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Abstract
The operations of t-norm and t-conorm introduced by Dombi was known as Dombi operations can have a lead of good flex-
ibility with the general parameter. The Dombi operations have so far not yet been applied for bipolar fuzzy sets. Motivated 
from Dombi operations, we have proposed bipolar fuzzy Dombi weighted averaging operator, bipolar fuzzy Dombi order 
weighted averaging operator, bipolar fuzzy Dombi hybrid weighted averaging operator, bipolar fuzzy Dombi weighted 
geometric operator, bipolar fuzzy Dombi order weighted geometric operator and bipolar fuzzy Dombi hybrid weighted 
geometric operator as these operators have good advantage of flexibility in operational behavior. Many properties of these 
operators are investigated. Then, we developed a model for multiple attribute decision-making problem for bipolar fuzzy 
Dombi aggregation operators under the bipolar fuzzy environment. Finally, a practical example for selection of investment 
alternatives is given to demonstrate for the utility and application of the proposed work.

Keywords  Bipolar fuzzy elements · Dombi operations · Arithmetic averaging operators · Geometric averaging operators · 
Multiple attribute decision making

1  Introduction

Nowadays, multi-attribute decision-making (MADM) prob-
lem is a potential research tool in modern decision science. 
The main aim of this method is to select the best alternative 
among the finite set of alternatives as claimed by decision 
makers under the preference values of the alternatives. It 
has been extensively applied with quantitative or qualita-
tive attribute values and has a board application in operation 
research (Pourhassan and Raissi 2017), management science 
(Levy et al. 2016; Teixeira et al. 2018), economic (Ronaynea 
and Brown-Gordon 2017), market prediction and engineer-
ing technology (Abbasian et al. 2018; Viriyasitavat 2016), 
etc. As our modern society move forward with the decision-
making process, so it always faces imprecise, vague and 
uncertain facts to take a decision in solving decision-making 

problems. In order to solve imprecise and uncertain data, 
(Atanassov 2012) initiated the idea of intuitionistic fuzzy set 
(IFS) characterize by membership function and non-mem-
bership function, a powerful extension of fuzzy set (Zadeh 
1965) whose part has only membership function.

The aggregated results for the execution of the criteria for 
alternatives, weighted and order weighted aggregation opera-
tors (Yager 1998; Yager and Kacprzyk 1997) takes a signifi-
cant role during the combination of the information process. At 
that point, Xu (2007) built up a novel work on averaging opera-
tors like IFWA operator, IFOWA operator, and IFHA operator. 
Xu and Yager (2006) also built up some geometric aggregation 
operators, such as IFWG operator, IFOWG operator and IFHG 
operator and provided an example of the real application of 
IFHG operator to MADM issues. For more information on 
other operators and terminology, the readers are referred to 
Beliakov et al. (2007), Beliakov et al. (2011), Chen and Tan 
(1994), Chen and Chiou (2015), Garg (2016), He et al. (2015), 
Kumar and Garg (2018), Li (2011), Li and Ren (2015), Liu 
et al. (2016), Lourenzuttia and Krohling (2013), Wan and DF 
(2014), Wan and DF (2015), Wei (2008), Wei (2009), Wei 
(2010), Wei and Zhang (2018) and Zhang et al. (2018).

Although, intuitionistic fuzzy sets (IFS) and interval-
valued intuitionistic fuzzy sets (IVIFS) successfully applied 
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(He et al. 2015a; Ye 2009; Zhang et al. 2018a) to solve the 
uncertainty of the real world problems, but it has seen gen-
erally for the information analysis of an object that corre-
sponding to each property there exists a counter property. 
In that view, Zhang (1994, 1998) originated another exten-
sion of fuzzy sets called bipolar fuzzy set (BFS) whose 
membership degree extended to [−1, 1] . The bipolar fuzzy 
sets was characterized by two-component pair, one is posi-
tive membership degree belongs to the interval [0, 1] and 
other is negative membership degree belongs to the interval 
[−1, 0] . Then BFS treated as a new tool to depict uncer-
tainty in decision science. Bipolar fuzzy sets have not only 
applied in bipolar logical reasoning and bipolar set theory 
(Han et al. 2015; Zhang and Zhang 2004) but also applied 
in other application areas such as computational psychiatry 
(Zhang et al. 2011), medicine science (Lu and Busemeyer 
2014; Zhang et  al. 2009), bipolar quantum logic-based 
computing (Zhang 2013; Zhang and Peace 2014), quantum 
cellular combinatorics (Zhang 2013), decision analysis and 
organizational modeling (Fink and Yolles 2015; Li 2016), 
physics and philosophy (Zhang 2016) and bipolar fuzzy 
graph and its applications (Samanta and Pal 2012, 2012a, 
2014; Singh and Kumar 2014; Yang et al. 2013). Lately, Gul 
(2015) introduced the concept of bipolar fuzzy aggregation 
operators, defined bipolar fuzzy weighted averaging operator 
(BFWAA) and bipolar fuzzy weighted geometric operator 
(BFWGA) and then utilized these operators to develop a 
multiple-attribute group decision-making problems. There-
after, some decision-making problems have been developed 
using in the environment of bipolar fuzzy numbers as for 
example, Wang et al. (2018) introduced the notion of Frank 
Choquet Bonferroni mean operators on the bipolar neutro-
sophic environment and then utilized it to multi-criteria deci-
sion-making problems. Wei et al. (2018b) studied recently 
an MADM problem based on bipolar fuzzy Hamacher 
aggregation operator. They have proposed bipolar fuzzy 
Hamacher weighted averaging (BFHWA) operator, bipolar 
fuzzy Hamacher ordered weighted averaging (BFHOWA) 
operator, bipolar fuzzy Hamacher hybrid weighted averag-
ing (BFHHWA) operator, bipolar fuzzy Hamacher weighted 
geometric (BFHWGA) operator, bipolar fuzzy Hamacher 
ordered weighted geometric (BFHOWGA) operator and 
bipolar fuzzy Hamacher hybrid weighted geometric (BFH-
HWGA) operator and explained related properties of these 
operators. Also, Gao et al. (2018) combined the concept of 
Hamacher operations and prioritized aggregation opera-
tors, and then defined dual hesitant bipolar fuzzy hamacher 
prioritized weighted average (DHBFHPWA) operator and 
dual hesitant bipolar fuzzy hamacher prioritized weighted 
geometric (DHBFHPWG) operator and studied a MADM 
problem using these operators for the relevance and effec-
tiveness of the proposed methodology. Wei et al. (2017) pro-
posed hesitant bipolar fuzzy weighted averaging (HBFWA) 

operator, hesitant bipolar fuzzy ordered weighted averag-
ing (HBFOWA) operator, hesitant bipolar fuzzy hybrid 
weighted averaging (HBFHWA) operator, hesitant bipolar 
fuzzy weighted geometric (HBFWGA) operator, hesitant 
bipolar fuzzy ordered weighted geometric (HBFOWGA) 
operator and hesitant bipolar fuzzy hybrid weighted geo-
metric (HBFHWGA) operator, and then developed a MADM 
problem for the evaluation of quality constructional engi-
neering software selection. Xu and Wei (2017) provided dual 
hesitant bipolar fuzzy arithmetic aggregation operators and 
dual hesitant bipolar fuzzy geometric aggregation operators 
and then solved an MADM problem by using these proposed 
operators. Xu (1990) used the concept of linguistic variables 
to rank alternatives among the set of criteria, with emphasis 
placed on modeling the decision-making process. In (Garg 
and Nancy 2018), utilized linguistic prioritized aggregation 
operators to develop a multiple-attribute decision-making 
method under single-valued neutrosophic environment. 
Chen et al. (2018) represented a method combining social 
relation analysis with linguistic VIKOR to simultaneously 
evaluate and select a new project involving ambient intel-
ligence products in accordance with the overall performance 
of a new product and the degree of influence of this prod-
uct on the existing ambient intelligence products. Lu et al. 
(2017) introduced the notion of bipolar 2-tuple linguistic 
set, and using this concept defined bipolar 2-tuple linguis-
tic hybrid average (B2TLHA) operator and bipolar 2-tuple 
linguistic hybrid geometric (B2TLHG) operator. Therefore, 
they utilized these operators to develop MADM problem for 
studying a real-world decision-making method. Wei et al. 
(2018a) studied risk evaluation of enterprise human capital 
investment problem in the environment of interval-valued 
bipolar 2-tuple linguistic numbers (IVB2TLNs). They 
investigated arithmetic and geometric aggregation opera-
tors with IVB2TLN information and analyze differently 
properties of these operators. In (Deschrijver et al. 2004; 
Deschrijver and Kerre 2002; Xia et al. 2012; Xu and Xia 
2011), proposed some aggregation operators based on alge-
braic working laws for intuitionistic fuzzy numbers (IFNs), 
which is a special case of t-norm and t-conorm. Different 
generalizations of t-norms and t-conorms are available in 
literature, such as Archimedean t-norms and t-conorms, 
Hamacher t-norms and t-conorms, Algebraic t-norms and 
t-conorms, Einstein t-norms and t-conorms, Frank t-norms 
and t-conorms and Dombi t-norms and t-conorms. Liu 
(2014) utilized Hamacher aggregation operators in interval-
valued intuitionistic fuzzy numbers (IVIFNs) and developed 
MAGDM methods. Zhang (2017) proposed Frank aggrega-
tion operators for IVIFNs and their applications to multi-
ple attribute group decision-making. Zhao and Wei (2013) 
proposed Einstein hybrid aggregation operators for IFNs 
and apply it to multiple attribute decision-making method. 
Yu (2013) introduced Choquet aggregation operator based 
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on Einstein operational laws for IFNs. Dombi (1982) intro-
duced a new operations known as Dombi t-norm and Dombi 
t-conorm, which has a good precedence of change with 
the operation of parameters. For this advantage, Liu et al. 
(2018) utilized Dombi operations on intuitionistic fuzzy 
sets and developed multiple attribute group decision mak-
ing problem using Dombi Bonferroni mean operator in the 
environment of intuitionistic fuzzy information. Chen and 
Ye (2017) developed multiple attribute decision-making 
problem using Dombi operations in single-valued neutro-
sophic environment. He (2018) used Dombi operations in 
hesitant fuzzy environment and based on this theory typhoon 
disaster assessment investigated. Keeping in mind from the 
fact that the bipolar fuzzy set has an effective capacity to 
prove the questionable and uncertain data which emerges 
in real-world issues. Therefore, decision-making problems 
in different uncertain fuzzy aggregation environment under 
Dombi operations makes us enough motivation to develop 
our present paper. There is a significant interest to research 
aggregation operators based on Dombi operation and their 
application to MADM problems. Therefore, based on Dombi 
operation, how to aggregate these bipolar fuzzy numbers is a 
tremendous topic. Tosolve this issue, in this paper, we shall 
define some bipolar fuzzy Dombi aggregation operators on 
the basis of traditional arithmetic (Xu 2007; Yager 1998), 
geometric operations (Xu and Yager 2006; Xu and Da 2003) 
and Dombi operations (Chen and Ye 2017; Dombi 1982; He 
2018; Liu et al. 2018; Wei and Wei 2018).

