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Abstract: In this discussion, the influence of carbon nanotubes on fluid flow is explored with the aim of optimizing,

facilitating and improving heat transfer and stabilizing the flowing base fluid in modern technology. The current fluid

model called Reiner–Philippoff is characterized as pseudo-plastic, dilatant and Newtonian fluid subject to the viscosity

variation, making it easy to navigate between fluid rheologies. As a result, the importance of lacing the Reiner–Philippoff

fluid flow enhanced by magnetohydrodynamics with single-wall carbon nanotube (SWCNT) and multi-wall carbon nan-

otube (MWCNT) over a stretching sheet has been investigated. The governing mathematical model of the multi-variable

differential equation has been transformed into a one-variable differential equation using a workable similarity transfor-

mation. The spectral local linearization method (SLLM) is employed to gain insight into the governing flow parameters,

and the results are presented using tables and graphs. Prior to presenting the results of this study, the convergence and

accuracy of the SLLM used for gaining insight into the governing flow parameters were established. Among the findings of

this study is that the modified magnetic parameter supports the growth of the momentum boundary layer thickness for both

SWCNT and MWCNT. The effective Prandtl number decreases the flow resistance more in the SWCNT compared to

MWCNT.
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List of symbols

a Stretching parameter
�C Concentration of the fluid

Cf Skin friction coefficient

cp Specific heat capacity

DCT Soret-type diffusivity

Ec Eckert number

f Velocity profile

g Transformed dependent variable

J Material constant

k1 Mean absorption coefficient

K�
p Porosity parameter

Nu Nusselt number

Pr Prandtl number

qr Radiative term

qw Heat flux

R Radiation parameter

Re Reynolds number

Sc Schmidt number

Sr Soret number

Sh Sherwood number
�T Temperature of the fluid

�u Velocity component in the x-axis

uw Mainstream velocity

�v Velocity component in the y-axis

�x; �y Cartesian coordinates

Z Modified magnetic parameter

Greek symbols

c Bingham constant

h Temperature profile

j Thermal conductivity

k Reiner–Philippoff parameter
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q Density

m Kinematic viscosity

l Dynamic viscosity

p Constant

r� Stefan–Boltzmann constant

s Shearing stress

/ Concentration profile

/1;/2 Nanoparticle volume fraction

X Linearization coefficient

g Transformed independent variable

w Stream function

K Nanofluid expression

Subscripts

1 Condition at infinity in the y-axis

f Fluid

o Reference condition

x Local

w Wall

nf Nanofluid

eff Effective

MWCNT Multi-wall carbon nanotubes

SWCNT Single-wall carbon nanotubes

1. Introduction

The term nanofluid describes a suspension of nanoparticles

in a regular (base) fluid [1]. Several applications in heat

transfer benefit from the use of nanofluids, including

nuclear reactors, hybrid-powered engines, pharmaceutical

processes and fuel cells. Nanofluids possess necessary

fortune that make it essentially useful for a wide variety of

applications, such as acoustic properties. Their thermal

conductivity and convective heat transfer coefficient are

greatly enhanced in comparison with the base fluid [2].

Consequently, it is not surprising that nanofluids have been

the subject of considerable research efforts. Jeffrey fluid

conveying nanoparticle over a three-dimensional surface

subject to convective boundary condition is discussed by

Shehzad et al. [3]. Kumar et al. [4] studied the rotational

effects of ferro-nanofluids convection past a bi-directional

moving sheet via Joule and dissipation heat. Lawal et al.

[5] examined the unsteady Eyring–Powell nanofluid flow

by determining the effects of variable viscosity and thermal

conductivity. The response of variable properties, viscous

dissipation, dissipative heat, heat generation and chemical

reaction were explored. Akolade and Tijani [6] studied the

Casson and Williamson nanofluid along a penetrable

stretched Riga plate and enumerated the features of ther-

mophysical properties of the magnetohydrodynamics flow.

The effects of double stratification, self-heating and elec-

trical MHD were presented by Daniel et al. [7]. Hatami

et al. [8] modeled a Cu–water nanofluid flow around a

rotating cylinder turbulator in an oscillating non-conver-

gent medium. The study identified that Reynolds number

rise contributes efficiently heat transfer mechanism. Other

related studies include: Ramzan et al. [9], Ramzan and

Bilal [10], Hayat et al. [11], Lin et al. [12], Ogunseye et al.

