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Abstract

Single valued neutrosophic (SVN) set has a useful independent mathematical structure for expressing the incomplete, incon-
sistent and indeterminate information. Many researchers have studied decision making problems with SVN environment. This
paper presented a new ranking method of SVN-numbers based on possibility theory for solving a multi-attribute decision
making (MADM) problem. The first time we have defined the concept of possibility mean of SVN numbers and applied to
multi-attribute decision making problem in which the attribute values are considered as SVN-numbers. Then, we propose
the possibility mean of the truth-membership function, indeterminacy-membership function and falsity-membership func-
tion for single valued trapezoidal neutrosophic (SVTN) numbers and studied some desired properties of SVITN. Thus, we
have developed a new ranking approach using the concept of weighted possibility mean, and applied to MADM problems.

Finally, a numerical example is examined to show the applicability and an embodiment of the proposed method.

Keywords Possibility mean - Single valued neutrosophic numbers - Trapezoidal neutrosophic numbers - Triangular

neutrosophic numbers - Multi-attribute decision making

1 Introduction

Multi attribute decision making (MADM) which is an
important part of decision science is to find an optimal alter-
native, which are characterized in terms of multiple attrib-
ute, from alternative sets. In some real applications, the deci-
sion makers may be not capable to find exactly the values
of the MADM problems due to uncertain and asymmetric
information between decision maker. Multi-attribute deci-
sion making is the process to select an optimal alternative
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from the gathering feasible alternatives based on the num-
ber of attributes. But due to uncertainty and incompleteness
decision making information, decision making process is
not so easy to select the alternative from the set of feasible
alternatives. As the result, output of the ranking order of
alternatives is not accurate always. It is helpful for some
sets, which deal with uncertainty, incomplete information
such as fuzzy set, intuitionistic fuzzy set, neutrosophic set.
Some recent useful applications of fuzzy decision making
are stated (Kacprzak 2019; Yazdani et al. 2019). Bellman
and Zadeh (1970) gave first a decision making concept in
fuzzy set environment. After that, Atanassov (1986) intro-
duced intuitionistic fuzzy set (IFS) defining non-member-
ship functions at first as independent component to reveal
the uncertainty in different way. Recently, Jiang et al. (2018)
defined new power aggregation operator on IFS and applied
it to software selection problem. Liu et al. (2018) introduced
intuitionistic fuzzy Dombi Bonferroni mean (IFDBM) oper-
ator depend on the Dombi operations and Bonferroni mean
operator. Garg (2016) presented generalized intuitionistic
fuzzy aggregation operators under the intuitionistic multi-
plicative preference relation instead of intuitionistic fuzzy
preference relations. Some other important applications
of intuitionistic fuzzy set in decision making (Jiang et al.
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2019; Rashid et al. 2018). Joshi and Kumar (2018) defined
a new accuracy functions under interval-valued intuitionistic
fuzzy sets (IVIFSs), namely improved accuracy function to
compare all comparable IVIFSs correctly. Using proposed
accuracy function, they developed a multi-attribute group
decision making (MAGDM) method with partially known
attributes’ weight. Garg and Arora (2018) developed some
new Bonferroni mean (BM) and weighted BM averaging
operator for aggregating the different preferences of the
decision-maker in intuitionistic fuzzy soft set environment.
Recently, Garg (2017) introduced a series of averaging
aggregation operators in the intuitionistic fuzzy environment
by considering the degrees of hesitation between the mem-
bership functions and non-membership functions. Based on
these averaging aggregation operators, he has been proposed
a multi-criteria decision making method. Li (2014) gave a
ranking method of intuitionistic fuzzy numbers and applica-
tion to multi-attribute decision making problems in which
attribute ratings are expressed with intuitionistic fuzzy num-
bers in management problem.

However, the theories of FS and IFS are incapable of
managing the uncertainties such as indeterminate and incon-
sistent information. To get rid of such uncertainties, a new
theory of neutrosophic sets (NSs) was introduced by Sma-
randache (1999), which is a branch of philosophy, studies
the nature and scope of neutralities. The neutrosophic set
(NS) as the generalization mathematical structure of FS and
IFS by defining the three independent component. Truth,
indeterminacy and falsity membership degree are the three
independent components of NS. Later on, Wang et al. (2010)
defined a special form of NS for realistic applications is
called single valued neutrosophic set (SVNS). Liu and Wang
(2018b) has been established interval neutrosophic prior-
itized owa operator and its application to multiple attribute
decision making problems. Garg and Nancy (2018) was pro-
posed the tinguistic single valued neutrosophic prioritized
aggregation operators and their applications to multiple
attribute group decision making problems. Liu and Wang
(2018a) presented a multiple attribute decision-making
method based on single-valued neutrosophic normalized
weighted bonferroni mean. Some important study on SVN-
sets which have been great impact on decision making
(Sodenkamp et al. 2018; Wei and Wei 2018; Ren 2017).

Due to existence of uncertainty in real application data,
Zadeh (1965) first introduced fuzzy set to deal with uncer-
tainty in real and scientific problems. Possibility theory
is one of the current uncertainty theories devoted to the
handling of incomplete information, more precisely it is
the simplest one, mathematically. To a large extent, it is
similar to probability theory because it is based on set-
functions. The possibility theory of fuzzy set was proposed
by Zadeh (1978) and developed by many researchers, e.g.,
Dubois and Prade (1988), Yager (1992), Klir (1999) and
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others. Its academic meaning is in building a theoretical
appearance of real applications for fuzzy sets. The pos-
sibility mean is the significant mathematical prominence
of fuzzy numbers. Carlsson and Fuller (2001) introduced
the notations of lower and upper possibilistic mean val-
ues and the inter valued possibilistic mean. They also
proposed the notations of crisp possibilistic mean value
and crisp possibilistic variance of continuous possibility
distributions. Fuller and Majlender (2003) considered the
notation of weighted interval-valued possibilistic mean
value of fuzzy numbers and investigate its relationship to
the interval-valued probabilistic mean. Wan et al. (2013)
introduced the possibility mean, variance and covariance
of triangular intuitionistic fuzzy numbers. Recently, the
concept of the possibility mean, variance and covariance
of generalized intuitionistic fuzzy number proposed by
Garai et al. (2018).

