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Abstract

Spatial information is a critical feature in a large number of application domains. Spatial information, however, is often not
crisp but with the nature of imprecision and fuzziness. As the increasing requirements of spatial applications, there emerges
many challenges regarding to the representation and reasoning of spatial knowledge. Description logic (DL) is a logical
basis for representing knowledge and realizing reasoning tasks in the Semantic Web. Therefore, how to extend DL to achieve
the goal of representing and reasoning fuzzy spatial knowledge needs to be settled. In this work, we study a fuzzy spatial
extension of the well known fuzzy ALC DL to reason fuzzy spatial knowledge. First, we construct a fuzzy spatial concrete
domain S which is comprised of fuzzy spatial regions and fuzzy RCC relationships. More importantly, we give the admis-
sibility proof of fuzzy spatial concrete domain S. Then we extend fuzzy ALC with an admissible fuzzy spatial concrete
domain S and present a fuzzy spatial description logic f~ALC(S). Finally, we address a decision procedure for f~ALC(S)
ABox consistency problem. Also, we show that the decision procedure is correct and the consistency problem for f~ALC(S)

is decidable in PSPACE-complete.

Keywords Decision procedure - Semantic Web - Description logics - Fuzzy spatial reasoning

1 Introduction

Currently, spatial information is commonly found in many
different application fields such as spatial database systems,
Geographical information system (GIS), and meteorological
analysis (Rigaux et al. 2001; Belussi and Migliorini 2012).
As the increasing requirements of spatial applications, an
important research domain called spatial knowledge man-
agement emerges. Therefore, there emerge many challenges
regarding to the management of fuzzy spatial knowledge,
which includes representation, reasoning, and instance
retrieval (Torres-Ruiz et al. 2016; Mousavi et al. 2018; Xu
et al. 2019).
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However, there exist the problems of information impre-
cision and uncertainty in many spatial application domains.
In other words, fuzziness can be found in the spatial informa-
tion as well as spatial topological relationships (Schneider
1999). For example, in an environmental and meteorological
system, the boundary of a hurricane is fuzzy (Cheng 2016).
The ubiquitous existence of fuzzy spatial information has
attracted interests of researchers in the areas of robot vision,
visual object tracking, multimedia, and GIS (Ribaric and
Hrkac 2012). They investigate techniques to represent and
reason the fuzzy spatial information (Cheng et al. 2019b).

Recently, some large-scale fuzzy spatial knowledge and
the corresponding applications have been introduced into
the Semantic Web. Description logics (short for DLs), as
a logical basis for representing knowledge and realizing
reasoning tasks in the Semantic Web, have become a hot
research issue in the areas of software engineering, com-
puter science, and artificial intelligence (Haarslev et al.
1999; Straccia 2001; Lu et al. 2018). One of motivations
for extending ALC in that way is to augment description
logic ALC with some kind of fuzzy spatial reasoning
capabilities. Consider an example (modeling fuzzy spa-
tial relations) consisting of three spatial regions X, Y, and
Z. They have some spatial relations such as “region X is
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disconnected with region Y with a degree of 0.4, region Z
is part of region Y with a degree of 0.8”. Let us consider
another example: given a specific city (Hangzhou) and a
lake (Westlake), the concept “all districts in the city which
are overlapped by the lake with a degree of 0.6”. We wish
to have a description logic which allows us to represent
and reason fuzzy spatial relations in this manner. Hence,
how to extend description logic to achieve the goal of rep-
resenting and reasoning fuzzy spatial knowledge needs to
be settled.

Existing work on representation and reasoning of spa-
tial knowledge extends the presentation capabilities of DLs.
Multiple forms of DLs are proposed for different applica-
tions, such as ALC(S) (Lutz 2002b), ALCRP(S,) (Haarslev
et al. 1999), ALCRP*(DcCOA) (Kaplunova et al. 2002),
ALC(C) (Lutz and Brandt 2007), ALCZ g family (Wessel
2002), ALC, (Wang and Liu 2008) and ALC(CDC) (Cristani
and Gabrielli 2009). However, the above methods only apply
for reasoning crisp spatial knowledge. To support reasoning
fuzzy spatial knowledge, Straccia (2009) proposes a fuzzy
extension of crisp description logics called fuzzy ALC(D)
which introduces a fuzzy concrete domain including clas-
sic regions and their spatial topological relations and allows
the reasoning of fuzzy spatial relationships. Unfortunately,
the author assumes that the concrete domain is admissible
and does not provide the proof of admissibility. At the same
time, the correctness (termination, soundness, and complete-
ness) of reasoning algorithm is not proved and the complex-
ity of the reasoning problems is not analyzed. To support
spatial topological relations reasoning in the field of medical
imaging, Hudelot et al. (2010, 2014) present a new descrip-
tion logic called ALC(F) which uses a fuzzy mathematical
morphology method to define a concrete domain. Although
the reasoning algorithm of ALC(F) is given, the inference
of fuzzy abstract concept knowledge is not considered and
the correctness of the reasoning algorithm is not proved. The
comprehensive review of crisp and fuzzy spatial description
logics can be found in Sect. 2.

This paper proposes a DL-based approach for repre-
senting and reasoning fuzzy Region Connection Calculus
(short for RCC) relations. By extending fuzzy DLs fuzzy
ALC (Straccia 2001) with fuzzy spatial concrete domains
S, we address a fuzzy spatial extension of description logic
J-ALC(S). Briefly, the paper makes four contributions as
follows:

e We construct a fuzzy spatial concrete domain S which is
comprised of fuzzy spatial regions and fuzzy RCC rela-
tionships. Then, we prove that S is admissible.

e We extend the well known and basic DL fuzzy ALC with
an admissible fuzzy spatial concrete domain S and then
propose a fuzzy spatial description logic f~ALC(S). We
investigate a formal definition of f~ALC(S) three core
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components including syntax structure, semantic inter-
pretation, and knowledge base.

e We address a decision procedure for f~ALC(S) to decide
f~ALC(S) ABox consistency. At the same time, we give
an example to illustrate how to decide the consistency of
the f~ALC(S) ABox with our tableau algorithm.

e We prove that the tableau-based decision procedure is
correct (termination, soundness, and completeness) and
analyze simply the complexity of the reasoning problem

with fLALC(S).

The rest of the paper is organized as follows. Section 2
reviews the related work. In Sect. 3, we give the basic knowl-
edge about fuzzy sets theory, fuzzy description logic, and
fuzzy region connection calculus (f~-RCC), as far as they are
relevant to this paper. In Sect. 4, we define a fuzzy spatial
concrete domain S and show the admissibility of concrete
domain S. In Sect. 5, we address a fuzzy description logic
f-ALC(S) supporting the reasoning of fuzzy RCC spatial
relations. In Sect. 6, we attempt to discuss the reasoning
algorithm of f~ALC(S). Our conclusions are provided in the
final section.

2 Related work

A fuzzy spatial description logic f~ALC(S) is a fuzzy spatial
concrete domain extension of fuzzy description logic. The
most important application area is fuzzy spatial knowledge
reasoning. The related works concerning the proposed fuzzy
spatial description logic can be classified into two main cat-
egories: (i) crisp spatial description logic, (i) fuzzy spatial
description logic. The descriptions of the related works are
introduced in the following.

The first category is crisp spatial description logic. In
recent years, many strategies have been proposed to repre-
sent and reason crisp spatial knowledge with description
logics. A lot of work has been carried out toward extend-
ing the classical ALC (Schmidt-Schau and Smolka 1991)
with concrete domains. In (Baader and Hanschke 1991), a
basic description logic named ALC(D) is presented. The
ALC(D) can integrate ALC reasoning with reasoning about
concrete domains D, where concrete domains consist of
two parts: (i) a set of concrete objects; (ii) a set of predi-
cates (e.g., unary or binary predicates) defined over these
objects. Lutz (2002b) defines a spatial concrete domain S
based on RCC-8 relations (Randell et al. 1992) and shows
that S is admissible and S-satisfiability is a NP problem.
Then, the author proposes a description logic ALC(S) by
extending classical ALC with the spatial concrete domain
S. On this basis, Haarslev et al. (1999) propose a descrip-
tion logic ALCRP(S,) which extends ALC(S) with a role-
forming predicate operator. The ALCRP(S,) can support
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the reasoning of spatial objects and their qualitative RCC-8
spatial relations. Moreover, Lutz (2002b) points out that
the satisfiability of ALCRP(S,) concept is in NEXPTIME.
Based on ALCRP(S,), Kaplunova et al. (2002) discuss
the spatial description logic called ALCRP*(DcCOA),
where the concrete domain DcCOA is composed of spa-
tial points, cardinal direction relations, and relative ori-
entation relations. In the case of decidability, the consist-
ency of ALCRP*(DcCOA) ABox is undecidable. If the
ALCRP*(DcCOA) concepts and roles are defined in the
form of syntax-restriction, then the consistency problem
is also decidable. The most obvious difference between
ALCRP*(DcCOA) and ALCRP(S,) is that ALCRP(S,)
does only support the binary spatial topological roles
whereas ALCRP*(DcCOA) can represent ternary spatial
topological relationships and direction relationships. Na
et al. (2006) give the definition of some new spatial predi-
cates of spatial concrete domains based on ALCRP(D)
according to the requirement of multimedia information
retrieval. These predicates mainly describe spatial topolog-
ical relations between line and region. The foundation of
the spatial topological relations is a set of the nine-intersec-
tion model that includes 19 different situations. However,
a decidable reasoning procedure for the reasoning problem
is not provided.

There have also been many proposals to extend descrip-
tion logic ALC with constraint systems for the reasoning
of spatial knowledge. By combining a constraint system
and general TBox with a classical DL ALC, Lutz and
Brandt (2007) propose a description logic ALC(C) with
a constraint system C which is based on RCC-8 spatial
relations and also prove the C is w-admissible. A sound
and complete decision procedure for solving the satisfi-
ability problem of ALC(C) concept w.r.t general TBox
is provided. On this basis, Cristani and Gabrielli (2009)
address a new description logic ALC(CDC) obtained by
combining a description logic ALC(C) with Cardinal Direc-
tion Calculus (CDC). The CDC is w-admissible constraint
system that studies points in a two-dimensional space and
their cardinal direction relations. For example, relations
between points include northwest, northeast, southwest,
southeast, north, east, west, and south. Similar to ALC(C),
the ALC(CDC) is also decidable.

