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Abstract: The present article motivates great interests on the constitutive modeling of thermoelastic coupling behavior in
a transversely isotropic thick plate in the context of a new theory of ultrafast heating condition, known as Moore—Gibson—
Thompson (MGT) theory. Corresponding to this new theory, the heat transport law is formulated in an integral form of a
common derivative within a slipping interval by assimilating the memory-dependent heat transfer. Upper surface of the
plate is stress-free subjected to prescribed surface temperature, whereas the lower surface rests in a rigid foundation and is
thermally insulated and under the action of the gravitational field. Applying the Laplace—Fourier transforms successively,
the solutions of the governing equations have been achieved in the transformed domain and the corresponding solutions in
the space-time domain have been obtained using suitable numerical technique based on the expansion of Fourier series.
According to the graphical representations corresponding to the numerical results, conclusions about the new theory are
constructed. Excellent predictive capability is demonstrated due to the presence of memory-dependent derivative, gravi-
tational field and kernel functions. A comparative study between isotropic and transversely isotropic material is also
demonstrated.
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1. Introduction

During the last decades, extensive research works have
been carried out indicating the applications of classical
Fourier’s law of heat conduction in the problems which
involves large spatial dimensions and long-time behavior.
However, the classical form of Fourier’s law predicts
unsatisfactory outcomes in the problems incorporating
short time behavior, high heat flux and extreme thermal
gradients. From the theoretical point of view, the infinite
velocity of heat wave propagation by Fourier’s law also
leads to physically unacceptable situation in the heat
transfer problems. As a consequence, serious attention has
been given to the development of different generalized heat
conduction models which admit the finite speed of thermal
waves.

One of the so-called generalized theories, the Moore—
Gibson-Thompson (MGT) theory of generalized ther-
moelasticity arises from the modeling of high amplitude
sound waves. Nowadays, this new theory has received a
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major interest in recent years from the researchers and as
an outcome, several research articles have been published
for understanding it. This theory actually originated from
the fluid mechanics [1]. Various remarkable works can be
notified in this field due to the wide range of applications of
the theory such as the industrial usage and medical usage in
the case of high-intensity ultrasound in lithotripsy, ther-
motherapy, ultrasound cleaning, etc. [2—4].

The classical theory of heat conduction based on the
Fourier law jointly with the energy equation arrives at

qii = *Cé, (1)

where g; denotes the component of the heat flux vector, 6 is
the temperature field and c is the temperature capacity
[5, 6].

Clearly, the above law predicts the instantaneous prop-
agation of the thermal waves. This fact contradicts the
causality principle. However, some alternative equations
for the heat conduction have now been proposed by the
Scientists. Among the proposed theories, the well-known
theory proposed by Maxwell and Cattaneo [7], in which,
the Fourier law has been changed by a constitutive
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equation which involves a relaxation parameter in the
following form

qi + t0q; = —K0,, (2)

where k denotes the thermal conductivity of the material
and 7o ( > 0) is the relaxation time. In the above equation,
dot denotes the derivative with respect to time whereas
comma and subscript signifies the spatial derivative with
respect to the corresponding variable. Using Eqgs. (1) and
(2), the damped hyperbolic equation can be derived.
Corresponding to the hyperbolic equation, the thermal
wave propagates with a finite speed. In recent years, many
research have been reported which have been contributed
to develop a series of celebrated non-classical
thermoelasticity theories based on the hyperbolic Lord—
Shulman (LS) theory [8]. During the last decades, another
development was by Green and Naghdi (GN) [9-11], in
which three new alternative theories for heat conduction
based on a rational technique were proposed, named as
type I, Il and III, respectively. The linearized version of the
type I theory agrees with the classical Fourier’s law. The
theory proposed in Type II drives to another hyperbolic
equation for heat conduction. In this case, there is no
dissipation and the flux vector is obtained as a linear
expression of the thermal displacement.

qi = _K*O{A,ia o= 07 (3)

where K* is the conductivity rate parameter. The
thermoelasticity theory for type III theory is described by
the constitutive equation

qi = —K*o; — K0, (4)

where K and K* are both positive. The adjoining of Eq. (3)
together with Eq. (1) provides another generalization of the
classical Fourier law. The exponential decay of solutions
has been obtained in this situation. However, this theory
has the same drawback as the usual Fourier theory and it
also predicts the instantaneous propagation of thermal
waves. Again, the causality principle is not satisfied.
Therefore, it is also natural to modify this proposition
introducing a relaxation time parameter in the constitutive
equation to overcome this problem. In order to do this, the
further modification was done as [12]

i + t06; = —K*o; — KO,;. (5)

