their interpretations. In

1965 Zadeh (1965) presented the idea of the Fuzzy Set (FS)

to deal with such an uncertain situation, Zadeh assigned

membership grades to elements of a set in the interval

[0, 1] by offering the idea of Fuzzy Sets. Zadeh research in

this direction is noteworthy, as many of the set theoretical

properties of crisp cases for fuzzy sets were established.

After many implementations of the fuzzy set theory,
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Atanassov found that this theory includes many short-

comings. In other words, there might be a degree of

uncertainty, which is too important to concentrate on, while

at the same time creating perfectly beneficial models and

problems. This form of hesitation is appropriately por-

trayed by intuitionistic fuzzy values, rather than accurate

numbers. Zadeh fuzzy sets Zadeh (1965) are generalized in

the form of the intuitionistic fuzzy sets (IFSs) (Atanasav

1986). An element of an IFS is represented by an ordered

pair consisting of positive membership function and neg-

ative membership function, where the sum of the two

functions described is less than or equal to one, thus

sketching the fuzzy information characteristic in a more

thorough and comprehensive way compared to the fuzzy

set, which is distinguished only by membership function.

Several researchers have made important contributions to

the extension of IFS generalization and its application to

different fields, resulting in IFSs great success in theoreti-

cal and technological aspects.

A major part of MCGDM with IFSs is the aggregation

of intuitionistic fuzzy information (Garg and Rani 2019;

Kou et al. 2016; Li 2010a, b, 2011; Li et al. 2010; Naya-

gam et al. 2011; Shuqi et al. 2009; Wei 2010; Ye 2018;

Zhao et al. 2010; Zhou et al. 2013; Zhou and Chen 2014).

In undetermined or firm cases, IFNs are too easy to divulge

a decision-maker’s confidential details about items. The

aggregation of IFNs is an important step to obtain the

outcome of a decision problem. For this purpose, a number

of operators have been introduced recently to aggregate

IFNs which are known as intuitionistic fuzzy hybrid

aggregation (IFHA) operator, intuitionistic fuzzy hybrid

geometric (IFHG) operator, intuitionistic fuzzy ordered

weighted averaging (IFOWA) operator, intuitionistic fuzzy

ordered weighted geometric (IFOWG) operator, intuition-

istic fuzzy weighted averaging (IFWA) operator, and

intuitionistic fuzzy weighted geometric (IFWG) operator

(Beliakov et al. 2011; Kim and Ahn 1999; Liu and Wang

2017; Liang et al. 2017; Lindahl and Ramon 2010; Rani

and Garg 2018; Shakeel 2018; Xu and Yager 2006; Xu

2007; Xu and Xia 2011; Yager et al. 2011; Yang and Yuan

2014). Chen et al. (2016) defined the similarity measure

between intuitionistic fuzzy numbers (IFNs), using the

centroid points of transformed right-angled triangular

fuzzy numbers. Hassaballah and Ghareeb (2017) imple-

mented a method for utilizing similarity measures on

intuitive fuzzy sets in the field of image processing, espe-

cially for comparison of images. Garg (2016, 2017)

implemented some new collaborative aggregation opera-

tors for the various IFNs. Kaur and Garg (2018a) have

introduced certain aggregation operators for cubic IF set.

Under the IFS setting, Ye (2017) provided some hybrid

average and geometric aggregation operators to fix MCDM

problems. All the preference relations reviewed above

require experts to offer quantitative judgments. However,

some authors Herrera et al. (1996), Herrera and Herrera-

Viedma (1996), Herrera et al. (1997a, b) have noted,

decision-making problems could be too complex for the

experts to offer quantitative judgments.

Herrera et al. (2015) and Herrera and Viedma (2000)

suggested an algorithm to address the problems of lin-

guistic decision making problem. Next, Xu (2004b) defined

some linguistic aggregation operators, such as geometric,

weighted geometric and geometric hybrid operators for

group decision-making with linguistic preference relation-

ships. Xu (2006a) developed a linguistic hybrid average

group decision-making operator for language multi-at-

tribute groups. Xu (2004a) introduced uncertain linguistic

weighted averaging operator and hybrid aggregation

operator and tested on uncertain linguistic group decisions

making. Xu (2006b) also defined induced uncertain lin-

guistic ordered weighted average operators for decision-

making problems. Wei (2009) introduced an unknown

geometric mean linguistic hybrid operator and tested for

the group decision-making of multi-attributes with uncer-

tain linguistic informations. In addition, some authors Park

et al. (2011), Wei et al. (2013), Zhang (2015) have sug-

gested some uncertain linguistic aggregation operators for

decision-making under uncertain linguistic informations, as

Bonferroni mean, power, harmonic mean operators. Yager

(2015) applied IFN operations to linguistic intuitionist style

fuzzy sets and investigated the ordinal LIF aggregate

operators. Zhang et al. (2017) defined LIFVs which uses

the linguistic variable term to denote the experts preferred

and non-preferred qualitative judgments, respectively.

1.1 Literature review

However, the intuitionist fuzzy collection does not clarify

the problems of ambiguity. Then, Jun (2011) implemented

a cubic fuzzy system (CFS) to address this challenge. This

theory enabled us to tackle uncertainty problems. Cubic set

theory also describes the satisfied, unsatisfied, and uncer-

tain information not explained by fuzzy sets theory and

intuitionistic fuzzy set theory (Fahmi et al. 2017, 2018a, b

c, d, 2019a, b; Amin et al. 2018; Kaur and Garg 2019;

Mehmood et al. 2016; Riaz and Tehrim 2019; Shakeel

2018; Zhan et al. 2017). Cubic set has details more

attractive than FS and IFS (Kaur and Garg 2018a, b, 2019).

It is one of the generalized types of fuzzy set and IFS, just

like IFS, each element of a cubic fuzzy set is defined as a

pair structure characterized by positive membership func-

tion and negative membership function. Negative mem-

bership is similar to the normal fuzzy set, while positive

membership function is grip in the form of an interval.

Also, the linguistic intuitionistic collection does not

clarify the problems of ambiguity. To address this obstacle
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LCVs (linguistic cubic variables) introduced by Jun et al.

(2018). This theory helped us to tackle uncertainty prob-

lems. The theory of linguistic cubic variable also describes

the satisfactory, unsatisfied and ambiguous knowledge that

was not clarified by linguistic intuitionistic theory. LCV

has more desirable information than LFS and LIFS.

1.2 Motivation and objective

Due to the motivation and inspiration of the above dis-

cussion in this study, we have given a new approach to

LICFS through application of linguistic cubic set theory.

For instance, the concept of linguistic intuitionistic cubic

fuzzy set (LICFS) is introduced . Each element of which

consists function of linguistic membership and function of

linguistic non-membership. Linguistic membership func-

tion is cubic fuzzy set and linguistic non-membership

function is also cubic fuzzy set. LICFS is the hybrid set

which can contain much more information to express a

LCFS and an LIFS simultaneously for handling the

uncertainties in the data.

In this article, firstly we give the conceptual information

of linguistic intuitionistic cubic fuzzy variables (LICFVs),

and initiate some fundamental laws of LICFVs. We also

establish the concepts of accuracy function and score

function of LICFVs, on the basis of these functions a

simple procedure for ranking of LICFVs is introduced.

Since an aggregation operator is an important mathematical

tool in decision making problems, we introduce the

aggregation proficiency for linguistic intuitionistic cubic

fuzzy information and establish several aggregation oper-

ators, such as the linguistic intuitionistic cubic fuzzy

weighted averaging (LICFWA) operator, linguistic intu-

itionistic cubic fuzzy order weighted averaging (LIC-

FOWA) operator, linguistic intuitionistic cubic fuzzy

hybrid averaging (LICFHA) operator, linguistic intuition-

istic cubic fuzzy weighted geometric (LICFWG) operator,

linguistic intuitionistic cubic fuzzy order weighted geo-

metric (LICFOWG) operator, linguistic intuitionistic cubic

fuzzy hybrid geometric (LICFHG) operator and present a

number of properties of the mentioned operators.