In addition to the combination of description logic ALC
with concrete domain or constraint systems, several works
for extending .ALC with composition table have been done.
Wessel (2002) presents a family of ALCZ- languages
that extend ALC with RCC composition tables such as
RCC-5 and RCC-8. In ALCZy family, a spatial relation
can be considered as a role at an abstract level and this role
is originated from the corresponding RCC composition
tables. The decidability of satisfiability of ALCZ con-
cept is also proved. For example, ALCTyccys ALCLpecrs

and ALCZyq- are decidable. But, for ALCZy-5 and
ALCIye 05, the decidability is not known. Wang and Liu
(2008) propose a spatial description logic ALC, in the con-
text of geospatial Semantic Web. The proposed spatial
description logic views RCC-8 spatial relationships as a
kind of concepts, not roles. Moreover, using ALC,, the
constraint satisfaction problem for RCC-8 can be solved
in EXPTIME-complete time.

In real-world applications, spatial knowledge is often
fuzzy/vague/uncertain (Cheng 2016; Singh and Soni
2019). The classical description logic languages are not
suitable to deal with this knowledge. Hence, fuzzy spatial
description logics emerge as useful in GIS systems, image
system, and spatial database system (Zhang et al. 2018;
Luetal. 2019).

The second category is fuzzy spatial description
logic. Currently, there have been several works investi-
gating fuzzy spatial description logics. Straccia (2009)
proposes a novel approach to extend fuzzy description
logic ALCH(D) (Straccia 2005, 2006) with a fuzzy spa-
tial concrete domain, and develops a fuzzy ALC(D). This
fuzzy spatial concrete domain is composed of the clas-
sic spatial region and fuzzy RCC-8 spatial topological
predicates. Similar to our approach, the fuzzy spatial
concrete domain is also needed. At the same time, the
author proposes a reasoning algorithm for determining
Best Satisfiability Degree and Best Entailment Degree of
knowledge base. Although the authors give a definition
of a fuzzy concrete domain, they only assume that the
concrete domain is admissible. Our paper differs from
them that we show the admissibility of concrete domain
and provide a decision approach of satisfiability of con-
crete domain. Also, in fuzzy ALC(D), the correctness
(termination, soundness, and completeness) of reason-
ing algorithm is not proved and the complexity of the
reasoning problems is not analyzed. Please note that our
paper is inspired by the work proposed by Straccia (2009).
To achieve spatial reasoning in the domain of medical
imaging, Hudelot et al. (2010, 2014) present a novel DL
called ALC(F), which is based on the combination of
ALCRP(D) (Haarslev et al. 1999) and spatial concrete
domain F. The concrete domain mainly contains distance
relations and spatial relations (e.g., close to, left, to the
right of) which are defined using a fuzzy mathematical
morphology approach. Furthermore, the authors give a
decision procedure for dealing with fuzzy spatial topo-
logical relations. But, the ALC(F) only focuses on the
fuzzy spatial domain but does not take fuzzy concepts
into consideration. The decidability for ALC(F) equipped
with fuzzy spatial relations is also not proved. Based on
the temporal extension of fuzzy description logic fuzzy
ALC(D) proposed by Straccia (2009), Cheng and Ma
(2017, 2019) present a fuzzy spatio-temporal description
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logic f~ALC(D)-LTL to support fuzzy spatio-temporal rea-
soning. In f~ALC(D)-LTL, fuzzy ALC(D), as a foundation
for the whole spatio-temporal reasoning work, determines
different spatial knowledge reasoning.

For the detailed review about crisp and fuzzy spatial
description logics, please refer to Cheng et al. (2019a).

3 Preliminaries

In this section, we briefly recapitulate some necessary pre-
liminaries needed during the rest of the paper. Section 3.1
recalls some notions of fuzzy sets theory. Section 3.2
introduces the basic notion of fuzzy description logic, and
Sect. 3.3 summarizes fuzzy region connection calculus.

3.1 Fuzzy sets theory

The concept of fuzzy sets was first proposed by Zadeh
(1965), which is an extension of the classical concept of
set. Fuzzy sets and fuzzy logic theory provide a conveni-
ent way to describe fuzzy/vague/imprecise concepts that
exist in real-world applications (George J and Bo 1995;
Ma et al. 2014; Garg and Arora 2020).

Suppose that U is a collection of elements, a fuzzy
set A (Zadeh 1965) in U is characterized by a member-
ship function u,(x):U — [0, 1], or A(x) : U — [0, 1]. The
function assigns each element x € U to a value in the unit
[0, 1], i.e., A(x) € [0, 1]. The value of A(x) represents
the degree of truth of the fact that x belongs to U. For
example, A(x) = 0.4 means that x belongs to U with a
degree of 0.4. The support set of a fuzzy set A is a crisp
set sup(A) = {x | A(x) > 0}.

A fuzzy binary relation R in UX U is a function
R : UXU—[0,1]. Fora and b in U, R(a, b) is the degree
of strength of the association between a and b. For instance,
Is-a(a, b) = 0.3 means that the object a is an object b to
a degree of 0.3. For the detail of some properties of the
fuzzy binary relation, we refer the reader to George J and
Bo (1995).

In fuzzy logic, there are four logical operators called
negation (6), -norm (®), implication (=), and #-conorm
(), which are fuzzy extensions of classical logical opera-
tors. Also, four popular families of fuzzy logics, namely,
Zadeh (1965), Godel, Lukasiewicz, and Product logics
(Hajek 2001) are typically used. Zadeh logic is entailed
by Lukasiewicz logic. Zadeh logic: a ® b = min(a, b),
a ® b =max(a, b), 5a = 1-a, and a = b = max(1-a, b) for
a,b € [0, 1]. Lukasiewicz logic: a ® b = max(a + b-1, 0),
a®b=min(a+ b, 1),6a=1-a,anda = b =min(1-a+b, 1)
for a, b € [0, 1]. In particular, the residual fuzzy implication
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is also typically used in terms of #-norm. It can be defined as
a=,b=sup{A€[0,1]|a® 41 < b} fora,bel0,1]

3.2 Fuzzy description logic

Fuzzy description logic (fuzzy ALC) is considered as a basic
description logic extended with fuzzy set theory (Straccia
2001; Bobillo and Straccia 2009; Bobillo et al. 2011). The
purpose of fuzzy ALC is to capture fuzzy knowledge, estab-
lish declarative semantics and provide a decidable reasoning
service (Hajek 2005; Straccia 2006). Complex concepts in
fuzzy ALC can be defined by atomic concepts and atomic
roles. The syntax rule is represented as below:

C,D->TI|L|A|-C|CRD|CuD|VR.C|3R.C,

where C and D represent concepts, A and R represent atomic
concepts and atomic roles, respectively.

The semantics of fuzzy ALC DL are based on fuzzy inter-
pretations Z=(AZ, ¢7), where A7 is an interpretation domain
with nonempty set and +* is a fuzzy interpretation function.
In fuzzy ALC, the fuzzy interpretation assigns to each con-
cept name C a function CT : AT 5[0, 1] and to each role
name R a function RZ : AT x AZ -[0, 1]. The fuzzy inter-
pretation ¢ can be extended to complex concepts by the
following definitions (where a € ATD).

THa) =1

1@ =0

(~O)(a) = 6C*(a)

(Cn D) (a) = C*(a) ® D*(a)

(Cu D) (a) = C*(a) ® D*(a)

(VR.C)X(a) = inf,cpr {©OR (a,b) ® CL(b)}
(3R.C) (a) = sup,epz{R*(a,b) @ C*(b)}

Please note that a fuzzy knowledge base K is composed of
two core parts, namely, a fuzzy TBox 7 and a fuzzy Abox
A. A fuzzy TBox A is a finite collection of fuzzy concept
inclusion axioms in the form of C C D and C = D. For the
semantics of terminology axioms appearing in 7, there are:
C C D iff Va € AT,C*(a) < D¥(a); C=D iff DC C and
CLC D, ie., Va € AT,C*(a) = D*(a). A fuzzy interpreta-
tion 7 satisfies a fuzzy TBox 7 iff it satisfies each terminol-
ogy axioms in 7 ; in the condition, Z is called a model of
T, denoted ZF 7. A fuzzy ABox A is a finite set of fuzzy
assertions of the forms (a : C X n) and {(a,b) : R n),
where n € [0, 1], and X stands for >, >, < and < or of the
form a # b. Given a fuzzy interpretation Z, for the semantics
of assertions in A, we have:

T satisfies (@ : C X n)iff C*(a?) M n,
T satisfies ((a, b) : R X n)iff R¥(a%, b%) M n,
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Table 1 Definitions of crisp

RCC definition

Fuzzy RCC definition

. Name Relation

RCC and fuzzy RCC for regions

a and b (Schockaert et al. 2009, Disconnected DC(a, b)

2010) Part P(a, b)
Proper part PP(a, b)
Equals EQ(a, b)
Overlaps O(a, b)
Discrete DR(a, b)
Partially overlaps PO(a, b)
Externally connected  EC(a, b)
Non-tangential part NTP(a, b)
Tangential PP TPP(a, b)
Non-tangential PP NTPP(a, b)

=C(a, b)

V.c(C(c,a) = C(c, b))
P(a,b) A —P(b,a)
P(a,b) A P(b,a)
dc.(P(c,a) A P(c, b))
-0(a, b)

O(a,b) A —P(a,b) A —~P(b,a)
C(a,b) A —=0O(a, b)
V.c(C(c,a) = O(c, b))
PP(a,b) A —-NTP(a,b)
PP(a,b) A NTP(a, b)

©C(a,b)

inf.cy(Clc,a) =, C(c, b))
©P(b,a) ® P(a,b)
P(a,b) ® P(b,a)
supcy(P(c,a) ® P(c, b))
©0(a, b)

©P(a,b) ® O(a,b) @ ©P(b,a)
©0(a,b) ® C(a,b)
inf.cy(C(c,a) =, O(c, b))
©NTP(a,b) ® PP(a,b)
NTP(a,b) ® PP(a,b)

o T satisfies a # b iff aZ # b.

A fuzzy interpretation 7 satisfies fuzzy ABox A iff it satis-
fies each fuzzy assertions in A.

Fuzzy ALC offers a set of reasoning services. The basic
reasoning tasks of fuzzy ALC include Concept satisfiability,
Concept subsumption, ABox consistency, and Knowledge
Base satisfiability. For the detail of the introduction, we refer
the reader to Straccia (2015). It should be noted that ABox
consistency is one key problem in the process of fuzzy ALC
reasoning. All of the above reasoning tasks can be reduced
to ABox consistency (Straccia 2006). In order to decide the
consistency, the most widely used reasoning technique is
based on tableau algorithm (Lutz and Brandt 2007).