[13], Alotaibi and Rafique [14] on fluid flow with various

nanofluid models over linear/nonlinear stretching surface.

A carbon tube with a diameter commonly measured in

nanometers is known as a carbon nanotube (CNT). The

CNT can be modified or adjusted to increase the heat

transfer of a fluid. An important change that may be made

is to control the number of walls in each nanotube, series of

it classifications were discussed (see Aqelet al. [15]). The

nanostructure of these materials and the strength of their

connections between carbon atoms make them to have an

outstanding tensile strength, high electrical and thermal

conductivity. They can also be chemically modified [15]. A

wide range of technological applications benefit from these

CNT features, including electronic devices, optics, com-

posite materials and nanotechnology. The scientific/indus-

trial importance of SWCNT and MWCNT has generated

some research attention in fluid dynamics [16]. Ahmad

et al. [16] probed the effect of a radiative SWCNT and

MWCNT nanofluid flow along a rigid wedge with presence

of magnetohydrodynamics (MHD). Hayat et al. [17] ana-

lyzed the importance of SWCNT and MWCNT in a mixed

convective flow. They reported that the momentum

boundary layer thickness increases with increasing mag-

netic field strength. Aladdin and Bachok [18] investigated

the dual solutions of a hybrid nanofluid wrapped in

SWCNT and MWCNT sheets using water as a base fluid.

In their study, they found that while the first solution is

preferable to the second, the hybrid nanofluid undergoes a

reduction in heat transfer as the magnetic parameter

increases. The MHD study of stagnation point flow of

SWCNT and MWCNT over a stretching sheet with dif-

ferent shape effects was done by Shafiq et al. [19]. The

behavior of the dual solution on flow and heat transfer

using two different base (water and kerosene) fluids in a

carbon nanotube was investigated by Norzawary et al. [20].

They found that the critical value for existence of a dual

solution for f 0ð0Þ ¼ n is when n ¼ �0:5482. Rezaee et al.

[21] investigated the argon flow through elliptical carbon

nanotube. The following research work will be of great

interest to the reader for more study in this direction, see

Xue [22] and Hayat [23].

Riga plate is an actuator constructed by arranging

electrodes and magnets of equal sizes side by side. Putting

the theory of the Riga surface into practice, Rafique et al.

[24] analyzed the heat and mass transfer flow of a stratified
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micropolar nanofluid over a Riga plate. The study reported

that the heat transfer on the surface decreases for the

temperature stratification factor as mass transfer increases.

Alotaibi and Rafique [25] probed the impact of micro-ro-

tation on a nanofluid over a Riga plate. Their findings are

that concentration distribution shows direct relation with

thermophoretic impact. Additionally, increasing modified

Hartmann numbers also increases energy and mass flux

rates.

Reiner–Philippoff fluid investigation has been on

researchers spotlight in recent time due to its highly non-

linear stress relation and its ability to behave both as a

Newtonian and Non-Newtonian fluids in different regimes.

Recently, the stability analysis of Reiner–Philippoff fluid

flow subjected to radiation effect over a shrinking plate was

presented by Waini et al. [26]. Tijani et al. [27] investi-

gated the behavior of Reiner–Philippoff fluid flow using a

stream function velocity that is not admissible to the sim-

ilarity transformation technique. Their study reported that

enhancing the radiation term, mass and thermal conduc-

tivity will lead to an increment in heat and mass transfer

coefficient. Notable information in this direction can be

found in the study of Yam et al. [28], Khan et al. [29],

Ahmad et al. [30], Na [31] and Sajid et al. [32].

The spectral local linearization method pioneered by

Motsa [39] is a numerical technique used to approximate

solutions to nonlinear ordinary differential equations

(ODEs) or systems of ODEs. This method combines ele-

ments of spectral methods and local linearization to

achieve accurate and efficient solutions for linear/nonlinear

dynamical systems. The spectral local linearization method

offers several advantages. The method allows for the effi-

cient representation of the solution using a small number of

basis functions, resulting in reduced computational costs

compared to some other numerical methods. SLLM can

handle highly nonlinear systems with accuracy and stabil-

ity, even when the nonlinearities are strong or the

dynamical systems exhibiting chaotic behavior [5, 6, 13].

The spectral local linearization method has been shown to

have a quadratic convergence [33].