In multiple difficult decision making problems, the
decision information provided by a decision maker is
often imprecise or uncertain due to time pressure, lack of
data, or the decision maker’s limited attention and infor-
mation processing capabilities. Therefore, introducing
the possibility mean and variance into the nutrosophic the
multi-attribute decision making (MADM) is of a great
importance for scientific researches and real applications.
However, there was no investigation on the possibility
mean of nutrosophic number and application to MADM
problems. The aim of this paper is defined a new rank-
ing method based on possibility mean. Instead of this the
proposed method has been applied for solving MADM
problems under nutrosophic numbers.

In spite of the above mentioned developments, follow-
ing additions can also be made in the possibility mean of
single valued nutrosophic numbers and its application to
multi-attribute decision making problem.

* Possibility mean of single valued nutrosophic numbers.

» The weighted possibility mean of single valued nutro-
sophic numbers.

¢ Formulation of some valuable theorems with possibility
of single valued nutrosophic numbers.

e First time a rigorous ranking methodology to solve multi-
attribute decision making problem.

The rest of the paper is organized as follows: In Sect. 2,
we present some basic knowledge of SVN-numbers, In
Sect. 3, we formulate the possibility mean of SVN-num-
bers and its valuable theorems. In Sect. 4, we introduce
a multi-attribute decision making method based on pos-
sibility mean with SVN-numbers. The numerical examples
with comparative studies are given in Sect. 5. Finally, the
conclusion and scope of future work plan affair in Sect. 6.
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2 Basic preliminaries

Definition 2.1 Let X be universe set. An intuitionistic
fuzzy set (Deli and Broumi 2015) K over X is defined by
K = {{x, ug(x), vg(x)) : x € X}, where pg : X - [0,1]
and vg : X — [0,1] such that 0 < pg(x) + vg(x) < 1 for
any x € X. For each x € X, the values pg(x) and vg(x)
are the degree of membership and non-membership of x,
respectively.

Definition 2.2 Let X be a universe. A nutrosophic
sates (Deli and Broumi 2015) A over X is defined by
A = {(x,(T4(x),14(x), Fy(x))) : x € X}, where T4(x), 1,(x)
and F,(x) are called truth membership function, indetermi-
nacy-membership function and falsity membership function,
respectively. They are respectively defined by

T, X =>170,1%[, I, : X >]70,1*[, F, : X —]70,17[

such that 0~ < T, (x) + I,(x) + F4(x) < 3%

Definition 2.3 Let X be a universe (Deli and Broumi 2015).
An single valued neutrosophic set (SVN-set) over X is a
neutroophic set over X, but the truth-membership function,
indeterminacy-membership function and falsity-membership
function are respectively defined by

T, :X—[0,1], I, : X > [0,1], F, : X - [0,1]

such that 0 < T, (x) + I, (x) + F4(x) < 3.

Definition 2.4 Let w;, u;,y; € [0, 1] be any real numbers,
QP@JéEHQ0-LZ3A)mda1§a25a3§a¢TMma
single valued neutrosophic number (Deli and Broumi 2015)
(SVN-number) @ = (((a a a a4) Wz, ((al,a a a4) u,),

afl, a';, ag, af),ya ))is a spemal netrosophic set on the set of
real numbers R, whose truth-membership function

1
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Fig.1 a-cut set of truth-membership, f-cut set of indeterminacy-
membership, and y-cut set of falsity-membership functions for SVN-
numbers (&)

Uz - R = [0,1], indeterminacy membership function
v; : R—1[0,1] and falsity membership function
Az © R = [0, 1] are respectively defined by

f;’l(x), ifa) <x<d
Wy, ifa, <x< a’3
Hz(x) =1 .
f;(x), ifd, <x<d]
L0 otherwise
rfvl(x), if ai <x< a;
u, if a; <x< aé
Va(x) =3 . )
T 1 1 1
i), ifay<x<a
L 0 otherwise
floo,  ifd <x<d,
Aa(X)=<y‘7’ 1fa£§x§a’;
i, ifd,<x<d|
\0 otherwise
where the function f: [a},d}] = [0,w,] ,

[l ldl,dl] - [u;] and f] : [a’;, ] = [y 1] are con-
tinuous and non increasing, and satisfy the condi-
tions: fi(a) = 0,f/(a) = wg, f(d) = ugf](a) =1,
£(d;) =y, £;(d,) = 1; the functions f7 : [}, 4] — [0, w,],
fl [a’l,a’z] — [u;] and f; | l,a"z] - [y; 1] are
continuous and increasing, and satisfy the condi-
tions: f1(ah) = 0.fr(}) = wgs fi(a) = g fi(a) = 1,

fl(af) = ya,fi(af) =1. [az,a 1, a a are called the mean
interval and lower and upper hmits of the general neutro-
sophic number a for truth-membership function, respec-
tively. [a;, a], a] ,d , are called the mean interval and lower
and upper 11m1ts of the general neutrosophic number & for
indeterminacy-membership function, respectively. [a’;, a’;

a’; , a’; are called the mean interval and lower and upper limits
of the general neutrosophic number & for falsity-membership
function, respectively. w;, u; and y; are called the maximum
truth membership degree, minimum indeterminacy-mem-
bership degree and minimum falsity membership degree,

respectively.