The remainder of this paper is organized as follows: In the 
next Section, we briefly introduced some essential definition 
of the BFEs and some operational principles for BFEs. In 
Sect. 3, we defined Dombi operations for the bipolar fuzzy 
set. In Sect. 4, we developed bipolar fuzzy Dombi weighted 
averaging (BFDWAA) operator, bipolar fuzzy Dombi order 
weighted averaging (BFDOWAA) operator, bipolar fuzzy 
Dombi hybrid weighted averaging (BFDHWAA) opera-
tor. In Sect. 5, we proposed bipolar fuzzy Dombi weighted 
geometric (BFDWGA) operator, bipolar fuzzy Dombi order 
weighted geometric (BFDOWGA) operator, bipolar fuzzy 
Dombi hybrid weighted geometric (BFDHWGA) operator. 
In the next Section, we utilized those operators to create 
bipolar fuzzy multi-attribute decision-making problems. An 
interpretative case is specified for selection emerging tech-
nology enterprise systems in Sect. 7. In Sect. 8, we analyzed 
the effect of a parameter on decision-making results. Finally, 
in Sect. 9, the conclusion and scope of future research are 
outlined and discussed.

2 � Preliminaries

In this section, we recall some basic concepts related to 
bipolar fuzzy sets (BFSs) over the universe of discourse X.

2.1 � Bipolar fuzzy sets

Definition 1  Wei et al. (2018b) A bipolar fuzzy sets (BFS) 
is defined over the universe of discourse X as

where 𝜇̂+
S
(x) ∶ X → [0, 1] represent positive degree of mem-

bership to satisfy corresponding property of an element x to 
a BFS and 𝜈̂−

S
(x) ∶ X → [−1, 0] represent negative degree of 

membership to satisfy counter-property of an element x to 
a BFS, for every x ∈ X . The set ⟨(�+

S
, �−

S
)⟩ denotes bipolar 

fuzzy numbers (BFNs), i.e, bipolar fuzzy elements (BFEs).

Wei et al. (2018b) provided some basic operations on BFEs 
given as follows:

Definition 2  Wei et al. (2018b) Let S̃ = (⟨𝜇̂+
S
(x), 𝜈̂−

S
(x)⟩) and 

T̃ = (⟨𝜇̂+
T
(x), 𝜈̂−

T
(x)⟩) be two BFEs over the universe X. The 

following operations between two BFEs are defined as:

	 (i)	 S̃ ⊆ T̃  , if 𝜇̂+
S
(x) ≤ 𝜇̂+

T
(x) , 𝜈̂−

S
(x) ≥ 𝜈̂−

T
(x) for all x ∈ X

	 (ii)	 S̃ ∪ T̃ = {⟨x, max{𝜇̂+
S
(x), 𝜇̂+

T
(x)}, min{𝜈̂−

S
(x), 𝜈̂−

T
}⟩�x

∈ X}

	 (iii)	 S̃ ∩ T̃ = {⟨x, min{𝜇̂+
S
(x), 𝜇̂+

T
(x)}, max{𝜈̂−

S
(x), 𝜈̂−

T
}⟩�x

∈ X}

	 (iv)	 S = {⟨x, 1 − 𝜇̂+
S
(x), �𝜈̂−

S
(x)� − 1⟩�x ∈ X} for all x ∈ X.

Definition 3  Wei et al. (2018b) Let S̃ = (𝜇̂S, 𝜈̂S) be a bipolar 
fuzzy element (BFE), then score function Ê and accuracy 
function L̂ for BFEs is calculated as follows:

and accuracy function is evaluated as:

Based on score function Ê(S̃) and accuracy function 
L̂(S̃) , defined order relation on two bipolar fuzzy elements 
S̃ = (⟨𝜇̂+

S
(x), 𝜈̂−

S
(x)⟩) and T̃ = (⟨𝜇̂+

T
(x), 𝜈̂−

T
(x)⟩) as follows:

Definition 4  Wei et al. (2018b) Let S̃ and T̃ be any two BFEs.

	 (i)	 If Ê(S̃) < Ê(T̃) , then S̃ ≺ T̃

	 (ii)	 If Ê(S̃) > Ê(T̃) , then S̃ ≻ T̃

	 (iii)	 If Ê(S̃) = Ê(T̃) , then

(1)	 If L̂(S̃) < L̂(T̃) , then S̃ ≺ T̃ .
(2)	 If L̂(S̃) > L̂(T̃) , then S̃ ≻ T̃ .

(1)�S = {⟨x, 𝜇̂+
S
(x), 𝜈̂−

S
(x)⟩�x ∈ X},

(2)Ê(S̃) =
1 + 𝜇̂+

S
+ 𝜈̂−

S

2
, Ê(S̃) ∈ [0, 1]

(3)L̂(S̃) =
𝜇̂+
S
− 𝜈̂−

S

2
, L̂(S̃) ∈ [0, 1]
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(3)	 If L̂(S̃) = L̂(T̃) , then S̃ ∼ T̃ .

Wei et al. (2018b) provided some operations on bipolar 
fuzzy numbers that are as follows:

Definition 5  Wei et al. (2018b) Let S̃ = (⟨𝜇̂+
S
(x), 𝜈̂−

S
(x)⟩) and 

T̃ = (⟨𝜇̂+
T
(x), 𝜈̂−

T
(x)⟩) be two BFEs over the universe X, then 

following operations are defined as follows:

	 (i)	 S̃ ∧ T̃ = {⟨x, min{𝜇̂+
S
(x), 𝜇̂+

T
(x)}, max{𝜈̂−

S
(x), 𝜈̂−

T
}⟩�x

∈ X}

	 (ii)	 S̃ ∨ T̃ = {⟨x, max{𝜇̂+
S
(x), 𝜇̂+

T
(x)}, min{𝜈̂−

S
(x), 𝜈̂−

T
}⟩�x

∈ X}

	 (iii)	 S̃⊕ T̃ =
(⟨

𝜇̂+
S
(x) + 𝜇̂+

T
(x) − 𝜇̂+

S
(x)𝜇̂+

T
(x),−|𝜈̂−

S
(x)||

𝜈̂−
T
(x)|⟩)

	 (iv)	 S̃⊗ T̃ =
(⟨

𝜇̂+
S
(x)𝜇̂+

T
(x), 𝜈̂−

S
(x) + 𝜈̂−

T
(x) − 𝜈̂−

S
(x)𝜈̂−

T
(x)

⟩)

	 (v)	 𝜆S̃ =
(
1 − (1 − 𝜇̂+

S
(x))𝜆,−|𝜈̂S(x)|𝜆

)
	 (vi)	 S̃𝜆 =

(
𝜇̂𝜆
S
(x),−1 + |1 + 𝜈̂−

S
(x))|𝜆).

Based on the Definition 5, Wei et al. (2018b) derived the 
following operations:

Definition 6  Wei et  al. (2018b) Let S̃ = (⟨𝜇̂+
S
, 𝜈̂−

S
⟩) and 

T̃ = (⟨𝜇̂+
T
, 𝜈̂−

T
⟩) be two BFEs over the universe X and 

𝜆, 𝜆1, 𝜆2 > 0 , then

	 (i)	 S̃⊕ T̃ = T̃ ⊕ S̃

	 (ii)	 S̃⊗ T̃ = T̃ ⊗ S̃

	 (iii)	 𝜆(S̃⊕ T̃) = 𝜆S̃⊕ 𝜆T̃

	 (iv)	 (S̃⊗ T̃)𝜆 = S̃𝜆 ⊗ T̃𝜆

	 (v)	 𝜆1S̃⊕ 𝜆2S̃ = (𝜆1 + 𝜆2)S̃

	 (vi)	 S̃𝜆1 ⊗ S̃𝜆2 = S̃(𝜆1+𝜆2)

	(vii)	 (S̃𝜆1)𝜆2 = S̃𝜆1𝜆2.