The novelty of this research is that no other study has

examined the Reiner–Philippoff hybrid nanofluid using

SWCNT and MWCNT, at least not to the author’s

knowledge. This current study aims at understanding the

impacts of SWCNTs and MWCNTs nanoparticles on dis-

sipative Reiner–Philippoff fluid with MHD effect and

Darcy phenomenon through a two-dimensional stretched

Riga plate subjected to the modified temperature gradient.

The objectives of the study include: (i) the model of the 2D

Reiner–Philippoff nanofluid over a Riga surface, (ii)

transformation of the governing PDEs to systems of ODEs

via an appropriate similarity variables, (iii) implementation

of spectral local linearization method (SLLM) on the

formulated problem, (iv) investigation of the behavior of

the pertinent flow parameters via graphs and tables and

(v) comparative analysis on the impact of SWCNT and

MWCNT on the governing model.

2. Organization of the paper

The paper setup is given in the following (see Fig. 1).

Section 3 contains the model formulation analysis resulting

in the dimensional governing flow equations, the thermo-

physical relation of the nanofluid and the similarity tech-

nique. The engineering quantities are presented in Sect. 4.

In Sect. 5, we present the convergence analysis, numerical

validation, and numerical solution via the spectral local

linearization method (SLLM) implemented on a MATLAB

R2015a. The importance of each emerging flow parameter

is discussed in Sect. 6. Finally, the results and significance

of the present study are elaborated in Sect. 7.

3. Model formulation analysis

3.1. Model governing assumptions

The two-dimensional flow with carbon nanotube over a

magnetized sheet is the concern of this model. The flow

equation in its generalized form is given as:

r � q~¼ 0: ð1Þ

q
�
q~ � rq~

�
¼ r � s� l

q~

K
: ð2Þ

qCp

�
q~ � rT

�
¼ jr2T �rqr þ lðr�qÞ2: ð3Þ

�
q~ � rC

�
¼ Ddr2C �rqr þ DCTr2T: ð4Þ

Fig. 1 Paper setup flowchart
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where q~ is the fluid velocity vector.

Consider Reiner–Philippoff fluid exemplified by a non-

linear shear-stress deformation, which consists of shear-

stress deformation of three-parameter model, namely

pseudo-plastic, dilatant and Newtonian characteristic, well

defined in Na [31] and expressed as

ou

oy
¼ s

l1 þ lo � l1

1þ
�

s
ss

�2
;

ð5Þ

where s is the shear stress, l1 is the limiting viscosity, ss
stands for reference shear stress and lo is the zero shear

viscosity. An incompressible, steady and 2D nanofluid of a

dissipative Reiner–Philippoff fluid conveying SWCNT and

MWCNT over a stretching surface is examined (see

Fig. 2). Usual truncation of the higher-order terms is

assumed to be arrived at the linear thermal radiative heat

flux. The flow governing equations in regard to continuity,

momentum, energy and concentration equations have a

similar form as given in Na [31] and Sajid et al. [34],

o�u

o�x
þ o�v

o�y
¼ 0: ð6Þ

lnf
qnf

os
o�y

þ pj0M
8qnf

exp � p
r0

�y

� �
� lnf
qnf

�u

Kp
¼ �u

o�u

o�x
þ �v

o�u

o�y
: ð7Þ

lnf
ðqcpÞnf

o�u

o�y

� �2

� 1

ðqcpÞnf
oqr
o�y

þ jnf
ðqcpÞnf

o2 �T

o�y2
¼ �u

o �T

o�x
þ �v

o �T

o�y
:

ð8Þ

Dd
o2 �C

o�y2
þ DCT

o2 �T

o�y2
¼ �u

o �C

o�x
þ �v

o �C

o�y
: ð9Þ

The appropriate boundary conditions are,

�uð�x; �yÞ ¼ uw; �vð�x; �yÞ ¼ 0; �Tð�x; �yÞ ¼ �Tw �Cð�x; �yÞ ¼ �Cw as y ¼ 0;

�uð�x; �yÞ ! 0; �Tð�x; �yÞ ! �T1; �Cð�x; �yÞ ! �C1; as y ! 1:

)

ð10Þ

The radiative heat flux resulting from the Rosseland

approximation given that �T4 � 4 �T3
1 �T � 3 �T4

1 is defined as

[35] and [36],

qr ¼ � 4r�

3k1

o �T4

o�y
¼ � 16r�

3k1

�
�T3
1
o �T

o�y

�
: ð11Þ

Following the study of Magyari and Pantokratoras

[37], Eq. (8) becomes

lnf
ðqcpÞnf

o�u

o�y

� �2

þ jnfeff ðTÞ
ðqcpÞnf

o2 �T

o�y2
¼ �u

o �T

o�x
þ �v

o �T

o�y
: ð12Þ

where jnfeff ðTÞ ¼
�
16r� �T3

w

3k1
þ jnf

�
is the effective thermal

conductivity of the hybrid nanofluid.