To complete the said task, the remaining study is

organized accordingly. In Sect. 2, firstly we review some

fundamental concepts of fuzzy set, intuitionistic fuzzy set,

cubic variable and linguistic term set. In Sect. 3, the con-

cept of linguistic intuitionistic cubic fuzzy variable is

presented and some valuable fundamental properties are

studied. In Sect. 4, a number of LICF aggregation operators

are introduced such as LICFWA operator, LICFOWA

operator, LICFHA operator, LICFWG operator, LIC-

FOWG operator and LICFHG operator and discussed their

few properties. In Sect. 5, the mentioned operators are used

to resolve a decision-making problem under LICF

environment. Also, a numerical application related to the

selection of suitable supplier for the purchase of compo-

nents by a company is given to illustrate the feasibility and

practicality of the mentioned new techniques. In Sect. 6,

the comparison of suggested LICF averaging operators to

the pre-existing averaging operators are discussed, and

finally in the last section, the conclusions are presented.

2 Preliminaries

In this section, we introduce some elementary definitions of

fuzzy set, intuitionistic fuzzy set, and their precious prop-

erties. In order to develop a new concept, first we review

the basic definitions and properties for understanding the

new concept.

Definition 1 Zadeh (1965) Let R 6¼ / are the general set.

A fuzzy set R is described as,

R ¼fðr; lR rð ÞÞjr 2 Rg; ð2:1Þ

where lR : R ! 0; 1½ � is the membership grade of a fuzzy

set R:

Atanassov give the idea of positive membership and

negative membership function with the restriction that

addition of both function is bounded by one. In next defi-

nition, the intuitionistic fuzzy set (IFS) is defined.

Definition 2 Atanasav (1986) Let R 6¼ / are the general

set. An intuitionistic fuzzy set R is described as,

R ¼fðr; lR rð Þ; mRðrÞjr 2 Rg; ð2:2Þ

where the functions lR rð Þ : R ! ½0; 1� and mRðrÞ : R !
½0; 1� represent the grade of positive and negative mem-

bership of each number, with 0� lR rð Þ þ mRðrÞ� 1 for all

r 2 R:

Furthermore, we have pRðrÞ ¼ 1� lR rð Þ � mRðrÞ; is

the hesitancy of IFNs of r to R Szmidt and Kacprzyk

(2000).

In 2011, Jun develop a new concept to cover the

uncertainty, in next definition, the Jun concept is defined.

In the Jun definition, the membership information are

interval valued fuzzy information and the non-membership

are fuzzy information.

Definition 3 Jun et al. (2011) A cubic set R on a universal

set R 6¼ / is given as following,

R ¼fðx; ½l�R rð Þ; lþR rð Þ�; mRðrÞÞjr 2 Rg, ð2:3Þ

in which l�R; l
þ
R is an IVF numbers and mR is a fuzzy

number in R.

Multi-criteria decision support systems... 8287

123



Definition 4 Phong and Cuong (2015); Herrera and Her-

rera-Viedma (2000) Let �S ¼ ð�s1; :::; �s‘Þ be the finite and

absolutely order distinct term set. Then, �S is the linguistic

term set, and ‘ show the odd value, e.g., 3, ..., when ‘ ¼ 5;

then �S can be written as �S ¼ ð�s1; �s2; �s3; �s4; �s5Þ ¼ ( poor,

slightly poor, fair, slightly good, good).

Also, satisfy the below characteristics;

(1). Ordered : �sı � �sl;, ı � l;

(2). Negation : neg ð�sıÞ ¼ �s‘�1�ı;

(3). Maximum: ð�sı; �slÞ ¼ �sı; iff ı� l;
(4). Minimum: ð�sı; �slÞ ¼ �sl;iff ı� l:

The extended version of the discrete term set �S is known as

a continues linguistic term set and defined as �S� ¼
f�swj�s0 � �sw � �sg;w 2 ½0; ‘�g; and if �sw 2 �S� then �sw is

known as original term, otherwise, virtual term.

In next definition, the linguistic information added to

cubic set theory and defined linguistic cubic variable.

Definition 5 Ye (2018) A linguistic cubic variable R in

R 6¼ / is given as following,

R ¼fðr; ½�sl�
R
rð Þ; �slþ

R
rð Þ�; �smRðrÞÞjr 2 Rg, ð2:4Þ

in which �sl�
R
; �slþ

R
is an LIVF numbers and �smR is a linguistic

fuzzy number in R.

Definition 6 Zhang (2014) Let R 6¼ / and �S� ¼
f�swj�s0 � �sw � �sg;w 2 ½0; ‘� be a continues linguistic set.

Then, the linguistic intuitionistic fuzzy set (LIFS) is

described as,

R ¼f r; �slðrÞ; �smðrÞ
� �

jr 2 Rg; ð2:5Þ

where �slðrÞ; �smðrÞ
� �

2 �S� denotes the linguistic positive

grade and negative grade of the number r 2 R: We repre-

sent pair �slðrÞ; �smðrÞ
� �

as R ¼ sl; sm
� �

and known as lin-

guistic intuitionistic fuzzy variable (LIFV). lþ m� ‘ is

always true, and pðrÞ ¼ �s‘�l�m represent the refusal grade

of r to R:

3 Linguistic intuitionistic cubic fuzzy
variable and its basic relations
and operations

In this section, we define the linguistic intuitionistic cubic

fuzzy variable and also describe its fundamental relations

and different operations.

Definition 7 Let �S� ¼ f�swj�s0 � �sw � �sg;w 2 ½0; ‘� be a

continues linguistic set. Then, a LICFV is defined as,

R ¼f ½�sl� ; �slþ �; �s/
� �

; ½�sm� ; �smþ �; �s,h ig; ð3:1Þ

where ½�sl� ; �slþ �; �s/
� �

; ½�sm� ; �smþ �; �s,h i denote the exact grade

of positive and negative membership grade respectively,

½�sl� ; �slþ ; �sm� ; �smþ � 2 �S� are the uncertain linguistic numbers

and �s/; �s,
� �

2 �S� are the linguistic variables for

�sl� � �slþ ; �sm� � �smþ . If l� þ m� �/þ ,� lþ þ mþ; then

R ¼ f ½sl� ; slþ �; s/
� �

; ½sm� ; smþ �; s,h ig is an internal

LICFVs, and if /þ ,\l� þ m� or /þ ,[ lþ þ mþ;
then R ¼ f ½sl� ; slþ �; s/

� �
; ½sm� ; smþ �; s,h ig is an external

LICFVs.

On the basis of linguistic intuitionistic cubic fuzzy

values, we established a score function ScðRÞ which esti-

mates the compliance degree that an alternative satisfies the

need of a decision-maker.

Definition 8 Let R ¼ f ½sl� ; slþ �; s/
� �

; ½sm� ; smþ �; s,h ig be

a LICFV. Then, the score value are;

ScðRÞ ¼ l� þ lþ þ /þ m� þ mþ þ ,
6‘

; ScðRÞ 2 ½�; �:

ð3:2Þ

Definition 9 Let R ¼ ½sl� ; slþ �; s/
� �

;
�

½�sm�
1
; �smþ

1
�; �s,1

D E
g

and R ¼ ½sl� ; slþ �; s/
� �

;
�

½�sm�
2
; �smþ

2
�; �s,2

D E
g be the two

linguistic intuitionistic cubic fuzzy variables, their expec-

ted values comparison are defined as;

� If ScðRÞ[ScðRÞ; then R[R

� If ScðRÞ\ScðRÞ; then R\R

� If ScðRÞ ¼ ScðRÞ; then R ¼ R:

Definition 10 Let R ¼ ½sl� ; slþ �; s/
� �

;
�

½�sm�
1
; �smþ

1
�; �s,1

D E
g

and R ¼ ½sl� ; slþ �; s/
� �

;
�

½�sm�
2
; �smþ

2
�; �s,2

D E
g be the two

linguistic intuitionistic cubic fuzzy variables and k[ 0:

Then, the operational laws are defined as;

(1)

R 	R ¼
�s
l�
1
þl�

2
�

l�
1
l�
2

‘

; �s
lþ
1
þlþ

2
�

lþ
1
lþ
2

‘

� �
; �s

/1þ/2�
/1/2

‘

	 

;

�sm�
1
m�
2

‘

; �smþ
1
mþ
2

‘

� �
; �s,1,2

‘

	 


8
>>><

>>>:

9
>>>=

>>>;

;

(2)

R 
R ¼
�sl�

1
l�
2

‘

; �slþ
1
lþ
2

‘

� �
; �s/1u2

‘

	 

;

�s
m�
1
þm�

2
�

m�
1
m�
2

‘

; �s
mþ
1
þmþ

2
�

mþ
1
mþ
2

‘

� �
; �s,1þ,2�,1,2

‘

	 


8
>>><

>>>:

9
>>>=

>>>;

;
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(3)

kR ¼

�s
‘�‘ 1�

l�
1
‘

� �k ; �s
‘�‘ 1�

lþ
1
‘


 �k

2

4

3

5; �s
‘�‘ 1�/1

‘

� �k

0

@

1

A;

�s
‘

m�
1
‘

� �k ; �s
‘

mþ
1
‘


 �k

2

4

3

5; �s
‘

,1
‘ð Þk

0

@

1

A

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

;

(4)

Rk ¼

�s
‘

l�
1
‘

� �k ; �s
‘

lþ
1
‘


 �k

2

4

3

5; �s
‘

/1
‘

� �k

0

@

1

A;

�s
‘�‘ 1�

m�
1
‘

� �k ; �s
‘�‘ 1�

mþ
1
‘


 �k

2

4

3

5; �s
‘�‘ 1�,1

‘ð Þk

0

@

1

A

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

:

4 Aggregation operators on linguistic
intuitionistic cubic fuzzy variables

We introduced a number of linguistic intuitionistic cubic

fuzzy aggregation operators and discussed some of their

characteristics in this section.