3 � Dombi operations on bipolar fuzzy 
numbers

3.1 � Dombi operations

Dombi proposed operations Dombi product and Dombi sum 
which are special causes of t-norms and t-conorms given in 
the following definitions.

Definition 7  Dombi (1982) Let x and y be any two real 
numbers. Then, Dombi t-norms and Dombi t-conorms are 
defined in the following expression

(4)
Dom(x, y) =

1

1 +

{(
1−x

x

)k

+
(

1−y

y

)k
}1∕k

where k ≥ 1 and (x, y) ∈ [0, 1] × [0, 1].

Based on the Dombi t-norm and Dombi t-conorm, we 
defined Dombi operations on BFEs.

3.2 � Dombi operations on bipolar fuzzy elements

In this section, we shall introduce the notion of Dombi 
operations on bipolar fuzzy sets and find some properties 
of these operations. Let B̃1 and B̃2 be two bipolar fuzzy sets 
and 𝜆 > 0 , then Dombi product and Dombi sum of the two 
BFEs B̃1 and B̃2 are respectively denoted as (B̃1 ⊗ B̃2)and 
for right side

and (B̃1 ⊕ B̃2) and defined by

(5)
Dom∗(x, y) = 1 −

1

1 +

{(
x

1−x

)k

+
(

y

1−y

)k
}1∕k

(i) B̃1 ⊕ B̃2 =

⟨
1 −

1

1 +

{(
𝜇̂+
1

1−𝜇̂+
1

)k

+
(

𝜇̂+
2

1−𝜇̂+
2

)k
}1∕k

,

−1

1 +

{(
1+𝜈̂−

1

|𝜈̂−
1
|
)k

+
(

1+𝜈̂−
2

|𝜈̂−
2
|
)k
}1∕k

⟩

(ii) B̃1 ⊗ B̃2 =

⟨
1

1 +

{(
1−𝜇̂+

1

𝜇̂+
1

)k

+
(

1−𝜇̂+
2

𝜇̂+
2

)k
}1∕k

,

− 1 +
1

1 +

{( |𝜈̂−
1
|

1+𝜈̂−
1

)k

+
( |𝜈̂−

2
|

1+𝜈̂−
2

)k
}1∕k

⟩

(iii) 𝜆. B̃1 =

⟨
1 −

1

1 +

{
𝜆
(

𝜇̂+
1

1−𝜇̂+
1

)k
}1∕k

,

−1

1 +

{
𝜆
(

1+𝜈̂−
1

|𝜈̂−
1
|
)k
}1∕k

⟩

(iv) (B̃1)
𝜆
1
=

⟨
1

1 +

{
𝜆
(

1−𝜇̂+
1

𝜇̂+
1

)k
}1∕k

,

− 1 +
1

1 +

{
𝜆
( |𝜈̂−

1
|

1+𝜈̂−
1

)k
}1∕k

⟩
.
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4 � Bipolar fuzzy Dombi arithmetic 
aggregation operators

In this section, we propose Dombi arithmetic aggrega-
tion operators with bipolar fuzzy numbers such as bipo-
lar fuzzy Dombi weighted averaging operator (BFDWA), 
bipolar fuzzy Dombi ordered weighted averaging operator 
(BFDOWA) and bipolar fuzzy Dombi hybrid weighted aver-
aging operator (BFDHWA).

Definition 8  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) ( t = 1, 2,… , n) be a collec-

tion of BFEs. Then bipolar fuzzy Dombi weighted averaging 
BFDWA operator is a function B̃n

→ B̃ such that

where ℧ = (℧1,℧2,… ,℧n)
T  be the weight vector of Bt 

(t = 1, 2,… , n) with ℧j > 0 and 
∑n

t=1
℧j = 1.

We get the following theorem that follows the Dombi 
operations on BFEs.

Theorem 1  B̃t = (𝜇̂+
t
, 𝜈̂−

t
) ( t = 1, 2,… , n) be a collection of 

bipolar fuzzy elements, then aggregated value of them using 
the BFDWA operation is also a BFEs, and

where ℧ = (℧1,℧2,… ,℧n) be the weight vector of B̃t 
(t = 1, 2,… , n) such that ℧t > 0, and 

∑n

t=1
℧t = 1.

Thus Theorem 1 can be prove by the method of math-
ematical induction as follows:

Proof  (i) When n = 2 , based on Dombi operations on BFEs 
we obtain the following results

and for right side of (8), we have

(6)BFDWA℧(B̃1, B̃2,… , B̃n) =

n⨁
t=1

(℧tB̃t)

(7)

BFDWA℧(B̃1, B̃2,… , B̃n) =

n�
t=1

(℧tB̃t)

=

�
1 −

1

1 +

�
n∑
t=1

℧t

�
𝜇̂+
t

1−𝜇̂+
t

�k
�1∕k

,
−1

1 +

�
n∑
t=1

℧t

�
1+𝜈̂−t

�𝜈̂−t �
�k
�1∕k

�

(8)BFDWA℧(B̃1, B̃2) = B̃1

⨁
B̃2 = (𝜇̂+

1
, 𝜈̂−

1
)
⨁

(𝜇̂+
2
, 𝜈̂−

2
)

Thus, (7) holds is true for n = 2 . (ii) Assume that (7) holds 
for n = p , where p ∈ N(setofnaturalnumbers),

then based on Eq. (9), we have

Now for n = p + 1 , then BFDWA℧(B̃1, B̃2,… , B̃p, B̃p+1)

=
p⨁
t=1

(℧tBt)
⨁

(℧p+1Bp+1)

Thus, (7) is true for n = p + 1.
Hence, we conclude that (7) is true for any n ∈ N . 	� □

Example 1  Suppose there are four BFEs B1 = (0.6,−0.3) , 
B2 = (0.5,−0.4) , B3 = (0.7,−0.2) and B4 = (0.2,−0.3) , 
℧ = (0.2, 0.1, 0.3, 0.4) is the weight vector for these BFEs Bt 
(t = 1, 2, 3, 4) . Then BFDWA℧(B̃1, B̃2,… , b̃4) =

⨁4

t=1
(℧tB̃t)

(9)

�
1 −

1

1 +

�
℧

1

�
𝜇̂+
1

1−𝜇̂+
1

�k

+ ℧
2

�
𝜇̂+
2

1−𝜇̂+
2

�k
�

1∕k
,

−1

1 +

�
℧

1

�
1+𝜈̂−

1

�𝜈̂−
1

�
�k

+ ℧
2

�
1+𝜈̂−

2

�𝜈̂−
2

�
�k
�

1∕k

�

=

�
1 −

1

1 +

�
2∑
t=1

℧
t

�
𝜇̂+
t

1−𝜇̂+
t

�k

�
1∕k

,

−1

1 +

�
2∑
t=1

℧
t

�
1+𝜈̂−

t

�𝜈̂−
t
�
�k

�
1∕k

�
.

(10)

BFDWA℧(B̃1, B̃2,… , b̃p) =

p�
t=1

(℧tB̃t)

=

�
1 −

1

1 +

�
p∑
t=1

℧t

�
𝜇̂+
t

1−𝜇̂+
t

�k
�1∕k

,
−1

1 +

�
p∑
t=1

℧t

�
1+𝜈̂−t

�𝜈̂−t �
�k
�1∕k

�
.

(11)

=

�
1 −

1

1 +

�
p∑
t=1

℧t

�
𝜇̂+
t

1−𝜇̂+
t

�k
�

1∕k
,

−1

1 +

�
p∑
t=1

℧t

�
1+𝜈̂−t

�𝜈̂−t �
�k
�

1∕k

�

��
1 −

1

1 +

�
℧p+1

�
𝜇̂+
p+1

1−𝜇̂+
p+1

�k
�

1∕k
,

−1

1 +

�
℧p+1

�
1+𝜈̂−

p+1

�𝜈̂−
p+1

�

�k
�

1∕k

�

=

�
1 −

1

1 +

�
p+1∑
t=1

℧j

�
𝜇̂+
t

1−𝜇̂+
t

�k

�
1∕k

,

−1

1 +

�
p+1∑
t=1

℧t

�
1+𝜈̂−t

�𝜈̂−t �
�k

�
1∕k

�
.
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We prove easily the following properties by using the 
operator BFDWA.

Theorem  2  (Idempotency Property) If B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) be a collection of BFEs and are all equal, 
i.e., B̃t = B̃ for all t, then

Proof  Since B̃t = (𝜇̂+
t
, 𝜈̂−

t
) = B̃ (t = 1, 2,… , n) . Then, we 

have by Eq. (10),

Thus, BFDWA℧(B̃1, B̃2,… , B̃n) = B̃ holds. 	�  □

Theorem  3  (Boundedness Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) be a collection of BFEs. Let B̃− = min(B̃1,

B̃
2

,… , B̃
n
) = (𝜇�

−
, 𝜈�

−
) and B̃

+ = max(B̃1, B̃2,… , B̃
n
) =

(𝜇�
+
, 𝜈�

+
).

Then, B̃− ≤ BFDWA℧(B̃1, B̃2,… , B̃n) ≤ B̃+.