3.2. Thermophysical properties of the nanofluid

The mathematical expression of the nanofluid and the base

fluid properties (i.e., viscosity, volumetric heat capacity,

density and thermal conductivity) is given as follows (see

Saeed et al. [38]):

Fluid viscosity:

lnf
lf

¼ K1 ¼
1

ð1� /1Þ2:5ð1� /2Þ2:5
: ð13Þ

Specific heat capacity:

ðqCpÞnf
ðqCpÞf

¼ K2 ¼ /2

ðqCpÞSWCNT

ðqCpÞf

þ ð1� /2Þ 1� 1� ðqCpÞMWCNT

ðqCpÞf

� �
/1

� �
:

ð14Þ

Fluid density:

Fig. 2 Physical representation of the flow
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ðqÞnf
ðqÞf

¼ K3 ¼ /2

ðqÞSWCNT

ðqÞf

þ ð1� /2Þ 1� 1� ðqÞMWCNT

ðqÞf

� �
/1

� �
:

ð15Þ

Thermal conductivity:

jnf
jbf

¼ K4 ¼ ð1� /2Þ þ 2/2

jSWCNT

jSWCNT � jbf

� �
ln

jSWCNT þ jbf
2jbf

� �
;

jbf
jf

¼ ð1� /1Þ þ 2/1

jMWCNT

jMWCNT � jf

� �
ln

jMWCNT þ jf
2jf

� �
:

ð16Þ

where /1 and /2 represent the nanoparticles of MWCNT

and SWCNT, respectively. We have to mention that when

/1 ¼ 0 and /2 ¼ 0, water is realized as the working fluid.

The case of multi-wall carbon nanotube (MWCNT) nano-

fluid can be obtained by setting /2 ¼ 0 and /1 6¼ 0 and

single-wall carbon nanotube (SWCNT) nanofluid when

/1 ¼ 0 and /2 6¼ 0. Table 1 shows the numerical value of

the thermophysical properties of the base fluid (H2O),

MWCNT and SWCNT.

3.3. Similarity transformation

Introduce the following appropriate similarity

transformation:

g ¼
ffiffiffi
a

m

r
�y

�x
1
3

; w ¼
ffiffiffiffiffi
am

p
�x
2
3f ðgÞ; s ¼ q

ffiffiffiffiffiffiffi
a3m

p
gðgÞ;

hðgÞ ¼
�T � �T1
�Tw � �T1

; /ðgÞ ¼
�C � �C1
�Cw � �C1

:

ð17Þ

Implementing Eq. (17) on the governing Eqs. (6), (7), (9),

(12) and the boundary conditions of Eq. (10), we obtain the

following ordinary differential equations, given by

g

f 00
¼ g2 þ kc2

g2 þ c2
; ð18Þ

g0 � K�
p f 0 þ Z

K1

exp �Jgð Þ � K3

K1

1

3
f 02 � 2

3
ff 00

	 

¼ 0;

ð19Þ
K4

Preff
h00 þ Ec

K1

K4

f002 þ 2

3

K2

K4

fh0 ¼ 0; ð20Þ

/00 þ 2

3
Scf/

0 þ Srh
00 ¼ 0: ð21Þ

Note that Preff ¼ Pr

�
K4

1þ RK4

�
is the effective Prandtl

number, see [37]. In addition, the dimensionless boundary

conditions become:

f 0ðgÞ ¼ 1; f ðgÞ ¼ 0; hðgÞ ¼ 1; /ðgÞ ¼ 1; as g ¼ 0;

f 0ðgÞ ! 0; hðgÞ ! 0; /ðgÞ ! 0; as g ! 1:

ð22Þ

With the resulting parameters

Z ¼ pj0Muw

8a3qf
; J ¼ p

r0a

ffiffiffi
m
a

r
uw; R ¼ 16r�T3

1
3k1jbf

;

Pr ¼
cpl
j0

; Sc ¼
m

D1
K�

p ¼
l

qaKp

;