3.3 Fuzzy Region connection calculus

The Fuzzy Region Connection Calculus (f~RCC) (Schoc-
kaert et al. 2008a, b, 2009), as a is an extension of crisp
RCC (Randell et al. 1992), denotes fuzzy spatial topological
relations between fuzzy regions. Similarly to crisp RCC, f-
RCC topological relations are also based on a reflexive and
symmetric relation C(a, b), called connection, where a and
b represent two fuzzy regions. The fuzzy region is based on
fuzzy point set, while the fuzzy relation C is based on the
nearness degree between the fuzzy sets. Using -norm and
residual fuzzy implication in Lukasiewicz Logic, RCC topo-
logical relations can be extended to fuzzy RCC relations. In
fuzzy RCC, C is a fuzzy relation. For arbitrary two fuzzy
regions a and b, the topological relation C(a, b) represents
the degree to which a is connected with b, C(a, b) € [0, 1].
The other fuzzy RCC topological relations can be defined
in term of fuzzy relation C. Table 1 shows the definitions of
crisp RCC and fuzzy RCC.

It should be noted that fuzzy relations DC, PP, DR, PO,
EC, TPP and NTPP are non-reflexive, while fuzzy relations
P, EQ, and O are reflexive. For more detailed information

about fuzzy RCC, it can be found in Schockaert et al.
(2008a, b, 2009).

4 Fuzzy spatial concrete domain S

In order to develop a fuzzy description logic supporting
fuzzy spatial reasoning, it is necessary to define fuzzy spa-
tial concrete domain that allows to deal with fuzzy spatial
regions and their fuzzy RCC relations. We first define the
underlying notion of a fuzzy spatial concrete domain S (see
Sect. 4.1). Then, we show the admissibility of this concrete
domain S (see Sect. 4.2) and provide a decision approach of
fuzzy spatial concrete domain (see Sect. 4.3).

4.1 Formal definition

Before giving the formal definition of fuzzy spatial concrete
domain S, we first briefly introduce fuzzy concrete domain.

Definition 1 (Fuzzy concrete domain) Straccia (2005), Merz
et al. (2014) A fuzzy concrete domain D is a tuple (A, D),
where A, is an interpretation domain and @, is the set of
fuzzy predicates d with a predefined arity » and an inter-
pretation d”: A7 — [0, 1], which is a n-ary fuzzy relation
over Ap.

Based on the Definition 1 and fuzzy RCC relations dis-
cussed by Schockaert et al. (2008a, b, 2009), we give a for-
mal definition of fuzzy spatial concrete domain S.

Definition 2 (Fuzzy spatial concrete domain) A fuzzy spatial
concrete domain S is a pair (Ag, @), where:

e Agisaset of region variables from universe of regions U
o ®gis a set of binary fuzzy spatial predicates r; arbitrary
binary predicate r € ® is a binary fuzzy relations r°
:Ag X Ag —[0, 1] over Ag. Here, r consists of two kinds
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of fuzzy spatial predicates: (i) fuzzy RCC relation (also
called atomic fuzzy RCC relation) and (ii) fuzzy RCC
expression built from a Boolean combination of atomic
fuzzy RCC relations. So, the set @ of binary fuzzy spa-
tial predicates » contains a set of fuzzy RCC relations and
a set of fuzzy RCC expressions.

Fuzzy RCC relations are fuzzy relation C and other
fuzzy topological relations (DC, TPP, P, PO, PP, DR, EC,
O, EQ, NTP, NTTP) as from Table 1. From the perspective
of semantics, on one hand, a fuzzy interpretation function
«% maps an atomic fuzzy RCC relation predicate C € ®g
into a fuzzy relation CS: Agx Ag — [0, 1]over Ag. On the
other hand, according to the literature (Schockaert et al.
2009), the interpretations of the other atomic fuzzy RCC
predicates r € {DC, TPP, P, PO, PP, DR, EC, O, EQ, NTP,
NTTP)} can be extended by the interpretation of C. The
extension is based on the definitions of fuzzy RCC rela-
tions in Table 1.

For examle, we can extend the interpretation of C
to interpret fuzzy RCC predicate P, i.e., PS(a,b) =
inf.cy(C3(c,a) =, CS(c, b)).

A fuzzy RCC expression is a boolean combination of
fuzzy RCC relations. These Boolean operators include
conjunction, disjunction, implication, and negation. In the
following, we define fuzzy RCC expressions.

Definition 3 (Fuzzy RCC expression) A fuzzy RCC expres-
sion r € ®g can be built inductively from the following
syntactic rules:

r::=r(ab)|-r|r vr,|r Ar,|r, —>r,

where, r € @ is either fuzzy RCC relation C or one of fuzzy
RCC relations from Table 1 (DC, TPP, P, PO, PP, DR, EC,
O, EQ, NTP, NTTP), a and b are arbitrary two region vari-
ables over Ag.

For example, P(a,b)Vv C(a,b)(also denoted as
(P vV C)(a, b)) and NTPP(a,b) A PO(a, c) are two fuzzy RCC
expressions.

To interpret the fuzzy RCC expressions, we need to trans-
form fuzzy RCC expressions into a set of atomic fuzzy RCC
relations. That means, at first, every fuzzy RCC expression
can be written equivalently as a finite set of fuzzy RCC rela-
tionships without quantifiers. Then, we extend the interpreta-
tion of fuzzy topological relation C to interpret fuzzy RCC
relations (DC, TPP, P, PO, PP, DR, EC, O, EQ, NTP, NTTP)

Based on fuzzy sets and Zadeh logic (Zadeh 1965), a
fuzzy interpretation function « can be extended to fuzzy
RCC expressions by the following definitions (where,
a,b € Ag denote two region variables):
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(1) r$=pu €0, 1] for r = r denotes atomic fuzzy RCC
relations,

2) (r)¥=erd,

3) rvr)’=r’rs,

“ (I‘l A rz)S = ris ® rf,

G) (r,->r)’=r=>rs

For example, using the above interpretation and the defini-
tions from Table 1, we give the semantics of fuzzy RCC
expression P(a, b) v C(a, b) as follows:

(P(a,b) vV C(a, b))° = P5(a,b) ® C°(a, b)
= (inf.ey(C(c,a) =, C5(c, b)) ® C5(a, b)

The definition of fuzzy RCC expressions is intended to
enhance the representation ability of fuzzy spatial relation-
ships regarding to the fuzzy spatial concrete domains. Now,
fuzzy spatial concrete domains not only represent atomic
fuzzy RCC relations, but also complex fuzzy RCC expres-
sions connected with boolean operators.

4.2 Admissibility

Based on fuzzy RCC relations and fuzzy RCC expressions,
we give the definitions of the corresponding property, i.e.,
we need to ensure that the fuzzy spatial concrete domain S
is admissible.

Definition 4 Let S = (Ag, @) be a fuzzy spatial concrete
domain. An S-conjunction is a finite fuzzy spatial predicate
conjunction of the form

c= /\(rj(x(li),xg)) X k;) )
j=1

where r; is a binary fuzzy spatial predicate for j < n, the xl@
denotes the set of region variables and e {>,>, <, <},
kj € [0, 1]. We call an S-conjunction as satisfiable if and
only if there exists a mapping function 6 from the spatial
region variables to the elements of Ag s.t.
rf(é(x(lj)), 0(x,(j)) ™ kj for each j < n. We call such a map-
ping function 6 as a solution for c. We call S is admissible
iff (i) the collection of fuzzy spatial predicates is closed
under negation and contains T for Ag, and (ii) the S-con-
junctions satisfiability is decidable. Here, we call the S-con-
junctions satisfiability problem as S-satisfiability.

Before giving the proof the admissibility of fuzzy spatial
concrete domain S, we first give the formal definition of
fuzzy RCC network as follows:
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Definition 5 (Fuzzy RCC network) Let V and R be count-
ably infinite sets of spatial variables and fuzzy RCC top-
ological relation names (DC, TPP, P, PO, PP, DR, EC,
O, EQ, NTP, NTTP) from Table 1, respectively. A fuzzy
RCC formula is an expression of the form r(a, b) X4 k, with
a,beV,reR,Xe {>><,<}Lke]0,1]. A fuzzy RCC
network O is a set of fuzzy RCC formulas. The set of spatial
variables used in fuzzy RCC network @ is denoted by Var.

For example, a fuzzy RCC network
®={C(b,c) >0.7,P(c,a) > 0.6,0(a,c) > 0.3, NTP(a,b) > 0.5}.

Lemma 1 Finite fuzzy RCC predicate conjunction’s satisfi-
ability problem is decidable.

Proof As mentioned by Haarslev et al. (1999), deciding the sat-
isfiability of fuzzy RCC predicate conjunction can be reduced to
deciding the consistency of fuzzy RCC network. Thus, we prove
the lemma by reducing satisfiability of fuzzy RCC predicate
conjunctions to satisfiability of fuzzy RCC network. Let ® be
a fuzzy RCC network presented in Definition 5. Define a finite
conjunction of fuzzy RCC predicates ¢ from S as follows:
c= /\(rj(x(ll),xg)) X k),

j=1
where, r is a fuzzy RCC relation predicate for j < n, xl@
denote the set of region variables (i = 1,2) for j < n, X
€ {>,>,<,<}and kj e [0, 1].

First, we need a transformation step that translates the
conjunction c into a fuzzy RCC network ®. The set Var(®)
of spatial variables is exactly the set of the variables occur-
ring in ¢, i.e.,

A

Var(®)={xi,xé,... ..,x’ll,x;}.

Each conjunct r_]-(le,xé) Y kj from ¢ is a fuzzy
RCC formula in ©. Thus, a fuzzy RCC network
®= {rl(xi,xi) Xk, ... N x’l,xlz) X k, ,rn(x'll,xg) X k,}

From (Schockaert et al. 2009), we know that the satisfi-
ability problem of fuzzy RCC network can be decided by
a linear programming solver (Karmarkar 1984). Moreover,
Schockaert et al. (2009) have proved that this satisfiability
problem is NP-complete. Thus, the satisfiability problem of
RCC-8 and fuzzy RCC network have the same complexity,
i.e., checking the satisfiability problem of fuzzy RCC net-

work is NP-complete. O

Lemma 2 The satisfiability problem of finite fuzzy RCC
expression conjunction is decidable.

Proof Since fuzzy RCC expression is obtained by a Boolean
combination of fuzzy RCC relations, the satisfiability

problem of finite fuzzy RCC expression conjunction can be
reduced to the satisfiability problem of finite fuzzy RCC
predicate conjunction. We start with how to translate the
finite fuzzy RCC expression conjunction to the finite fuzzy
RCC predicate conjunction.

