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Abstract To reveal the possibly existed flow phenomena that buried in a two-dimensional symmetric triangle
wake, one-dimensional orthogonal wavelet transform and POD are combined to decompose the fluctuating
velocity field into different wavelet components and modes. The features of reconstructed flow fields are
analyzed in terms of fluctuating energy, time frequency distribution, space correlation and Reynolds shear
stress. It is found that the first two wavelet components and POD modes can give representations to the most
energetic large-scale structures, contributing about 77 and 73 % to the total fluctuating energy, respectively.
Comparing with the first two wavelet components, the first two POD modes are more appropriate to represent
the Karman-like vortical structures. The time—frequency and length scale characteristics of wavelet compo-
nents suggest that frequency behavior can reflect the spatial-related length scale and the wavelet transform can
be used to extract turbulent structures of different scales. Similar to the energy distribution, the most significant
contributions to the Reynolds shear stresses comes from the large-scale structures that composed of first two
wavelet components and POD modes, accounting for 88 and 80 % of the measured maximum Reynolds shear
stress, respectively. Due to different classification criterion of wavelet and POD analyses, the combining use of
these two methods tends to be more effective for analyzing multi-scale turbulent structures.

Keywords PIV - POD - Turbulent structure - Vortex - Wake - Wavelet transform

1 Introduction

Flow around a bluff body is significantly important for engineering applications as it plays an important role
in energy, momentum, heat, and mass transfer. The wake formed behind bluff body is random in time and
space domain, exhibiting complex structures with a wide range of coexisting scales. A typical characteristic
of cylinder wake is the quasi-periodical flow that attributed to large-scale vortex shedding behavior (Wil-
liamson 1996), which is found to be a function of velocity, cylinder diameter and Reynolds number
(Zdravkovich 1997). The oscillating large-scale structure of wake flow usually has dominating spectral
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components in the range of low frequency. However, besides the large-scale structures, it was proved that
the turbulent structures of wake consist of a wide range of relatively small scales, such as the secondary
vortices (Wei and Smith 1986), Kelvin—Helmholtz vortices (Lin et al. 1996) and longitudinal rib-like
structures (Hussain and Hayakawa 1987), which may also be of significance in the wake. The relatively
small-scale structures are usually closely related to the unsteady behaviors buried in the mean flow. In order
to give a detailed description of wake flow structure, the identification of the energetic large-scale structure
and elucidation of relatively small-scale structure is very desirable.

During the past decades, many researchers have made use of the wavelet transforms’ ability to provide
both the spectral and temporal (or spatial) information of turbulent wake flows, and to identify vortical
structures and the flow intermittency in the time—frequency plane. Addison et al. (2001) applied wavelet
transform to extract location feature and turbulent statistical analysis in open channel wake flows, and some
possible applications such as vortex shedding patterns of bluff bodies were introduced in his study. Indrusiak
and Moller (2011) studied the transient turbulent behavior behind a circular cylinder, in which unexpected
strong increase of the Strouhal numbers at lower Reynolds numbers were observed by wavelet transform.
Alam and Zhou (2008) presented a detailed investigation of Strouhal numbers, forces and flow structures in
the wake of two tandem cylinders using wavelet correlation method, and two distinct vortex frequencies
were detected behind the downstream cylinder for the first time. On the other hand, orthogonal wavelet
multi-resolution technique (Mallat 1989) based on the discrete wavelet transform was used to extract
turbulent structures of various scales as well as coherent structures (Farge et al. 2001). As an example,
Rinoshika and Zhou (2005a, b) have applied the one-dimensional orthogonal wavelet multi-resolution
technique to the analysis of the cylinder wakes, by which turbulent structure were decomposed into a
number of wavelet components based on their characteristic or central frequencies. However, to give further
understanding of turbulent wake, the decomposed wavelet components can be further investigated in terms
of statistical parameters such as fluctuating energy, turbulent spatial scale and Reynolds correlation func-
tions, which will provide new insights into the multi-scale structure of turbulent wake.

The other popular technique used to detect and extract different dynamic behaviors presented in a flow is
the proper orthogonal decomposition technique (POD). This approach can be used to extract the most
significant structure from an energetic view point; such structure is referred as coherent structure. Since the
pioneering work of Lumley (1967), POD analysis has been widely used to elucidate turbulent structure
(Cazemier et al. 1998; Graftieaux et al. 2001; Noack et al. 2003). They revealed that the first two modes of
POD decomposition present similar levels of energy, and are associated with the convection of the large-
scale Karman vortices. Delville et al. (1999) applied POD to investigate large-scale structure in the planar
mixing layer. Using proper orthogonal decomposition, Cruz et al. (2005) investigated the spatial organi-
zation and temporal behavior of the passive controlled wake flow of a half cylinder, a strong link between
the Strouhal number, the mean vorticity and the total energy is observed in this study. Durgesh et al. (2013)
represented the near-wake behavior using low-order near-wake velocity reconstructions obtained from
proper orthogonal decomposition. As mentioned in the above section, the wavelet analysis can also be used
to extract large-scale turbulent structure characterized by its central frequency. The large-scale structures
extracted by these two approaches have different physical interpretation due to the different classification
criterions of them, which have not been previously investigated, thus attracting our interest.