Example 1 Assume that @ = (((1,3,5,8),0.9),((1, 2,6, 8),
0.3),((1,3,5,8),0.5)) be a SVN-number. Then, the mean-
ings of a is interpreted as follows: For example the truth-
membership degree of the element 3 € R belonging to & is
0.9 whereas the indeterminacy membership degree is 0.1
and falsity-membership degree is p;(3) = 0.9,v;(3) =
and 4;(3) = 0.5 (cf. Fig. 1).
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Definition 2.5 A single valued trapezoidal neutrosophic
number (SVTN-number) & = ((a,,a,, as, a,); Wz, Uz, y;) is
a special neutrosophic set (Deli and Broumi 2015) on the
real number set R, whose truth-membership, indeterminacy
membership and falsity membership functions are given as
follows:

rx—a .
ws  ifa <x<a,

a) —a
W, ifa, <x<a
,Ua(x)=< aa4—x . 2 3
wy,  ifay<x<ay

a4_a3

otherwise

(@, —x)+ (x—a))u;

4y — a4
ug, ifa, <x<ay
(x —a3z) + (ag — x)u,

, ifa, <x<a,

Vz(x) =3

, ifaz<x<ay
0 otherwise

and
(ay —x) + (x — a))y; .
2 Wa, ifa, <x<a,
a — a4
Vi ifa, <x<ay
A(x)=< “ :
a®) (x —az) + (a, —x)y; .
, ifaz<x<ay
0 otherwise
respectively.

Definition 2.6 A single valued triangular neutrosophic num-
ber (SVTrN) a = ((a,, ay, a3);w;, Uz, ;) is a special neutro-
sophic set (Deli and Broumi 2015) on the real number set
R, whose truth-membership, indeterminacy membership and
falsity membership functions are given as follows:

( .x_al

wy, ifa <x<a,
a, —a
W ifx=a
— a 2
Ha(X) = az; — X .
ws  ifay, <x<ay
az —da,
0 otherwise

(a, —x)+ (x—apu,

, ifa, <x<a,

a, —a,
) ug, ifx=a,
val®) =1 (x —ay) + (a3 — x)u, .
s ifa, <x<as
az; —ap
0 otherwise

L

and
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a, —x)+ x—ay)y;
@ =1+ 1))’“’ ifa, <x<a,
a, —a;
) va ifx=a,
/la(x) = (x— az) + (a3 - x))’a .
, ifa, <x<a
az; —a,
0 otherwise
respectively.

If a, >0 (a; £a, <a;) and at least a; >0 then
a = (ay,a,,a3);wz, Uz, y;) is called a positive SVTrN,
denoted by a. Likewise, if a; < 0(a; < a, < az) and at least
a, <0, then a = ((a,, a,, az);wy, Uz, y;) is called a negative
SVTiN, denoted by @ < 0. A SVTrN @ may be express an
a=((ay, ay,a3);wz, Uz, yz)-

Definition 2.7 Let a=((a;,a,,a;3,a4);w;, u;,y;) and
b= ((by, by, b3, by);wy, up, y;) be a SVIN-numbers and k # 0
be any number and A = min, V = max. Then

() @+b={(a, +by,a, + by, ay + by, a, + by);
Wa A Wi g N U, Vg V V)
((a\by,ayb,,a3b5,a,b,);w; Awp,uz V ug,y; Vy;) ag >0,b, >0
(11) @b = { ((ayby. ayby. asby, azh,)iwy Awpstty V 1t5, ¥, V' y5) ay < 0,by >0
((ayby, azby, ayby,a,b));wz Awg,uz vV ug,y; Vy;) ag <0,b, <0
Qi) ya= { ((ray,vay, vaz, ya)wg uz, yz) v >0
((ray, yas, yay, ya)ws, uz, ya) v <0

3 Concept of possibility mean
for SVN-numbers

In this section, we first define the concept of cut sets, pos-
sibility mean values, weighted possibility mean values of
SVN-numbers and give some desired properties. Also we
have developed a new ranking method of SVN-numbers.
In the following definitions and operations on generalized
intuitionistic numbers, defined (Garai et al. 2018), we
extend these definitions and operations to single valued
neutrosophic numbers.

Definition 3.1 Let a—(((al,a a a4)w)
(@, db,al, dl),uy), (d, d)ydl,d)iyy) be a SVN-number.
Then (a, /3 y)-cut of the SVN number a, denoted by a
is defined as:

a,p.y’

vz (x) < B, A;(x) <7, x €R}

A pyy = X0 p(0) 2 a,

which satisfies the conditions as follows: 0 < a < w,
u, <p<ly;,<p<land0<a+p+y <3
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Clearly, any (a, f, y)-cut set (a.py) of a SVN-number a is
a crisp subset of the real number set R.

Definition 3.2 Let a—(((al,az,ag,aét);wa) R
(@, d,dl,dl),u,), (d,,d),dl, d)y,)) be a SVN-number.
Then a-cut set of the SVN-number a, denoted by a, is
defined as: @, = {x : p;(x) > a,x € R}, where a € [0, w;].
Clearly, any a-cut set of a SVN-number 4 is a crisp subset
of the real number set R.
In here, any a-cut set of a SVN-number a for falsity mem-

bership function is closed interval, denoted by a, = [afl .arl

Definition 3.3 Let a=(((a},a, a,,al)w,) ;
(d,db,dl,al),u,), (d,d),d),d)y,) be a SVN-number.
Then p- cut set of the SVN-number &, denoted by ag is
defined as: @z = {x ! v;(x) < f,x € R}, where § € [u,, 1].

Clearly, any g-cut set of a SVN-number a is a crisp subset
of the real number set R.

In here, any f-cut set of a SVN-number & for indetermi-
nacy membership function is closed interval, denoted by
ag = [aé,a;].