Ec ¼
u2w

cpðTf � T1Þ ; Sr ¼
DCTðTf � T1Þ
DdðCf � C1Þ :

8
>>>>>>>><

>>>>>>>>:

ð23Þ

4. Engineering physical quantity

The engineering physical significance of this study relates

to the skin friction coefficient, Nusselt number and Sher-

wood number. The mathematical representation of these

physical quantities is given as

Cf ¼
sw

0:5qfu2w
; Nux ¼

xqw

jbfðTw � T1Þ ; Shx ¼
xqm

DdðCw � C1Þ ;

ð24Þ

where the shear stress, surface heat flux and mass flux are

sw; qw, qm , respectively, and are defined as

sw ¼ qnf
ffiffiffiffiffiffiffi
a3m

p
gðgÞ; qw ¼ �jnf

o �T

o�y

����
�y¼0

þ qr; qm ¼ �Dd
o �C

o�y

����
�y¼0

:

ð25Þ

In dimensionless form, Eq. 24 using the definition defined

in Eq. 25 becomes

1

2
Re

1
2
xCf ¼ K3gð0Þ; Re

�1
2

x Nux ¼ �
�
K4 þ R

�
h0ð0Þ;

Re
�1

2
�x Shx ¼ �/0ð0Þ;

ð26Þ

where Rex ¼
uwx

m
.

Table 1 Thermophysical features of SWCNT, MWCNT nanoparti-

cles and -H2O, see [16]

q [kg �m�3] k½W �m�1 � K�1] Cp [J � kg�1 � K�1]

H2O 997.1 0.6130 4179

MWCNT 1600 3000 796

SWCNT 2600 6600 425

Dynamics of carbon nanotubes on Reiner–Philippoff fluid flow over a stretchable Riga plate 1011



5. Numerical method

Equations (18)–(21) with their suitable conditions in

Eq. (22) will be solved using the spectral approach. The

spectral approach of interest here is the spectral local lin-

earization method (SLLM), which is based on the work of

Motsa [39]. The method works by locally linearizing our

variables of interest before iteratively computing them. The

Table 2 Convergence analysis of the spectral local linearization method (SLLM) with 50 collocation points using the following parameter

values of Z ¼ 0:5; J ¼ 0:5; R ¼ 0:2 Pr ¼ 7:2; Sc ¼ 2:0; K�
p ¼ 0:5; Ec ¼ 0:01; Sr ¼ 0:2 and /1 ¼ /2 ¼ 0:0

Iterations SLLM

r �f 00ð0Þ �h0ð0Þ �/0ð0Þ

3.0 0.620881455891535 0.492509156620421 0.733716698613145

5.0 0.620881456215500 0.492509156633233 0.733716698638323

10.0 0.620881456662623 0.492509156632634 0.733716698632782

Table 3 Temperature gradient �h0ð0Þ at the wall for the spectral local linearization method (SLLM) and results in [43–45] using the following

parameter value of Z ¼ J ¼ Sc ¼ K�
p ¼ Ec ¼ Sr ¼ /1 ¼ /2 ¼ 0:0 and Pr ¼ 2:0

R Cortell [43] Waini et al. [44] Ferdows et al. [45] Present result

0.0 0.7643554 0.764374 0.764357 0.7643335

4

3

0.4430879 0.443323 0.443323 0.443673

Table 4 Comparative values of Re�1=2
x Cf given the parameter value Z ¼ J ¼ Sc ¼ K�

p ¼ Ec ¼ Sr ¼ /1 ¼ /2 ¼ 0:0, Pr ¼ 10:0 and R ¼ 20

3
(equivalence to R ¼ 5:0 chosen in [26])

Waini et al. [26] Present result

c k ¼ 0:5 k ¼ 1:0 k ¼ 1:5 k ¼ 0:5 k ¼ 1:0 k ¼ 1:5

0.5 - 0.571308 - 0.677648 - 0.748420 - 0.571343 - 0.677695 - 0.748691

1.0 - 0.511112 - 0.677648 - 0.790766 - 0.511116 - 0.677695 - 0.791041

1.5 - 0.494171 - 0.677648 - 0.808429 - 0.494172 - 0.677695 - 0.808710

Fig. 3 Influence of /1 and /2 on the velocity profile (f 0ðgÞ) and temperature profile (hðgÞ)
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local linearization technique is credited to Bellman and