Proof  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) (t = 1, 2,… , n) be a collection of 

BFEs.  Let  B̃− = min(B̃1, B̃2,… , B̃n) = (𝜇�
−
, 𝜈�

−
) and 

=

�
1 −

1

1 +

�
4∑
t=1

℧
t

�
𝜇̂+
t

1−𝜇̂+
t

�k

�
1∕k

,

−1

1 +

�
4∑
t=1

℧
t

�
1+𝜈̂−

t

�𝜈̂−
t
�
�k

�
1∕k

�

=

�
1 −

1

1 +
�
0.2 × (

0.6

1−0.6
)2 + 0.1 × (

0.5

1−0.5
)2 + 0.3 × (

0.7

1−0.7
)2 + 0.4 × (

0.2

1−0.2
)2
�
2

,

−1

1 +
�
0.2 × (

1−0.3

�−0.3� )
2 + 0.1 × (

1−0.4

�−0.4� )
2 + 0.3 × (

1−0.2

�−0.2� )
2 + 0.4 × (

1−0.3

�−0.3� )
2

�
2

�

= ⟨0.5978,−0.2578⟩

(12)BFDWA℧(B̃1, B̃2,… , B̃n) = B̃.

BFDWA℧(B̃1, B̃2,… , B̃n)

=

n�
t=1

(℧tB̃t) =

�
1 −

1

1 +

�
n∑
t=1

℧t

�
𝜇̂+
t

1−𝜇̂+
t

�k
�1∕k

,

−1

1 +

�
n∑
t=1

℧t

�
1+𝜈̂−t

�𝜈̂−t �
�k
�1∕k

�

=

�
1 −

1

1 +

��
𝜇+

1−𝜇̂+

�k
�1∕k

,
−1

1 +

��
1+𝜈̂−

�𝜈̂−�
�k
�1∕k

�

=

�
1 −

1

1 +
𝜇̂+

1−𝜇̂+

,
−1

1 +
1+𝜈̂−

�𝜈̂−�

�
= (𝜇̂+, 𝜈̂−) = B̃.

B̃+ = max(B̃1, B̃2,… , B̃n) = (𝜇�
+
, 𝜈�

+
) .  We have 𝜇�

−
=

min
t

{𝜇̂+
t
} , 𝜈�− = max

t
{𝜈̂−

t
} , 𝜇�

+
= max

t
{𝜇̂+

t
} , and 𝜈�+ =

min
t

{𝜈̂−
t
} . Then,

This result conclude between

	�  □

Theorem 4  (Monotonicity Property) Let B̃t (t = 1, 2,… , n) 
and B̃′

t
 (t = 1, 2,… , n) be two sets of BFEs, if B̃t ≤ B̃

′

t
 for all 

t, then BFDWA℧(B̃1, B̃2,… , B̃n) ≤ BFDWA℧(B̃
�

1
, B̃

�

2
,… , B̃

�

n
).

Proof  Proof follows from definition. 	�  □

Now, we introduce bipolar fuzzy Dombi ordered weighted 
averaging operator BFDOWA.

Definition 9  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) (t = 1, 2,… , n) be a 

collection of BFEs. A bipolar fuzzy Dombi ordered 
weighted average (BFDOWA) operator of dimension n 
is a function BFDOWA ∶ B̃n

→ B̃ with associated vector 
w = (w1,w2,… ,wn)

T such that wt > 0 , and 
∑n

t=1
wt = 1.

Therefore,

1 −
1

1 +

�
n∑
t=1

℧
t

�
𝜇�

−

1−𝜇�
−

�k
�

1∕k
≤ 1 −

1

1 +

�
n∑
t=1

℧
t

�
𝜇̂+

1−𝜇̂+

�k
�

1∕k

≤ 1 −
1

1 +

�
n∑
t=1

℧
t

�
𝜇�

+

1−𝜇�
+

�k
�

1∕k

1

1 +

�
n∑
t=1

℧
t

�
1+𝜈�

−

�𝜈�−�

�k
�

1∕k

≤
1

1 +

�
n∑
t=1

℧
t

�
1+𝜈̂−

�𝜈̂−�
�k
�

1∕k
≤

1

1 +

�
n∑
t=1

℧
t

�
1+𝜈�

+

�𝜈�+�

�k
�

1∕k
.

(13)B̃−
≤ BFDWA℧(B̃1, B̃2,… , B̃n) ≤ B̃+.

(14)BFDOWAw(B̃1, B̃2,… , B̃n) =

n⨁
t=1

(℧tB̃t(𝜎))
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where (�(1), �(2),… , �(n)) are the permutation of 
�(t) (t = 1, 2,… , n) , for which B̃𝜎(t−1) ≥ B̃𝜎(t)  for all 
t = 1, 2,… , n.

The following theorem is develop based on Dombi prod-
uct operation on BFEs.

Theorem  5  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) (t = 1, 2,… , n) be a col-

lection of BFEs. A bipolar fuzzy Dombi ordered weighted 
average (BFDOWA) operator of dimension n is a func-
t ion  BFDOWA ∶ B̃n

→ B̃ with associated vector 
w = (w1,w2,… ,wn)

T such that wt > 0, and 
∑n

t=1
wt = 1. Then,

where (�(1), �(2),… , �(n)) are the permutation of �(t) 
(t = 1, 2,… , n) , for which B�(t−1) ≥ B�(t)  for all t = 1, 2,… , n.

Example 2   Le t  B̃1 = (0.6,−0.4) ,  B̃2 = (0.3,−0.5) , 
B̃3 = (0.5,−0.4) and B̃4 = (0.3,−0.6) be four BFEs and 
w = (0.2, 0.1, 0.3, 0.4)T is the weight vector of these BFEs. 
Then aggregated values of BFEs for (k = 3) and by Defini-
tion 9, scores of B̃t (t = 1, 2, 3, 4) can be evaluated as follows:

Ê(B̃1) =
1+0.6−0.4

2
= 0.6 , Ê(B̃

2

) =
1+0.3−0.5

2

= 0.4 , Ê(B̃
3

) =

1+0.5−0.4

2

= 0.55 , Ê(B̃4) =
1+0.3−0.6

2
= 0.35 . Since, 

 then B̃𝜎(1) = B̃1 = (0.6,−0.4) , B̃𝜎(2) = B̃3 = (0.5,−0.4) , 
B̃𝜎(3) = B̃2 = (0.3,−0.5) and B̃𝜎(4) = B̃4 = (0.3,−0.6) . Then, 
by definition of BFDOWA operator:

(15)

BFDOWAw(B̃1, B̃2,… , B̃n) =

n�
t=1

(wtB̃t(𝜎))

=

�
1 −

1

1 +
� n∑

t=1

wt

�
𝜇̂+
𝜎(t)

1−𝜇̂+
𝜎(t)

�k�1∕k
,

−1

1 +
� n∑

t=1

wt

�
1+𝜈̂−

𝜎(t)

�𝜈̂−
𝜎(t)

�
�k�1∕k

�

Ê(B̃1) > Ê(B̃3) > Ê(B̃2) > Ê(B̃4),

BFDOWA
w
(B̃

1

, B̃
2

,… , B̃
4

) =

4�
t=1

(w
t
B̃𝜎(t))

=

�
1 −

1

1 +

�
4∑
t=1

w
t

�
𝜇̂+
𝜎(t)

1−𝜇̂+
𝜎(t)

�
3

�
1∕3

,

−1

1 +

�
4∑
t=1

w
t

�
1+𝜈̂−

𝜎(t)

�𝜈̂−
𝜎(t)

�

�
3

�
1∕3

�

=

�
1 −

1

1 +

�
0.2 ×

�
0.6

1−0.6

�
3

+ 0.1 ×
�

0.5

1−0.5

�
3

+ 0.3 ×
�

0.3

1−0.3

�
3

+ 0.4 ×
�

0.3

1−0.3

�
3

�
1∕3

,

−1

1 +

�
0.2 ×

�
1−0.4

�−0.4�
�
3

+ 0.1 ×
�

1−0.4

�−0.4�
�
3

+ 0.3 ×
�

1−0.5

�−0.5�
�
3

+ 0.4 ×
�

1−0.6

�−0.6�
�
3

�
1∕3

�
= ⟨(0.4845,−0.3381)⟩.

The following properties easily proved by BFDOWA 
operator.

Theorem  6  (Idempotency Property) If B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) are all equal,
i.e. B̃t = B̃ for all t, then BFDOWAw(B̃1, B̃2,… , B̃n) = B̃.

Theorem  7  (Boundedness Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) be a collection of BFEs. Let B− = mint B̃t, 
and B̃+ = maxt B̃t. Then,

Theorem  8  (Monotonicity Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) and B̃′

t
 (t = 1, 2,… , n) be two sets of BFEs, 

if B̃t ≤ B̃
′

t
 for all t, then

Theorem  9  (Commutativity Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) and B̃′

t
 (t = 1, 2,… , n) be two sets of 

BFEs, then  BFDOWA
w
(B̃

1

, B̃
2

,… , B̃
n
) = BFDOWA

w
(B̃

�

1

,

B̃
�

2

,… , B̃
�

n
) where B̃′

t
 (t = 1, 2,… , n) is any permutation of 

B̃t (t = 1, 2,… , n).

Above Definitions 8 and 9, we see that BFDWA operator 
weights only the bipolar fuzzy values, on the other hand the 
BFDOWA operator weights only the ordered positions of the 
bipolar fuzzy values instead of weights of the bipolar fuzzy 
values themselves. Therefore, the weights used in the opera-
tors BFDWA and BFDOWA have in different aspects. But, 
they are considered only one of them. To avoid this disad-
vantage, we introduce bipolar fuzzy Dombi hybrid averaging 
(BFDHA) operator.

(16)B̃−
≤ BFDOWAw(B̃1, B̃2,… , B̃n) ≤ B̃+.