Nowadays, this theory is widely applicable in the heat
transfer problems in the field of Engineering sciences.
Recently, Abouelregal et al. [13] considered a problem of
an infinite magneto-thermoelastic solid subjected to peri-
odically dispersed with varying heat flow based on non-
local Moore—-Gibson-Thompson theory. Also, Sur [14]
studied the nonlocal elasto-thermodiffusive interaction for

an infinite body with a spherical cavity based on MGT
theory.

The nonlocal characteristics of well-known fractional
differential equations are mostly useful in this and other
applications. The integer-order differential operator is well-
known to be a local operator, while the fractional-order
differential operator is nonlocal [15]. Recently, Wang and
Li [16] investigated a new definition of the derivative
named as “memory-dependent derivative” (MDD) by
modifying the conventional fractional-order derivative.
This new form of derivative is found to be able to capture
the realistic outcomes of real-life problems as much as
possible because its definition is based on the integration of
the function in the slipping interval where the minimum
interval is very close to the upper bound and it is also found
that recent data is required to predict the realistic outcomes
of the problems. Incorporating memory-dependent deriva-
tives in thermoelasticity has attracted the attention of many
investigators in recent years, and it is also fashionable
[17-19].

The well-known memory-dependent derivative [16] of
the first order of function f is simply defined in an integral
form of a common derivative with a kernel function on a
slipping interval as follows:

Duf) = [ Kl - ez ©

—mw

where o ( > 0) is the delay time and K (¢ — &) is the kernel
function which can be chosen freely in different linear and

nonlinear forms, such as K(r — &) =1, 1 — % 1—(-9

and (1 — %)2 The kernel function can be understood as

the degree of the past effect on the present. In addition, if
Kit-¢) =1,

AU ))

Dt =+ [ e =tI=L=0 iy )

Therefore, it might be concluded that the common
d

derivative g can be represented as the limit of D, as
o — 0.

The right side of Eq. (6) can be understood as mean
value of f'(£) on the past interval [t — w, t] with different
weights. Generally, from the viewpoint of applications, the
memory effect requires weight 0 < K(r— &) <1 for
¢ € [t — w, 1), so the magnitude of the memory-dependent
derivative is usually smaller than that of the common
derivative f'(¢) [20, 21]. The variational principles, recip-
rocal theorems and uniqueness of solutions due to memory
dependence in a thermodiffusive medium have been pro-

ven by El-Karamany and Ezzat [22].
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Fig. 1 Geometry of the
problem

Therefore, following the definition outlined in Eq. (6),
the constitutive law for the heat flux under memory-de-
pendent Moore—Gibson—-Thompson (MGT) theory is given
by

(1+wD,)g; = —K*0, — K0, (8)

where o is the delay time and 1 is the relaxation time for
MGT theory.

As per the knowledge of author, it is difficult to find out
the thermoelastic interaction in a thick plate in the presence
of a heat source. However, in order to study some practical
relevant problems, particularly in heat transfer problems
involving very short time intervals and in the problems of
very high heat fluxes, where the lagging behavior in the
heat conduction is considered as the elapsed times during a
transient process are very small, say about 1077, it is
advantageous to implement the Moore—Gibson—Thompson
(MGT) theory. With this motivation in mind, the present
contribution mainly focuses on the study of the thermoe-
lastic interactions in a transversely isotropic thick plate due
to the influence of gravitational field. The heat transport
law is formulated in the context of memory-dependent
generalized Moore—Gibson—-Thompson theory in the pres-
ence of heat source. The upper surface of the plate is stress-
free and is subjected to a prescribed surface temperature,
whereas the lower surface is laid down on a rigid foun-
dation and is thermally insulated. The governing equations
are solved in Laplace and Fourier transforms domain on
applying suitable integral transforms. The inversions of
double transform has been carried out numerically using a
method based on Fourier series expansion technique [23],

as mentioned in Appendix. Numerical computation have
been done for Magnesium (Mg) and the computed results
have been depicted graphically to show the significant
effects of different linear and nonlinear kernel functions in
the heat equation. Moreover, it is noticed that how the
second degree term of delay-time parameter influences the
heat conduction involving nonlinear kernel function com-
pared to different linear kernels chosen. Excellent predic-
tive capability is demonstrated due to the influence of the
gravitational field and the delay-time parameter also.