Definition 3.4 Let a—(((al,a a a4)w)
((al,a a ,d ) u,), ((a{,a"z,ag,af),yu)) be a SVN number.
Then y- cut set of the SVN-number &, denoted by a, is
defined as: a, = {x : y;(x) <y,x € R}, wherey € [u, 1].

Clearly, any y-cut set of a SVN-number & is a crisp subset
of the real number set R.

In here, any y-cut set of a SVN-number & for falsity mem-
bership function is closed interval, denoted by @, = [ai , a;].
Definition 3.5 Let a,=[a\,a’] be the a-cut
set of a SVN- number a= (((al,a a a4) W5)
((al,a a a4) u,), ((af a, a a4),ya))W1thO < a < w; The
flower and upper p0s51b111ty (Pos) means of truth member-
ship function (Wan et al. 2013) for the SVN-number & are

respectively defined as follows:

M (@) = / f(Posla < d ))a! da = / ' f(a)d. da
o P o))

M, (@ = / f(Posla > aa’ da = / ' f@)d da
0 0

where, f : [0,w;] = R is a increasing and non-negative
weighted function satisfying that /Ow’if(a)da =w, and
f(0)=0, and

Pos[a < d J =sup{u;(0)} =a Posla > a)] = sup{u;(x)} =«

x<al, x2al,
@)

ItM y (a) and MM (@) are the lower and upper possibility mean
for truth-membership function of a SVN-number a, then
possibility mean for truth-membership function defined as :

M (@) +]l_/1 @)

/ f(a)a +a)

Definition 3.6 Let a; = [a ’ ,ay] be the f-cut set of a SVN-
number a—(((al,a a a4)w)((a1,a2,
d,dl),u,), (d),d),d, d)iy,)) with u, < /3 < 1. The lower
and upper possibility (Pos) means of indeterminacy mem-
bership function for the SVN-number a are respectively

defined as follows:

M, (a) =
3

1 1
%@=/g®ms@mw=/ngﬂ )

a

o 1 1
M@= [ srotazaiagas= [ epads o)

where, g © [u;, 1] = Ris anon- 1ncreas1ng and non-negative
weighted function satisfying that / gp)dp =1-u;and
g(1) =0, and

Pos[a < alﬂ] = Squsa’ﬂ{Va(x)} =p Posla> a;]

= Sup}cZa[’3 { V&('x)} = ﬁ

If M (a)and MV (a) are the lower and upper possibility mean
for indeterminacy-membership function of a SVN-number a,
then possibility mean for indeterminacy-membership func-
tion defined as :

M (@) + M (@)

M, (a) = _f

;/ﬂﬂmﬂz+a>dﬁ

Uy

(6)

Definition 3.7 Let a, = [a; aj] be the y-cut set of
a SVN-number a= (((al,az,aya4);wa)((a’1,a’2,
ag,af‘), u,), ((a’;,a’;,a);,af),ya» with y, <y < 1. The lower
and upper possibility (Pos) means of falsity membership
function (Wan et al. 2013) for the SVN-number & are respec-

tively defined as follows:

M (@)= /1 h(Pos[& < ai] )a;d}/ = /1 h(;/)a’ydy @)

A_/IA(Zz) = /y1 h(Pos [Zz > a;] )a;dy = /M1 h(y)a;dy 8)

where, i © [y;, 1] = Risanon- 1ncreasmg and non-negative
weighted function satisfying that f h(p)dy =1—y; and

h(1) =0, and

@ Springer



5250

T. Garai et al.

Posla < d}] = sup{4,(9)} =y Posla > )] = sup(4,(0)} = 7

x<d! x>al
<a, 14

If M ,(a)and M ,(@) are the lower and upper possibility mean
for falsity-membership function of a SVN-number &, then
possibility mean for falsity-membership function defined as :

M, @) + M (@)
2

=3 [ (e

Ya

M@ =
&)

Corollary 1 Let a = {(a,,ay, as,a,);wz, Uz, ;) be a SVIN-
number. Then

1. a-cut set of the SVTN-number a for truth-membership
function is calculated as

- ala, —ay) ala, — ay)
=[] = [ 4 HEE, - T2

Wa Wa

where a € [0, w;]. If f(a) = 2a, we can obtain the pos-
sibility mean of a SVTN-number & for truth-membership
function as follows:

Mﬂ(a)=%/ af(oz)(ag+a;)doc
0

1 ["
=§/0

X (2(X) |:(a1 + a4) + (Clz + az —da) — (14)6(

da

a
_(ay+2a,+2a3+ay) ,
= 5 w

2. p-cut set of the SVTN-number a for indeterminacy-mem-
bership function is calculated as

%%%%:hﬁﬁﬁ&:@

1 —u,
_ (I = p)ay — a3)
1 —u,

9
ay

where f € [uy, 1]. If g(f) = 2(1 — f), we can obtain the
possibility mean of a SVTN-number & for indetermi-
nacy-membership function as follows:

@ Springer

1
M@= [ ew(ay+a;)is

—Eéza—m

o [(01 ra)+ (ay+ay;—a; —ay)(1 - p)

1 —u,

_(ay +2a, +2a3 + ay)

6 (1 _ua)2

3. y-cut set of the SVTN-number a for indeterminacy-mem-
bership function is calculated as

a, = [ai,a;] = [al + —(1 —na —a)

-y,
_ (I =7)ay —a3)
-y,

2
ay

where y € [y;, 1]. If g(y) = 2(1 — y), we can obtain the
possibility mean of a SVTN-number a for indetermi-
nacy-membership function as follows:

1
Ml(a):%/ h(y)<a§/+a;>dy

Ya

1 /!
=§/y 2(1-y)

(ay+as;—a; —a)(1—vy)
I-y;