(17)
BFDOWAw(B̃1, B̃2,… , B̃n) ≤ BFDOWAw(B̃

�

1
, B̃

�

2
,… , B̃

�

n
).
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Definition 10  A bipolar fuzzy Dombi hybrid aver-
age (BFDHA) operator of dimension n is a func-
tion BFDHA ∶ B̃n

→ B̃ , with associated weight vector 
w = (w1,w2,… ,wn) such that wt > 0 , and 

∑n

t=1
wt = 1 . 

Therefore, BFDHWA operator can be evaluated as

(18)

BFDHWA
w,℧(B̃1

, B̃
2

,… , B̃
n
)

= ⟨w
1

̇̃
B𝜎(1)⟩ + ⟨w

2

̇̃
B𝜎(2)⟩ +…+ ⟨w

n

̇̃
B𝜎(n)⟩

=

�
1 −

1

1 +
� n∑

t=1

w
t

� ̇̂ +𝜇𝜎(t)

1− ̇̂ +𝜇𝜎(t)

�k�1∕k
,

−1

1 +
� n∑

t=1

w
t

�
1+ ̇̂−𝜈𝜎(t)

� ̇̂𝜈−
𝜎(t)

�
�k�1∕k

�

where ̇̃B𝜎(t) is the tth largest weighted bipolar fuzzy values ̇̃Bt 
( ̇̃ tB = n℧tBt, t = 1, 2,… , n) , and ℧ = (℧1,℧2,… ,℧n)

T be 
the weight vector of ̇̃Bt with ℧t > 0 and 

∑n

t=1
℧t = 1 , where 

n is the balancing coefficient. When w = (1∕n, 1∕n,… , 1∕n) , 
then BFDWA operator is a special case of BFDHA opera-
tor. Let ℧ = (1∕n, 1∕n,… , 1∕n) , then BFDOWA is a special 
case of the operator BFDHA. Thus, BFDHA operator is a 
generalization of both the operators BFDWA and BFDOWA, 
which reflects the degrees of the given arguments and their 
ordered positions.

Example 3  There are four BFEs B̃1 = (0.5,−0.3) , 
B̃2 = (0.6,−0.3) , B̃3 = (0.7,−0.3) and B̃4 = (0.2,−0.4) , and 
℧ = (0.20, 0.30, 30, 0.20)T weight vector of these four BFEs 
and W = (0.2, 0.1, 0.3, 0.4)T is the associated weight vector. 
Then, by Definition 10 aggregated of BFEs for (k = 3) , by 
the way

̇̃B1 =

�⎛
⎜⎜⎜⎜⎝
1 −

1

1 +

�
4 × 0.20 ×

�
0.5

1−0.5

�3
�1∕3

,
−1

1 +

�
4 × 0.20 ×

�
1−0.3

�−0.3�
�3

�1∕3

⎞
⎟⎟⎟⎟⎠

�

= ⟨0.4814,−0.3158⟩

̇̃B2 =

�⎛⎜⎜⎜⎜⎝
1 −

1

1 +

�
4 × 0.30 ×

�
0.6

1−0.6

�3
�1∕3

,
−1

1 +

�
4 × 0.30 ×

�
1−0.3

�−0.3�
�3

�1∕3

⎞⎟⎟⎟⎟⎠

�

= ⟨0.6145,−0.2874⟩

̇̃B3 =

�⎛⎜⎜⎜⎜⎝
1 −

1

1 +

�
4 × 0.30 ×

�
0.7

1−0.7

�3
�1∕3

,
−1

1 +

�
4 × 0.30 ×

�
1−0.3

�−0.3�
�3

�1∕3

⎞⎟⎟⎟⎟⎠

�

= ⟨0.7126,−0.2874⟩

̇̃B4 =

�⎛⎜⎜⎜⎜⎝
1 −

1

1 +

�
4 × 0.20 ×

�
0.2

1−0.2

�3
�1∕3

,
−1

1 +
�
4 × 0.20 × (

1−0.4

�−0.4� )
3

�1∕3

⎞⎟⎟⎟⎟⎠

�

= ⟨0.1884,−0.4180⟩.
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Scores of B̃t (t=1,2,3,4) calculated as follows:
Ê( ̇̃B1) =

1+0.4814−0.3158

2
= 0.5828,

Ê( ̇̃B2) =
1+0.6145−0.2874

2
= 0.6636,

Ê( ̇̃B3) =
1+0.7126−0.2874

2
= 0.7126 ,

Ê( ̇̃B4) =
1+0.1884−0.4180

2
= 0.3852.

Since,

Then, ̇̃B𝜎(1) =
̇̃B3 = (0.7126,−0.2874),

̇̃B𝜎(2) =
̇̃B2 = (0.6145,−0.2874),

̇̃B𝜎(3) =
̇̃B1 = (0.4814,−0.3158) and

̇̃B𝜎(4) =
̇̃B4 = (0.1884,−0.4180) . Therefore, aggregated 

values of BFEs (k = 3) by the definition of BFDHWA 
operator:

5 � Bipolar fuzzy Dombi geometric 
aggregation operators

To this part, we shall propose Dombi geometric aggrega-
tion operators with bipolar fuzzy numbers such as bipolar 
fuzzy Dombi weighted geometric operator (BFDWGA), 
bipolar fuzzy Dombi ordered weighted geometric operator 
(BFDOWGA) and bipolar fuzzy Dombi hybrid weighted 
geometric operator (BFDHWGA).

Definition 11  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) ( t = 1, 2,… , n) be a col-

lection of BFEs. Then, BFDWGA operator is a function 
B̃n

→ B̃ such that

Ê( ̇̃B3) > Ê( ̇̃B2) > Ê( ̇̃B1) > Ê( ̇̃B4).

BFDHWA℧(B̃1

, B̃
2

,… , B̃
4

)

=

4�
t=1

(℧
t

̇̃
B𝜎(t)) =

�
1 −

1

1 +

�
4∑
t=1

℧
t

�
̇̂ +𝜇𝜎(t)

1− ̇̂ +𝜇𝜎(t)

�
3

�
1∕3

,

−1

1 +

�
4∑
t=1

℧
t

�
1+ ̇̂−𝜈𝜎(t)

� ̇̂−𝜈𝜎(t)�
�
3

�
1∕3

�

=

�
1 −

1

1 +

�
0.2 ×

�
0.7126

1−0.7126

�
3

+ 0.1 ×
�

0.6145

1−0.6145

�
3

+ 0.3 ×
�

0.4814

1−0.4814

�
3

+ 0.4 ×
�

0.1884

1−0.1884

�
3

�
1∕3

,

−1

1 +

�
0.2 ×

�
1−0.2874

�−0.2874�
�
3

+ 0.1 ×
�

1−0.2874

�−0.2874�
�
3

+ 0.3 ×
�

1−0.3158

�−0.3158�
�
3

+ 0.4 ×
�

1−0.4180

�−0.4180�
�
3

�
1∕3

�

= ⟨(0.6073,−0.3271)⟩.

(19)BFDWGA℧(B̃1, B̃2,… , B̃n) =

n⨂
t=1

(B̃t)
℧t

where ℧ = (℧1,℧2,… ,℧n)
T  be the weight vector of B̃t 

(t = 1, 2,… , n) such that ℧t > 0 and 
∑n

t=1
℧t = 1.

Bipolar fuzzy BFDWGA operator is evaluated as in 
the following theorem and can be prove by mathematical 
induction.

Theorem 10  B̃t = (𝜇̂+
t
, 𝜈̂−

t
) ( t = 1, 2,… , n) be a collection of 

bipolar fuzzy elements, then aggregated value of them using 
the BFDWGA operator is also a BFE, and

where ℧ = (℧1,℧2,… ,℧n) be the weight vector of B̃t 
(t = 1, 2,… , n) such that ℧t > 0 , and 

∑n

t=1
℧t = 1 , 𝛾 > 0.

Proof  Proof of the theorem follows from Theorem 1. 	
� □

Example 4  Suppose there are four BFEs B1 = (0.6,− 0.3) , 
B2 = (0.5,− 0.4) , B3 = (0.7,− 0.2) and B4 = (0.2,− 0.3) , 
and ℧ = (0.2, 0.1, 0.3, 0.4) is the weight vector for these 
BFEs Bt (t = 1, 2, 3, 4) . Then BFDWGA℧(B̃1, B̃2,… , B̃4) 
=
⨁4

t=1
(℧tB̃t)

(20)

BFDWGA℧(B̃1, B̃2,… , B̃n) =

n�
t=1

(B̃t)
℧t

=

�
1

1 +

�
n∑
t=1

℧t

�
1−𝜇̂+

t

𝜇̂+
t

�k
�1∕k

,−1 +
1

1 +

�
n∑
t=1

℧t

� �𝜈̂−t �
1+𝜈̂−t

�k
�1∕k

�
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Following properties for BFDWGA operator can be prove 
easily.

Theorem  11  (Idempotency Property) If B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) collection of BFEs and all are equal, i.e., 
B̃t = B̃ for all t, then BFDWGA℧(B̃1, B̃2,… , B̃n) = B̃.

Theorem  12  (Boundedness Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) be a collection of BFEs. Let B̃− = min
t
B̃
t
,

B̃
+ = max

t
B̃
t
. Then

Theorem  13  (Monotonicity Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) and B̃′

t
 (t = 1, 2,… , n) be two sets of BFEs, if 

B̃t ≤ B̃
′

t
 for all t, then BFDWGA℧(B̃1

, B̃
2

,… , B̃
n
) ≤ BFDWGA℧

(B̃
�

1

, B̃
�

2

,… , B̃
�

n
).