2. Formulation of the problem

Consider an infinite transversely isotropic thick plate with
spatially varying heat source at an uniform reference
temperature 7y in the undisturbed state. The upper surface
of this medium is taken traction-free and subjected to a
known temperature distribution applied with the band of
width 21 (—1 < y < I). The lower surface of the plate is laid
down on a rigid foundation and is thermally insulated.
Here, g is the acceleration due to gravity which acts ver-
tically downward along the x-axis. Let the faces of the plate
be the planes x = +h, referred to a rectangular set of
Cartesian coordinates axes Ox, Oy and Oz as shown in
Fig. 1.

For the present problem, two-dimensional deformation
of the plate parallel to xy-plane is considered. Therefore, it
can be assumed that all the field quantities are dependent
only on the space coordinates x, y and the time *.
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Therefore, for the current problem, the displacement vector X =cigx, Y =iy, W = ciqu, Vv = ey,
i and the temperature field T are given by pCy
! =cnt, 1) = Ao, n = —, o = o
. /L) 1Mo, N ) now,
i = (u(x,y,1), v(x,y,1), 0), 9 K
T =T(x,y,1). OF e oy (T-Th o pBQ
U opc? p ¢ Kcnen
The strain—displacement relationship in the present
problem is given by and, after omitting primes, the above equations have been
ou ov 1/0u ov rewritten in nondimensional form as follows:
XX — A =X vy =3 \a T3] 10
: o w dy Cor 2<6y+6x> (10) 6u+(w w)ﬁv 0 (16)
Oxx = A2 2 — W)~ — Y,
The constitutive relations for the present problem are O Oy
ou Ov
Oy = cllexx—kclzexy—ﬁl(T—To), O'yy:(a)z—a)l)a+a—y— , (17)
Oy = Cieu + crey — Bi(T = To), (11)
- (c en)e 1+ w; —ws 6u+8v (18)
= — - Oy =—"7— | =—+=—1,
Xy 11 22 )€xy y ) ay ox
where g;; (i, j = x,y) are the stress components, p, is the Py 2 Py o 2u 00
thermal modulus and cy1, c12, ¢z, are the elastic constants. —t ot O ==+ O3 — =+ — (19)
. . o 0x2 0x0 0y? ox 0 ox’
The equations of motion along x- and y-directions under Y Yy
the action of gravitational effect can be obtained as %y Pu v ou o*v o0 (20)
Vx5t 5~ =%57+ 5,
. Pu ci4cn v e —cpdu +pg ov pazu +p oT ! ox? ? Ox0y = 0y? ’ Ox 02 Oy
1155 o ~=P=5 12
ox? 2 0x0 2 0y? o or? ) . .
) o ’ ) ) L (020 0% AN
(12) K ) + a—yz +x ) + a—yz +0
611—012& 611-&-012@2_M+ @_ Ou @+ﬁa—T oi oV (21)
2 a2 2wy Mo Pa TP TPy :(1+TODQ))[é+e<a_u+a_v)]’
x 0y
(13)
The heat conduction equation in the context of memory- where
dependent MGT theory is given by o, = 1T cn _cnten o P8 Toﬁ%
1 2c1 2 0 enen’ Kenn

o> (a% N 62T> N K<62T N a%’) ey
o2 T o2 MBI 2T 32
Ox Oy Ox Oy (14)

" o Oov
= (1 + TODw) |:pCvT + T()ﬁ] (ax + ay):| .

However, the laws of heat conduction in the context of
memory-dependent MGT theory are given by

, or 0T ,
(1 +19Dy)g, = — (ﬂ(a +K a), (1+10Dy)4,

—— "K67T+K*67T
-\ o)

(15)
where p is the density of the plate, K is the thermal con-
ductivity of the plate, K* being the conductivity rate
parameter, c, is the specific heat at constant strain, Q is the
intensity of the applied heat source per unit mass and g is

the relaxation time.
Introducing the following nondimensional variables

The above equations are to be solved subjected to the
initial conditions

00 Ou Ov

= = = — = = — = = 22
Hqu,atatathtIO. (22)
The boundary conditions for the problem may be taken as

0(h5y7t) = QOH(%_ ‘y|)a

oxe(h,y, 1) = 0,

O-xy(h»ya [) = 07

M(—h,y, t) - 07 (23)

V(_h7y7 t) = 07

%c(_h>ya l) = 0.