Define a finite conjunction of fuzzy RCC expression c,
from S as follows:

n
¢, = A\, 1) xk),

j=1
where, r; is a fuzzy RCC relation predicate for j < n, xl@
denote the set of region variables (i = 1,2) for j < n, X

€ {>,><,<}and kj € [0, 1]. We analyze the decidability
of the conjunction as follows:

(i) if r; = —r with r is a fuzzy RCC relation, then the
conjunct r;(X),x,) M k; can be expressed as
ri(x), X)X kj/., where X~ denotes the reflections of
> and k} =1 —k;. Obviously, by the transformation
step of lemma 1, we can obtain a fuzzy RCC network
that only contains fuzzy RCC formulas.

(i) ifr;=r A...Ar; withr;is a fuzzy RCC relation,
then the conjunct r;(x,, x}) ) k; can be expressed as

(), x) MUk A A ri(x), x}) [ k;. By the transfor-
mation step of lemma 1, we can obtain a fuzzy RCC
network that only contains fuzzy RCC formulas.

(iii) ifr;=r; V...V r; withr; is a fuzzy RCC relation,
then the conjunct r;(x|, x}) ) k; can be expressed as
rl(xll, ) XUk VLV 1,)6]2) X k; By the transfor-
mation step of lemma 1, we can obtain a fuzzy RCC
network that contains disjunctions of fuzzy RCC for-
mulas. As mentioned in Schockaert et al. (2009), if
a fuzzy RCC network contains disjunctions of fuzzy
RCC formulas, a backtracking can be used to deter-
mine the satisfiability of the networks.

(iv) ifr; =r; — r, withr,andr, are two fuzzy RCC rela-
tions, then by the (iii) it follows that the obtained
fuzzy RCC network is also decidable because
r—= S V.

Since the lemma 1 has proved that the satisfiability of finite
fuzzy RCC predicate conjunction is decidable, the satisfi-
ability of finite fuzzy RCC expression conjunction is also
decidable. O

Theorem 1 (Admissible) Fuzzy spatial concrete domain S
is admissible.

Proof To show that S is admissible, it needs to be shown that
(i) the set of fuzzy spatial predicate names is closed under
negation and contains T g for A and that (ii) the satisfiability
of fuzzy spatial predicate conjunction is decidable.

@ Springer
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(i) Fuzzy RCC relations are mutually exclusive and
exhaustive. Obviously, the set of fuzzy spatial predi-
cate names is closed under negation and contains Tg
for Ag. For any fuzzy spatial predicate r € ®@g, there
exists a fuzzy spatial predicate g € @ such that seman-
tic interpretation ¢° = (=r)°. For example, for fuzzy
RCC relation predicate C € @4, there is a predicate
DC € @ such that DCS = o6C = (=C)°.

(2) By Definition 2, we know that fuzzy spatial predicates
consist of fuzzy RCC relation predicates and fuzzy
RCC expression. Notice that Lemma 1 of this paper
has proved that finite fuzzy RCC predicate conjunc-
tion’s satisfiability problem is decidable. Lemma 2 of
this paper has proved that the satisfiability problem of
finite fuzzy RCC expression conjunction is decidable.
Thus, the satisfiability of fuzzy spatial predicate con-
junction can be decided.

O

As mentioned in Baader and Hanschke (1991), if a con-

crete domain is admissible, then it can be extended to DL,

i.e., the inadmissible concrete domain can lead to undecid-

able problems of the extended DLs. In the next section, we

will extend fuzzy ALC (Straccia 2001) with our fuzzy spatial
concrete domain S.

4.3 Decision approach

Our decision approach is based on the existing reasoning
algorithm and results proposed by Schockaert et al. (2009).
The detail idea of decision approach consists of two steps.
Here, let H be a set of fuzzy RCC expressions involving
variables fromasetV = {v,,v,...v,}

(i) Rewriting the fuzzy RCC expressions in H such that
only disjunctions of fuzzy RCC expressions involv-
ing C, P, O, and NTP occur, and get a set H,. The
rewriting is based on the rules in Table 1. Here, H,
is equivalent to H (Schockaert et al. 2009).

(ii)) Constructing the corresponding system of linear
inequalities X from the set . If X has a solution,
the H; is satisfiable, thus obtaining a set H is also
satisfiable. This step includes two cases.

Case 1: If X does not contain any disjunctions, we can use
the well-known Ip_solve' linear programming solver to
decide whether X has a solution.

Case 2: If Z contains some disjunctions, we can use a
backtracking algorithm to determine whether any choice of
the disjunct leads to a system of linear inequalities that has
a solution.

! http://sourceforge.net/projects/Ipsolve.
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For example, X={C(a,b)>0.5,00b,a)<0.7}.
We use the Ip_solve to decide that £ has a solution, i.e.,
C(a,b) = O(b,a) =0.6. For the detailed algorithm, we refer
the reader to Schockaert et al. (2009) for reasoning algorithm
and Karmarkar (1984) for linear programming algorithm.

5 A fuzzy spatial description logic f~ALC(S)

In this section, by extending the well known fuzzy ALC DL
with fuzzy spatial concrete domains S, we propose a fuzzy
spatial DL called f~ALC(S). First of all, we give a formal
definition of f~ALC(S) syntax structure (see Sect. 5.1).
Moreover, a semantic interpretation of f~ALC(S) is provided
(see Sect. 5.2). Finally, we define an f~ALC(S) knowledge
base (see Sect. 5.3).

5.1 Syntax structure of f~ALC(S)

The fuzzy spatial description logic f~ALC(S) is obtained
from fuzzy ALC (Straccia 2001) by adding a fuzzy spatial
concrete domain S. The f~ALC(S) allows to define concepts
with reference to fuzzy spatial concrete domain S. Here we
will give the formal definition of f~ALC(S) syntax as fol-
lows. We refer here to the syntax of fuzzy ALC(D) as defined
in Straccia (2009).

Definition 6 (f~ALC(S) Syntax) Let N, N, Ny, Ny, and N,
be mutually disjoint and countably infinite sets of concept
names, abstract roles names, concrete roles names, abstract
individuals, and fuzzy spatial regions. Let R € N, and
T € N;. Similar to the syntax of fuzzy ALC (Straccia 2001,
2009), the f~ALC(S)-concepts can be built inductively by the
following syntactic rules:

C.D—>TI|L|A|-C|CnD|
CuD |VR.C|3R.C|T,,T,).r | V(T,,T,).r,

where T denotes a top concept, L a bottom concept, A € C
atomic concepts, and r € @ represents a fuzzy RCC
expression.

5.2 Semantic interpretation of f-ALC(S)

Based on the Definition 6 and Zadeh logic, we achieve the
semantic interpretation of f~ALC(S). The semantic of f-
ALC(S) is a combination of the semantics for fuzzy ALC
and fuzzy spatial concrete domain S. We refer here to the
semantic definition of (Straccia 2009).
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Definition 7 (f~ALC(S) Semantics) Let S = (Ag, @) be
a fuzzy spatial concrete domain. A fuzzy interpretation 7
with respect to S is a pair Z = (AZ, «%), where A is a non-
empty set composed of individuals in fuzzy abstract domain,
disjoint from Ag, and 7 is a fuzzy interpretation function,
which maps:

e cach abstract concept name C € N into a function
CT: AT - [0,1]

e cach concrete variable region x € N, into an element
x? € Agthatis x itself, i.e., x* = x

e cach abstract role name R € N; into a function
R : ATx AT - [0,1]

e cach concrete role name T € N, into a function
TT : ATx Ag — [0,1]

e cach concrete feature f € N, into a function

. ATx Ag — {0, 1}. For each individual a € N;, only

one concrete variable region x € N, should be allowed
to have fX(a,x) =1

e cach fuzzy spatial predicate r € ®g into a function
rS 1 Agx Ag — [0, 1] satisfying the definition of fuzzy
RCC relations presented in Table 1 and Definition 3.

For example, if a fuzzy RCC expressionr =r; V... V 1y,
where atomic RCC relations r,...,r, € g, then, the
fuzzy function ¢’ can interpret the fuzzy RCC expression
as follows:

ey =@ V... vr)Sed,yh) = r‘]S(x, Ne...8 rk‘s(x, y)

The fuzzy interpretation 7 can be also extended to the

semantics of f~ALC(S) complex concepts as below (where
u,v e AI,x,y € Ag):

TIw) =1

1Tw)=0

(O (u) = ©CH(u)

(CN DY (u) = CX(u) @ D*(u)

(Cu DY (u) = C*(u) & D* ()

(VR.O)X(w) = in VeAz{eRI(u, v) @ CI(v)}

AR.O) ) = supveAz{RI(u, V) ® CI(v)}

(T}, Ty).x) () = in x,yeAS{(TIZ (1,%) @ T (u,y)) = r¥(x, y)}
AT, 1)) w) = Supx,yeAs{le(u,x) ® TZ(u.y) @ ro(x, y)}

5.3 Knowledge base of ~ALC(S)

An f~ALC(S) knowledge base K = (7,.A) built with our
fuzzy DL framework consists of two parts: (i) a fuzzy TBox
7T, which describes a set of fuzzy axioms for fuzzy abstract
domain; (ii) a fuzzy ABox .4, which denotes a finite set of

fuzzy assertions. We first give the formal definition of these
two parts.

Definition 8 (Fuzzy TBox T) A fuzzy TBox 7 is a finite
set of fuzzy terminology which consists of two forms: (i)
fuzzy general concept inclusions (GCls), which is based on
the form C C D, and (ii) fuzzy concept definitions, which is
based on the form C = D, where C and D are arbitrary fuzzy
abstract concepts. From the perspective of semantics,

T satisfies C C D iff Va € A%, C%(a) < D*(a),

T satisfies C = D iff Va € AT, C%(a) = D*(a).

A fuzzy interpretation Z satisfies a fuzzy TBox 7 if and
only if it satisfies each fuzzy axioms appearing in 7 ; in the
condition, we call that Z is a model of 7 (denoted Z F 7).

Please note that our definition of fuzzy TBox differs
from the one presented by Straccia in the following way.
For the formal definition of fuzzy TBox, Straccia defines
a fuzzy subsumption of fuzzy concepts. However, we
give the formal definition of a crisp subsumption, which
is used for describing subsumption by the fuzzy set theory
(George J and Bo 1995).

To describe f~ALC(S), we need to consider two different
two types of fuzzy TBox 7 which is made of general fuzzy
TBoxes and simple fuzzy TBoxes. It should be noted that
a general fuzzy TBox is a finite set 7 of GCIs. A fuzzy
TBox is called simple if it neither includes cyclic nor fuzzy
GClIs, where acyclic means that for fuzzy axioms in the
forms of C C D or C = D, there is no a concept name C
that is defined by itself either directly or indirectly.