Recently, Weier et al. (2008) extracted dominant features of an electromagnetically forced separated
flow by proper orthogonal decomposition and continuous wavelet transform. Wang et al. (2012) perform
POD and wavelet analyses on the flow structures of a polymer drag-reducing flow. However, the detailed
comparison between these two methods has not been concerned, and little research on turbulent structures
by combining wavelet transform with POD has been conducted, thus motivating the present work.

In order to reveal the turbulent wake generated by triangle cylinder in this study, one-dimensional
orthogonal wavelet multi-resolution analysis and POD are combined to decompose the fluctuating velocity
field, obtained by the high-speed PIV, into different wavelet components and modes. The features of
reconstructed flow fields are analyzed in terms of fluctuating energy, time frequency distribution, space
correlation and Reynolds shear stress, and the difference between these two methods are discussed.

2 Experimental setup

The experiment was conducted in the circulating water channel, which has 400 mm (width) x 200 mm
(height) x 1000 mm (length) working section. To ensure the flow homogeneity, a settling chamber, a
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Fig. 1 Experimental model and measurement setup

honeycomb, three turbulence-damping screens and a contraction were placed in the water channel. As
shown in Fig. 1 (left), a two-dimensional symmetric triangle cylinder model, having a scale of L = 50 mm
and aspect ratio of 8 with respect to its whole length, was adopted in this study. Concerning the blockage
ratio, the classic cases of flow around bluff bodies consider an infinite domain with very small value, but in
many cases, it is important to take the effect of blockage ratio into account. Davis et al. (1983) performed
experimental and numerical studies on the confined flow around rectangular cylinders at various Reynolds
numbers and blockage ratios. They found that the Strouhal number and the drag coefficient increase with the
blockage ratio in a wind tunnel. For blockage ratio larger than 6 % in a wind tunnel, West and Apelt (1982)
showed that the effects of blockage are complex: the Strouhal number changes with blockage ratio, but drag
coefficient is not much different from that of no blockage, which made a correction method unsuitable.
Although this experiment is different from the classic case of bluff body in a wind tunnel, we focus on the
wake flow structures behind a triangle cylinder with a blockage ratio of 25 % in water channel.

The high-speed PIV measurement, as shown in Fig. 1 (right), was carried out at a constant free-stream
velocity of Uy = 0.29 m/s, which corresponds to Reynolds number of 14,440 in the (x, y) plane. The
turbulence intensity of the circulating water channel was less than 0.5 % of the free-stream velocity.

Polystyrene particles with diameter of 63—75 pm were used as the PIV tracers in the flow loop. A high-
speed digital camera (Photoron FASTCAM SA3) and a laser light sheet which has a thickness of 1.0 mm
were adopted to capture the digital images at a frame rate of 500 fps (frame per second) with a resolution of
1024 x 768 pixels, and the shutter speed of each frame was set at 1 ms. The measurement domain is about
150 mm x 150 mm (3 L x 3 L) behind the cylinder. The velocity field was analyzed by PIV software.
Instantaneous velocity vector fields were generated using FFT-based cross-correlation technique between
successive particle images. The interrogation window size is 16 x 16 pixels with 50 % overlap, providing
4096 (64 x 64) velocity vectors over the entire measurement domain, and the interval time of two suc-
cessive images is 2 ms. The statistical uncertainty of the measured velocity field was estimated at +1.54 %
at the 95 % confidence level. To determine the time-averaged mean flow structure, 15,000 instantaneous
velocity fields were measured in this study.

3 Decomposition of velocity field

Before the decomposition, the sequential realizations of velocity field were selected to calculate the fluc-
tuating velocities by subtracting the mean velocity field. The calculation was given by:
V(i yi,m) = v(x,y,n) —v(x,y), i =1, ..,nsj=1,...,n;n =1, .., n,. Here, the v denotes streamwise
or vertical velocity component, the x; and y; represents the local spatial positions and the 7 is the time
sequence of snapshot. The integral time and length scales, based on the auto correlation of fluctuating
velocity, were calculated with the value of 0.124 s and 0.037 m, respectively. Then the resulting fluctuating
velocities were decomposed by wavelet transform and POD. The implementations of these two approaches
will be described in the following subsections.
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3.1 One-dimensional orthogonal wavelet transform

The wavelet transform can be classified into continuous and orthogonal discrete wavelet transforms. The
continuous wavelet transform can provide continuous time—frequency identification of a signal. The
orthogonal discrete wavelet transform produces the wavelet coefficients that capture local features of the
transformed data in both time and frequency, and the wavelet coefficients are independent and orthogonal to
each other. Furthermore, the orthogonal discrete wavelet transform is invertible, enabling the original data to
be reconstructed uniquely by using chosen wavelet basis function from the wavelet coefficients of its inverse
transform. In this study, the one-dimensional orthogonal discrete wavelet transform using Daubechies
wavelet basis C" with an order of 8 is adopted and implemented as follows.

co C1 Co C3 st Ce C7 0 O 0 0
c;7 —C¢ C5 —C4 --- C(C —C 0 0 0 0
0 0 Co C1 cet C4 Cs Ce C7 0 0
cN — 0 0O ¢ —c -+ ¢z —cp ¢4 —cop- O 0 (1)
2 C3 Cy4 Cs st 0 0 0o 0 - Co C1
Cs —C4 €3 —Cp - 0 0 0 0 - Cc7 —Cg¢

As evident in the structure of the matrix C", two convolution operations are carried out by multiplying with
a data matrix. The odd rows of matrix perform an ordinary convolution with coefficients c, ¢y, ¢3,...,c¢ and
c7 acting as a low-pass (smoothing) filter, while the even rows perform a different convolution with
coefficients c¢;, —cg, cs,...,c1 and —cq acting as a high-pass (difference) filter.