In the first equation of (23), 6y and % are constants, while
H(.) is the Heaviside unit step function. Thus, the surface
x = h is traction-free and it is heated on a band of width 2%
around the y—axis on the upper surface, while the rest of
the surface is kept at zero temperature.

The kernel function K(t — &) can be chosen freely as
[24-27]
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Yot (1430 =i+ )
K(t—i)ZI—E(t—Cf)—i-E(t—g)z 1+wGw P4y ig{ yp0 +K™0). (33)
L, 3 it e=0/=0 Eliminating  and é from Egs. (29)—(31) yields
1= e=0.f =) @) o P
v v v N
1—(t=¢), if e=0[f=% Alg:p) 5 +B(a,p) 73+ C(a,p) 55 + D(g,p)v = Glx,q,p)-
(1==5° i e=1f=1 (34)

where o is the time-delay parameter and e, f are constants.
Employing the Laplace and the Fourier transforms
successively to the function f(x, y, f), defined by

Floy.p) = / f(ey.f)edr, Re (p) >0,
0 . (25)
=~ 1 _ .
f(xv Q7p) = E / f(xvyap)eilqydya

subjected to the operational relationship

t

P / K(t— &) (x,y, &)de| =F(x,y,p)Gulp),

I—

2f 267
here G,(p) =1 -2 +=2
where (p) w+co2
2(e* — 2¢%
. |:(1_2f+€2)+ (e f) 282 .
wp w*p

Therefore, applying Laplace—Fourier double transform to
Egs. (16)—(21) yields

- du . 2
6”—%4—((1)2—(1)1)17—0, (26)
A di S
Oyy = ((Dg - wl) d_z +igv — 0, (27)
N 1 — dv R
o = R (U ). 8)
x
2hi b 45 do (20)
i (P* + o1q” )i+ (w2161+603)a I
d*v . dit 2
o125 = (P* + @)V + (igon — w3) = iq0, (30)
* dz: 25
K — —q0
(K* + )| 27— 40| +prQ
<p+ Gwp)é—kep (1+TG>(d +lqv>
(31)
T0 ~ d9 *dg
1+ %6, - J o= 32
( + W )pqx ( dx dx (32)

In a similar fashion, eliminating # and v between equations
(29)—(31) yields

A(g.p) % + B(q,p) % +C(q.p) g +D(q.p)0 = H(x,q.p)
(35)
where
A(q,p) =caicazemn,
B(q,p) =c41(ce63 — C54C61) — C53C43€001,
C(q,p) =eca3csi(carw) + coica1ig) — c53¢63 + C62C54,
D(q,p) =cs1(carces — corecasiq),
G(x,q,p) =p(ce2 + co1ca1051 — Co1C53)
20 R
e + pesi (carcer — ¢62)0,
g
H(x,q,p) = — 604360117(2—)5
g
+ (ecazwics) — ce3 + C54C61)pﬁ
+pesi(ces — €C43i4661)§7
car =K* + 1p,

2
Cqp =C41q~ + C43,

:p2(1 +T_0G(U)7
w

=p’ + o1¢’,

C43

Cs1
Csp =nig + W3,

€53 =C42 + C51C41 + €C43,
csq =ecg3(ig — c32),

Co1 =iqunr — W3,

C62 =Co1C42 + €C43iq,

ces =eca3(p* + ¢°) + ecyzceiiq.

3. Spatially varying heat source

The heat source Q(x, y, t) is defined in the following form
H(t) cosh(bx)
y2 + Cl2

O(x,y,1) = :
in which a and b are constants.