Kalaba [40], which can be seen as an extension of the

Newton–Raphson approach. We refer the reader to the

following work for more study of this method (Ogunseye

et al. [41]). We start with the local linearization which

takes the form:

gðaþ1Þ ¼
g2ðaþ1Þ þ kc2

g2ðaþ1Þ þ c2
f 00ðaþ1Þ: ð27Þ

X1;af
000
ðaþ1Þ þ X2;af

00
ðaþ1Þ þ X3;af

0
ðaþ1Þ þ X4;afðaþ1Þ ¼ Rf1 :

ð28Þ

X5;ah
00
ðaþ1Þ þ X6;ah

0
ðaþ1Þ ¼ Rf2 : ð29Þ

X7;a/
00
ðaþ1Þ þ X8;a/

0
ðaþ1Þ ¼ Rf3 : ð30Þ

as well as appropriate boundary conditions

f 0ðaþ1Þ ¼ 1; fðaþ1Þ ¼ 0; hðaþ1Þ ¼ 1; /ðaþ1Þ ¼ 1 for g ¼ 0;

f 0ðaþ1Þ ¼ 0; hðaþ1Þ ¼ 0; /ðaþ1Þ ¼ 0 as g ! 1:

ð31Þ

and the variable (coefficient) given as

X1;a ¼
g2 þ kc2

g2 þ c2
; X2;a ¼

2

3

K3

K1

f þ 2g
g0c2ð1� kÞ
ðg2 þ c2Þ2

;

X3;a ¼ �K�
p �

2

3

K3

K1

f 0;

X4;a ¼
2

3

K3

K1

f 00; X5;a ¼
K4

Preff

; X6;a ¼
2

3

K2

K4

f ;

X6;a ¼ 1; X7;a ¼
2

3
Scf :

8
>>>>>>>>>>><

>>>>>>>>>>>:

ð32Þ

and residuals

Rf0 ¼ gðaÞ �
g2ðaÞ þ kc2

g2ðaþ1Þ þ c2
f 00ðaÞ � L0

Rf1 ¼ X1;af
000
ðaÞ þ X2;af

00
ðaÞ þ X3;af

0
ðaÞ þ X4;afðaÞ � L1

Rf2 ¼ X5;ah
00
ðaÞ þ X6;ah

0
ðaÞ � L2

Rf3 ¼ X7;a/
00
ðaÞ þ X8;a/

0
ðaÞ � L3

8
>>>>>>><

>>>>>>>:

ð33Þ

where L0; L1; L2 and L3 represent Eqs. (18), (19), (20) and

(21), respectively. We kick start our iterative scheme by

choosing a suitable guess function defined as:

f1ðaÞ ¼ 1� e�g; h2ðaÞ ¼ e�g and /a ¼ e�g: ð34Þ

For brevity, the other numerical procedure can be found in

references [5, 6, 41]. We provide the algorithm for the

Dynamics of carbon nanotubes on Reiner–Philippoff fluid flow over a stretchable Riga plate 1013



Fig. 4 Influence of Preff on the temperature profile (hðgÞ) and concentration profile (/ðgÞ)

Fig. 5 Influence of J on the velocity profile (f 0ðgÞ) and temperature profile (hðgÞ)
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SLLM under the assumption that the well-known ‘‘cheb’’

function given by Trefethen [42] is utilized.

5.1. Numerical validation

In this section, the validation and accuracy of the numerical

method using different metrics are reported. Convergence

of the spectral method is displayed in Table 2 for Eqs.

(19), (20) and (21). The method shows rapid convergence

by the fifth iteration. Validation of the spectral method is

carried out in Tables 3 and 4. It is important to mention that

due to the choice of effective Prandtl number Preff that we

employed, the value of R ¼ 4

3
is equivalent to R ¼ 1 cho-

sen in references [43–45]. The numerical values of the

temperature gradient and skin friction coefficient using the

SLLM and for other previous results in literature are listed

in Tables 3 and 4. The comparative results show good

(a) (b)

(c)

Fig. 6 Influence of K�
p on the velocity profile (f 0ðgÞ), temperature profile (hðgÞ) and concentration profile(/ðgÞ)

Fig. 7 Influence of Ec on the temperature profile (hðgÞ)
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Fig. 8 Influence of Sc and Sr on the concentration profile (/ðgÞ)

Fig. 9 Influence of Z on the velocity profile (f 0ðgÞ) and Temperature profile (hðgÞ)

Table 5 Numerical values of Nusselt and Sherwood numbers for SWCNT/H2O and MWCNT/H2O given the parameter value