4.1 Linguistic intuitionistic cubic fuzzy averaging
operators

This subsection contains the definitions of LICFWA

operator and studied its fundamental properties, i.e.,

idempotency property, boundedness property, and mono-

tonicity property.

Definition 11 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

gð| ¼ 1; :::; nÞ are the set of LICFVs, and

LICFWA is a mapping LICFWA : Xn ! X if;

LICFWAKðR; :::;RnÞ ¼
Xn

|¼1

K|R|; ð4:1Þ

then, LICFWA operator is known as linguistic intuitionistic

fuzzy weighted average operator with the dimension n and

K ¼ ðK1; :::;KnÞT be the weights of R|ð| ¼ ; :::; nÞ with

K| 2 ½0; 1� and Rn
|¼1K| ¼ 1: Specially, if K ¼

ð1=n; :::; 1=nÞT ; then the LICFWA operator reduced to

LICFA operator with the dimension n, such as;

LICAKðR; :::;RnÞ ¼1=nðR	; :::;	RnÞ: ð4:2Þ

Theorem 1 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ 1; :::; nÞ are the set of LICFVs. Then, there aggregated

value by utilizing the LICFWA operator is also a LICFVs,

and

LICFWAKðR; :::;RnÞ ¼
Xn

|¼
K|R|

¼

�s
‘�‘

Qn

|¼1

1�
l�|
‘

� �K| ; �s
‘�‘

Qn

|¼1

1�
lþ|
‘


 �K|

2

64

3

75; �s
‘�‘

Qn

|¼1

1�u|
‘ð ÞK|

0

B@

1

CA;

�s
‘
Qn

|¼1

m�|
‘

� �K| ; �s
‘
Qn

|¼1

1�
mþ|
‘


 �K|

2

64

3

75; �s
‘
Qn

|¼1

1�,|
‘ð ÞK|

0

B@

1

CA

8
>>>>>>>>><

>>>>>>>>>:

9
>>>>>>>>>=

>>>>>>>>>;

;

ð4:3Þ

where K ¼ ðK1; :::;KnÞT is the weights of R|ð| ¼ ; :::; nÞ
with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1:

Proof We used mathematical induction to prove this

Theorem;

(1). If n ¼ 2; then using the developed operational laws,

we obtain

K1R ¼

�s
‘�‘ 1�

l�
1
‘

� �K1 ; �s
‘�‘ 1�

lþ
1
‘


 �K1

2

4

3

5; �s
‘�‘ 1�/1

‘

� �K1

0

@

1

A;

�s
‘

m�
1
‘

� �K1 ; �s
‘

mþ
1
‘


 �K1

2

4

3

5; �s
‘

,1
‘ð ÞK1

0

@

1

A

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

K2R ¼

�s
‘�‘ 1�

l�
2
‘

� �K2 ; �s
‘�‘ 1�

lþ
2
‘


 �K2

2

4

3

5; �s
‘�‘ 1�/2

‘

� �K2

0

@

1

A;

�s
‘

m�
2
‘

� �K2 ; �s
‘

mþ
2
‘


 �K2

2

4

3

5; �s
‘

,2
‘ð ÞK2

0

@

1

A

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

Based on the operational law (1), we get

LICFWAKðR;RÞ ¼ KR 	 KR

¼

�s

‘�‘ 1�
l�
1
‘

� �K1
þ‘�‘ 1�

l�
2
‘

� �K2
�

‘�‘ 1�
l�
1
‘

� �K1

 �

‘�‘ 1�
l�
2
‘

� �K2

 �

‘

;

�s

‘�‘ 1�
lþ
1
‘


 �K1

þ‘�‘ 1�
lþ
2
‘


 �K2

�
‘�‘ 1�

lþ
1
‘


 �K1
	 


‘�‘ 1�
lþ
2
‘


 �K2
	 


‘

2

66666664

3

77777775

;

�s

‘�‘ 1�/1
‘

� �K1þ‘�‘ 1�/2
‘

� �K2�
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Which shows that Eq. ( 4.3) holds for all values of n.

h

Proposition 1 Let

R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ ; :::; nÞ

be the set of LICFVs, and K ¼ ðK1; :::;KnÞT be the weight

vector of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and Rn
|¼1K| ¼ 1:

Then, we have below properties. Idempotency: If all

R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ ; :::; nÞ

are equal, i.e., R| ¼ R for all | ¼ 1; :::; n; then

LICFWAKðR; :::;RnÞ ¼R: ð4:4Þ
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¼ ½�sl� ; �slþ �; �s/
� �

; ½�sm� ; �smþ �; �s,h i
� �

¼ R

proved. h

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼ f½max| sl�| ;

max| �slþ| �;max| �s/|
Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the

set of LICFVs for every K: Then,

R� �LICFWAKðR; :::;RnÞ�Rþ: ð4:5Þ

Proof Since, the min of LICFVs are R� and the max are

Rþ; there is R� �R| �Rþ: Thus, there exist
Pn

|¼1 K|R
� �

Pn
|¼ K|R| �

Pn
|¼ K|R

þ: Using the above

property (1), we have R� �
Pn

|¼ K|R
� �R�; i.e.,

R� �LICFWAKðR; :::;RnÞ�Rþ:

h

(3). Monotonicity: Let R� ¼ ð½l��| ; l�
þ

| �;/�
| Þ;

n

ð½m��| ; m�
þ
| �; ,�| Þgð| ¼ 1; :::; nÞ be the set of linguistic intu-

itionistic cubic fuzzy variables ½l�| ;lþ| � � ½l��| ; l�
þ

| �;
/| �/�

| ; ½m��| ; m�
þ

| � � ½m�
| ; m

þ
| � and ,�| � ,|; for all |: Then,

there exist

LICFWAKðR; :::;RnÞ�LICFWAKðR�; :::;R�
nÞ: ð4:6Þ

Proof Due to R| �R�
| for | ¼ 1; :::; n; there exists

Pn
|¼1 K|R| �

Pn

|¼
K|R

�
| ; i.e.,

LICFWAKðR; :::;RnÞ�LICFWAKðR�; :::;R�Þ:

proved. h

4.2 Linguistic intuitionistic cubic fuzzy order
weighted averaging operators

We introduce LICFOWA operator and studied its funda-

mental properties, i.e., idempotency property, boundedness

property, and monotonicity property.

Definition 12 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

gð| ¼ 1; :::; nÞ are the set of LICFVs. Then,

a LICF order weighted averaging operator is a mapping

LICFWA : Xn ! X, such as

LICFOWAKðR; :::;RnÞ ¼
Xn

|¼1

K|Rrð|Þ ; ð4:7Þ

then LICFOWA operator is called a linguistic intuitionistic

cubic fuzzy order weighted average operator of dimension

n, and ðrð1Þ; :::; rðnÞÞ is a permutation of (1, ..., n) such that

Rrð|�Þ � Rrð|Þ8|. Also, K ¼ ðK1; :::;KnÞT be the weight

vector of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and Rn
|¼1K| ¼ 1:

Furthermore, specially if K ¼ ð1=n; :::; 1=nÞT ; then the

LICOWA operator reduced to a LICFA operator with

dimension n, and described as:

LICFAKðR; :::;RnÞ ¼1=nðR	; :::;	RnÞ: ð4:8Þ

Theorem 2 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ 1; :::; nÞ are the set of LICFVs. Then, there aggregated
value by utilizing the LICFOWA operator is also an

LICFVs, and
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ð4:9Þ

where K ¼ ðK1; :::;KnÞT is the weight vector of R|ð| ¼
; :::; nÞ with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1.

Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼

1; :::; nÞ be the set of LICFVs, and K ¼ ðK1; :::;KnÞT be the

weight vector of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and

Rn
|¼1K| ¼ 1: Then, we have below properties.

Idempotency: If all R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

gð| ¼ 1; :::; nÞ are equal, i.e., R| ¼ R for all

| ¼ 1; :::; n; then

LICFOWAKðR; :::;RnÞ ¼R: ð4:10Þ

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼ f½max| sl�| ;

max| �slþ| �;max| �s/|
Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the

set of LICFVs for every K: Then,

R� �LICFOWAKðR; :::;RnÞ�Rþ: ð4:11Þ

Monotonicity: Let R� ¼ ð½l��| ; l�
þ

| �;/�
| Þ;

n
ð½m��| ; m�

þ
| �; ,�| Þg

ð| ¼ 1; :::; nÞ be the set of linguistic intuitionistic cubic

fuzzy variables ½l�| ; lþ| � � ½l��| ; l�
þ

| �;/| �/�
| ;

½m��| ; m�
þ

| � � ½m�

| ; m
þ

| � and ,�| � ,|; for all |: Then, there exist

LICFOWAKðR; :::;RnÞ�LICFOWAKðR�; :::;R�
nÞ:
ð4:12Þ

4.3 Linguistic intuitionistic cubic fuzzy hybrid
averaging operator

Here, we introduce LICFHA operator and studied its fun-

damental properties, i.e., idempotency property, bounded-

ness property, and monotonicity property.

Definition 13 Let R| ¼

½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

; ð| ¼ 1; :::; nÞ be the

set of LICFVs. An hybrid averaging operator of dimension

n is a mapping LICFHA : Xn ! X , on linguistic intuitin-

istic cubic fuzzy variables, such that

LICFHAw;KðR; :::;RnÞ ¼
Xn

|¼1

K|
eRrð|Þ; ð4:13Þ

where eRrð|Þ is the |th largest of the weighted linguistic

intuitionistic cubic fuzzy variables R|. i.e., eR| ¼ nw|R| ¼

ð½�sel�
|
; �selþ

|
�; �se/|

Þ; ð½�sem�| ; �semþ| �; �se,|
Þ

� �
; ð| ¼ 1; :::; nÞ. Where,

�sel�
|
¼ �s

‘�‘ 1�
l�|
‘

� �nw| ; �selþ
|
¼ �s

‘�‘ 1�
lþ|
‘


 �nw| ; �se/|

¼

�s
‘�‘ 1�/|

‘

� �nw| ; �sem�| ¼ �s
‘

m�
1
‘

� �nw| ; �semþ| ¼ �s
‘

mþ
1
‘


 �nw| ; and

�se,|
¼ �s

‘
,1
‘ð Þnw| . Also, w ¼ ðw1; :::;wnÞT be the associated

weighting vector of eR|ð| ¼ 1; :::; nÞ with w| 2 ½0; 1� and
Rn
|¼1w| ¼ 1; and n is the balancing coefficient. Especially,

if w ¼ ð1=n; :::; 1=nÞT ; then the LICFHA operator reduced

to LICFA operator with dimension n.

Theorem 3 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ 1; :::; nÞ are the set of LICFVs. Then, there aggregated
value by utilizing the LICFHA operator is also an LICFV

and of the form,

LICFHAKðR; :::;RnÞ ¼
Xn

|¼
K|

eRrð|Þ

¼

�s

‘�‘
Qn

|¼1

1�
el�
rð|Þ
‘

	 
K| ; �s

‘�‘
Qn

|¼1

1�
elþ
rð|Þ
‘

	 
K|

2

664

3

775; �s
‘�‘

Qn

|¼1

1�
e/rð|Þ

‘

	 
K|

0

BB@

1

CCA;

�s

‘
Qn

|¼1

em�
rð|Þ
‘

	 
K| ; �s

‘
Qn

|¼1

emþ
rð|Þ
‘

	 
K|

2

664

3

775; �s
‘
Qn

|¼1

e,rð|Þ
‘

	 
K|

0

BB@

1

CCA

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

;

ð4:14Þ

where K ¼ ðK1; :::;KnÞT is the weights of R|; ð| ¼ ; :::; nÞ
with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1.

Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼

1; :::; nÞ be the set of LICFVs, and K ¼ ðK1; :::;KnÞT be the

weight vector of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and

Rn
|¼1K| ¼ 1: Then, we have below properties. Idempo-

tency: If all R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ;
Dn

�smþ| �; �s,|igð| ¼
1; :::; nÞ are equal, i.e., R| ¼ R for all | ¼ 1; :::; n; then

LICFHAKðR; :::;RnÞ ¼ R: ð4:15Þ

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼ f½max| sl�| ;
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max| �slþ| �;max| �s/|
Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the

set of LICFVs for every K: Then,

R� �LICFHAKðR; :::;RnÞ�Rþ: ð4:16Þ

Monotonicity: Let R� ¼ ð½l��| ; l�
þ

| �;/�
| Þ; ð½m�

�

| ; m�
þ

| �;
n

,�| Þgð| ¼ 1; :::; nÞ be the set of linguistic intuitionistic cubic
fuzzy variables ½l�| ; lþ| � � ½l��| ; l�

þ

| �;/| �/�
| ;

½m��| ; m�
þ

| � � ½m�

| ; m
þ

| � and ,�| � ,|; for all |: Then, there exist

LICFHAKðR; :::;RnÞ� LICFHAKðR�; :::;R�
nÞ: ð4:17Þ

4.4 Linguistic intuitionistic cubic fuzzy weighted
geometric operator

Here, we introduce LICFWG operator and studied its

fundamental properties, i.e., idempotency property,

boundedness property, and monotonicity property.

Definition 14 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n
½�sm�| ; �smþ| �;

D

�s,|ig ð| ¼ 1; :::; nÞ are the set of LICFVs and LICFWG is a

mapping LICFWG : Xn ! X; if

LICFWGKðR; :::;RnÞ ¼
Yn

|¼1

R|

� �K| ; ð4:18Þ

then, LICFWG operator is called the linguistic intuition-

istic cubic fuzzy weighted geometric operator of dimension

n, and K ¼ ðK1; :::;KnÞT be the weights ofR|; ð| ¼ ; :::; nÞ
with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1: Specially, if K ¼
ð1=n; :::; 1=nÞT ; then the LICFWG operator reduced to an

LICFG operator with the dimension n , have defined as;

LICFGKðR; :::;RnÞ ¼1=nðR
; :::;
RnÞ: ð4:19Þ

Theorem 4 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ 1; :::; nÞ are the set of LICFVs. Then, there aggregated
value by utilizing the LICFWG operator is also an LICFVs,

and

LICFWGKðR; :::;RnÞ¼
Yn

|¼
R|

� �K|

¼

�s
‘
Qn

|¼1

l�|
‘

� �K| ; �s
‘
Qn

|¼1

lþ|
‘


 �K|

2

64

3

75; �s
‘
Qn

|¼1

/|
‘

� �K|

0

B@

1

CA;

�s
‘�‘

Qn

|¼1

1�
m�|
‘

� �K| ; �s
‘�‘

Qn

|¼1

1�
mþ|
‘


 �K|

2

64

3

75; �s
‘�‘

Qn

|¼1

1�,|
‘ð ÞK|

0

B@

1

CA

8
>>>>>>>>><

>>>>>>>>>:

9
>>>>>>>>>=

>>>>>>>>>;

;

ð4:20Þ

where K ¼ ðK1; :::;KnÞT is the weights of R|ð| ¼ ; :::; nÞ
with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1:

Proof The proof is same as Theorem 1. h

Proposition 2 Let R| ¼ ½sl�| ; slþ| �; s/|

Dn

ngle; ½�sm�| ; �smþ| �; �s,|
D E

g; ð| ¼ 1; :::; nÞ are the set of LICFVs,

and K ¼ ðK1; :::;KnÞT be the weight vector of R|; ð| ¼
; :::; nÞ with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1: Then, we have the

below properties.