An acyclic TBox is a finite set of fuzzy concept defi-
nitions which must satisfy one condition: for each fuzzy
concept name C, there exists at most one fuzzy concept
definition in the form of C = D appearing in 7 .

A fuzzy concept name C is defined w.r.t an acyclic
TBox 7 if 7 contains a fuzzy concept definition in the
form of C = D; in the condition, we say that D is defini-
tional of Cin 7.

Definition 9 (Fuzzy ABox .A) A fuzzy ABox A is a finite
collection of fuzzy assertions having four forms: (C(a) X4 k),
(R(a,b) X k), (T(a,x) X k), and (r(x,y) X k), where,
Me {>,>,<,<},k €[0,1]. The fuzzy assertion ABox .4
consists of the following four types of assertions:

e A fuzzy concept assertion (C(a) M k), which means that
an individual a is an instance of concept C with degree
X k.

e A fuzzy abstract role assertion (R(a, b) M k), which
means that a pair of individuals (a, b) is an instance of
abstract role R with degree X k.

@ Springer
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e A fuzzy concrete role assertion (7T(a,x) X k), which
means that an individual a is related to fuzzy region x
via concrete role T with degree X k.

e A fuzzy spatial relation assertion (r(x,y) I k), which
means that a pair of regions (x, y) is an instance of the
spatial relation r with degree I} k.

For a fuzzy interpretation Z,

T satisfies (C(a) M k) if and only if CZ(a?) I k,

T satisfies (R(a, b) X k) if and only if RZ(a?, b%) M k,

T satisfies (T(a, x) 4 k), if and only if T%(a?, x) X k,

T satisfies (r(x, y) I k) if and only if ré(x, y) M k.

7 satisfies a fuzzy ABox A if and only if it satisfies each
fuzzy assertions appearing in .4; in the condition, we say
that Z is a model of A (denoted 7 F A).

In conclusion, a fuzzy interpretation 7 satisfies an f-
ALC(S) knowledge base K if and only if it satisfies each
fuzzy TBoxs and each fuzzy ABox appearing in /C; in the
condition, we say that 7 is a model of XC (denoted Z k /).

The reasoning problems can be summarized into three
cases as follows:

(1) f~ALC(S)-concept satisfiability: An f~ALC(S)-con-
cept C w.r.t fuzzy TBox 7 is satisfiable (unsatisfia-
ble) iff there exists (does not exist) a fuzzy interpreta-
tion Z for which there is some a € AT s.t. CZ(a) =k,
and k € (0, 1]; in the condition, C is called k-satisfi-
able.

(i) f~ALC(S) ABox consistency: in f~ALC(S), fuzzy
ABox A w.r.t fuzzy TBox 7 is consistent if and only
if there is a model Z for 7 that is also a model for A

(iii) f~ALC(S) knowledge base consistency: in f~ALC(S),
a fuzzy knowledge base K is called satisfiable (unsat-
isfiable) if and only if it satisfies a condition: there
exists (does not exist) a fuzzy interpretation Z which
satisfies every fuzzy ABox A and fuzzy TBox T
appearing in /C; in the condition, we call Z is a model
of K.

Now, we take an example to illustrate the knowledge repre-
sentation ability of f~ALC(S).

Example 1 Suppose that a satellite image i, represents the
snapshot of 1st May at 8:00 a.m. This image describes the
situation of a foggy region and a windy region. A foggy
region r; and a windy region r, have the fuzzy spatial rela-
tion “O A C > 0.4”. It should be noted that the topological
relation C is called connection (see Table 1 in Sect. 3.3).
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Fig. 1 shows the mapping from fuzzy abstract domain to
fuzzy spatial concrete domain.

The fuzzy abstract domain in Fig. 1 includes fuzzy spatial
concepts Fog, Wind and their individuals fog-a and wind-b.
For fuzzy spatial concrete domain, the individuals in the
abstract level correspond to different fuzzy spatial region r,
and r,, and their fuzzy topological relations.

Based on the above description, we consider an f~ALC(S)
knowledge base K = (7, .A), where

T = {SatelliteMap = Map rn3 Depicts.Wind n3 Depicts.
Fog m3(has-region, has-region).(O A C) },

A = {(SatelliteMap(i,), >, 1), (Wind(wind-b), >,0.8),
(Fog(fog-a), 2,0.9), (Depicts(i;, wind-b), >,0.8), (
Depicts(i,, fog-a), >,0.6), (has-region(fog-a, r,), >, 1), {
has-region(wind-b, r,), >, 1), {(O A C)(r, 15), =, 0.4) }.

6 Reasoning with f~-ALC(S)

In this section, we will show the reasoning of f~ALC(S)
allowing the integration of fuzzy DL reasoning with reason-
ing about fuzzy spatial regions. First, we provide a tableau-
based decision procedure for determining the consistency
problem of f~ALC(S) ABox A (See Sect. 6.1). Then, we give
one example to illustrate how to determine the consistency
of f~ALC(S) ABox A with our algorithm (See Sect. 6.2).
Finally, we prove the correctness and complexity of the deci-
sion procedure (See Sect. 6.3).

6.1 ATableau algorithm for f~-ALC(S)

Currently, tableau-based algorithms are the most widely
used reasoning technique for description logics. Simi-
larly to fuzzy ALC (Straccia 2006), deciding fuzzy ABox



A fuzzy spatial description logic for the semantic web

5001

consistency problem w.r.t. a fuzzy TBox is a basic issue in
the process of fuzzy ALC reasoning, and some inference
problems (e.g., knowledge base satisfiability, concept sub-
sumption) can be reduced to ABox consistency problem.
Hence, in this paper, we concentrate on the decidable tab-
leau-based algorithm for determining the f~ALC(S) ABox A
consistency w.r.t. TBoxs.

The basic idea of our tableau algorithm is to try to con-
struct a model of A. If the algorithm succeeds to construct
a model, then A has a model. Otherwise, A does not have a
model. Like various DLs (such as fuzzy ALC and ALC(D)),
our tableau algorithm also considers a data structure called
a completion forest as a model for .A. The completion forest
model is selected since our proposed fuzzy DL includes a
so-called forest model attribute, for example, ABox .4 con-
tains many individuals and arbitrary roles can connect two
different individuals.

Before constructing the completion forest model, we
must transform each concept in A into equivalent ones in
Negation Normal Form (short for NNF). For an arbitrary
f-ALC(S) concept, the feature of its equivalent concept in
NNF is the negation on the front of concept name. By using
DeMorgan’s laws (Straccia 2001), Lukasiewicz comple-
ment, and Kleene-Dienes fuzzy implication operators, all
f~ALC(S) concepts in A can also be transformed into their
equivalent NNF form in a linear time (Straccia 2006). Fol-
lowing Straccia , the detailed transformation rules are shown
as follows:

-T=1,
-1l =T,
_|_|C:C’

~(CnD)=-CuU-D,
~(CuD)=-Cn-D,
=(VR.C) = 3R.—C,

=(3R.C) = VR.-C,

-(Y(Ty, T,).r) = AT, T,).r,
—(3(T,, T,).xr) =V(T,,T,).~r

All above transformation rules do not change the semantics
of concepts due to the syntax structure of f~ALC(S) defined
in Definition 6. In our tableau algorithm, without loss of
generality, all f~ALC(S) concepts in A are in NNF. Besides,
we make an important assumption: f~ALC(S) TBox 7= 0
because the rather weak acyclic TBox can make ABox con-
sistency NEXPTIME-Hard for concrete domain.

In order to decide f~ALC(S) ABox consistency prob-
lem, we need to construct a completion forest through a
tableau algorithm. Due to the semantic interpretation of f-
ALC(S), the completion forest we will define includes two
kinds of nodes: (i) abstract ones, which represent abstract

individuals of fuzzy abstract domain A”; (ii) concrete ones,
which represent concrete variable regions of the concrete
domain Ag. It should be noted that the following defini-
tions are extensions of several properties described by
Straccia (2001).

Definition 10 (Sub-concepts) For an arbitrary fuzzy concept
C, the set sub(C) of its sub-concepts can be defined recur-
sively as follows:

sub(A) = {A}: A € C is an atomic concept
sub(=C) = {=C} U sub(C)

sub(CnN D)= {CnD}Usub(C) U sub(D)
sub(C U D)= {CuD}Usub(C) U sub(D)
sub(¥R.C) = {VR.C} U sub(C)

sub(AR.C) = {IR.C} U sub(C)

sub(A(T,, T,).r) = {3(T,,T,).r}

sub(N(T,, T,).—r) = {V(T,, T,).-r}

sub(C CE D) = sub(C) U sub(D)

sub(S) = |J sub(C): S is a set of concepts
vCeS

Definition 11 (Sub-Expression) For an arbitrary fuzzy RCC
expression r, the set sub(r) of its sub-expression can be
defined as follows:

sub(r) ={r}:r = r(a,b) | -r

sub(ry VvV ...vr,) =sub(r))U ... Usub(r,)
sub(ry A ... AT,) = sub(r)) U ... Usub(r,)
sub(r, — r,) = sub(-r;) U sub(r,)

Now, we define the representation of completion forest.

Definition 12 (Completion forest) Given an f~ALC(S)
ABox A. Let O, and O, be disjoint and countably infinite
sets of fuzzy abstract nodes and fuzzy concrete nodes,
respectively. A completion forest F can be defined as:
F=V,V,ELC),where:

V, € O, is a finite collection of fuzzy abstract nodes,

V, € O, is a finite collection of fuzzy concrete nodes,
EC(V,x(V,UV,))is acollection of edges,

L is a collection of labels of nodes and edges, which
includes three cases:

(i) for a € V,, each abstract node V, is labelled
with a set L(a) of fuzzy concepts C, and L(a)
is a tuple L(a) = (C, X, k), where C € sub(A) is
a fuzzy concept of ABox A, k € (0, 1] denotes
the membership degree of an instance a to an
abstract concept C.
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(i) fora,b €V, each edge (a,b) € Ea is labelled
with a set L({a, b)) of roles R, and L({a, b)) can
be represented as a tuple L({a, b)) = (R, X, k),
where R is a role name; k € (0, 1] represents the
degree of membership of an edge (a, b) to arole
R.

(iii)) for a € Va, x € Vo, each edge (a,x) € Eo
is labelled with a set L({a,x)) of concrete
role T, and L({a, x)) can be defined as a tuple
L({a,x)) = (T, M, k), where T is a concrete role
name; k € (0, 1] represents the degree of mem-
bership of a concrete edge (a, x) to a concrete
role T.

o Cpis aset of fuzzy spatial relation assertion constraints
over S having a form of fuzzy RCC formulas r(x, y) X k,
where x,y € Vo, r € sub(A),k € (0, 1]

If (a, b) is an edge with (R, X, k) occurring in L({a, b)),
the node b then is called a R, ;-successor of a. If (a, x) is an
edge with (T, 4, k) occurring in L({a, x)), the node x then is
called a T ;-successor of a.