(1=,

X [(a1 +a,)+

_(ay +2a, +2a3 +ay)
B 6

Corollary 2 Let a = {(a,a,,as);w, uz,y;) be a SVIrN-
number. Then

1. a-cut set of the SVTrN-number a for truth-membership
function is calculated as
ala, —ay)

ala, —a,)
~ _ [l r] _ 3 2
a, = [aa,aa] =|lagg+————a3— ——mM

Wa Wa

where a € [0, w;]. If f(a) = 2a, we can obtain the possi-
bility mean of a SVTrN-number & for truth-membership
function as follows:
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Mﬂ(a)=%/ af(a)(afx+a;)doc
0

= % / ' (2“) [(al + 03)
0
+(4a2 —a, — a3)a]da
Wa

(a; +4a, + a3) )
= 7“’5

2. p-cut set of the SVIrN-number a for indeterminacy-
membership function is calculated as

= p)a, —ay)

a, +
! 1 —u,

k)

ag = [alﬁ,a;] =
(=P - ay]

a
3 1 —u,

where f € [u,, 1]. If g(f) = 2(1 — f), we can obtain the
possibility mean of a SVTrN-number & for indetermi-
nacy-membership function as follows:

1
m@=3 [ ew(ay+a;)is

‘E/u. 21 - §)

+(2a2 —a; —a)(1 - ﬁ)]

1 —u,

(a; +az)

_(a; +4a, +a3)

2
5 (1 —uy)

3. y-cut set of the SVIrN-number a for falsity-membership
function is calculated as

a, = [ai,a;] = [al + —(1 — @ —4)

1-y;
U =p)a3 —ay)
-y,

>

as

where y € [y, 1]. If g(y) = 2(1 — y), we can obtain the
possibility mean of a SVTrN-number a for indetermi-
nacy-membership function as follows:

1
M,(a) =%/ h(y)(ai +a;>dy

1
=%/ 21 —y)[(al +ay)

2a, —ay — az)(1 -
+( a, —a; — az)( V)]
1 -y,
_(a; +4a, +a3)
i —

(1=y)?

Definition 3.8 Let &:(((a’],a;,ag,af‘);wa);

((d',db,db, d)),u,), ((a’;, a’;, ag, aﬁ);ya)) be a SVN-number.
Then for 9 € [0, 1], the weighted possibility mean value of

the SVN-number & are defined as:
My(@) = M (@) + (1 = HM (@) + (1 — M (@)
Corollary3 Leta = ((a,, a,, as, a,);w;, Uz, y;) is an arbitrary

SVTN-number. Then the weighted possibility mean value is
calculated as

a, +2a, +2a; +ay [19w2
6 a

+ 1 =90 —uy)* + 1 =9 - y,)?]

My(a) =

Corollary 4 Let @ = ((a,,a,, as);w;, Uz, y;) is an arbitrary
SVTrN-number. Then the weighted possibility mean value
is calculated as

a; +4a, +as

My(@@) = 3

[9w2 + (1 = (1 = u)* + (1 = (1 = y,)?]

Now we give a new ranking method of SVN-numbers based
on the weighted possibility mean value can be considered as
follows:

Definition 3.9 Let @ and b be two SVN-number and
9 € [0, 1]. For weighted possibility values of the SVN-
numbers & and b, the ranking order of @ and b is defined as

1) IfMgya) > M, (b), then & is bigger than b, denoted by
a > I;;

) IfMy@) < M,g(i)), then & is smaller than b, denoted by
a< l~);

(iii) If My(@) = My(D), then

(a)if M, (@) > M (D) then & > b; i

(b) when M (@) = M (b), if M, (@) > M,(b),
thend < b;

(c)when M (@) = M, (b) and M (@) = M, (D),
if M (@) > M (D), then a < b;

iv) If My(a) = M@(i)): M, (@) = 44”(5), M, (@) = M, (b),
and M,(a) = M (), thena = b, i.e., two SVN-number
are equal.

Example 2 Let a=¢{@3,57)0.7,0.6,04) and
b =((2,5,6);0.4,0.6,0.5) be two SVTrN-numbers. Then,

we can compare the two SVTrN-numbers & and b.

Sol: We can calculate the possibility mean value of the
SVTrN-number a as:

@ Springer



5252

T. Garai et al.

x [9(0.7)*

+(1 = 9)(1 = 0.6)° + (1 = 9)(1 — 0.4)°|
=5(0.52 — 0.039)
=2.6-0.159

24+4%x5+4+6
6
X [9(0.4)* + (1 = 9)(1 - 0.6)°

+ (1= 91 =05

M,q(l;) =

= %(0.41 —0.259)
=1.91-1.169

Then we have

My(@) — My(b) = (2.6 — 0.158) — (1.91 — 0.049)
=0.69 -0.119

Therefore, it is clearly that 0.57 < 0.69 —0.119 < 0.69,
(for 0 < 8 < 1) which implies that My(&) > My(b) for any
39 € [0, 1]. Hence, it easily the ranking order of the SVTrN-
number g and b is & > b.

Theorem 1 Let a={(a;,a,,as,a4);W; Uz y;) and
b = ((by, by, by, by);wp, uz, yi) be two SVTN-numbers with
W, = Wy, Uz = uj and y; = y;. Then for any €;,€, € R, the
following equalities are valid:

M, (€,@ + e;b) = €, M (@) + ;M () (10)
M (e,@ + e,b) = ,M, (@) + e,M, (D) (11
M, (e,a + €,b) = ;M (@) + ;M ;(b) (12)

Proof Let us assume €;,€, > 0. From the definition 3.2,
we get that the a-cut set of a SVIN-number €,a + €,b is
(6, + €,D), = [e,d. + ;b € a’ + e,b"]. Using Eq. 10, we
obtain

_ » 1 Wz AW},
M, (e,a+ e,b) = 3 /0 (elafl+

X €2bf, +€,a, + &b, >f(a)da

1 ["

=5 / (5102 +e,d)f(a)da
0

Wp
+ % / (e,b! + &b )f(@)dar
0

=e,M,(a) + e,M (D)