Idempotency: If all R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n
½�sm�| ; �smþ| �;

D

�s,|ig; ð| ¼ 1; :::; nÞ are equal, i.e., R| ¼ R for all | ¼
1; :::; n; then

LICFWGKðR; :::;RnÞ ¼ R: ð4:21Þ

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼ f½max| sl�| ;

max| �slþ| �;max| �s/|
Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the

set of linguistic intuitionistic cubic fuzzy variables. Then,

R� �LICFWGKðR; :::;RnÞ�Rþ: ð4:22Þ

Monotonicity: Let R� ¼ ð½l��| ; l�
þ

| �;/�
| Þ;

n
ð½m��| ; m�

þ

| �; ,�| Þg

ð| ¼ 1; :::; nÞ are the set of LICFVs ½l�| ;lþ| � � ½l��| ; l�
þ

| �;
/| �/�

| ; ½m��| ; m�
þ

| � � ½m�
| ; m

þ
| � and ,�| � ,|; for all |: Then,

there exist

LICFWGKðR; :::;RnÞ�LICFWGKðR�; :::;R�
nÞ:

ð4:23Þ
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4.5 Linguistic intuitionistic cubic fuzzy order
weighted geometric operator

Here, we introduce LICFOWG operator and studied its

fundamental properties, i.e., idempotency property,

boundedness property, and monotonicity property.

Definition 15 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �;
Dn

�s,|igð| ¼ 1; :::; nÞ be the set of LICFVs. A linguistic intu-

itinistic cubic fuzzy order weighted geometric operator is a

mapping LICFOWG : Xn ! X, such as;

LICFOWGKðR; :::;RnÞ ¼
Yn

|¼1

Rrð|Þ


 �K|

: ð4:24Þ

Then, LICFOWG operator is called linguistic intuitionistic

fuzzy order weighted geometric operator of dimension n,

and ðrð1Þ; :::; rðnÞÞ denote the permutation of (1, ..., n) such

as Rrð|�Þ � Rrð|Þ for all |. Also, K ¼ ðK1; :::;KnÞT be the

weights of R|ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and Rn
|¼1K| ¼ 1:

Furthermore, specially if K ¼ ð1=n; :::; 1=nÞT ; then the

LICFOWG operator reduced to LICFG operator with

dimension n, have defined as;

LICFOGKðR; :::;RnÞ ¼1=nðR
; :::;
RnÞ: ð4:25Þ

Theorem 5 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

ð| ¼ 1; :::; nÞ are the set of LICFVs. Then, there aggregated
value by utilizing the LICFOWG operator is also an

LICFVs, and

LICFOWGKðR; :::;RnÞ ¼
Yn

|¼
Rrð|Þ
� �K|

¼

�s
‘
Qn

|¼1

l�
rð|Þ
‘


 �K| ; �s
‘
Qn

|¼1

lþ
rð|Þ
‘


 �K|

2

64

3

75; �s
‘
Qn

|¼1

/rð|Þ
‘

� �K|

0

B@

1

CA;

�s
‘�‘

Qn

|¼1

1�
m�
rð|Þ
‘


 �K| ; �s
‘�‘

Qn

|¼1

1�
mþ
rð|Þ
‘


 �K|

2

64

3

75; �s
‘�‘

Qn

|¼1

1�
,rð|Þ
‘

� �K|

0

B@

1

CA

8
>>>>>>>>>><

>>>>>>>>>>:

9
>>>>>>>>>>=

>>>>>>>>>>;

;

ð4:26Þ

where K ¼ ðK1; :::;KnÞT is the weight vector of R|ð| ¼
; :::; nÞ with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1.

Proposition 3 Let R| ¼

½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

; ð| ¼ 1; :::; nÞ are the

set of LICFVs, and K ¼ ðK1; :::;KnÞT be the weight vector

of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and Rn
|¼1K| ¼ 1: Then,

we have the below properties.

Idempotency: If all R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

g; ð| ¼ 1; :::; nÞ are equal, i.e., R| ¼ R for

all | ¼ 1; :::; n; then

LICFOWGKðR; :::;RnÞ ¼ R: ð4:27Þ

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼ f½max| sl�| ;

max| �slþ| �;max| �s/|
Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the

set of linguistic intuitionistic cubic fuzzy variables. Then,

R� �LICFOWGKðR; :::;RnÞ�Rþ: ð4:28Þ

Monotonicity: Let R� ¼ ð½l��| ; l�
þ

| �;/�
| Þ; ð½m�

�

| ;
n

m�
þ

| �; ,�| Þgð| ¼ 1; :::; nÞ are the set of LICFVs

½l�| ; lþ| � � ½l��| ; l�
þ

| �;/| �/�
| ; ½m��| ; m�

þ

| � � ½m�

| ; m
þ

| �
and ,�| � ,|; for all |: Then, there exist

LICFOWGKðR; :::;RnÞ� LICFOWGKðR�; :::;R�
nÞ:

ð4:29Þ

4.6 Linguistic intuitionistic cubic fuzzy hybrid
geometric operator

Here, we have introduced LICFHG operator and studied its

fundamental properties, i.e., idempotency property,

boundedness property, and monotonicity property.

Definition 16 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

gð| ¼ 1; :::; nÞ be the set of LICFVs. A lin-

guistic intuitinistic cubic fuzzy hybrid geometric operator

of dimension n is a mapping LICFHG : Xn ! X, such as

LICFHGw;KðR; :::;RnÞ ¼
Yn

|¼1

eRrð|Þ


 �K|

; ð4:30Þ

where eRrð|Þ is the |th largest of the weighted LICFVs R|.

i.e., eR| ¼ nw|R| ¼ ð½sel�
|
; selþ

|
�; se/|

Þ;
�

ð½�sem�| ; �semþ| �; �se,|
Þi

ð| ¼ 1; :::; nÞ. Where, �selþ
|
¼ �s

‘
lþ
1
‘


 �nw| ; �selþ
|
¼ �s

‘
lþ
1
‘


 �nw| ;

�se/|

¼ �s
‘

/1
‘

� �nw| ; �sem�| ¼ �s
‘�‘ 1�

m�|
‘

� �nw| ; �semþ| ¼ �s
‘�‘ 1�

mþ|
‘


 �nw| and

�se,|
¼ �s

‘�‘ 1�,|
‘ð Þnw| . Also, w ¼ ðw1; :::;wnÞT be the associ-

ated weighting vector of eR|; ð| ¼ 1; :::; nÞ with w| 2 ½0; 1�
and Rn

|¼1w| ¼ 1; and n is the balancing coefficient.
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Specially, if w ¼ ð1=n; ; :::; 1=nÞT ; then the LICFHG

operator reduced to LICFG operator with dimension n.

Theorem 6 Let R| ¼ ½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

;

ð| ¼ 1; :::; nÞ be the set of LICFVs. Then, there aggregated
value by using the LICFHG operator is also an LICFVs

and of the form,

LICFHGKðR; :::;RnÞ ¼
Yn

|¼

eRrð|Þ


 �K|

¼

�s

‘
Qn

|¼1

el�
rð|Þ
‘

	 
K| ; �s

‘
Qn

|¼1

elþ
rð|Þ
‘

	 
K|

2

664

3

775; �s
‘
Qn

|¼1

e/rð|Þ
‘

	 
K|

0

BB@

1

CCA;

�s

‘�‘
Qn

|¼1

1�
em�
rð|Þ
‘

	 
K| ; �s

‘�‘
Qn

|¼1

1�
emþ
rð|Þ
‘

	 
K|

2

664

3

775; �s
‘�‘

Qn

|¼1

1�
e/rð|Þ

‘

	 
K|

0

BB@

1

CCA

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

;

ð4:31Þ

where K ¼ ðK1; :::;KnÞT is the weight vector of R|ð| ¼
; :::; nÞ with K| 2 ½0; 1� and Rn

|¼1K| ¼ 1.

Proposition 4 Let R| ¼

½sl�| ; slþ| �; s/|

D E
; ½sm�| ; smþ| �; s,|
D En o

; ð| ¼ 1; :::; nÞ are the

set of LICFVs, and K ¼ ðK1; :::;KnÞT be the weight vector

of R|; ð| ¼ ; :::; nÞ with K| 2 ½0; 1� and Rn
|¼1K| ¼ 1: Then,

we have the below properties.