Considering the one-dimensional data matrix v = [v],v}.. .v/zN]T formed by the calculated fluctuating
velocity at a single measurement point, here the subscripts of v denote the time sequences of n, (n, = 2048)
snapshots, with the index N = 11. The orthogonal discrete wavelet transform can be expressed in matrix form by

S=wm" (2)

where S and W are discrete wavelet coefficient (or spectrum) matrix and analyzing wavelet matrix of v'",
respectively. W is usually constructed based on a cascade algorithm of orthogonal wavelet basis matrices
and the permuting matrices.

w = p*ct.. PNV PN N (3)

Here the permuting matrix P" is applied to move the odd rows of matrix C"v'"" forward as the first 2"~

elements (smooth coefficients) and move the even rows of matrix C™v'" backward as the last 2V~ elements
(different coefficients). The wavelet basis matrix C"~' and the permuting matrix P!, which are the halves
of C" and P", respectively, are then applied to the first 2V ~' smooth elements. This pyramidal procedure is
repeated until the last hierarchical level 1 consisting of eight smooth coefficients is obtained. In general,
wavelet basis are chosen such that W satisfies W/W = I, where [ is a unit matrix. This condition enables the
discrete wavelet transform to be an orthogonal linear operator and invertible. The inverse orthogonal
discrete wavelet transform can be simply performed by reversing the procedure:

Vi=wTs (4)

The orthogonal wavelet transform produces coefficients that contain information on the relative local
contribution of various frequency bandwidths to the transformed data instead of the frequency components
of the original data. In order to obtain the grouped frequency components of the transformed data, the
orthogonal wavelet coefficient S is decomposed into the sum of all levels:

S=8+8+S; - +Si+---+ Sy (5)

It should be noted that the decomposition levels are determined by the original data length and the selection
of wavelet basis. The Daubechies wavelet basis with an order of 8 enables us to perform N—3 times of
decomposition, resulting in N—2 levels of wavelet components.

The inverse orthogonal wavelet transform is then applied to the coefficient of each level, viz.

VN = WIS + WIS, + WISy WIS -+ WISy, (6)
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where terms WS, and W Sy_» represent the data components at wavelet level 1 (the lowest frequency band)
and level N—2 (the highest frequency band). It is evident that the fluctuating velocity can be reconstructed
by the sum of wavelet components characterized by theirs frequency bandwidth. This decomposition
method is referred to as the wavelet multi-resolution technique.

To perform quantitative analysis on the PIV results, the fluctuating velocities in the measurement plane
are decomposed into 9 levels by above-mentioned one-dimensional wavelet analysis. The velocity fields in
the measurement plane can be expressed by:

v(xi, v, ) = v(xi, ;) + WSy (xi, ;) + WESa(xi, ;) -+ + WESi(xi, ) + - + W Sy_a(xi,37) (7)
N——— — ———

Level 1 Level 2 Level i Level N—2

3.2 Proper orthogonal decomposition

The Proper orthogonal decomposition (POD) is a technique to obtain a modal decomposition of a given
ensemble of data in terms of the energy content. The classical POD based on two-point spatial correlation
was first introduced by Lumley (1967) for the identification of coherent structures. The main target of POD
is to find optimal representation of field realizations from an energetic point of view. It consists of seeking a
function ¢(x) that maximizes the projection of the field component u(x, ) in a mean square sense. This
maximization leads to a Fredholm integral equation:

[ ot )¢ = g s)

where the x is space variable and R(x, x') is the time-averaged two-point spatial correlation tensor:
Rij(x, x') = ui(x)u; (') ©)

where x denotes the space variable and the over bar corresponds to the time-averaged operation. The
eigenvalue problem has a finite set of POD basis that composed of empirical eigenfunctions ¢! (x)
(n = 1,..., Nmoq), here the N,,,,q denotes the total number of POD modes. This is the main principle of the
so-called classical proper orthogonal decomposition. The instantaneous field component can be projected
onto the POD basis by:

Nimod

wi(x, 1) = a,(t)¢! (10)

n=1

This approach is normally applied to the data measured with a well-defined time description but with limited
spatial resolution (e.g., Hot-wire Anemometry and Laser Doppler Anemometry). This is because that the
size of the eigenvalue problem depends on the number of spatial points in which the measured field is
available. When dealing with the PIV measurement technique, the measured data have good spatial reso-
lution and poor temporal resolution. In such case, the so-called snapshot approach developed by Sirovich
(1987) is normally used as it decreases the dimension of the eigenvalue problem from the number of spatial
points to the number of time steps (snapshots). In this study, the snapshot POD approach was employed to
extract turbulent structures measured by PIV experiment, and the calculation procedure is briefly describe as
follow.