On applying the Laplace-Fourier transforms,
expression of the heat source takes the form

the
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= T _ 40 cosh(bx) . 3 [f(a.p) — c52] [Ai(a:p)e" — A_j(q,p)e ]k
— 2 —algl Z22\F7) _ A\ j Jj (j
O(x,q,p) = \/26 w ii(x,4.p) ;‘ e
Thus, the expressions if G(x, ¢, p) and H(x, g, p) are given , bsinh(bx) [La(g,p) = es2La(a, P)]
by b — k3
1 (40)

G(x,q,p) = 5\/§e"|q cosh(bx)

[(C62 + ce1ca1051 — Ce1053)b” + 51 (Cancor — C()z)],

1 /n
H = ——/ze Ul cosh(b
(50.0) = =1\ [Be Weosh(h)
[66‘43(01174 — (ecgzmiesy — cg3 + csacer )b
—csi1(ce3 — €caziqceet )]

Therefore, the solutions of Egs. (34) and (35) can be
obtained as

3

v(x,q,p) Z (q,p)e" + A_j(q,p)e ™| + Li(q, p) cosh bx,
j=1
(36)
N 3
0(x.4,p) Z (q:p)e kx"'ij(‘] ple” ] + Ly(g,p) cosh bx,

: (37)

respectively, where

3

(x.q.p) =) _[4

J=1

=D

(q,p)e" + A_j(q,p)e ™| + Li(gq. p) cosh(bx),

(41)

~ 3

0(x A

'y 22: Aj(q.p) j(q,p)e ] @)
+ Lz (g, p) cosh(bx),
where
{wlk2 P’ +4q } —k3) = corcsoki

fila,p) = 20— 1) —cal? Lj=1,2,3.

(43)

The stress components can be represented from Eqgs. (26)—
(28) as

T —aldl (co2 + corcaicsi — co1653)b* + cs1(carcol — cen)
Li(a,p) =/ 5¢

(b2 _ k2) (b2 _ k2) (b2 _ kz)

LZ(qap) -

)

ab &) (7 -

\/7 ~alg €c31b® — (eca3mic51 — c63 + c54¢61)b” — c51(ces — €casceriq)
2 k3) (b?

—K3) ’

where k; and —k;’s (j = 1,2,3) indicates the roots of the
equation

A(q,p)k® + B(q,p)k* + C(q,p)k* + D(q,p) =0.  (38)

Substituting the expressions of v and 0 in (29), the
corresponding equation reduces to

d*i

— — (P + 1)) =Ci(q,p

e M+ Cilgp

=

)e—lux

[Bi(q,p) — c52Ai(,p) ks o
_ kﬁ

>~ [B-j(4,p) — cs2A-i(q,p)]K; ol
1 Py
[L2(q,p) — cs2Li(q,p)]b
P—K

\/P? + w142. Therefore, the solutions for i, v
and 0 compatible with Eq. (30) can be obtained as

+

-

(39)

Ma

+

sinh(bx),

where k4 =

3 —C 2
Z w-{- (wz - wl) _fj(%p):|

J=

1
[Aj(q.p)e" + A_j(q,p)e "]

Ces 2
+ [{LZ(% )bz ;ZICL%] (@)} + (w2 — o1)Li(g,p) — Lz(q,p)]
cosh(bx),
(44)
3 : c
%)')' :Z (w2 — 1) {fj(q}:; k252} Lt iq ]j(q,p)]
[Aj(q,p)e™ +A_j(g,p)e ] (45)
n {(wz — 01){L2(q,p) — c52L1(q,p) } b
b —
+iqLi(q,p) — L2(q,p)] cosh(bx),
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~ 1+ w—w
To =T

3 J f/ ) — €5 kj
Z{kj‘qu{'(izpzk‘ztcsz} }

=
+ {L1 (9:p) + LZ(q’wbz_ esali(.p )}bsinh(bx)].

[Aj(q.p)e" + A_j(q,p)e ].
*kzzt

(46)

The boundary conditions in the Laplace—Fourier double
transform domain take the form

0(h,q.p) = \EL singw)
T pq
Gul(h,q,p) =0,
Gy(h.q.p) =0, (47)
u(—h,q,p) =0,
¥(=h,q.p) =0,
3.(—h,q,p) = 0.