Idempotency: If all R| ¼ ½sl�| ; slþ| �; s/|

D E
;

n

½�sm�| ; �smþ| �; �s,|
D E

g; ð| ¼ 1; :::; nÞ are equal, i.e., R| ¼ R for

all | ¼ 1; :::; n; then

LICFHGKðR; :::;RnÞ ¼ R: ð4:32Þ

Boundary: Let R� ¼ f½min| sl�| ;min| slþ| �;min| s/|
Þ;

ð½max| �sm�| ;max| �sm�| �;max| �s,|Þg and Rþ ¼
f½max| sl�| ;max| slþ| �;
max| �s/|

Þ; ð½min| �sm�| ;min| �sm�| �;min| �s,|Þg are the set of

linguistic intuitionistic cubic fuzzy variables. Then,

R� �LICFHGKðR; :::;RnÞ�Rþ: ð4:33Þ

Monotonicity: Let R� ¼

ð½l��| ; l�
þ
| �;/�

| Þ; ð½m�
�

| ; m�
þ

| �; ,�| Þ
n o

ð| ¼ 1; :::; nÞ are the set

of LICFVs ½l�| ; lþ| � � ½l��| ; l�
þ

| �;/| �/�
| ;

½m��| ; m�
þ
| � � ½m�

| ; m
þ
| � and ,�| � ,|; for all |: Then, there exist

LICFHGKðR; :::;RnÞ� LICFHGKðR�; :::;R�
nÞ: ð4:34Þ

5 Approach of linguistic intuitionistic cubic
fuzzy variables for multi-criteria decision
making problem

In this portion, we use linguistic intuitionistic cubic fuzzy

averaging and geometric aggregation operators for multi-

criteria decision making problem.

Let, there are n alternatives Z ¼ fZ1; :::;Zng and m

criteria N ¼ fN1; :::;Nmg to be evaluated with associated

weighs are K ¼ ðK1; :::;KnÞT , such that K| 2 ½0; 1� and

Rn
|¼1K| ¼ 1: Let the rating of alternatives Zi on criteria N|;

given by the experts be linguistic intuitionistic cubic fuzzy

variables in R : Z| ¼ ½�sl�| ; �slþ| �; �s/|

D E
;

n
½�sm�| ; �smþ| �; �s,|

D E
g

ði ¼ 1; :::; n; | ¼ 1; :::;mÞ. Let ½�sl�| ; �slþ| �; �s/|

D E
represents

the grade of alternative Zi satisfying the criteria N| and

½�sm�| ; �smþ| �; �s,|
D E

represents the grade of alternative Zi not

satisfying the criteria N|; with the condition that

½l�i| ; lþi| � � ½0; ‘�; ½m�i| ; mþi| � � ½0; ‘�; /i| : R ! 0; ‘½ � and ,i| :

R ! 0; ‘½ �: Subject to sup½l�i| ; lþi| � þ sup½m�i| ; mþi| � � ‘ and

/i| þ ,i| � ‘; ði ¼ 1; :::; n; | ¼ 1; :::;mÞ: Thus, a MCDM

problem can be concisely expressed in linguistic intu-

itionistic cubic fuzzy decision matrix D ¼ ðZi|Þn�m ¼
½�sl�i| ; �slþi| �; �s/i|

D E
; ½�sm�i| ; �smþi| �;
Dn

�s,i|ign�mði ¼ 1; :::; n; | ¼
1; :::;mÞ: To aggregate the given data, we apply the fol-

lowing steps.

Step 1. Make linguistic intuitionistic cubic fuzzy vari-

ables decision matrix. D ¼ ðZi|Þn�m ¼ ½�sl�i| ; �slþi| �; �s/i|

D E
;

n

½�sm�i| ; �smþi| �; �s,i|
D E

gn�mði ¼ 1; :::; n; | ¼ 1; :::;mÞ: Usually the

criteria can be classified into two types, benefit criteria and

cost criteria. If all the criteria have same type, then nor-

malization are not needed. And if the decision matrix

contains both types, in such a case we can transform the

cost type criteria into benefit type criteria by the following

formula;

Di| ¼ ri|; ti|
� �

¼ di|; if the criteria is of benefit type

dci|; if the criteria is of cost type

� �
;

dci| is the complement of di|: Hence, we get the normalized

linguistic intuitionistic cubic fuzzy variables decision

matrix. The normalized linguistic intuitionistic cubic fuzzy

variables decision matrix is denoted by DN :

Step 2. Using the proposed aggregation operators to find

the LICFVs for the alternatives Ziði ¼ 1; :::; nÞ: i.e., the

developed operators to stem the collective overall prefer-

ence values Ziði ¼ 1; :::; nÞ of the alternatives Zi; where

K ¼ ðK1; :::;KnÞT is the weight vector of the criteria.
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Step 3. By the using of Eq. ( 3.2) , to find the scores

ScðZiÞ of all the values Zi:

Step 4. Select the best alternative, on the score value

base.

5.1 Example

In 2009 the first cell phone was invented by Q Mobile

Company. At present, cell phone feature and usage have

undergone enormous changes that have become one of the

most significant daily necessities. Pakistan’s cell phone

revenues surpass 200 million in the first half of 2016.

According to the sales, there are four major brands of

mobile phones in Pakistan, including N1: HUAWEI, N2:

OPPO, N3: APPLE, and N4: VIVO, which account for

about 63% of the total sales. However, when we evaluate

these four brands of mobile phones, several factors should

be considered, such as: ðZ1Þ appearance, ðZ2Þ price, ðZ3Þ
performance, and ðZ4Þ quality. We believe that an expert

team is called upon to determine these four mobile phone

brands. In order to fully articulate the experts’ awareness,

linguistic variables may be added within the predefined

linguistic term collection �S ¼ ð�s1 : extremely bad; �s1 : very
bad; �s3 : bad; �s4 : relatively bad; �s5 : fair; �s6 : relatively

good; �s7 : good; �s8 : very good; �s9 : extremely good) . In

addition, the experts are allowed to express preferred and

unprepared opinions for each pair of cell phone brands.

When they are unwilling or unable to offer some judg-

ments, missing values are permitted. With respect to these

four brands of mobile phones for each criterion weight

vector are K ¼ ð0:3; 0:2; 0:1; 0:4ÞT , and the decision matrix

in the form of LICFVs are listed in Tables 1.

In the following, to choose the best alternative (Mobile),

we use the proposed operators.

5.1.1 By LICFWA operator

Step 1. The experts give their decisions in Table 1. As all

the criteria have the same type (benefit), so the normal-

ization are not needed.

Step 2. Utilizing LICFWA operator in Eq. (4.3), having

K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weight vector, we obtain the col-

lective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:
Z1 ¼ð ½2:42703; 3:91018�; 4:73519h i; ½3:55234; 5:08982�;h

3:16979iÞ
Z2 ¼ð ½4:42909; 5:87857�; 2:43710h i; ½1:80885; 3:12143�;h

3:25862iÞ
Z3 ¼ð ½2:54593; 3:92875�; 4:30683h i; ½2:42081; 3:88218�;h

2:39246iÞ
Z4 ¼ð ½2:58192; 3:81674�; 3:53818h i; ½2:70192; 4:11914�;h

2:41507Þi

Step 3. Using Eq. ( 3.2) , find the scores ScðZiÞ of Ziði ¼
1; :::; 4Þ as follows;

ScðZ1Þ ¼ 0:4238; ScðZ2Þ ¼ 0:3876; ScðZ3Þ ¼ 0:3607;

ScðZ4Þ ¼ 0:3551

Step 4. According to the score values, we have,

Z1 [Z2 [Z3 [Z4: Thus, Z1 is the best choice.

5.1.2 By LICFOWA operator

Step 1. The aggregated information are taken from the

Table 1.