To perform snapshot POD analysis, the calculated fluctuating velocity components V'(x;,y;,1,) were
assembled into a single matrix U with the size of 2 nmn, x n:

[ U/(l’l) Ul<172) U/(l’nf) 1
Ul U2 - U2
U= 61 VG2 e V= Gl G )
Vi2,1)  VI(2,2) - V(2.
Vi, 1) Vimny,2) - Vinnyn)
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In the resulting matrix U, the symbol “:” denotes that the instantaneous fluctuating velocity at one snapshot
is rearranged into a column vector, the first n,n, elements of each column correspond to the instantaneous
streamwise fluctuating velocity field, and the last n,n, elements are the corresponding vertical fluctuating
velocity field. Considering each row of matrix U, the elements correspond to time sequences of fluctuating
streamwise or vertical velocity components at one point.

The computation of snapshot POD modes requires solving eigenvalue problem of a covariance matrix
R is given by:

R=U"U (12)
RA" = )'A! (13)

It is evident that the covariance matrix R covers the approximated spatial data by the summation of
snapshots. The solution of Eq. (13) consists of eigenvector A’ and its corresponding eigenvalue A'. Since the
eigenvalue represents the energy contained in each POD mode, the eigenvectors are arranged according to
the descending order of eigenvalues (1' > 4* > 2*... > ™ = 0), then the POD modes are constructed by
the ordered eigenvectors:

2otV ( nA,
¢ = i ,i=1,..,n) (14)
HZ" lv ) }
The relative fluctuating kinetic energy associated with the ith POD mode can be computed as:
: s
El:ﬁ,(iZI,...,n,) (15)
2ot A

The projection of the fluctuating velocity components onto the POD modes provides time independent
coefficients a; for its corresponding POD mode:

a' = ®"(:,n) (16)

where the matrix @ is made by arranging the POD modes ¢’ as column vectors. The POD modes provide
spatial information of the physical structures cascading in terms of their energy content. However, the
magnitudes of the modes are not enough to perform quantitative analysis unless combined with the POD
coefficients to reconstruct the velocity fields. The fluctuating velocity components can be reconstructed as a
linear combination of temporal coefficients and POD modes,

0= ag (17)
n=1

Similar to the one-dimensional wavelet multi-resolution analysis, the instantaneous flow fields can be
reconstructed by:

V(xiaijn) = V()C,',yj) +a’11¢](xivyj) +agd)2(xiayj) - a; d) (xlvyj) +- +(l (rbn[(xlayj) (18)
%/_/

Mode 1 Mode 2 Mode i Mode n;

4 Results and discussion
4.1 Time-averaged flow field and spectral analysis

The spatial distributions of time-averaged streamlines, streamwise velocity, vertical velocity, Reynolds
shear stress and turbulent kinetic energy (TKE) are obtained by averaging 15,000 instantaneous velocity
fields, here the first and second order turbulent statistics are normalized by Uy and Ug respectively. As
shown in Fig. 2a, two distinct regions of reverse flow behind the triangle cylinder are clearly identifiable,
characterized by a pair of similar-sized vortices with opposite sense of rotation and a stagnation point on the
centerline of triangle cylinder (y/L = 0). The distance from the backside of triangle cylinder to the stag-
nation point is about 1.7 L. Besides, two well-defined foci points are observed at the location about x/
L = 0.75, with a vertical distance of 0.7 L between them. The contour of time-averaged streamwise velocity
appears to be symmetric with respect to the centerline. The minimum value occurs at the near center of



Combining wavelet transform and POD to analyze wake flow 199

(@ ov T T b) 7o

-2.20x10°" 1.10x10°" 4.40x10°" 7.70x10°" 1.10x10'° -3.20x10” -1.30x10®" 6.00x10* 2.50x10”" 4.40x10™
1.5

Fig. 2 Time-averaged flow field. a Streamlines and contour of streamwise velocity, b contour of vertical velocity

@ I T O = I
-7.50x10% -3.75x10% 0.00x10** 3.75x10%*  7.50x10° 0.00x10"® 7.00x10° 1.40x10°* 2.10x10°* 2.80x10°*
1.5 1.5

7o 0.5 1 L5 2 2.5 3
x/L

Fig. 3 Second order statistics a Contour of Reynolds shear stress, b contour of turbulent kinetic energy

separation region, and it gradually increase to O at the stagnation point. The time-averaged vertical velocity
contour is shown in Fig. 2b, and the antisymmetric distribution might indicate the entrainment between
wake and main flow. The highest entrainment is originated from the two sides of triangle cylinder where the
shear layer develops. The contours of Reynolds stress and turbulent kinetic energy are presented in Fig. 3.
Similar to Fig. 2b, the Reynolds shear stress distribution (Fig. 3a) displays a pair of peak on either side of
centerline near the end of the separation region. Between the shear layer and the backside of triangle
cylinder, a region with notably weaker Reynolds shear stress is observed, indicating smaller velocity
fluctuations in the near wake region. As presented in Fig. 3b, the turbulent kinetic energy gradually
increases along downstream until reaches its maxima near the stagnation point, then it decreases gradually
along the downstream direction. It may imply that maximum velocity fluctuations occur in the region close
to the stagnation point due to the merging of shear layers.