On using the boundary conditions (47), Eqs. (44)-(46)
yield

Zﬁqp

B \/200 sin(gx)
T pq

[Ai(q,p)e"" + A_j(q,p)e™"] = —Li(q, p) cosh(bh),

j(q:p)e" + A (g, p)e "]

Ly(q, p) cosh(bh),

=
(49)
i [(q,p) — csa] [Aj(q, p)e ™" — A_j(q, p)e""]k;
- k? — k3
J (50)
_ [L>(q,p) 2— Cszle (¢.p)] b sinh(bh),
oy
IZ]{ kz kCZSZ} J +(U)2—(1)1)_ﬁ(q p):|
[Aj( kh+A ap)e kjh}
[ (4,p)+ (w1 —w2)Li(q,p) — thelar) ;zcisz}I (q’p)}bz} cosh(bh),
(51)
~ iq{f k;
|:Z{kj +—lq{ﬁ(izp k2C52} }[ i(q,p)e" +A—j(‘lvl7)€7k’h]
=
_ {LZ(‘]vP)k;_CS;ZLI (qyp)}bsinh(bx) B Ll(%p)},
i
(52)

—A_j(q.p)e""| = —Ly(q,p)b cosh(bh).

S fila.p)k A, p)e ™
=
(53)

The solution of the above system of equation gives the
unknown parameters A;(q,p) and A_;(¢,p)j = 1(1)3.

The results for an isotropic material can be deduced
from the present analysis by simply substituting
w; = 4/(A+2u), wy = (A+u)/(A+2p) and
e = 7*To/(pcy (A + 2u)), where y = (34 + 2u)a, where 4,
u are Lame’s constants, p is the density of the medium, c,
is the specific heat at constant strain and o, is the coefficient
of linear thermal expansion of the material. Also, it can be
verified that all the results corresponding to the absence of
gravitational field for GN III model agree with the results
of the existing literature [28].

4. Numerical results and discussions

In order to study the influence of the gravitational field, the
effect of the time-delay parameter and the significance of
different kernel functions in the heat transport law, the
analytical results have been depicted in the real space-time
domain in the form of the respective graphical represen-
tations. The material constants used for the numerical
computations are as follows [29]:

c11 = 5.974 x 10'° Nm~2
c13 =217 x 10'° Nm™2, ¢33 =6.17 x 10" Nm~2,

c44 = 1.510 x 10'° Nm™2, f, =2.68 x 10° Nm~2 deg~!
ce=1.04 x10° JKg~! deg™!, K =1.7x 10> Wm~! deg™!,
€=202%x10"2, p=174x10" Kgm™3, T, =298 K .

Oy =1, b=1.

c1p = 2.624 x 10'° Nm~2,

w=1, a=1,

Also, the material properties for isotropic material (Cu) are
given as follows [30]:

4 =176 x 10" Nm~2,
p = 8954 Kgm 3,

K =38 Wm™! deg™!, ¢, =383.1JKg"! deg',
To=293K, o =178x 107> Nm 2 deg™!

0o =1, b=1.

U =3.86x 10" Nm~2,

w=1, a=1,

In order to get the roots of the polynomial equation (38) in
the complex domain, the Laguerre’s method has been
implemented. For the purpose of illustration, the value of
the additional material constant is taken to be K* = 7 [28].
Moreover, the phase lag parameters and the additional
material constants satisfy the stability condition for MGT
heat conduction, that the solution will be exponentially
stable if ¢ >0, 70 >0, K >0, K* >0 and K > K*1q is
satisfied [12].
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In order to study the effect of different linear and non-
linear kernel functions in MGT heat conduction law due to
the influence of gravitational field, Figs. 2, 3, 4, 5 and 6 are

Fig. 5 o, vs. x for t = 0.25, y = 0 and g = 9.8 for different kernel
functions
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Fig. 6 o,, vs. x for t =0.25, y = 0 and g = 9.8 for different kernel
functions

illustrated. For these numerical computations, the magne-
sium material is considered. The numerical computations
are performed for time #=0.25 on y =0 plane. The
relaxation time and the time-delay parameters are taken to
be 19 = 0.2 and w = 0.01. The kernel functions have been

considered as K(t—&) =1, 1 -5 1—(1—¢) and

w’
£ 2 .
(1 —=5)", respectively.

Figure 2 depicts the variation of the horizontal dis-
placement u against the thickness x for different kernel
functions in the heat conduction law. It is seen that u
vanishes on the rigid base, satisfying the boundary condi-
tion of the problem as laid down in equation (23). Further,
the displacement component u is seen to be attaining
maximum magnitude on the upper surface which supports
the physical fact. Also, an oscillatory nature for the mag-
nitude of u is seen for the nonlinear kernel function

(1 — %)2 compared to the other linear forms of kernel
functions considered. On the upper boundary of the plate,
magnitude of the peak of oscillation of the displacement is
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maximum for K(z — ) = 1, compared to 1 — % than 1 —
(t — &) than that of (1 —=5),

Figure 3 displays the variation of the vertical displace-
ment v versus the thickness x for the same choices of the
kernels. The boundary condition is also satisfied for dif-
ferent kernel functions as seen from the graphical repre-
sentation, which partially validates the numerical codes
prepared for the problem. Moreover, it is seen that on the
upper boundary of the plate, the magnitude of v is maxi-
mum for the nonlinear kernel function compared to the
linear kernel functions.