Step 2. Utilizing LICFOWA operator in Eq. (4.9),

having K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weight vector, we obtain

the collective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:

Table 1 The linguistic

intuitionistic cubic fuzzy

variables decision matrix

N1 N2 N3 N4

D= Z1 ½�s4; �s6�; �s5h i;
½�s2; �s3�; �s4h i

	 

½�s2; �s3�; �s1h i;
½�s4; �s6�; �s5h i

	 

½�s3; �s4�; �s3h i;
½�s4; �s5�; �s4h i

	 

½�s1; �s2�; �s6h i;
½�s5; �s7�; �s2h i

	 


Z2 ½�s1; �s2�; �s2h i;
½�s5; �s7�; �s3h i

	 

½�s5; �s7�; �s3h i;
½�s1; �s2�; �s2h i

	 

½�s3; �s5�; �s4h i;
½�s3; �s4�; �s2h i

	 

½�s6; �s7�; �s2h i;
½�s1; �s2�; �s5h i

	 


Z3 ½�s3; �s4�; �s4h i;
½�s3; �s4�; �s2h i

	 

½�s1; �s3�; �s7h i;
½�s2; �s5�; �s1h i

	 

½�s2; �s5�; �s1h i;
½�s4; �s6�; �s3h i

	 

½�s3; �s4�; �s3h i;
½�s2; �s3�; �s4h i

	 


Z4 ½�s2; �s3�; �s3h i;
½�s4; �s5�; �s5h i

	 

½�s3; �s4�; �s4h i;
½�s2; �s3�; �s3h i

	 

½�s5; �s7�; �s2h i;
½�s1; �s2�; �s6h i

	 

½�s2; �s3�; �s4h i;
½�s3; �s5�; �s1h i
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Z1 ¼ð ½2:78173; 4:22802�; 3:43844h i; ½3:32232; 4:77201�;h
4:08057iÞ

Z2 ¼ð ½4:73519; 6:39599�; 2:84691h i; ½1:46326; 2:60401�;h
2:74171iÞ

Z3 ¼ð ½2:53261; 4:23772�; 3:34953h i; ½2:67028; 4:11721�;h
2:78078iÞ

Z4 ¼ð ½3:17237; 4:76263�; 3:26353h i; ½2:19464; 3:60913�;h
2:63604iÞ

Step 3. Using Eq. (3.2), find the scores ScðZiÞ of Ziði ¼
1; :::; 4Þ as follows;

ScðZ1Þ ¼ 0:4189; ScðZ2Þ ¼ 0:3849; ScðZ3Þ ¼ 0:3646;

ScðZ4Þ ¼ 0:3636:

Step 4. According to the score values, we have,

Z1 [Z2 [Z3 [Z4: Thus, Z1 is the best choice.

5.1.3 By LICFHA operator

Step 1. The aggregated information are taken from the

Table 1.

Step 2. Utilizing LICFHA operator in Eq. (4.14), having

K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weights, and w ¼
ð0:2; 0:3; 0:3; 0:2ÞT associated weights, we obtain the col-

lective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:
Z1 ¼ð ½2:25006; 3:60545�; 4:17312h i; ½3:88128; 5:39401�;h

3:60703iÞ
Z2 ¼ð ½4:17327; 5:68839�; 2:38934h i; ½2:00131; 3:31058�;h

3:33290iÞ
Z3 ¼ð ½2:23515; 3:66914�; 4:28193h i; ½2:70211; 4:31142�;h

2:51024iÞ
Z4 ¼ð ½2:56392; 3:80008�; 3:29922h i; ½2:79055; 4:15304�;h

2:83117iÞ

Step 3. Using Eq. (3.2), to find the scores ScðZiÞ of Ziði ¼
1; :::; 4Þ as follows;

ScðZ1Þ ¼ 0:4242; ScðZ2Þ ¼ 0:3869; ScðZ3Þ ¼ 0:3649;

ScðZ4Þ ¼ 0:3599:

Step 4. According to the score values, we have,

Z1 [Z2 [Z3 [Z4: Thus, Z1 is the best choice.

5.1.4 By LICFWG operator

Step 1. The aggregated information are taken from the

Table 1.

Step 2. Utilizing LICFWG operator in Eq. (4.20), hav-

ing K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weight vector, we obtain the

collective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:
Z1 ¼ð ½1:94328; 3:23212�; 3:70394h i; ½3:94124; 5:76788�;h

3:52935iÞ
Z2 ¼ð ½3:15331; 4:64799�; 2:32462h i; ½2:68625; 4:35201�;h

3:65683iÞ
Z3 ¼ð ½2:31253; 3:86156�; 3:47125h i; ½2:53749; 4:11263�;h

2:81221iÞ
Z4 ¼ð ½2:37707; 3:45865�; 3:42354h i; ½2:97052; 4:41244�;h

3:43844iÞ

Step 3. Using Eq. (3.2), to find the scores ScðZiÞ of Ziði ¼
1; ::::; 4Þ as follows;

ScðZ1Þ ¼ 0:4096; ScðZ2Þ ¼ 0:3856; ScðZ3Þ ¼ 0:3538;

ScðZ4Þ ¼ 0:3718

Step 4. According to the score values, we have,

Z1 [Z2 [Z4 [Z3: Thus, Z1is the best choice

5.1.5 By LICFOWG operator

Step 1. The aggregated information are taken from the

Table 1.

Step 2. Utilizing LICFOWG operator in Eq. (4.26),

having K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weight vector, we obtain

the collective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:
Z1 ¼ð ½2:49146; 3:75672�; 2:41507h i; ½3:59099; 5:24328�;h

4:27046iÞ
Z2 ¼ð ½4:05936; 5:77385�; 2:70192h i; ½1:95308; 3:22615�;h

3:17237iÞ
Z3 ¼ð ½2:38003; 4:15565�; 2:48754h i; ½2:86421; 4:48771�;h

3:07945iÞ
Z4 ¼ð ½2:74171; 3:98115�; 3:06735h i; ½2:59541; 4:07302�;h

3:95804iÞ

Step 3. Using Eq. (3.2), to find the scores ScðZiÞ of Ziði ¼
1; :::; 4Þ as follows;

ScðZ1Þ ¼ 0:4031; ScðZ2Þ ¼ 0:3867; ScðZ3Þ ¼ 0:3602;

ScðZ4Þ ¼ 0:3780:

Step 4. According to the score values, we have,

Z1 [Z2 [Z4 [Z3: Thus, Z1 is the best choice.

5.1.6 By LICFHG operator

Step 1. The aggregated information are taken from the

Table 1.
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Step 2. Utilizing LICFHG operator in Eq. (4.29), having

K ¼ ð0:2; 0:3; 0:1; 0:4ÞT weights and w ¼
ð0:2; 0:3; 0:3; 0:2ÞT associated weights, we obtain the col-

lective LICFVs for the alternatives Ziði ¼ 1; :::; 4Þ:
Z1 ¼ð ½3:60704; 3:51706�; 3:55044h i; ½3:70951; 5:48294�;h

3:46736iÞ
Z2 ¼ð ½3:33292; 5:07836�; 3:48547h i; ½2:39347; 3:92153�;h

3:24481iÞ
Z3 ¼ð ½2:50285; 4:09115�; 3:76947h i; ½2:67237; 4:04718�;h

2:49915iÞ
Z4 ¼ð ½2:83044; 5:11484�; 5:33485h i; ½2:62751; 3:96908�;h

3:32638iÞ

Step 3. Using Eq. (3.2), to find the scores ScðZiÞ of Ziði ¼
1; :::; 4Þ as follows;

ScðZ1Þ ¼ 0:4321; ScðZ2Þ ¼ 0:3973; ScðZ3Þ ¼ 0:3626;

ScðZ4Þ ¼ 0:4296:

Step 4. According to the score values, we have,

Z1 [Z4 [Z2 [Z3: Thus, Z1 is the best choice (Table 2)

and graphically representation is given in Fig. 1.

6 Analyses and comparisons

6.1 Comparison 1

In the upcoming contents, proposed MADM approach will

be analyzed their comparisons with existing approaches

also be investigated.

We contrasted our proposed advanced aggregation

operators with pre-existing fuzzy aggregation operators and

suggested the conclusion of our work. Given the fact that

the LIF set theory has an enormous impact in various fields,

there are still some real world problems that LIFS and

IVLIFS could not solve. Term in LICFVs consists of the

linguistic positive grade and linguistic negative grade. If

we take the numerical problem described in Sec. V, as

LICFVs is the most advanced structure, it is therefore not

possible for the other developed aggregation operators to

solve the data contained in this problem, showing the

restricted approach of the current approaches. But if we

take some problem with the interval-valued fuzzy infor-

mation, we can easily solve by the LICFVs, converting the

data from the interval-valued to LICFVs, by taking the

values outside the interval in LICFVs is zero.