Next, we initialize the defined completion forest F.

Algorithm 1 Init(A)

Input: An f-ALC(S) ABox A
Output: An initialized completion forest Fo = (V, Vs, E, L,CF)
1: for each fuzzy concept assertion (a; : C;, X, k) € A do

2: create aroot node z € Vg, with alabel L(z4,) = (Ci, <
k)

3: end for

4: for each fuzzy abstract role assertion ((a;,b;) : Ri,i<
k) € Ado

5: create an abstract edge (zq,,%p,) € Fa with a label
L(<xanxb, >) = (Rl’ >, k)

6: end for

7: Vo =0; Cr = 0 return Fo

By using an algorithm called Init(A), we can initialize a
completion forest F from a given f~ALC(S) ABox A. In this
algorithm, the input is an f~ALC(S) ABox A and the output
is an initialized completion forest 7 = (V,,, V,, E, L, Cp). The
detailed algorithm is shown in Algorithm 1.

We now use the tableau expansion rules to expand the
initial completion forest F,. The tableau expansion rules
decompose all concepts in node labels in the syntactical
level. As a result, some new nodes are added and some node
labels are extended.

Before giving the detailed expansion rules, we first recall
one concept: conjugated pairs of fuzzy assertions. This
notion mainly describes pairs of fuzzy assertions which
can yield a contradiction. If § denotes a fuzzy assertion of
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f~ALC(S), then 6 denotes the corresponding conjugation
of 8. In our proposed f~ALC(S), there exist four possible
conjugated pairs:

{{0 > k), {0 < ky). by > ky b,
({0 2 k), (0 <m),k; > k,},
{{(0 > k), (0 < k), ky > Ky},
{{0 2 k). (0 < ky). ky 2 Ky }.

=

As an example, if 8 = (R(a,b) > 0.4), then §° may be
(R(a,b) < 0.3).

As shown in Table 2, we give 16 tableau expansion
rules. Here, some technical terminologies are intro-
duced. Let C and D be fuzzy concept terms, a and b
fuzzy abstract individual names from C and D, R a fuzzy
abstract role term, 7} and T, fuzzy concrete role terms,
0, and o, concrete variable region names, x an abstract
node, and let r be a fuzzy spatial predicate name from
fuzzy spatial concrete domain S. Due to the limitations
on the length of this paper, we only show fuzzy asser-
tions involving the inequalities “>" and “<”. For the
inequalities “>" and “<”, the method is the same as the
inequalities “>" and “<”. Here, we do not elaborate them
in detail.

Now, following Straccia , we give a formalized notion
of contradictory.

Definition 13 (Clash) Suppose that F is a completion forest,
x an abstract node of F, L(x) a label of x. F contains a clash
iff one of the following described conditions hold at least:

(1) L(x) contains two conjugated triples as described
above;
(ii) L(x) contains a fuzzy axiom (C, <, 0);
(iii) L(x) contains a fuzzy axiom (C, >, k) with k > 1.

If the forest 7 does not contain a clash, we then call F
is clash-free.

Definition 14 Suppose that F is a completion forest. F is
called complete if and only if none of the tableau expansion
rules shown in Table 2 is applicable to F. Otherwise, we
call F is incomplete.

Definition 15 With a set of fuzzy spatial relation asser-
tion constraints Cz, we associate a fuzzy spatial predicate
conjunction
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Table 2 The tableau expansion rules

Rules name  Rules content

The T rule

The L rule

The = > rule
The = <rule
The N > rule
The N <rule
The U > rule
The U <rule
The 3 > rule

if T € L(x), then L(x) =
if L € L(x), then L(x) =

Lx)u{T =0}
Lx)yu{lL=1}

The 3 <rule
=(R,<,kyand (C, <,k) & L(y), then L(y) =

The V > rule
=(R,<,1 —k)and (C, >,k) & L(y), then L(y) =

The V <rule

if (7C, >, k) € L(x)and (C, <, 1 — k) & L(x), then L(x) =
if (7C, <, k) € L(x)and (C, >, 1 — k) & L(x), then L(x) =
if(CND,> k) € L(x)and {{C, >,k),(D, >,k)} € L(x), then L(x) =
if(CND,<,k) € L(x)and {{C, <, k), (D, <,k)} € L(x), then L(x) =
if(CuD,> k) € L(x)and {{C, >, k), (D, >,k)} € L(x), then L(x) =
if(CuD,<,k) € L(x)and {{C, <, k), (D, <,k)} € L(x), then L(x) =
if (AR.C, 2, k) € L(x) and there is no an abstract node y which is a R, ;-successor of x such that:(R, >, k) € L({x,y)) and
(C, 2, k) € L(y), then create a new abstract node y, such that:L({x, y)) =(R,>,k)and L(y) =

if (EIR C, <, k) € L(x) and there is no an abstract node y which is a R_ ;-successor of x such that:L({x, y)) = ¢° where

L) u(C, <, k)

if (VR C,>,k) € L(x) and there is no an abstract node y which is a Ry, ;-successor of x such that:L({x, y)) = ¢° where
Liy)U(C,>,k)

if (VR C, <, k) € L(x) and there is no an abstract node y which is a R ;_;-successor of the node x s.t. (R, >, 1 — k) € L({x,y)) and

L(x)U {(C,<,1 —k)}
Lx)u {(C, 2,1 —k))}

Lx) U {(C, 2,k),{(D, 2, k)}
Lx) U {(C, <,k),(D, <, k)}
L(x) U {C'"},where C' € {{C,>,k),(D,>,k)}
L) U {({C,<,k),(D, <,k)}

(C,2,k)

(C, <, k) € L(y), then create a new abstract node y, such that:L({x, y)) =(R,>,1 —k)and L(y) = (C, <, k)

The dr >

if (A(T,, T,).r, >, k) € L(x) and there is no 0;,0, € V,s.t. (0,,0,) is a(T}, T, )-successor of x and the set L({x, 0,)) = {(T}, >,k)},

rule L((x,0,)) = {{T5,>,k)},(r(0,,0,),>,k) € Cy, then create two concrete nodes (o,, 0,) which are (T, T, )-successor of x, such

that: L((x, 01)) = {{T, 2, k) }, L({x, 05)) = {{Tp, 2, k) } and Cr = Cx U {{(0;,0,) :
if (AT, T,).r, <, k) € L(x), and there exist no 0,0, € V, such that(o,,0,) is a (T, T, )-successor of x and L({x, 01)) = @} with

The Ir <

r.>.k)}

rule @1 = (T, <.6)}, L({x, 0,)) = @5 with @, = {{T, _,k)} ((01,05) : 1,<,k) € Cp, thenCr = Cr U {{(01,0,) : T,<,k)}
The Vr > if (V(T,,T,).r, >, k) € L(x), and there exist no 0,0, € V, such that (0,,0,)is a (Tl, T, )-successor of x and
rule L({x,01)) = p{ with@, = (T}, <, 1 = k)}, L({x, 05)) = ¢ with @, = {({T5, <, 1 = k)},{(01,0,) : T,2,k) & Cx, then
Cr=CyrU{{(01,0y) : 1,2,k)}
The Vr < it (V(T},T,).r, <, k) € L(x), and there exist no 0,0, € V, such that{(o,,0,) is a (T}, T, )-successor of x and
rule L({x,00)) = {{T}, 2,1 =k)}, L((x,0,)) = {{T,,>,1 — k)} (r(o;,0,), <, k) € Cy, then create two concrete nodes (0,, 0,) which
are (T, T,)-successor of x, s.t. L({x,0,)) = {{T},>,1 —k)}, L((x,0,)) = {{T,,>,1 —k)} and Cr = Cr U {{(0},0,) : 1,<,k)}

n
c= N\ 2 bk,
J=1

C is considered as concrete domain satisfiable if and only
if ¢ is satisfiable.

According to Theorem 1, we know that our proposed
fuzzy spatial concrete domain S is admissible and S-satis-
fiability problem is in NP-complete. Thus, the satisfiability
problem of c¢ is decidable.

Until now, the 16 tableau expansion rules are given and
the clash of completion forest F is also defined. Next, we
describe the tableau-based algorithm to determine whether
f~ALC(S) ABox A is satisfiable or not. Given an f~ALC(S)
ABox A, the satisfiability problem can be decided through
a tableau-based algorithm Con-dec(A) as shown in Algo-
rithm 2. This algorithm starts with the initial completion
F, as an input and takes a boolean value as an output.

Algorithm 2 Con-dec(A)

Input: An f-ALC(S) ABox A

Output: Boolean value

1: Init(A)

2: while (F is incomplete) do

3: Applying the expansion rules shown in Table 2 to ex-
pand F

4: end while

5: if F is not clash-free then

6: A is inconsistent return false

7: else if Cx is not a concrete domain satisfiable then

8.

9

0

1

A is inconsistent return false
: else
A is consistent return true
. end if

As we can see, the above algorithm Con-dec(A)
describes the procedure of deciding the consistency prob-
lem of the input f~ALC(S) ABox A. The argument of Con-
dec is a fuzzy ABox A. The algorithm uses Init(A) to ini-
tialize a completion forest F . Then, the tableau expansion
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rules are utilized to expand F until no more expansion
rule can be further utilized to F. If the forest F contains
a clash, the A is then inconsistent. If F is clash-free, then
the algorithm starts checking whether all fuzzy spatial
relation axioms of the form (r(x, y) I k) in C is satisfiable
or not. If C is not a concrete domain satisfiable, then A is
inconsistent. For the detailed decision approach, we refer
the reader to Sect. 4.3. Please note that the Con-dec checks
contradictions and fuzzy spatial concrete domain satisfi-
ability separately. This idea of our decision procedure is
similar to the tableau algorithm used by Lutz (1999).

Besides, the algorithm Con-dec(A) can be used to decide
the satisfiability of fuzzy spatial concept C. The satisfiability
of fuzzy spatial concept C can also be reduced to deter-
mine the consistency problem of fuzzy ABox A of the form
{(x, C) > 0}. In the next section, we will give one example to
illustrate how to decide f~ALC(S) ABox consistency check-
ing problem with respect to 7= @ with our proposed tableau
algorithm.