Now, we introduce bipolar fuzzy Dombi ordered weighted 
geometric BFDOWGA operator.

Definition 12  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) (t = 1, 2,… , n) be a collec-

tion of BFEs. A bipolar fuzzy Dombi ordered weighted geo-
metric (BFDOWGA) operator of dimension n is a function 
BFDOWGA ∶ B̃n

→ B̃ with associated vector
w = (w1,w2,… ,wn)

T such that wt > 0 , and 
∑n

t=1
wt = 1 . 

Therefore,

where (�(1), �(2),… , �(n)) are the permutation of 
(t = 1, 2,… , n) , for which B̃𝜎(t−1) ≥ B̃𝜎(t) for all t = 1, 2,… , n.

The following theorem is develop based on Dombi prod-
uct operation on BFEs using BFDOWGA operator.

=

⎛
⎜⎜⎜⎜⎜⎜⎝

1

1 +

�
4∑
t=1

℧t

�
1−𝜇̂+

t

𝜇̂+
t

�k

�1∕k
,−1 +

1

1 +

�
4∑
t=1

℧t

� �𝜈̂−t �
1+𝜈̂−t

�k

�1∕k

⎞
⎟⎟⎟⎟⎟⎟⎠

.

=

�
1

1 +

�
0.2 ×

�
1−0.6

0.6

�3

+ 0.1 ×
�

1−0.5

0.5

�3

+ 0.3 ×
�

1−0.7

0.7

�3

+ 0.4 ×
�

1−0.2

0.2

�3
�1∕3

,

− 1 +
1

1 +

�
0.2 ×

��−0.3�
1−0.3

�3

+ 0.1 ×
��−0.4�

1−0.4

�3

+ 0.3 ×
��−0.2�

1−0.2

�3

+ 0.4 ×
��−0.3�

1−0.3

�3
�1∕3

�

= ⟨(0.2529,−0.3025)⟩.

(21)B̃−
≤ BFDWGA℧(B̃1, B̃2,… , B̃n) ≤ B̃+.

(22)BFDOWGAw(B̃1, B̃2,… , B̃n) =

n⨂
t=1

(B̃t(𝜎))
wt

Theorem 14  Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) (t = 1, 2,… , n) be a collection 

of BFEs. A BFDOWGA operator of dimension n is a function 
BFDOWGA ∶ B̃n

→ B̃ . Furthermore,

where (�(1), �(2),… , �(n)) is the permutation of �(t) 
(t = 1, 2,… , n) , for which B̃𝜎(t−1) ≥ B̃𝜎(t) for all (t = 1, 2,… , n) , 
with associated weight vector w = (w1,w2,… ,wn)

T such that 
wt > 0 , and 

∑n

t=1
wt = 1.

Example 5  Let B̃1 = (0.6,−0.4) , B̃2 = (0.3,−0.5) , B̃
3

=

(0.5,−0.4) and B̃4 = (0.3,−0.6) be four BFEs with w = (0.2,

0.1, 0.3, 0.4)T  is the weight vector of these BFEs. Then 
aggregated BFEs is for (k = 3) and by Definition 9, scores 
of B̃t (t = 1, 2, 3, 4) can be evaluated as follows:

Ê(B̃
1

) =
1+0.6−0.4

2

= 0.6, Ê(B̃
2

) =
1+0.3−0.5

2

= 0.4 , Ê(B̃
3

) =

1+0.5−0.4

2

= 0.55 , Ê(B̃4) =
1+0.3−0.6

2
= 0.35.

Since,

then B̃𝜎(1) = B̃1 = (0.6,−0.4) ,  B̃𝜎(2) = B̃3 = (0.5,−0.4) , 
B̃𝜎(3) = B̃

2

= (0.3,−0.5) and B̃𝜎(4) = B̃4 = (0.3,−0.6) . Then, 
by definition of BFDOWGA operator:

(23)

BFDOWGAw(B̃1, B̃2,… , B̃n) =

n�
t=1

(B̃t)
wt

=

�
1

1 +
� n∑

t=1

wt

�
1−𝜇̂+

t

𝜇̂+
t

�k�1∕k
,−1 +

1

1 +
� n∑

t=1

wt

� �𝜈̂−t �
1+𝜈̂t

�k�1∕k

�

Ê(B̃1) > Ê(B̃3) > Ê(B̃2) > Ê(B̃4),
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The following properties can be proved easily by 
BFDOWGA operator.

Theorem  15  (Idempotency Property) If B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) are equal BFEs,
i.e., B̃t = B̃ for all t, then BFDOWGAw(B̃1, B̃2,… , B̃n) = B̃.

Theorem  16  (Boundedness Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) be a collection of BFEs. Let B̃− = mint B̃t

, and B̃+ = maxt B̃t. Then, B̃− ≤ BFDOWGA
w
(B̃

1

, B̃
2

,… ,

B̃
n
) ≤ B̃

+
.

Theorem 17  (Monotonicity Property)
Let B̃t = (𝜇̂+

t
, 𝜈̂−

t
) (t = 1, 2,… , n) and

B̃
′

t
 (t = 1, 2,… , n) be two sets of BFEs, if B̃t ≤ B̃

′

t
 for all 

t, then
BFDOWGA

w
(B̃

1

, B̃
2

,… , B̃
n
) ≤ BFDOWGA

w
(B̃

�

1

, B̃
�

2

,… , B̃
�

n
).

Theorem 18  (Commutativity Property) Let B̃t = (𝜇̂+
t
, 𝜈̂−

t
) 

(t = 1, 2,… , n) and B̃′

t
 (t = 1, 2,… , n) be two sets of BFEs, 

then  BFDOWGA
w
(B̃

1

, B̃
2

,… , B̃
n
) = BFDOWGA

w
(B̃

�

1

, B̃
�

2

,

… , B̃
�

n
) where B̃′

t
 (t = 1, 2,… , n) is any permutation of B̃t 

(t = 1, 2,… , n).

Follows from Definition 11 and Definition 12, we see 
that BFDWGA operator weights only the bipolar fuzzy val-
ues, on the other hand, the BFDOWGA operator weights 
only the ordered position of the bipolar fuzzy values instead 
of weights of the bipolar fuzzy values themselves. There-
fore, weights represent in both the operators BFDWGA and 
BFDOWGA are in different aspects. But, they are consid-
ered only one of them. To avoid this disadvantage, we intro-
duce bipolar fuzzy Dombi hybrid geometric (BFDHWGA) 
operator.

BFDOWGAw(B̃1, B̃2,… , B̃4) =

4�
t=1

(wtB̃𝜎(t))

=

�
1

1 +
� 4∑

t=1

wt

�
1−𝜇̂+

𝜎(t)

𝜇̂+
𝜎(t)

�3�1∕3
,−1 +

1

1 +
� 4∑

t=1

wt

� �𝜈̂−
𝜎(t)

�
1−𝜈̂−

𝜎(t)

�3�1∕3

�

=
�

1

1 +
�
0.2 ×

�
1−0.6

0.6

�3

+ 0.1 ×
�

1−0.5

0.5

�3

+ 0.3 ×
�

1−0.3

0.3

�3

+ 0.4 ×
�

1−0.3

0.3

�3�1∕3
,

− 1 +
1

1 +
�
0.2 ×

��−0.4�
1−0.4

�3

+ 0.1 ×
��−0.4�

1−0.4

�3

+ 0.3 ×
��−0.5�

1−0.5

�3

+ 0.4 ×
��−0.6�

1−0.6

�3�1∕3

�

=
��

0.3242,−0.5460
��

.

Definition 13  A bipolar fuzzy Dombi hybrid geomet-
ric (BFDHGA) operator of dimension n is a function 
BFDHWGA ∶ B̃n

→ B̃ , with associated weight vector 
w = (w1,w2,… ,wn) such that wt > 0 , and 

∑n

t=1
wt = 1 . 

Therefore, BFDHWGA operator can be evaluated as

where ̇̃B𝜎(t) is the tth largest weighted bipolar fuzzy values ̇̃Bt 
( ̇̃ tB = n℧tBt, t = 1, 2,… , n) , and ℧ = (℧1,℧2,… ,℧n)

T be 
the weight vector of ̇̃Bt with ℧t > 0 and 

∑n

t=1
℧t = 1 , where 

n is the balancing coefficient. When w = (1∕n, 1∕n,… , 1∕n) , 
then BFDWGA operator is a special case of BFDHGA 
operator. Let ℧ = (1∕n, 1∕n,… , 1∕n) , then BFDOWGA is 
a special case of the operator BFDHGA. Thus, BFDHGA 
operator is a generalization of both the operators BFDWGA 
and BFDOWGA, which reflects the degrees of the given 
arguments and their ordered positions.

Example 6  Let B1 = (0.5,−0.3),
B2 = (0.6,−0.3) , B3 = (0.7,−0.3) and B4 = (0.2,−0.4) 

be four BFEs and ℧ = (0.20, 0.30, 0.30, 0.20)T is the weight 
vector of these four BFEs and W = (0.2, 0.1, 0.3, 0.4)T is the 
associated weight vector. Then, by Definition 13 for aggre-
gated of BFEs for (k = 3) , by the way

(24)

BFDHWGAw,℧(B̃1, B̃2,… , B̃n) =

n�
t=1

( ̇̃B𝜎(t))
wt

=

�
1

1 +
� n∑

t=1

wt

�
1− ̇̂ +𝜇𝜎(t)

̇̂ +𝜇𝜎(t)

�k�1∕k
,−1 +

1

1 +
� n∑

t=1

wt

� ̇� ̂−𝜈𝜎(t)�
1+ ̇̂𝜈𝜎(t)

�k�1∕k

�
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Scores of Bt (t = 1,2,3,4) calculated as follows:

Ê( ̇̃B1) =
1+0.5186−0.2846

2
= 0.617,

Ê( ̇̃B2) =
1+0.5853−0.3129

2
= 0.6362,

Ê( ̇̃B3) =
1+0.6871−0.3129

2
= 0.6871 ,

Ê( ̇̃B4) =
1+0.2122−0.3823

2
= 0.4150.