@ Springer

From the Definition 3.3, we get that the f-cut set of a SVTN-
number €,d+ e,b is
(€,d + e,b) = [€,ay + €30y, €1y + €,b7 1. Using Eq. (11),
we have

~ 71
M (e,a+ e;,b) = 5 / (ela; + ezb;} +edy+ ezb;;)g(ﬂ)dﬂ

uz Vg,

1 1
= % /u <e]a’ﬂ +eapg(Pdp + % /u (exby + €2b;?>g(ﬁ)dﬁ

=e;M, (@) + e;M, (b)

Further, from the Definition 3.4, we get that

the y-cut set of a SVTN-number €,a+eb is
;elé + &), = [elaly + ezb;,ela; + e;07]. Using Eq. 12, we
ave

1

~ 1
M;(e,a + e,b) =§/ (elaly+

u;Vug

X €2bi, + ela; + €2b; )g(y)dy

1
1 ,
=3 / (€1, +e,a))g(y)dy

1
1 ,
+ 5 / <€2b’y + ezb},)g(y)dy
up
=€, M, (@) + e,M ,(b")
Using the Egs. (10), (11) and (12). We can also verify that

fore; > 0,e, < 0;¢; < 0,6, >0;€, <0,¢, <O0.
This completes the proof. O

Theorem 2 Let a=((a,,ay as,a,);wz uzy;) and
b= ((by, by, b3, by)swy, up, y3) be two SVIN-numbers with

W, = Wg, Uy = ugand y; = y;. If a; > by, then a > b

Proof 1t is easily derived from Eq. (3) that
~ 1 "a ! r
M, (a) = 3 (d +a.)f(a)da
0
> / " f(@)da
0

=a, af(a)da
0

and
M#(B):% /0 '; (b + b7 )f(@)da
Z/WZ b,f(a)da
0

=b, /W'}f(a)da
0
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Since w, = wj, we have fow“‘f(a)da = fowgf(a)da. So,
Combining both conditions w; = wj and a; > b,, we have
M, (@) > M, (b).

It easily derived from Eq. (6) that

Mv(c~z)=%/w1 (a +d )g(ﬁ)dﬂ

1
Z/ a,8(p)dp

a

1
=a, / g(Pdp

a

and
1
MB) =3 / (d, +a;)s(hrap

1
2 / b,g(P)dp

ug
1
=b, / g(p)dp
up
For the condition u; = u;, we have ful g(pdp = fu: g(pdp.
Combining the assume conditions: u; = uj and a; > b,, we

have M (@) > M (b).
Similarly, it easily follows from Eq. (9) that

1
Mﬂa):% /y (a +a )y

1
> / ah(y)dy
y,

a

|
=a / h(y)dy

Ya

and

1
B =3 [ (a+a )iy
Vb

1
> / beh(y)dy
Vb

1
=b, / h(y)dy
Vb

For the assume condition: =y;, we have
f h(y)dy— f h(y)dy. Combining the both assume condi-

tions: Vi =Y and a, > b,, we have M, (@) > M, (b).

For any 8 € [0, 1], according to Definition 3.8, we have
IM, @)+ (1 -IHM (@) + (1 -9)

X M, (@) > IM,(b) + (1 — )M, (b) + (1 — )M, (b)

ie., My(@ > M, ,9(13). Therefore, it directly follows from the
case Definition 3.9 that @ > b. O

Theorem 3 Let @, b and ¢ be two SVTN-numbers with
W, = Wi, Uy = upand y, = y. Ifa > b, thena + & > b + ¢.

Proof 1t is easily derived from Eq. (3) that
~ ~ 1 rante l r ! r
Mﬂ(a+c):§ [(%"‘%) + (ca+ca)]f(a)da
0
Wa/\w’(-,
/ (a]a +a, )f(a)da
0

Wi AWz
+ l/ (c;+c;)f(a)da
2 Jo

N | —

and

M, +2) = / U0 ) + (L + )]f@da

WEAW, 1 WEAW,
/ (b, + 0! )f(@)da + = /
2 0

¢ )f (@da

X NI>—* l\-)l'd

Where w; is the truth-membership of the SVN-number ¢. For
the assume conditions: & > b and w; = w;, we have

1 WaAW; 1 WEAW;
3 / (afx + a;)f(a)da > > / (bfx + b;)f(a)da
0 0

So,
M (a+&) >M,b+7) (13)

Likewise, it is derived from Eq. (6) that

MV(&+E)=%/1 [<a§3+a;)+(c + )]g(ﬂ)dﬂ

aVilz

1
=2 / (d) +d))g(B)dp

+%/l(c + ¢ )s(prdp
and
M, B +2) =%/1 (6 +ay) + (e + ;) |soras

-1 /, . (8} + by )sprdp+

/ (e )eap

Vil

N =
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where u; is the indeterminacy-membership of the SVN-num-
ber ¢. For the assumption conditions: & > b and u; = ug, we
have

1 1
1 1 r 1 ! r
> / (dy +a; )sprap > 5 / URYAROY
Therefore, we have

M,(@+¢) > M, (b+7) (14)

Similarly, it is derived from Eq. (9) that
1 /!
~ =~ _ = ! r ! r
M;,@a+¢) = 7 /y~\/v~, [(ay + ay) + (cy + cy)]h(y)dy

/y1 <a§, + a;)h(}/)dy

aVYe

17!
+ 3 /} <cly + c;>h(y)dy

2V

N =

and

1

4= 1 r r

Ml(b+c):zévy [(bly+ay>+<ci+cy>]h(y)dy
bVre

1

(b’y + b;)h(y)dy

YpVYe

1
1 ! r
+ E/ <cy + cy)h(y)dy
YbVYe

N =

we have
M(a+¢) >M,(b+7¢) (15)

According to Definition 3.8, and combining with Eqs. (13),

(14) and (15) the following inequality is always valid for

any 9 € [0, 1]

IM,@+0)+(1-IM (a+2)+ (1 —-I9hM,@+7c)
>IM,b+8)+ (=M, b+ + (1 —9IM,(b+7)

My(@+¢) > My(b +¢)

So, we have to seen that from the case (1) of the definition
39thata+¢>b+¢. O

4 A multi-attribute decision making method
based on possibility mean with single
valued neutrosophic numbers

In this section we develop a novel MADM method based
on possibility mean of single valued neutrosophic numbers.