The spectral characteristics of velocity components provide global frequency information of flow
oscillations, in the wake region, and the dominating vortex shedding frequency can be determined by power
spectra of the measured velocity data at several selected points. As shown in Fig. 4, FFT power spectra of
vertical velocity was calculated at two locations (x/L = 0.8 and x/L = 1.2) with four points along the
vertical direction, and the spectra S, is plotted versus Strouhal number (S, = fL/U,). As can be seen, the
power spectra distributions have similar tendency at two locations along the vertical direction, for all
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Fig. 5 Energy distribution a Distribution of wavelet components, b distribution of POD modes

selected points, the pronounced peaks are observed at around S; = 0.21, suggesting quasi-periodical vortex
movement, namely the associating vortex shedding frequency. The peak spectrum magnitudes at location x/
L = 1.2 (Fig. 4b) are larger than that at location x/L = 0.8 (Fig. 4a), indicating higher fluctuations at further
downstream position within the separation region. Besides, it should be noted that second peaks of the
spectra S, are observed with corresponding S, = 0.46, approximately twice of the first peak, implying the
existence of relatively small-scale vortices.

4.2 Energy distribution of wavelet components and POD modes

As discussed in Sect. 3.2, the normalized eigenvalue corresponds to the contribution of each mode to the
total kinetic energy in the measurement plane. Similar to this calculating method, the energy of each wavelet
component is first calculated by integrating kinetic energies over the measurement domain, and then the
relative energy is normalized by the sum of energy contained in each wavelet component. Figure 5 shows
the energy distribution of wavelet components and POD modes, here the left y axis is relative energy
presented with bars, the right y axis represents cumulative energy, and the x axis represents the level of
wavelet component or POD mode. As shown in Fig. 5a, the first four wavelet components contain 88 % of
the total kinetic energy, and the wavelet components of level 1 and 2 makes the largest contribution,
accounting for 32 and 45 %, respectively. It indicates that first two levels of wavelet components can be
associated with the large-scale turbulent structure, which is apparently the uppermost and energy-containing
structure. Figure 5b presents the energy distribution of first 50 POD modes (about 2.44 % of the total POD
modes). As expected, the first two POD modes are most energetic, containing 73 % of the total kinetic
energy (first and second modes contribute 41 and 32 %, respectively). However, the energy content of
modes 3 and 4 reduces rapidly to 2.8 and 2.1 %, and the energy contained in rest modes makes less
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contribution with increasing mode number. The energy concentration on first two modes suggests that the
vortex shedding process can be linked to the first two modes.

From Fig. 5, it is found that the energy distribution of first two wavelet components has similar tendency
with first two POD modes, indicating they are capable of extracting dominating turbulent structures.
However, we should note that wavelet components give a representation of turbulent structure characterized
by their frequency band widths, while the POD modes are classified based on the energy contained in each
mode. The different classification criterion may result in different dynamic characteristics contained in
wavelet components and POD modes. The detailed analyses will be carried out in the following subsection.

4.3 Time—frequency analysis

The continuous wavelet transform has been widely applied to time series of signal due to its unique ability
of revealing temporal information of energetic event together with its spectral information. To analyze the
time frequency characteristics of wavelet components and POD modes, the continuous wavelet transform
using Mexican Hat function as the mother wavelet is used in this study. The results are displayed on the time
frequency planes, where the abscissa is the time ¢, and the ordinate is the normalized frequency of Strouhal
number. The color mappings have been assigned to the wavelet coefficients and the highest concentration is
displayed as red and the lowest as blue, respectively.

Figure 6 shows time—frequency distributions of coefficients of continuous wavelet transform at a
selected point (x/L = 1.2, y/L = 0.48), and the corresponding time series of vertical fluctuating velocities
are plotted at the bottom of Fig. 6. It is found that the fluctuating velocities exhibit quasi-periodical
oscillations at around a corresponding Strouhal number S, = 0.21, where alternative negative and positive
peaks are observed. The peaks around S; = 0.21 correspond to the frequency of large-scale vortices, which
can also be observed in Fig. 4. It is obvious that such vortical components contain most energy of velocity
fluctuation. Besides, some peaks are also observed in the range of S, = 0.5-2.5, which may represent the
relatively small-scale eddies.

As discussed in Sect. 3, the fluctuating velocity components can be expressed by linear combination of
wavelet components or POD modes. As is known, the turbulence manifests itself as a multi-scale cascading
phenomenon superimposed on a mean flow. The reconstruction procedure of wavelet and POD analyses
enable us to extract more detailed turbulent structures of real flow field that may reflect in different physical
properties.