Figure 4 displays the variation of the temperature profile
0 versus the thickness x of the plate for the magnesium
material. Since the lower surface of the plate is thermally
insulated and has been kept on a rigid foundation, the
maximum magnitude of the temperature is reflected from
there. Moreover, on the upper boundary, the temperature
satisfies the thermal boundary condition of the problem as
laid down in Eq. (23). An oscillatory nature in the mag-
nitude of 0 is seen near x = —0.5 due to the reflection of
thermal waves from there. Further, it is seen that the
magnitude of oscillation of 6 is larger for K(r — &) =1,

compared to 17% than 1 — (r—¢) than that of

£ 2
(159"

Figures 5 and 6 depict the variations of the stress
components oy, and oy, for different kernel functions as
mentioned earlier. As noticed from these figures, the stress
components satisfy the mechanical boundary condition of
the problem, which validates the numerical codes prepared
for the computation purpose. Also, it is seen that the effect
of linear kernels in the heat transport law influences the
stress components more compared to the nonlinear kernel
function. Since the upper surface of the plate is assumed to
be stress-free, the respective figures also justify the
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qualitative behavior and the wave nature is seen near the
lower boundary, which is quite plausible.

In order to discuss the effect of gravitational field on the
thermophysical quantities of the transversely isotropic
plate, Figs. 7, 8, 9, 10 and 11 are depicted. These graphical
representations have been displayed at time 7 = 0.25 for
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kernel 1 — % at depth y = 0. The relaxation time and the
time-delay parameters are taken to be t9p=0.2 and
o = 0.01. From the figures, it is seen that the presence of
the gravitational field has the tendency to diminish the

magnitude of the profiles of the thermophysical quantities.

Figures 12 and 13 are plotted to show the variation of
the temperature 0 and normal stress oy, against the thick-
ness x at y =0 for kernel function K(r — &) =1 in the
absence of gravitational field (g = 0) to make a compar-
ison of the results obtained in case of an isotropic material
(Cu). Though the qualitative behavior of the graphical
representations remains the same, significant differences
are also noticed. The stress profile attains a larger magni-
tude for transversely isotropic material compared to an
isotropic material. Also, the peak of oscillation of the
thermal waves attains a larger magnitude for an isotropic
material and the temperature disappears within the plate for
—-0.3<x<0.15.

5. Conclusions

In the present analysis, a new thermoelastic theory has
been developed where the heat conduction is described by
the Moore—Gibson—Thompson (MGT) theory under the
light of memory-dependent derivative. The medium is a
transversely isotropic thick plate, from which the isotropy
of the material can be derived as a special case. The form
of the kernel function in the heat conduction, which actu-
ally reflects the effect of memory, can be chosen freely
according to the necessity of applications. Though the
graphical representations are self-explanatory in exhibiting
the different peculiarities which occur in the propagation of
waves, the following remarks may be added:

1. Because high-intensity focused ultrasound plays a
central role in such problems with wide industrial
applications, study on the MGT theory is of great
interest in various scientific fields such as modern
aeronautical and astronautical engineering, high-en-
ergy particle accelerating devices and different sys-
tems exploited in the industries. Therefore, the
contribution of the relaxation parameter in the heat
conduction law of MGT theory reflects high signifi-
cance in such situations.

2. In order to study some practical relevant heat transfer
problems involving very short time intervals and in the
problems of very high heat fluxes, the temperature
profile for Lord—Shulman and Green—Naghdi theory
increases abruptly and a sudden decay in the temper-
ature profile is noticed, which is not realistic. How-
ever, for MGT theory, the effect of temperature is
more prominent within the medium. Since, for MGT
theory, the lagging behavior in the heat conduction is
considered when the elapsed times during a transient
process are very small, say about 1077, so the
prominent effect of temperature is quite plausible.