@ Springer

Let A={A,A,,...,A,}and G = {G|,G,,...,G,} be the
discrete set of alternatives and attributes respectively.
Let W = {w,,w,,...,w,} be the normalized weight vec-
tor of attributes Gj G=1,2,3, .. n), where w; = 0 and
ZJ’;I w; =L

Now, we describe the following steps for the proposed
method, and flow chart of this method given in Fig. 2.

Step 1: Formulate the decision matrix For MADM
with SVN-number information, the rating values of the
alternative A,(i=1,2,...,m) on the basis of attribute
Gj(j =1,2,...,n) can be expressed in SVN-number as a;
where (i=1,2,3,....,m;j=1,2,3, ..., n).

The decision matrix is represented as follows:

G G, . . .G,

Apay ap - .oay,
M=14; ay ay . . . ay (16)

Am gy Ao - - - Oy

Step 2: Formulate the normalized decision matrix. To make
normalized decision matrix we use the following formula:

Start

|

Define MADM in SVNN
environment

l

Formulate the decision

matrix

|

Standardize the decision

matrix

|

Calculate weighted aggregated
values

|

Calculate the possibility mean
values of alternatives

l

Rank the alternatives

|

End

Fig.2 Flow chart of proposed ranking method
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a..
for benefit type attribute a}, = Y and for cost type
Y max{a;}
a..
attribute ¢* = 1 — ———.
Y max{a;}

The normalized decision matrix is represented as
follows:

G G, . . .G,

* * *

Ay aj, aj, - . .oaj,

* __ * * *
M =(Ay a3 a3y . . . @, 17

* * *

A, a ay o o a,

Step 3: Calculate weighted aggregated values. We calculate
weighted aggregate values of all attributes for each alterna-
tive using the equation

n
a, = Z a;wj (18)
=y

Therefore, the aggregated decision matrix is defined as
follows:

Al Ell

N VN

Mm=|"? (19)
Am Zlm

Step 4: Calculate the possibility mean values of alternatives
Using the Corollary 3.4, we calculate the possibility mean
values of these alternatives.

Step 5: Rank the alternatives We rank the alternatives
A(i=1,2,...,m)according to the decreasing values of pos-
sibility mean value.

4.1 Working rule of the proposed algorithm

In this section, a decision making method is proposed to
deal with decision making problems in the single-valued
neutrosophic environment. Therefore, the decision making
proposed algorithm is stated below Firstly, we define a multi
attribute decision making problem in the neutrosophic set
environment. Then, we apply our proposed algorithm as
follows:

G, G,

Rule 1 Formulate the decision matrix From the decision
making problem we formulate the decision matrix based
on the attribute of alternatives (see the decision matrix in
Eq. (16)).

Rule 2 Formulate the normalized decision matrix To
make dimension less quantity of rating values of alternative
provided by decision maker we use the formula are stated
in Sect. 4 step 2 and proposed normalized decision matrix
is in the Eq. (17).

Rule 3 Calculate weighted aggregated values We calcu-
late weighted aggregate rating values of alternatives using
Eq. (18).

Rule 4 Calculate the possibility mean values of alterna-
tives Using Corollary 3.4, we calculate the possibility mean
values for ranking of alternatives.

Rule 5 Rank the alternatives We rank the alternatives
according to our proposed method.

5 Numerical example

Let us assume that a software company required a system
analyst. After screening test, candidates A;,A, and A, are
remain for further evaluation. The MADM problem is
adopted from Li (2014) and Li et al. (2014). The software
company wants to select a best alternative (Candidate)
among the set of three alternatives. The best alternative is
selected based on the following attributes:

1. Emotional steadiness { G, }.

2. Oral communication skill {G,}.

3. Personality {G;}.

4. Past experience {G, }.

5. Self-confidence { G5 }.

The weight vector of five attributes 1is

{0.15,0.25,0.20,0.25,0.15}. Here, possible candidates are to
evaluated under the above five attributes which considering
by SVTrN-numbers. The steps of the decision making pro-
cedure to select the best alternative based on the proposed
method are presented in the following:

Step 1. Formulate the decision matrix The rating values
of the alternatives A,,A, and A; on the basis of attribute
G,,G,, G5, G, and G5 can be expressed in SVTrN-number
and represented as follows:

G, Gs

A, ((47,5.4,8.5):0.4,0.6,0.2) ((5.7,6.8,8.7):0.6,0.3,0.3) ((5.3,6.6,9.8):0.3,0.6,0.2) ((4.4,5.8,7.3):0.7,0.3,0.3) ((6.4,6.8,8.6):0.6,0.7,0.1)
M=|A, ((62,7.5,8.3):0.4,0.2,0.3) ((7.2,7.6,8.2):0.5,0.3,0.4) ((6.2,8.8,9.0);0.6,0.4,0.5) ((6.3,7.4,8.8);0.7,0.5,0.6) ((7.5,7.8,8.5);0.8,0.4,0.4) (20
Ay ((55,6.3,7.3):0.8,0.2,0.2) ((4.7,6.8,8.5):0.7,0.3,0.6) ((7.1,8.6,8.9):0.5,0.3,0.7) ((6.6,8.7,10):0.6,0.3,0.2) ((5.3,7.4,8.7):0.7,0.3,0.7)
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Step 2: Formulate the normalized decision matrix Since all

ajj
max{a,}
for normalized the decision matrix M and the normalized
decision matrix is

attributes are benefit type attribute so we use al’fj =

G G,

From the Fig. 3 clearly depict that the ranking order of
alternatives based on the weighted possibility mean divided
in three region.