Table 2 Ranking of the

alternatives using different

operators

Operators Score value Ranking

Sc Z1ð Þ Sc Z2ð Þ Sc Z3ð Þ Sc Z4ð Þ

LICFWA 0.4238 0.3876 0.3607 0.3551 Z1 [Z2 [Z3 [Z4

LICFOWA 0.4189 0.3849 0.3646 0.3636 Z1 [Z2 [Z3 [Z4

LICFHA 0.4242 0.3869 0.3649 0.3599 Z1 [Z2 [Z3 [Z4

LICFWG 0.4096 0.3856 0.3538 0.3718 Z1 [Z2 [Z4 [Z3

LICFOWG 0.4031 0.3867 0.3602 0.3780 Z1 [Z2 [Z4 [Z3

LICFHG 0.4321 0.3973 0.3626 0.4296 Z1 [Z4 [Z2 [Z3

ℤ₁

ℤ₃

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

LICFWA LICFOWA LICFHA LICFWG LICFOWG LICFHG

ℤ₁

ℤ₂

ℤ₃

ℤ₄

Fig. 1 Ranking of alternative by

different aggregation operator
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Now, we compare our developed approach to the

approaches of (Garg and Kumar 2019; Chen et al. 2015;

Liu et al. 2017; Fahmi et al. 2018a; Kaur and Garg 2018b;

Khan et al. 2019 and Qiyas et al. 2019) . To compare our

proposed method with other (Chen et al. 2015; Fahmi et al.

2018a; Garg and Kumar 2019; Kaur and Garg 2018b; Khan

et al. 2019; Liu and Liu 2017; Qiyas et al. 2019) methods,

in which each linguistic term or fuzzy term has one positive

and negative grades. So, if we consider only the positive

and negative grade we neglect the cubic term, then the

LICFVs decrease to the LIVIF or IVIF variables. We take

K ¼ ð0:3; 0:2; 0:1; 0:4ÞT are the criteria weight vector to

facilitate the comparison. Using the given preferences and

information, the existing methods (Chen et al. 2015; Fahmi

et al. 2018a; Garg and Kumar 2019; Kaur and Garg 2018b;

Khan et al. 2019; Liu and Liu 2017; Qiyas et al. 2019) are

applied to the data being considered, and then the final

scores of the alternatives Zıðı ¼ 1; :::; 4Þ is shown in

Table 3. The Table 3 show that Z1 is the best alternative in

any approach. Compared with these existing approaches

with general linguistic intuitionistic sets (LIVIFSs or

LIFSs), the proposed decision-making method under lin-

guistic intuitionistic cubic fuzzy set environment contains

much more evaluation information on the alternatives by

considering both the IVIFSs and IFSs simultaneously,

while the existing approaches contain either LIFS or

LIVIFS information. Therefore, the approaches under the

LIVIFSs or LIFSs may lose some useful information, either

LIVIFNs or LIFNs, of alternatives which may affect the

decision results. Furthermore, it is noted from the study

that the computational procedure of the proposed approach

is different from the existing approaches under the different

information, but the proposed result in this paper is more

rational to reality in the decision process due to the con-

sideration of the consistent priority degree between the

pairs of the arguments. There are some variations in the

remaining alternatives, however due to different evalua-

tions. Thus, the below comparative analysis table, we say

that our proposed LICF aggregation operators are more

effective and reliable than previous aggregation operators.

The graphical representation of the Table 3 are shown in

Fig. 2.

6.2 Comparison 2

In addition, if we consider the number problem discussed

in Sec. 5, then instead of utilizing the score function of

LICFVs, we used the score function of linguistic cubic

Table 3 Ranking of the

comparative study
Authors Score values Ranking

Sc Z1ð Þ Sc Z2ð Þ Sc Z3ð Þ Sc Z4ð Þ

Garg and Kumar (2019) 6.6341 5.7925 4.3551 4.0473 Z1 [Z2 [Z3 [Z4

Chen et al. (2015) 2.8921 1.9932 0.8746 1.3712 Z1 [Z2 [Z4 [Z3

Liu et al. (2017) 4.5379 4.0642 3.6734 3.1933 Z1 [Z2 [Z3 [Z4

Fahmi et al. (2018a) 0.8414 0.6321 0.6972 0.5411 Z1 [Z3 [Z2 [Z4

Kaur and Garg (2018b) �1:328 �0:685 �0:893 �1:126 Z1 [Z4 [Z2 [Z3

Khan et al. (2019) 0.8731 0.7163 0.7936 0.5673 Z1 [Z3 [Z2 [Z4

Qiyas et al. (2019) 0.4915 0.4372 0.3629 0.2841 Z1 [Z2 [Z3 [Z4

ℤ₁

ℤ₃

0

1

2

3

4

5

6

7

Garg &
Kumar

Garg &
Kumar

Chen et
al.

Liu et al.

ℤ₁

ℤ₂

ℤ₃

ℤ₄

Fig. 2 Comparative of proposed

operator
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fuzzy variables by considering LICFVs membership then

non-membership functions as individual linguistic cubic

fuzzy variables i.e., here we take a LCFV

½�sl� ; �slþ �; �s/
� �

; ½�sm� ; �smþ �; �sv
� �

as the collection of two lin-

guistic cubic numbers R ¼ ½sl� ; slþ �; s/
� �

and R ¼
½sm� ; smþ �; sv
� �

calculate the score value of each individu-

ally by the score function of LCFVs Ye (2018), and then by

taking the average of both 1
2
ScðRÞ þScðRÞð Þ ¼

1
2

l�þlþ�/
3

þ m�þmþ�v
3


 �
, we get the ranking results of the

alternatives, which are given in Table 4, and find the same

result as given in Table 2 by using LICF score function,

i.e., again Z1 is the best choice among all alternatives as

shown in the following Fig. 3.

7 Conclusion

We have established an advanced approach to LIFS

through application of linguistic cubic fuzzy variable the-

ory and introduced the concept of an linguistic intuition-

istic cubic fuzzy variable. Also, we have defined accuracy

degree and score function for the comparison of two lin-

guistic intuitionistic cubic fuzzy variables. We defined

some connectivity of two linguistic intuitionistic cubic

fuzzy variables, i.e., the operational laws of linguistic

intuitionistic cubic fuzzy variables introduced. Some LICF

operational laws have been developed. We also established

a number of linguistic intuitionistic cubic fuzzy aggrega-

tion operators, i.e., we proposed LICFWA operator, LIC-

FOWA, LICFHA, LICFWG, LICFOWG and LICFHG

operator under LICF environment; discussed some prop-

erties of these operators like idempotency, boundary, and

monotonicity, and showed relationships among these

developed operators. The operator is characterized by

considering information about the relationship among the

linguistic intuitionistic cubic fuzzy numbers LICFNs being

aggregated. To demonstrate the performance of these new

techniques, we develop a MCDM based on the proposed

operators under the LICF information. Resolving the

problem of evaluation and ranking the potential suppliers

has become a key strategic element for the company. As

the intelligent and automated information systems were

developed in the information era, more effective decision-

making methods have become necessary. For instance, a

numerical application related to the selection of suit-

able supplier of the proposed operators under the LICF

information has been presented, which shows that the

Table 4 Comparison (Ranking

of the alternatives using

different operators)

Operators Score value Ranking

Sc Z1ð Þ Sc Z2ð Þ Sc Z3ð Þ Sc Z4ð Þ

LICFWA 1.782 1.586 1.012 1.213 Z1 [Z2 [Z4 [Z3

LICFOWA 1.633 1.611 1.238 1.311 Z1 [Z2 [Z4 [Z3

LICFHA 1.525 1.378 1.021 1.196 Z1 [Z2 [Z3 [Z4

LICFWG 1.628 1.478 1.092 1.065 Z1 [Z2 [Z3 [Z4

LICFOWG 1.935 1.523 1.386 1.063 Z1 [Z2 [Z3 [Z4

LICFHG 1.546 1.334 1.176 0.971 Z1 [Z2 [Z3 [Z4

ℤ₁

ℤ₃

0

0.5

1

1.5

2

LICFWA LICFOWA LICFHA LICFWG LICFOWG LICFHG

ℤ₁

ℤ₂

ℤ₃

ℤ₄

Fig. 3 Cmp
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suggested operators delivers an alternative way to solve

decision-making process in a more actual way. Finally, we

have provided comparison of the proposed operators to the

existence operators to show the validity, practicality, and

effectiveness of the proposed methods. Our proposed

method is different from all the previous techniques for

group decision-making due to the fact that the proposed

method uses linguistic intuitionistic cubic fuzzy informa-

tion, which will not cause any loss of information in the

process. So it is efficient and feasible for real-world deci-

sion-making applications.

In the future, more aggregation operators will be formed

under the LICF details, such as Dombi aggregation oper-

ators, Himachar aggregation operators, Dombi Bonferroni

mean operators, Heronian mean operators and others.
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