Moore-Gibson-Thompson generalized heat conduction in a thick plate 1725
Therefore, in the case of such problems, it is more P4ico
. . 1 _
convenient to consu.ler' the MQT h<'aat trar?sport model. fx,y,1) = P / e""F(x, v, p)dp, (A2)
3. For the thermoelastic interactions in a thick plate, the )
y—ioco

case when a nonlinear kernel function is involved in
the heat transport law, the degree of the delay time
influences the transport phenomena more compared to
a linear kernel function, and in conclusion, it is
advantageous to formulate the heat transport law with
nonlinear kernel.

4. The purpose of the present survey is to introduce a
generalized model for the Fourier’s law of heat
conduction with time-delay involving a kernel function
by using the definition for reflecting the memory effect
(instantaneous change rate depends on the past state).
Here, the linearity and nonlinearity in the kernel of the
heat conduction law justify the classification of the
materials according to the time-delay parameter, which
is a new indicator of its ability to conduct heat in the
conducting medium.

5. Presence of gravitational field diminishes the magni-
tudes of the profiles of the thermophysical quantities.

Appendix
Numerical Inversion of the double transform

The expression for f(x,y,p), the Laplace transform of

flx, v, 1), can be obtain from f(x, g, p) by taking its Fourier
inversion given as follows:

_ 1 7 Lo
Flos) = 7= / 97 (x, ¢, p)da,

B \/%/ [COS(C[y)feOC,q,p) + iSin(qy)?O(x7 q7p)]dq7
0

(A.1)

where f, and f,, denote the even and odd part of f(x,q,p) ,
respectively.

To get the solution in space-time domain, we have to
apply Laplace inversion to equation (A.1) which have been
done numerically using a method based on Fourier series
expansion technique [23]. The outline of the numerical
inversion method used is given as follows:

Let f(x,y,p) be the Laplace transform of a function
fix, y, ©). Then, the inverse formula for Laplace transform
can be written as

where y is an arbitrary real number greater than real part of
all the singularities of f(x,y,p). Taking p =y + iw, the
preceding integral takes the form

oo

/ e™F(x,y,y 4 iw)dw.

—00

e’

2n

f(x,y, t) = (A3)

Expanding e "'f(x,y,7) in a Fourier series in the interval
[0, 2T], we obtain the approximate formula [23]

fx,y,1) = foo(x,9,1) + Ep, (A4)
where
1 o0
foolx,y,0) = Sco+ I;ck for 0<1t<2T, (A.5)
e’ T i ikmt
Ck:T[eka<xvyvy+T>:|a (A6)

and Ep is the discretization error. The error Ep can be
made arbitrary small by choosing y large enough [23].
Since the infinite series in Eq.(A.5) can be summed up to a
finite number N of terms, the approximate value of f(x, y, f)
becomes

1 N
Iv(x,y, 1) = 5¢0 + ;ck for 0<1t<2T, (A7)

Using the formula to evaluate flx, y, ), we introduce a
truncation error E7 that must be added to the discretization
error. Two methods are used to reduce the total error. First,
the ‘Korrecktur’ method is used to reduce the discretization
error. Next, the ¢—algorithm is used to accelerate
convergence. The ‘Korrecktur’ method uses the following
formula to evaluate the function fix, y, 1)

Fey,1) = foo(x,3,0) — € 2T fo (x,5,2T + 1) + Ep,
(A.8)

where the discretization error |E}| < |Ep|. Thus, the
approximate value of f(x, y, f) becomes

fNK(xJ’J) :fN(xaya t) - e*Z}*T 1(/(x7y72T+ ’7)

We shall now describe the e—algorithm that is used to
accelerate the convergence of the series in Eq. (A.5). Let
N =2q + 1, where g is a natural number and s, = > ;- ¢k
is the sequence of partial sum of series in (A.7). We define
the e—sequence by

(A.9)
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&om = O; Elm = Sm

and

1

Elm+1 — &lm

Eim = &—1m+1 + JA=1,2,3, ...

It can be shown that [23] the sequence &1, &1, &1, - - -
ey, converges to f(x,y,t)+Ep —% faster than the
sequence of partial sums s,,m =1, 2, 3, .... The actual
procedure used to invert the Laplace transform consists of
using Eq. (A.6) together with the e—algorithm. The values
of v and T are chosen according to the criterion outlined in
[23].
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