G, Gs

A, ((47,.54,.85),0.4,0.6,0.2) ((.57,.68,.87);0.6,0.3,0.3) ((.53,.66,.98);0.3,0.6,0.2) ((.44,.58,.73);0.7,0.3,0.3) ((.64,.68,.86);0.6,0.7,0.1)

M* =|A, ((.62,.75,.83);0.4,0.2,0.3) ((.72,.76,.82);0.5,0.3,0.4)

((.62,.88,.9):0.6,0.4,0.5) ((.63,.74,.88);0.7,0.5,0.6) ((.75,.78,.85):0.8,0.4,04)| (21)

Ay ((.55,.63,.73):0.8,0.2,0.2) ((.47,.68,.085):0.7,0.3,0.6) ((.71,.86,.89):0.5,0.3,0.7) ((.66,.87,1):0.6,0.3,0.2) ((.53,.74,.87):0.7,0.3,0.7)

Step 3: Calculate weighted aggregated values We calculate
weighted aggregate rating values of alternatives using Eq.
(18).The weighted aggregate values of all attributes for each
alternative as follows:

A, =((0.53,0.65,0.85);0.3,0.8,0.3)
A, =((0.65,0.80,0.88);0.4,0.5,0.6) (22)
A, =((0.59,0.76,0.88);0.5,0.3,0.8)

M=

Step 4: Calculate the possibility mean values of alternatives
Using Corollary 3.4, we calculate the possibility mean val-
ues for ranking of alternatives. The possibility mean values
of three alternatives are represented as follows:

My(A,) =0.65[0.89 — 0.649]
My(A,) =0.78[0.72 — 0.369]

My(A;) =0.75[0.74 — 0.389]

0.28
0.27

0.16

Fig. 3 Ranking results based on proposed method
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Step 5: Rank the alternatives Form Fig. 3, we can con-
clude that, A; > A, > A3, when d € [0,0.14] and the best
alternative is A|. A, > A; > A;, when 9 € (0.14,0.17) and
the best alternative is A,. A, > A; > A, when 9 € [0.17, 1]
the best alternative is A,.

5.1 Comparative study

In order to show the validity of the proposed ranking
method, a comparative study with other methods was con-
structed. The proposed method compared to the methods
that were outlined in Refs. Deli and subas (2017) and Aal
et al. (2018) using SVTrN numbers. The weighted and ambi-
guities operators are developed in order to aggregate the
SVTrN numbers which is used in Deli and subas (2017),
and the arithmetic and geometric aggregation operators were
introduced in order aggregate the SVTrN numbers which
used in Aal et al. (2018). The results from the different meth-
ods used to resolve the proposed MADM problem are shown
in Table 1.

From the result presented in Table 1, the best alternative
is A5 and worst one is A, in all methods. In Refs. Deli and
subas (2017) and Aal et al. (2018) used the weighted and
ambiguities operators, arithmetic and geometric aggregation

Table 1 Comparative study with existing methods

Methods Ranking order ~ Range of 9 Best
alterna-
tive

Deli and subas (2017) A, >A;>A, §€[0,0.27] A,

Ay > A, >A 8€(027,1] A,

By proposed method  A; > A, >A; 8€][0,0.62) Aj

Ay >A >A, 8€[0.62,094] A,
A >A;>A, 9€(094,1] A,
Aal et al. (2018) A >A;>A, 9€]0,05) A,
A;>A,>A 9€[05,1] As
By proposed method  A; >A; >A, 8€](0,0.1) Aj
A;>A,>A 9€]0.1,1] A,
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operators, which are very difficult for decision makers to
confirm their judgement when using operators and measures
that have same characteristics. But, the proposed method in
this paper pays more attention to the impact that uncertainty
has on the alternatives and also takes into weighted possibil-
ity mean of SVN-numbers by using the concept of possibil-
ity measures. By comparison, the proposed method in this
paper focuses on the weighted possibility mean of the SVN-
numbers, the ranking procedure of the proposed method is
different from other method. Thus, proposed method gives
the more reasonable results (viz. Table 1) than the existing
methods.

6 Conclusion

The concept of single valued neutrosophic number (SVN)
number is of importance of quantifying an ill-known quan-
tity and the ranking of SVN-numbers are a very labored
in the MADM problems. The main focus of this paper is
to present possibility mean of SVN-numbers. Using the
concept of possibility mean we have ranked the SVN-
numbers. Then, a new ranking method is introduced for
the ordering of SVN-numbers and applied to solve MADM
problems with SVN-numbers. It is easily seen that the pro-
posed ranking method can be extended to rank more gen-
eral SVN-numbers in a straightforward manner. Finally,
we illustrated a numerical example to demonstrate the
proposed decision making method. Here, we illustrate not
only the usefulness of the ranking method is given also.
The comparison studies show that the proposed ranking
method in this paper has some remarkable advantages over
existing methods (cf. Table 1).

Our proposed method is the first method in which fuzzy
neutrosophic possibility mean is applied for ranking the
alternatives. This is the main difference of our proposed
method with respect to the other existing previously fuzzy
neutrosophic set decision making methods. The proposed
possibility mean is more important than other existing mean
exist in an uncertain environment because it contain truth
membership part, indeterminacy part and falsity part of an
element. We hope that this decision making method may
be used in the fields of others decision making area such
as: teacher selection (Mondal and Pramanik 2014), logistics
location selection problem (Pramanik et al. 2016), etc.
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