In order to reveal frequency behavior of the possibly existed flow phenomena, continuous wavelet
transform was applied to the wavelet components and POD modes of vertical velocity at a selected point (x/
L = 1.2,y/L = 0.48). Figure 7 shows time—frequency distributions of first six levels of wavelet components
and their corresponding time-varying coefficients. It is evident that coefficients of levels 1 and 2 possess
larger fluctuating amplitudes than those of higher levels (level 3, 4, 5 and 6). Besides, a quasi-periodical
oscillation is clearly observed by level 2, implying its ability for representing vortex shedding behavior.
Concerning the time frequency distribution, it can be seen that the dominating frequency increases with
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increasing level number, the corresponding Strouhal number are observed at S, ~ 0.17, 0.2, 0.42, 0.8, 1.5
and 3 by level 1, 2, 3, 4, 5 and 6, respectively. On the contrary, the fluctuating energy of last five wavelet
components (level 2—6), which can be described by the coefficients of continuous wavelet transform,
decreases as increasing frequency. It implies that the frequency behavior of fluctuating velocity is dominated
by wavelet components of low frequency, which can be associated with the dynamics of large-scale vortices.
The wavelet components of relatively high frequency, as shown in Fig. 7c, d, have good correspondence to
the frequency components ranging from 0.3 to 1.0 (see Fig. 4), indicating the capacity of the wavelet
analysis to extract small-scale structures. The wavelet components of levels 3 and 4 can be linked to small-
scale structures. As for levels 5 and 6, no evident structures can be found due to the lower energy content
and higher frequency of them. The time frequency distributions of first six POD modes and their corre-
sponding time-varying coefficients are shown in Fig. 8. It can be clearly seen that coefficients of first two
modes have sinusoidal variations, with a nearly same period and a phase shift of a quarter of period. This
confirms the correspondence between first two modes and vortex shedding behavior. Comparing with the
coefficients of wavelet components, the first two POD modes have stronger periodicity than those of first
two wavelet components. As for the coefficients of higher modes, periodical variation is weakened and no
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Fig. 8 Continuous wavelet transform of POD modes at x/L = 1.2, y/L = 0.48. a Mode 1, b mode 2, ¢ mode 3, d mode 4,
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evident periodicity is observed. Concerning the time frequency distribution, it is observed that the first two
modes (Fig. 8a, b) are most energetic, having strong quasi-periodical characteristics at a corresponding
Strouhal number of 0.21. This further confirms that the first two modes are related to the fundamental
frequency of vortex shedding and they are able to give representations of the dominant Karman-like
vortices.

Considering the higher POD modes, Fig. 8c—f does not exhibit evident periodical behaviors. The cor-
responding Strouhal numbers are observed in a wider range, and the higher frequency components
(S; = 0.35-0.75) may associate with small-scale eddies. The lower frequency components (S, = 0.08-0.13)
may be due to unsteady flow motion induced by Karman-like vortex shedding behavior (Lee and Miau
2012), and they are not the dominant structures.

In general, the first two wavelet components and POD modes are capable of extracting the most
energetic large-scale structures. Comparing with the wavelet components, the first two POD modes tend to
be more appropriate to represent the Karman-like vortical structures due to their strong quasi-periodical
behaviors. The small-scale eddies can be successfully extracted by wavelet components of levels 3 and 4 as
the distinct classification of dominating frequencies by wavelet analysis. The lower frequency components
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Fig. 9 Two-point correlation of wavelet components

contained in higher POD modes seems to be superimposed on the wavelet component of level 1 (Fig. 7a),
and this can be inferred as a reason why the energy content of first two wavelet components is larger than
that of first two POD modes.

4.4 Scale characteristics of wavelet components and POD modes

The time—frequency behaviors of wavelet components and POD modes have been discussed in the above
subsection, however, the corresponding scale characteristics are still unknown. In order to determine the
scale length of both, we computed two-point correlation function for each wavelet component and POD
mode. Taking the wavelet components of vertical fluctuating velocity as an example, the two-point cor-

relation coefficient is defined as Ri,, (x,r) = \/M, where V' is fluctuating vertical velocity, the
(V")) (V) (xor)
superscript i (i = 1, ..., 6) denotes fluctuating velocities of different level, and r is the separation between

two points along streamwise direction.

Figure 9 presents correlation function of wavelet components at the location of y/L = 0 along the
streamwise direction. It is evident that all the coefficients reduce to their first minimums and continue
oscillating before they become zero at about x/L = 2.8, the length scales of x/L ~ 2.2, 2.0, 0.9, 0.75, 0.5
and 0.36 are observed by wavelet components from level 1 to 6, respectively, and the length scale decreases
with increasing frequency. The first two wavelet components can give representation of large-scale struc-
tures, and wavelet components of levels 3 and 4 can be regarded as small-scale structures. The wavelet
components of levels 5 and 6 may contain some random and noisy events. These observations may indicate
that multi-scale vortical structures are organized by the components characterized by their dominant fre-
quencies. The length scales of first two wavelet components confirm the fact that low-frequency components
are associated with large-scale vortical structures, and the larger length scale of first wavelet component may
suggest that the unsteady flow motion induced by Karman-like vortex shedding behavior results in the
generation of relatively larger vortical structures. The scale characteristics of wavelet components suggest
that the frequency behavior can reflect the spatial-related length scale of vortical structure and the wavelet
analysis provides a tool for extracting vortical structures of different scale. The coefficients of POD modes
are shown in Fig. 10, the length scales of first two POD modes are nearly the same with the value of x/
L ~ 2.1, indicating the length scale of Karman-like large-scale vortical structure. As for higher POD
modes, the length scale of x/L ~ 1.15, 1.75, 0.85 and 1.3 are observed by POD mode 3, 4, 5 and 6,
respectively. Different with wavelet components, no evident relationship between POD mode and length
scale can be found. This is because wider range of frequency contained in POD modes. Concerning the
result of POD analysis, the first two modes give a good representation of Karman-like vortical structure due
to the frequency and length scale characteristics of them. However, it is difficult to extract small-scale