Since,

Then, ̇̃B𝜎(1) =
̇̃B3 = (0.6871,−0.3129),

̇̃B𝜎(2) =
̇̃B2 = (0.5853,−0.3129),

̇̃B𝜎(3) =
̇̃B1 = (0.5186,−0.2846) and

̇̃B𝜎(4) =
̇̃B4 = (0.2122,−0.3823) . Therefore, aggregated 

values of BFEs (k = 3) by the definition of BFDHWGA 
operator:

̇̃
B
1

=
⟨(

1

1 +
{
4 × 0.20 × (

1−0.5

0.5

)3
}

1∕3
,−1 +

1

1 +
{
4 × 0.20 × (

|−0.3|
1−0.3

)3
}

1∕3

)⟩

=
⟨(

0.5186,−0.2846
)⟩

̇̃
B
2

=
⟨(

1

1 +
{
4 × 0.30 × (

1−0.6

0.6

)3
}

1∕3
,−1 +

1

1 +
{
4 × 0.30 × (

|−0.3|
1−0.3

)3
}

1∕3

)⟩

=
⟨(

0.5853,−0.3129
)⟩

̇̃
B
3

=
⟨(

1

1 +
{
4 × 0.30 × (

1−0.7

0.7

)3
}

1∕3
,−1 +

1

1 +
{
4 × 0.30 × (

|−0.3|
1−0.3

)3
}

1∕3

)⟩

=
⟨(

0.6871,−0.3129
)⟩

̇̃
B
4

=
⟨(

1

1 +
{
4 × 0.20 × (

1−0.2

0.2

)3
}

1∕3
,−1 +

1

1 +
{
4 × 0.20 × (

|−0.4|
1−0.4

)3
}

1∕3

)⟩

=
⟨(

0.2122,−0.3823
)⟩

.

Ê( ̇̃B3) > Ê( ̇̃B2) > Ê( ̇̃B1) > Ê( ̇̃B4).

BFDHWGAw,℧(B̃1, B̃2,… , B̃4) =

4�
t=1

( ̇̃B𝜎(t))
wt

=

�
1

1 +
� 4∑

t=1

wt

�
1−𝜇̇𝜎(t)

𝜇̇𝜎(t)

�3�1∕3
,−1 =

1

1 +
� 4∑

t=1

wt

� �𝜈̇𝜎(t)�
1+𝜈̇𝜎(t)

�3�1∕3

�

=
�

1

1 +
�
0.2 × (

1−0.6871

0.6871
)3 + 0.1 × (

1−0.5853

0.5853
)3 + 0.3 × (

1−0.5186

0.5186
)3 + 0.4 × (

1−0.2122

0.2122
)3
�1∕3

,

− 1 +
1

1 +
�
0.2 × (

�−0.3129�
1−0.3129

)3 + 0.1 × (
�−0.3129�
1−0.3129

)3 + 0.3 × (
�−0.2846�
1−0.2846

)3 + 0.4 × (
�−0.3823�
1−0.3823

)3
�1∕3

�

=
�
(0.3582,−0.3429)

�
.

6 � Model for MADM using bipolar fuzzy 
information

In this section, we develop multiple attribute decision mak-
ing (MADM) method using bipolar fuzzy aggregation opera-
tors in which attribute weights are real numbers and attribute 
values are bipolar fuzzy element. Here multiple-attribute 
decision-making problem used to develop usefulness of eval-
uation emerging technology commercialization with bipolar 
fuzzy Dombi information. Let Q̃ = {Q̃1, Q̃2,… , Q̃m} be the 
discrete set of alternatives and G̃ = {G̃1, G̃2,… , G̃n} be the 
set of attributes. Let ℧ = (℧1,℧2,… ,℧n) be the weight vec-
tor of the attribute G̃t (t = 1, 2,… , n) are completely known 
such that ℧t > 0 and 

∑n

t=1
℧t = 1 . Suppose M̃ = (𝜇̂ht, 𝜈̂ht)m×n 

is a bipolar fuzzy decision matrix, where 𝜇̂ht is the degree of 
the positive membership for which alternative Q̃t satisfies the 
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attribute G̃t given by the decision makers, and 𝜈̂ht provided 
the degree that the alternative Q̃h does not satisfy the attrib-
ute G̃t given by the decision maker, where 𝜇̂ht ⊂ [0, 1] and 
𝜈̂ht ⊂ [−1, 0] such that −1 ≤ 𝜇̂ht + 𝜈̂ht ≤ 1 , (h = 1, 2,… ,m) 
and (t = 1, 2,… , n).

We propose the following algorithm to solve MADM 
problem with bipolar fuzzy information using BFDWA and 
BFDWGA operators.

Algorithm
Input: To select best alternatives.
Output: Best alternative.
Step 1. We employ the decision information given in 

matrix M, and the operator BFDWAA​

or 𝛽h = BFDWGA(𝛽h1, 𝛽h2,… , 𝛽hn) =
n⨁
t=1

(𝛽ht)
℧t

to obtained the overall preference values 𝛽h (h = 1, 2,… ,m) 
of the alternative Q̃h.

Step 2.  Calculate the score function Ê(𝛽h) 
(h = 1, 2,… ,m) based on overall bipolar fuzzy information 
𝛽h (h = 1, 2,… ,m) in ordered to rank all the alternative Q̃h 
(h = 1, 2,… ,m) to select best choice Q̃h . If there is no dif-
ference between the score functions Ê(𝛽h) and Ê(𝛽t) , then 
we proceed to calculate accuracy degrees of L̂(𝛽h) and L̂(𝛽t) 
based on overall bipolar fuzzy information of 𝛽h and 𝛽t , and 
rank the alternative Q̃h depending on the accuracy degrees 
of L̂(𝛽h) and L̂(𝛽t).

Step 3. Rank all the alternatives Q̃h (h = 1, 2,… ,m) in 
order to choose the best one(s) in accordance with Ê(𝛽h) 
(h = 1, 2,… ,m).

Step 4. End.

7 � Numerical Example

With the rapid development and wide application of infor-
mation technology, the selection of emerging technology 
enterprise becomes more and more important. The aim of 
this paper is to evaluate the best emerging technology enter-
prise from the different companies of the emerging tech-
nology enterprise performances, that provide alternatives 

(25)

𝛽h = BFDWAA(𝛽h1, 𝛽h2,… , 𝛽hn) =

n�
t=1

(℧t𝛽ht)

=

�
1 −

1

1 +
� n∑

t=1

℧t

�
𝜇̂+
t

1−𝜇̂+
t

�k�1∕k
,

−1

1 +
� n∑

t=1

℧t

�
1+𝜈̂+t

�𝜈̂−t �
�k�1∕k

�

(26)

=

�
1

1 +
� n∑

t=1

℧t

�
1−𝜇̂+

t

𝜇̂+
t

�k�1∕k
,−1 +

1

1 +
� n∑

t=1

℧t

� �𝜈̂−t �
1+𝜈̂−t

�k�1∕k

�

of enterprise. Therefore, to this section, we shall present 
a numerical result to establish the potential assessment of 
technology commercialization depicted in Wei (2016) with 
bipolar fuzzy information in order to investigate our pro-
posed method in this paper. There is a committee which 
selects five possible emerging technology enterprises Q̃h 
(h = 1, 2,… , 5) . They choose four attributes to assess five 
possible emerging technology enterprises as follows: 

G1	� : Technical Advancement
G2	� : Potential market and market risk
G3	� : Industrialization infrastructure, human resources and 

financial conditions
G4	� : The employment creation and the development of sci-

ence and technology.

 In order to avoid dominance against other, decision makers 
are required to exempt the four possible emerging technol-
ogy enterprises Q̃h (h = 1, 2,… , n) under the above attributes 
whose weight vector ℧ = (0.2, 0.1, 0.3, 0.4)T presented by 
decision makers, where decision matrix M̃ = (�ht)5×4 which 
is given in the following table, where �ht are in the form of 
BFEs (Table 1).

In order to select the most desirable emerging technol-
ogy enterprises Q̃h (h = 1, 2,… , n) , we utilize the BFDWA 
and BFDWGA operator to develop multi-attribute decision-
making a theory with bipolar fuzzy information, which can 
be evaluated as follows:

•	 Step 1. For k = 1 , using the BFDWA operator to calculate 
the overall preferences values 𝛽h of emerging technology 
enterprises Ãh (h = 1, 2,… , 5)

	   �̃1 = (0.5862,−0.1980),  �̃2 = (0.5792,−0.2564, ) 
�̃3 = (0.3860,−0.2182, )

	   �̃4 = (0.5922,−0.1796), �̃5 = (0.4940,−0.2927)

•	 Step 2. Calculate the values of the score functions 
scor(𝛽h) (h = 1, 2,… , 5) of the overall bipolar fuzzy ele-
ments 𝛽h (i = 1, 2,… , 5) as follows:

	   Ê(�𝛽1) = 0.6941 ,  Ê(�𝛽2) = 0.6614 ,  Ê(�𝛽3) = 0.5839 , 
Ê(�𝛽4) = 0.7063 , Ê(�𝛽5) = 0.6007

•	 Step 3. Rank all the emerging technology enterprise sys-
tems Q̃h (h = 1, 2,… , 5) in accordance with the value of 
the score functions Ê(�𝛽h) (h = 1, 2,… , 5) of the overall 
bipolar fuzzy elements as Q4 ≻ Q1 ≻ Q2 ≻ Q5 ≻ Q3.