Compared with the tableau-based reasoning algorithm in
(Straccia 2001, 2009), our tableau algorithm includes some
different new expansion rules. As shown in Table 2, the rules
dr >, Ir <, Vr >, and Vr < are the new expansion rules.
Other extension rules are common parts to fuzzy ALC(D)
(Straccia 2009) and fuzzy ALC (Straccia 2001).

6.2 Example

In this section, we provide one example of determining f-
ALC(S) ABox consistency problem w.r.t an empty TBox 7°
with our tableau algorithm to enable readers to understand
well the procedure presented in Sect. 6.1. Similar to the
example 1, we also consider the example of satellite images.

Example 2 Consider an f~ALC(S) ABox A ={(i: Image, >,
1), (s: SatelliteImage, >, 1), ((s,i): is-a, >, 1),(a: Fog, >,
0.9), (b: Wind, >, 0.85), {(s, a)depicts, >, 0.7) }.

We expect to determine the consistency of the f~ALC(S)
ABox A; = AU {(s: depicts.Fog n depicts.Wind N (has-
FoggyRegion, has-WindyRegion).(O A C), <, 0.75)} w.r.t an
empty TBox 7 . According to the algorithm /Inif(A) shown in
Algorithm 1, we first initialize a completion forest 7 which
has four fuzzy abstract nodes x,, x,, x, and x;, then F con-
tains the following triples:

L(x;) = {(Image, >, 1)},

L(x,) = {(Fog, >, 0.9)},

L(x,) = {{Wind, >, 0.85) },

L(x,) ={(Satellitelmage, >, 1), (depicts.Fog n depicts.
Wind n (has-FoggyRegion, has-WindyRegion).(O A C),
<,0.75)},

L({x,x;)) = (is-a, >, 1),
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L({x,,x,)) = (depicts, >, 0.8),

Subsequently, by applying these expansion rules shown in
Table 2 to each node repeatedly, we have the following steps:

(1) Apply the n <rule to node x,, then we have L(x,) = {(
SatelliteImage, >, 1)} U {C’}, where C’ € {(depicts.
Fog, <,0.75), (depicts.Wind <,0.75),(has-FoggyRe-
gion, has-WindyRegion).(O A C), <,0.75)}

At this point, we get three possible forests. For the
first one F|, we have L(x,) ={(SatelliteImage, >, 1), (
depicts.Fog, <,0.75)}. For the second one F,, we
have L(x,) ={(SatelliteImage, >, 1), (depicts.Wind,
<,0.75)}. For the third one F;, we have L(x,) ={(Sat-
ellitelmage,>, 1), ((has-FoggyRegion, has-WindyRe-
gion).(O A C), <,0.75)}.

(2) Apply the 3 <rule to F,, then we have L(x,) ={(Fog,
>,0.9), (Fog, <,0.75)}, and then delete (3 depicts.Fog,
<,0.75) from L(x,).

Obviously, there are two conjugated triples in L(x,).
That is, F contains a clash. Thus, F| is unsatisfiable.

(3) Apply the 3 <rule to F,, then we have L(x,) ={(Wind,
>,0.85),(Wind, £, 0.75) }, L({x,, x,)) = ¢, where ¢ = (
depicts, <, 0.75), and then delete (3depicts.Fog, <, 0.75)
from L(x,).

Obviously, there are two conjugated triples in L(x,).
Since F, contains a clash, 7, is unsatisfiable.

(4) Apply the Vr <rule to F3, then create two fuzzy spatial
object nodes {0, 0,) which are (has-FoggyRegion, has-
WindyRegion)-successor of x,, such that:

L({x,,0,)) = {(has-FoggyRegion, >,0.25)},
L({x,,0,)) = {(has-WindyRegion, >,0.25)},
C.7: = {<(01’ 02) . (0 A C)’ <, 075>}’

and then delete (V(has-FoggyRegion, has-WindyRe-

gion).(O A C), £,0.75) from L(x,).
At this point, no expansion rules can be applied on F;
and F; becomes a completion forest. Then, we start to
check the satisfiability of Cr. According to the Defi-
nitions 2 and 3, Cr can be decomposed into Cr =
{{(0y,0,) : 0,<,0.75) A{(0y,0,) : C,<,0.75)}. Based on
the decision approach in Sect. 4.3, it is not hard to see that
C is satisfiable. Thus, F; does not contain a clash. It follows
that A, is consistent.

The example 2 shows that using our tableau algorithm
can solve f~ALC(S) ABox A consistency checking prob-
lem w.r.t an empty TBox 7. As mentioned in Sect. 3.2,
some other inference tasks (e.g., concept subsumption,
concept satisfiability) can also be transformed into con-
sistency checking of ABox. More precisely, checking sat-
isfiability of a fuzzy spatial concept C of f~ALC(S) can
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be transformed into determining the consistency problem
of fuzzy ABox A = {(x,C) > 0}, where x is an abstract
individual of concept C.

6.3 Correctness and complexity

In this section, the correctness and complexity of the tab-
leau algorithm proposed in Sect. 6.1 are proved in detail.
The correctness mainly consists of three parts: termination,
soundness, and completeness. We prove these on the basis
of the correctness proof of the tableau algorithm in the crisp
ALC(D) proposed by Lutz (2002a) and fuzzy ALC proposed
by Straccia (2001).

Theorem 2 (Termination) Let A be f~-ALC(S) ABox. For
each A as the input of the tableau algorithm, the algorithm
always terminates.

Proof Let n = |sub(A)| be the length of fuzzy assertions
occurring in 4, d the number of different membership
degrees occurring in A, F a completion forest established
by the tableau algorithm, s the maximum of fuzzy RCC
predicates occurring in 4. Assume that R, is a collection
of fuzzy abstract roles appearing in .4, R, a collection of
fuzzy concrete roles appearing in A, m = |R,| the number
of abstract roles appearing in A, ¢ = |R,| the number of
abstract roles appearing in A, The termination of the tab-
leau algorithm implies that the applications of the expan-
sion rules are bounded. In other words, there exists an
upper that is bound for the completion forest’s size. Once
this bound is established, the termination of the algorithm
can be proved. For the forest, there are upper bounds for
the out-degree and the depth. Thus, it is needed to estab-
lish one bound for the out-degree of the forest and one
bound for the depth. Obviously, the two bounds are results
of expansion rules’ properties. In the following, we first
prove the two bounds.
(i) establishing one bound on the out-degree of F.

e Thed > and V <rules only generate some new abstract
nodes. Assume that x € V, is an element of abstract
nodes. More precisely, for each (IR.C, >, k) € sub(A),
the expansion rule 3 > rule yields at most one
abstract successor of x. For each concept of the form
(VR.C, <, k) € sub(A), the expansion V < rule yields at
most one abstract successor of x. Since sub(A) contains n
(3R.C, >, k) € sub(A)atmostorn({VR.C, <, k) € sub(A)
at most, it follows that the upper bound of the abstract
successors of x is bounded by n. It is easy to prove that
the out-degree of this forest constructed by our proposed
method is bounded by nd.

e The Ir > and Vr < rules only generate some new
concrete domain nodes. Assume that x € V,, is an
element of abstract nodes, o € V, is an element of
concrete domain nodes. More precisely, for each
(AT,,T,).r,>,k) € sub(A), the Ir > rule gener-
ates at most two concrete successors of x. For each
(T, T,)r,<,k) € sub(A) ,the Vr < rule yields
at most two concrete successors of x. Since the
yielded object nodes can only appear in the leaf
nodes of the completion forest and sub(A) con-
tains at most n (3(T},T,).r,> k) € sub(A) or
(Y(T,, T,).r, <, k) € sub(A), the upper bound of the con-
crete successors of x is 2n. Obviously, the out-degree of
the generated forest is bounded by 2nd.

Thus, the out-degree of the forest generated by our proposed
method is bounded by 2nd.

(ii) establishing one bound on the depth of F.

The—- >, <,Nn>N<,U > U<, 3 >andV >rules only
add fuzzy concept assertion (C, X, k) to node label L(x). For
all abstract nodes x in ', we obviously have the depth of the
node labels L(x) is bounded by m+-c.

e The dr < and Vr > rules neither add any new node nor
do they change node labels sets information. Thus, these
rules are trivial for the depth of the forest.

e The3d >and V <rules only add fuzzy abstract role asser-
tions {(a, b) : R X k) to abstract edge label L({x, y)). For
all abstract edges (x, y) in F, we obviously have the depth
of the abstract edge labels L({x, y)) is at most|R,| = m.

e The Ir > and Vr < rules do not change abstract node
labels but add two concrete domain nodes to F. More-
over, they also add fuzzy concrete role assertions
{(a,0) : T X k) to concrete edge label L({x, 0)). For all
concrete edges (x, 0) in F, we obviously have the depth
of the concrete edge labels L({x, 0)) is at most |R,| = c.

Summing up, the depth of F is bounded by m+c.

We now prove the upper bound of applications of the
expansion rules.

Assume that k is the number of nodes. By (i) and (ii), we
can obviously obtain that k = (2nd)m-+c. Based on the prop-
erties of the expansion rules, we analyze the upper bound on
applications of the rules as follows:

e Forthe->-<Nn>N<,U>U<,3>andV >rules,
we can observe that each rule only adds one fuzzy
concept assertion to an abstract node label. Moreover,
according to these rules, we obtain two features: there are
no fuzzy concepts assertions that are removed from node
labels and there are no abstract nodes that are removed
from F. Since each abstract node label’s size is bounded
by n, these rules may be used nk times at most.

@ Springer



5006

H. Cheng et al.

e For the dr <, dr >, Vr <and Vr > rules, we can observe
that each rule adds fuzzy spatial predicate assertions
(r(0,,0,) M k) to a constraint C . Moreover, fuzzy spatial
predicate assertions are never removed from the constraints
C . Since the upper bound of concrete domain nodes is k
and the upper bound of fuzzy spatial predicates in A is s,
there may be at most nk® applications of these rules.

o For the 3 > and V <rules, we can observe that each rule
adds a fuzzy concept assertion (C, >, k) or (C, <, k) to an
abstract label and each rule can be applied once for each
(3R.C, >, k)or(VR.C, <, k) of any abstract label. Because
each abstract node produces one incoming edge, these
rules may be applied at most k times.

Summing up, we can conclude that the upper bound of appli-
cations of the expansion rules is nk + nk® +k with k =
(2nd)™+e, O

We now show the soundness and completeness of our
proposed algorithm.

Theorem 3 (Soundness) Suppose that A is an input f-
ALC(S) ABox to the tableau algorithm. If the algorithm
returns consistent, A then is consistent.

Proof When started on an input /~ALC(S) ABox A, if the
algorithm returns consistent, there then is a complete and
clash-free completion forest F for .A. To prove that A is
consistent, we need to prove that there is a model Z of A.
Obviously, this implies that we need to define a fuzzy inter-
pretation Z of A by using F.