Combining wavelet transform and POD to analyze wake flow

205

-1.0 T T T T T

—— Mode 1
——Mode 2
——Mode 3
—— Mode 4
—+—Mode 5
——Mode 6

Fig. 10 Two-point correlation of POD modes

(a) v W T

-7.2x10 -3.6x10 9.9x10™ 3.8x10” 7.4x10”  -5.0x10” -2.1x10 7.0x10"™ 3.5x10” 6.3x10”
-
R

-1.0x10”" -5.4x10* -5.7x10** 4.2x10™ 9.1x10**

(e). v T v
1.5

7.0x10" -3.8x10" -6.0x10* 2.6x10 5.8x10%  -5.5x10 2.6x10™ 2.6x10* 3.1x10* 6.0x10"

1
0.5
20

1.5 2.0 2.5 3.0
x/L

(b)y . v

-7.8x10% -3.5x10 7.4x10™ 5.0x10 9.3x10  -2.2x10°' -LIx10°" 2.1x10° 11x10” 2.2x10”"

(d) v e T

-5.9x10" -3.1x10™ -3.1x10” 2.5x10 5.3x10™  -8.0x10™ -4.2x10™ -4.2x10* 3.4x10” 7.1x10"
» —

® v

-8.0x10” -3.0x10" 2.0x10” 7.0x10™ 1.2x10*"  -3.5x10** -1.8x10°* 0.0x10"° 1.8x10°* 3.5x10

Fig. 11 Velocity contours and streamline patterns of wavelet components. a Level 1, b level 2, ¢ level 3, d level 4, e level 5,

f level 6



206 Y. Zheng et al.

(a) v T . (b) y T T v/ EET

-8.6x10% -4.0x10"* 6.0x10* 5.2x10™ 9.9x10™ 16x10‘” -7.0x10” 2.5x107 1.2x10*" 2.1x10” -5.7x10” -2.8x10* 1.4x10” 3.0x10” 6.0x10”  -1.5x10°' -8.8x10% -2.9x10™ 3.1x10™ 9.0x10

v @) v

-7.4x10* -3.7x10™ 43x10* 3.8x10” 7.5x10°  -1. mo‘" -7.1x10 -3.1x10” 9.4x10* 5.0x10" -3.4x10” -8.3x10” 1.7x10” 43x10™ 6.8x10”  -5.0x10** -1.8x10™ 1.4x10™ 4.7x10™ 7.9x10

v T /IS .

-6.2x10* 2.7x10™ 7.2x10® 4.2x10% 7.6x10°  -4.0x10* -8.7x10™ 2.3x10™ 5.4x10” 8.5x10”

: 2 25 30 05 1 15 2
x/L x/L

U

-2.0x10” -4.5x10" 1.1x10™ 2.6x10” 4.2x10 33;(10"2 1.8x10 -4.2x10 1.0x10 2.4x10**

2 25 3005115 2 25
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vortical structures as the fluctuation velocity components are irregularly classified in frequency and spatial
domain.

4.5 Flow patterns of wavelet components and POD modes

The representative flow patterns of wavelet components and POD modes are presented in Figs. 11 and 12, in
each of the subfigure, the left part contains the streamwise velocity (U’) contour and the right part the vertical
velocity (V') contour, to interpret the wavelet components and POD modes in terms of flow patterns, the
corresponding streamlines are plotted in the left part of each subfigure. As shown in Fig. 11, it is evident that
spatial scale decreases as increasing level number, which is in accordance with the results presented in Fig. 9.
The relatively small-scale structures are clearly identifiable in Fig. 11c—e, indicating that wavelet transform is
able to extract multi-scale turbulent structures. As for Fig. 11f, no evident vortical structures can be observed,
the flow pattern of level 6 may be linked to random or noisy event contains in the flow field. As can be seen in
Fig. 12a, b, the streamwise velocity appears symmetrically about the centerline, while the vertical velocity
appears anti-symmetrically about the centerline. The streamline patterns of first two modes are similar in shape,
and the structure of mode 2 appears to displace downstream to the structure of mode 1. This feature is attributed
to the quasi-periodical nature of the wake flow. Concerning the higher POD modes, it is difficult to find the
correspondence between mode pairs (i.e. modes 1 and 2, modes 3 and 4). Compared with the first two POD
modes, no evident linkage between level 1 (Fig. 11a) and level 2 (Fig. 11b) can be found, this further confirm
that first two POD modes are more appropriate to represent the Karman-like vortical structures.
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Fig. 13 Contours of normalized Reynolds shear stress for each wavelet component: a Level 1 + 2; b level 3; ¢ level 4; d level
5+

4.6 Reynolds shear stresses of wavelet components and POD modes

As mentioned above, the wavelet components and POD modes enable us to extract the flow structures that
possibly buried in the mean flow. It would be interesting to analyze the corresponding Reynolds stress based
on the reconstructed fluctuating velocities. To calculate the Reynolds stresses, the reconstructed fluctuating
velocities are rearranged into four parts: the first part is constructed by adding the first two wavelet
components or POD modes together as they give good descriptions of large-scale vortical structure, the
second and third parts are the corresponding fluctuating velocities of levels 3 and 4 or POD mode 3 and 4,
and the rest part of fluctuating velocities corresponds to the fourth part.