Table 1   Bipolar fuzzy elements

Q
1

Q
2

Q
3

Q
4

Q
5

G
1

(0.6, −  0.2) (0.5, − 0.5) (0.6, − 0.3) (0.3,− 0.5) (0.4,− 0.6)
G

2

(0.6, −  0.4) (0.3, − 0.2) (0.5, − 0.4) (0.4,− 0.6) (0.3,− 0.4)
G

3

(0.7, −  0.1) (0.4, − 0.3) (0.3, − 0.1) (0.7,− 0.3) (0.4,− 0.2)
G

4

(0.4, −  0.5) (0.7, − 0.2) (0.2, − 0.6) (0.6,− 0.1) (0.6,− 0.3)
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•	 Step 4. Q4 is selected as the most desirable emerging 
technology enterprise.

If BFDWGA​ operator is implemented instead, then the 
problem can be solved similarly as above.

•	 Step 1. For k = 1 , using the BFDWGA operator to calcu-
late the overall preferences values 𝛽h of emerging tech-
nology enterprises Q̃h (h = 1, 2,… , 5)

	   �̃1 = (0.5035,−0.3548) , �̃2 = (0.4867,−0.3121) , �̃
3

=

(0.2830, 0.4400),
	   �̃4 = (0.4970,−0.3434) , �̃5 = (0.4444,−0.3801)

•	 Step 2. Calculate the values of the score functions 
scor(𝛽h) (h = 1, 2,… , 5) of the overall bipolar fuzzy ele-
ments 𝛽h (h = 1, 2,… , 5) as follows:

	   Ê(�𝛽1) = 0.5744 ,  Ê(�𝛽2) = 0.5873 ,  Ê(�𝛽3) = 0.4215 , 
scor(�̃4) = 0.5768 , Ê(�𝛽5) = 0.5322

•	 Step 3. Rank all the emerging technology enterprise sys-
tems Q̃h (h = 1, 2,… , 5) in accordance with the value of 
the score functions Ê(�𝛽h) (h = 1, 2,… , 5) of the overall 
bipolar fuzzy elements as Q2 ≻ Q4 ≻ Q1 ≻ Q5 ≻ Q3.

•	 Step 4. Return Q2 is selected as the most desirable emerg-
ing technology enterprise system.

From the inspection, it is evident up to expectation though 
overall ranking values on the alternatives are distinctive 
through the use of two operators, but the ranking order con-
cerning the alternatives are similar, the most desirable alter-
native is Q4 for BFDWAA and Q2 for BFDWGA operator.

In order to diagnose the effect of parameter k ∈ [1, 10] on 
the ranking of the alternatives in the BFDWA and BFDWGA 
operators, which are shown in Tables 2 and 3.

8 � Analysis on the effect of parameter k 
on decision making results

To describe the effect of the operational parameters k on 
multi-attribute decision-making results, we shall use dif-
ferent values of k to rank the alternatives. The results of 
the score function and ranking order of the alternatives Qt 
(t = 1, 2… , 5) in the range of 1 ≤ k ≤ 10 based on BFDWA 
and BFDWGA operators are presented in Tables 2 and 3 
correspondingly.

From Table 2, it is evident that when the value of k is 
changed for BFDWA operator, the rankings are sepa-
rate, and the corresponding best alternatives are addi-
tionally non-identical. When, 1 ≤ k ≤ 2 , then we get 

Table 2   Ranking order for 
various working parameters of 
the BFDWA operator

k Ê(𝛽
1

) Ê(𝛽
2

) Ê(𝛽
3

) Ê(𝛽
4

) Ê(𝛽
5

) Ranking order

1 0.6941 0.6614 0.5839 0.7063 0.6007 Q
4

≻ Q
1

≻ Q
2

≻ Q
5

≻ Q
3

2 0.7267 0.6861 0.6390 0.7360 0.6231 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

3 0.7451 0.7021 0.6701 0.7518 0.6392 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

4 0.7565 0.7125 0.6885 0.7614 0.6508 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

5 0.7642 0.7195 0.7002 0.7679 0.6592 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

6 0.7697 0.7243 0.7083 0.7725 0.6654 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

7 0.7738 0.7280 0.7141 0.7761 0.6701 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

8 0.7770 0.7307 0.7186 0.7789 0.6738 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

9 0.7795 0.7329 0.7221 0.7812 0.6767 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

10 0.7815 0.7346 0.7248 0.7830 0.6790 Q
4

≻ Q
1

≻ Q
2

≻ Q
3

≻ Q
5

Table 3   Ranking order for 
various working parameters of 
the BFDWGA operator

k Ê(𝛽
1

) Ê(𝛽
2

) Ê(𝛽
3

) Ê(𝛽
4

) Ê(𝛽
5

) Ranking order

1 0.5744 0.5873 0.4215 0.5768 0.5322 Q
2

≻ Q
4

≻ Q
1

≻ Q
5

≻ Q
3

2 0.5426 0.5508 0.3803 0.5112 0.4951 Q
2

≻ Q
1

≻ Q
4

≻ Q
5

≻ Q
3

3 0.5189 0.5216 0.3583 0.4659 0.4662 Q
2

≻ Q
1

≻ Q
5

≻ Q
4

≻ Q
3

4 0.5039 0.5001 0.3453 0.4367 0.4457 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

5 0.4943 0.4842 0.3368 0.4173 0.4310 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

6 0.4871 0.4723 0.3309 0.4039 0.4199 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

7 0.4820 0.4630 0.3266 0.3942 0.4113 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

8 0.4780 0.4557 0.3233 0.3868 0.4044 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

9 0.4749 0.4498 0.3207 0.3811 0.3988 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3

10 0.4725 0.4449 0.3186 0.3940 0.3945 Q
1

≻ Q
2

≻ Q
5

≻ Q
4

≻ Q
3
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Q4 ≻ Q1 ≻ Q2 ≻ Q5 ≻ Q3 and Q4 ≻ Q1 ≻ Q2 ≻ Q3 ≻ Q5 , 
thus best choice is Q4 . When 3 ≤ k ≤ 10 , then correspond-
ing ranking is Q4 ≻ Q1 ≻ Q2 ≻ Q3 ≻ Q5 , then the best one 
is also Q4 . From Table 3, it is seen that when the value of 
k is changed for BFDWGA operator, the rankings are sepa-
rate, and the corresponding best alternatives are addition-
ally non-identical. When, 1 ≤ k ≤ 3 , then ranking orders 
are Q2 ≻ Q4 ≻ Q1 ≻ Q5 ≻ Q3 , Q2 ≻ Q1 ≻ Q4 ≻ Q5 ≻ Q3 , 
and Q2 ≻ Q1 ≻ Q5 ≻ Q4 ≻ Q3 and best choice are 
Q2 . When 4 ≤ k ≤ 10 , then corresponding ranking is 
Q1 ≻ Q2 ≻ Q5 ≻ Q4 ≻ Q3 , the best one is Q1.

To these MADM problems based on BFDWA and BFD-
WGA operators, we see that the different values of working 
parameters, k can be changed corresponding ranking orders 
of the alternatives for BFDWGA operator, which is more 
responsive to k in this MADM process; while for various 
values of working parameters k could be changed raking 
forms corresponding to BFDWA operator, which is less 
responsive to k in this MADM process.

Analyze our introduced method with existing related 
methods (Chen and Ye 2017; He 2018; Liu et al. 2018), 
the MADM problem in this paper dealt with bipolar fuzzy 
environment, while existing methods (Chen and Ye 2017; 
He 2018; Liu et al. 2018) dealt with the single-valued neu-
trosophic environment, hesitant fuzzy environment or intui-
tionistic fuzzy environment but not in bipolar fuzzy sets.

Therefore, our proposed MADM method for BFDWA and 
BFDWGA operators investigate the improvement of its flex-
ibility in real utilization. Thus, the advanced aggregation 
operators implement a new flexible measure for decision 
makers to control bipolar fuzzy MADM problems.

9 � Conclusions

In this article, we have studied multi-attribute decision-
making problem using bipolar fuzzy information. We have 
introduced arithmetic and geometric operations to develop 
some bipolar fuzzy Dombi aggregation operators from the 
motivation of Dombi operations as bipolar fuzzy Dombi 
weighted average (BFDWA) operator, bipolar fuzzy Dombi 
order weighted average (BFDOWA) operator, bipolar 
fuzzy Dombi hybrid weighted average (BFDHWA) opera-
tor, bipolar fuzzy Dombi weighted geometric (BFDWGA) 
operator, bipolar fuzzy Dombi order weighted geometric 
(BFDOWGA) operator and bipolar fuzzy Dombi hybrid 
weighted geometric (BFDHWGA) operator. The different 
feature of those recommend operators is deliberated. Then, 
we have used those operators to expand a few strategies 
to remedy multi-attribute decision-making issues. Ulti-
mately, a realistic instance for emerging technology enter-
prise system selection is provided to develop a strategy and 
in accordance with the relevance and the effectiveness of 

the proposed methodology. In future, the application of 
our proposed model can be applied in decision-making 
theory, risk evaluation and other domains under ambigu-
ous environments.
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