Assume that 7 = (V,,V,,E, L, Cy) is the obtained com-
pletion forest from A . We define a fuzzy interpretation
T = (AT, Ag, #%) of A by setting A and Ag to the abstract
and concrete nodes in F as follows:

T(a) = 1 foreacha € V,

1%(a) =0 foreacha €V,

Al={ala€V,}

As={olo€V,)

CXa) = {u,.c €10,1]| a € V,} for each C € N,
R¥(a,b) = {M@py:r € [0,1]] (a,b) € E} for each R € Ny
TX(a,0) = {Moy:T €10,1]1] (a,0) € E} foreach T € Ny
r%(0,,0,) = {Ho,0p:r € 10,111 (01,0,) € Vy X V,1(01,0,) € Cr}
a’ = aforeacha € Va

of = o for each o € Vo

where f,.cs Map):r» Hiaoy:r> A0d Hey, o). denote binary
fuzzy relations.

As described in the Definition 9, a fuzzy interpretation 7
is a model of A implies that it satisfies every fuzzy assertion
in A. Thus, in order to prove that a fuzzy interpretation Z is
a model of .4, we must show that the 7 satisfies each fuzzy
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assertions appearing in A. Here, we use structural induc-
tion on concept C: for all a € Va, L(a) = (C, M, k) implies
C%(a) M k. Since the expansion rules = >, - <, N>, N <,
U>UZ<,32>,3<, V>,V <are the common parts to fuzzy
ALC in our reasoning algorithm, we refer the reader to
Straccia (2001) with the proof. In the following, we only
show the rest cases of fuzzy assertions.

e Case L(a) = (3(T,,T,).r,>,k). Since the expan-
sion rule “dr >” is not available, there exists a
(T, T,)-successor (0,,0,) of a s.t. a set of labels
L(<a,0,>) = {<T,2,k>},L({a,0,)) = {{T,,>,k)}
and (r(o;,0,),2,k) € Cg, . By the definition of
TZ and rS, we obtain TII(a,ol) >k, T2I(a, 0,) >k,
and r%(0,,0,) > k. By the inductioin, we obtain
AT, Ty).x) (@) = sup, , ea ((TT(a,0)) ® T5(a,0,) @ r°
(01,0,))} > k. The case for L(a) = (3(T}, T,).r, <, k) is
similar.

e Case L(a) = (M(T},T,).r,>,k). Since the expansion
rule “Vr >” is not available, there exists a (T},T,)
-successor (0;,0,) of a such that I(< a,0, >) = ¢
with ¢, =(T,<,1-k) , L(<a,0p >) = ¢
with ¢, =(T,,<,1—k). By the definition of
Z, we obtain TII(a,ol) >k, Tzz(a, 0,) >k, and
r%o0,,0,) > k. By the induction, we obtain
(T}, )00 (@) = inf, ens ((THa, 00) ® TH(a,0,)) = ¥5(01, 0,)) > k. The
case for L(a) = (¥V(T,,T,).r, <, k) is similar.

Obviously, the fuzzy interpretation Z satisfies every fuzzy
assertion in 4. Hence, it is easily seen that the fuzzy inter-
pretation Z is a model of A. O

Theorem 4 (Completeness) Suppose that A is an input f-
ALC(S) ABox to the tableau algorithm. If A is consistent,
the tableau algorithm then returns consistent.

Proof Since A is consistent and A is an input f~ALC(S)
ABox to the tableau algorithm, there exists a fuzzy interpre-
tation Z which must satisfy a condition: the interpretation is
amodel of A. Let Z = (A%, Ag, ¢%). To show that the tableau
algorithm returns consistent, we need to show that using 7
can construct a completion forest which is clash-free and
complete. That is to say, by using Z, we trigger the applica-
tions of expansion rules shown in Table 2 s.t they generate
a clash-free and complete completion forest.

Suppose that F = (V,, V,,E, L, Cr)is a constructed com-
pletion forest from 7.

First, we define two mappings as follows:

a : V, — AT is a mapping from abstract nodes of F into
elements of fuzzy abstract domain of Z.
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p : V.= Agis amapping from concrete nodes of F into
elements of fuzzy spatial concrete domains.

F is complete iff the two mappings satisfy the following
five conditions:

6)) if (~C, M, k) € L(a), then {a(a),}M~,1—-k) € CT,
where X~ denotes the reflection of 4 .

(i) if(C,14, k) € L(a), then (a(a), M, k) € CL.

(iii) if b is an R-successor of a, then ((a(a), a(b)),
{(a(a), a(b)), ™M, k) € RT.

(iv) if a is an T-successor of o, then {(a(a), f(0)),
((a(a), (o)), X, k)y € T

) if ((01.0,) 1 .M.k) € Cpr then ((B0)). (o).
M, k) € ré.

Second, we use these two mappings to direct the expan-
sion rules’ applications as shown in Table 2. As shown in
Table 2, the expansion rules = >, - <, N> N<,U>, UL,
3>,3 <,V >,V < are the common parts to fuzzy ALC and
Straccia defines two mappings to guide the application of
these expansion rules. Thus, we do not elaborate the proof
of the common expansion rules. For the proof of these rules,
we refer the reader to Straccia (2001). We only elaborate the
rest rules as follows:

The expansion rule “3Jr >” is utilized to the fuzzy
concept of the form (3(7,,T,).r,>,k) € L(x). By the
condition (ii), this implies {a(x),>,k) € (3(T;,T,).r)’.
Hence, there are two elements e;,e, € Ag such that
(@), fle). 2. k) € (T)T . (@), fley)). 2. k) € (Ty)”
and ((e;, ey)r, <, k) € (O). Because there is no a (T, T,)
-successor {(0;,0,) of x in F s.t. L({x,0,)) = {{T},>,k)},
L((x,0,)) = {{T5,2,k)} and (r(o,0,),2,k) € C(x),
the rule can add a (T, T,)-successor (0,,0,) of x, a set
L(x,0,)) = {{T}. 2. k)}, L({(x,0,)) = (T, 2.k)}, and add
(r(0y,0,), >, k) to Cx(x). Thus, we can obtain that there is a
(T, T,)-successor {0y, 0,) of x s.t. f(0;) = e, and f(0,) = e,.
As a result, the rule is utilized s.t. @ and f satisfy (ii), (iii),
(iv) and (v) w.r.t F. Similarly, for the Ir < rule, a and
satisfy (i), (iii), (iv) and (v) w.r.t F.

Obviously, the two mappings a and g satisfy all five con-
ditions. Hence, by the applications of expansion rules, we
can obtain a complete F

Finally, we prove that the obtained completion forest 7
is clash-free.

Since the (i) and (ii) imply that there are no two conju-
gated triples, F does not contain a clash. Again Since the
input f~ALC(S) ABox A is consistent and fuzzy spatial con-
crete domain S is admissible, the concrete domain constraint
C is concrete domain satisfiable.

Therefore, by the applications of the expansion rules, we
obtain a completion forest which is a complete and clash-
free. This together with Theorem 2 ensures that the tableau
algorithm is completeness. O

As discussed in Theorem 1, fuzzy spatial concrete domain
S is admissible and S -satisfiability is in NP-complete.
Together with Theorems 2, 3, and 4, we get the following
theorem about the decidability:

Theorem 5 (Decidability) The consistency problem of
Juzzy description logic f~ALC(S) ABox w.r.t TBox T=@ is
decidable.

According to Theorem 5, it is shown that the decision
procedure proposed in Sect. 6.1 is correct, i.e., the proposed
decision procedure can correctly determine the f~ALC(S)
ABox A consistency problem w.r.t an empty TBox 7.

Now, we discuss and analyze simply the complexity
of the above reasoning problem with f~ALC(S). For crisp
ALC (Schmidt-Schau and Smolka 1991), Lutz (1999)
shows that the ALC-concepts satisfiability problem w.r.t
an empty TBox is PSPACE-complete. Tobies (2001)
points out that the ALC ABox consistency problem w.r.t
an empty TBox is also PSPACE-complete. For ALC DL
with concrete domains D, Lutz summaries that if D is
admissible and D-satisfiability problem can be decided in
NP-complete, the complexity of the pure ALC(D)-concept
satisfiability then is PSPACE-complete (Lutz 2002a, b).
For the case of fuzzy ALC, Straccia (2001) shows that
fuzzy extensions of description logics have no impact from
a computational complexity point of view. In other words,
the inference problem of fuzzy DLs is in the same com-
plexity classes as the corresponding crisp DLs. Since our
proposed tableau algorithm is based on fuzzy ALC and
ALC with concrete domains D and the idea of our decision
procedure is similar to the one of the two DLs, the com-
plexity of f~ALC(S) consistency is at the same level as the
crisp ALC(S) consistency. Again since fuzzy spatial con-
crete domain S is admissible and S-satisfiability is in NP-
complete, we can obtain the following complexity result:

Theorem 6 f~ALC(S)-ABox consistency problem w.r.t an
empty TBox is PSPACE-complete.

7 Conclusion and future work

In this work, we address a fuzzy spatial extension of
description logic called f~ALC(S). In order to represent
fuzzy spatial objects and handle their fuzzy topological
relationship, we first establish a fuzzy spatial concrete
domain & which includes fuzzy regions and their fuzzy
spatial relationships. Then, we introduce the admissible
S to the well-known fuzzy ALC DL and present a fuzzy
spatial extension of DL called f~ALC(S). At the same time,
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the formal definitions of the syntax structure, semantic
interpretation and knowledge base are given. Moreover,
by taking an example of an f~ALC(S) knowledge base, we
illustrate that how the language f~ALC(S) can be used to
model fuzzy spatial relations. Then, we propose a deci-
sion procedure for f~ALC(S) to determine the consistency
problem of fuzzy description logic f~ALC(S) ABox A with
an empty TBox. Finally, we show that the decision proce-
dure is correct and the consistency problem is decidable
and PSPACE-complete. f~ALC(S) allows us to represent
and reason fuzzy spatial knowledge on the Semantic Web
and has better expressive and reasoning ability for fuzzy
spatial knowledge.

As far as future work, we aim at investigating the com-
plexity of the proposed reasoning algorithm in detail. More-
over, we will determine the consistency problem of w.r.t.
acyclic TBoxs 7 or general TBox 7 . Since our technology
is still in the stage of theoretical research, we will develop
a reasoner in the future work. Also fuzzy spatial description
logics are the foundation theory of fuzzy spatial Semantic
Web and fuzzy spatial ontologies. Thus, we will construct
fuzzy spatial OWL ontologies based on our current work.
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