Figure 13 shows the distributions of rearranged Reynolds shear stresses of wavelet components of
above-mentioned four parts. From Fig. 13a, it can be seen that the maximum Reynolds shear stress
appearing near the end of the separation region, and coincides approximately with that in Fig. 3a associated
with large-scale structure, contributes about 88 % of the measured Reynolds shear stress. It indicates that the
most significant contribution to the Reynolds stresses comes from the coherent motions of large-scale
structures. Similar to the fluctuating energy distribution, the maximum values of Reynolds shear stress
decrease when the wavelet components increase to levels 3 and 4 (Fig. 13b, c). Besides, the spatial dis-
tribution of level 3 exhibits larger scale than level 4, which further confirms the decrease of spatial scale
with increasing frequency. Concerning the result of the rest wavelet components (Fig. 13d), the maximum
value of Reynolds shear stress is larger than that of levels 3 and 4, because that the higher frequency
components are added together with larger fluctuating energy. Furthermore, it is worthy to note that two
antisymmetric region of Reynolds shear stress distributions are observed near the body surface and the
boundary of separation region. It suggests that there is an intensive velocity fluctuation with higher fre-
quency in the shear layer. Figure 14 presents the distributions of rearranged Reynolds shear stresses of POD
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Fig. 14 Contours of normalized Reynolds shear stress for each POD mode: a Mode 1 + 2; b mode 3; ¢ mode 4; d mode 5+

modes of above-mentioned four parts. As expected, the Reynolds shear stress distribution in Fig. 14a shows
good correspondence to that in Fig. 3a, accounting for 80 % of the measured Reynolds shear stress. It
indicates that Karman-like vortical structures dominate the variations of Reynolds shear stresses. Due to the
descending ordered fluctuating energy, the maximum values of Reynolds shear stress decreases from POD
mode 3 to mode 4 (Fig. 14c, d), and no distinct difference of spatial scale is observed between them.
Different with the result in Fig. 11d, the Reynolds shear stress distribution of rest POD modes (Fig. 14d) is
observed in the separation region. This is due to wider range of frequency components contained in the rest
POD modes, indicating that lower frequency also plays a role in velocity fluctuations in the separation
region although they are not dominant.

5 Conclusions

One-dimensional orthogonal wavelet and POD analyses are combined to extract multi-scale flow phe-
nomena in this study. The features of reconstructed flow fields are analyzed in terms of fluctuating energy,
time—frequency distribution, space correlation and Reynolds shear stress. The main results are summarized
as follows.

1. The first two wavelet components and POD modes are most energetic, contributing about 77 and 73 %
to the total fluctuating energy, respectively. The energy distributions of them indicate that they are
capable of extracting dominating large-scale turbulent structures.

2. Compared with POD modes, the central frequencies of wavelet components are distinctly classified as
the band pass filter process of orthogonal wavelet transform. The time—frequency analyses suggest that
the first two POD modes are more appropriate to represent the Karman-like vortical structures due to
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their strong quasi-periodical behaviors at S, = 0.21. When increasing to higher modes, poor filtering
effects in the range of lower frequency (S, = 0.08-0.13) is observed, and the lower frequency
components are considered to be superimposed on the wavelet component of level 1. This can be
inferred as a reason why the energy content of first two wavelet components is larger than that of first
two POD modes.

3. The length scale of wavelet components is found to decrease with the increasing frequency, suggesting
that the frequency behavior can reflect the spatial-related length scale and the wavelet analysis can be
used to extract turbulent structures of different scales.

4. The first two POD modes have nearly same length scale of x/L = 2.1, as for higher POD modes, no
evident relationship between POD mode and length scale can be found, which is different from the
wavelet components. This further confirms that the first two modes give a good representation of
Karman-like vortical structure due to the frequency and length scale characteristics of them. However, it
is difficult to extract small-scale turbulent structures as the fluctuation velocity components are
irregularly classified in frequency and spatial domain.

5. The most significant contributions to the Reynolds shear stresses are attributed to coherent motions of
large-scale structures that composed of first two wavelet components and POD modes, accounts for 88
and 80 % of the measured maximum Reynolds shear stress, respectively. The higher wavelet
components and POD modes corresponding to random motions make less contribution to Reynolds
shear stresses.

6. The different dynamic characteristics contained in wavelet components and POD modes are due to
different classification criterion of these two methods, and the combining use of these two methods
tends to be more effective for analyzing multi-scale turbulent structures.
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