K�
p ¼ 0:5; Z ¼ 1:0; J ¼ 0:5; Ec ¼ 0:01; Sc ¼ 2:0; Sr ¼ 0:2, k ¼ c ¼ 1:0 and Preff ¼ ði:e:Pr ¼ 7:2; R ¼ 0:8Þ

Re
�1

2
x Nux Re

�1
2

x Shx

/1=/2 SWCNT=H2O MWCNT=H2O Inc " ð%) SWCNT=H2O MWCNT=H2O Dec # ð%Þ

0.01 2.12355 2.19397 3.31 0.71030 0.68878 3.02

0.02 2.05412 2.18241 6.24 0.72620 0.68817 5.23

0.03 1.99311 2.17084 8.91 0.73857 0.68757 6.90

0.04 1.93799 2.15924 11.4 0.74833 0.68698 8.19

0.05 1.88714 2.14762 13.8 0.75613 0.68641 9.22
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agreement with previously established results in the limit-

ing cases.

6. Results and discussion

This section graphically illustrates the response pertaining

to parameter variations on the distribution profiles. Based

on the assumption, this study utilizes a nanofluid contain-

ing either SWCNT or MWCNT, with MWCNT at /1 ¼
0:05 and SWCNT at volume fraction value /2 ¼ 0:05.

If the presence of the nanoparticles is in excess of 5% in

the nanofluid, it is important to note that the nanoparticles

behaves like a non-Newtonian fluid. Consequently, we

have taken nanoparticles volume fraction value of less than

or equal to 5%. In the numerical simulation, the non-di-

mensionalized parameters must be chosen properly and in

agreement with the physics of the problem so that the

required boundary conditions are satisfy correctly. Since

the base fluid of this study is water, Prandtl number is fixed

as 7.2 and the remaining physical parameters are taken as

follows: K�
p ¼ 0:5; Z ¼ 1:0; J ¼ 0:8; Ec ¼ 0:01; Sc ¼

2:0; Sr ¼ 0:2; k ¼ 1:0; c ¼ 1:0; Preff ¼ ði:e: Pr ¼
7:2; R ¼ 0:8Þ unless stated otherwise. Figures 3 and 4

show the influence of nanoparticle volume fraction on each

nanofluid.

The study shows that these volume fractions /1 and /2

had great effects on the temperature profile of SWCNT and

MWCNT nanofluids, but less impact on the velocity pro-

file. Figure 3b further establishes that the energy dissipa-

tion of the MWCNT-induced nanofluid is greatly

influenced compared to the SWCNT-induced nanofluid.

The effective Prandtl parameter Preff has a diametrically

opposed behavior on the temperature and velocity profiles.

The parameter Preff 2 ½3:0; 6:0� greatly abates the heat

dissipation of the MWCNT. Figure 5 shows that the

material constant parameter J indicates a negative motion

of the momentum profile but supports the temperature

profile. The concentration profile of the MWCNT has more

influence compared to the SWCNT. Mathematically, the

porosity parameter is directly proportional to the viscosity

(resistance to movement at a given rate) of the hybrid

nanofluid. This explains why an increase in the porosity

parameter leads to a reduction in the velocity distribution,

as shown in Fig. 6.

The decrease in the velocity profile as we increase the

porosity parameter results in more drag on the Riga plate,

thereby increasing the temperature and concentration dis-

tributions. This is because molecules of the nanofluids

collide more with the sheet, as shown in Fig. 6b and c. The

SWCNT exhibits significantly more heat generation com-

pared to the MWCNT, as shown in Fig. 6c. Figure 7 elu-

cidates the importance of the Eckert dimensionless

parameter on the temperature profile of the SWCNT and

MWCNT Reiner–Philippoff nanofluid.

Figure 7 illustrates how the Eckert parameter enhances

heat transfer in the fluid. The Eckert parameter increases

the advective transport of heat transfer dissipation rate.

Moreover, the study shows a much larger percentage

increase in MWCNT compared to SWCNT as we increase

the Eckert parameter. Figure 8 depicts the influence of

Schmidt and modified Soret numbers on the concentration

profile. It is found that the concentration profile and its

corresponding concentration boundary layer thickness are

reduced for both SWCNT and MWCNT when the Schmidt

number is increased. This is explained by the fact that

increasing the Schmidt number impedes the molecular

Table 6 Numerical values of skin friction coefficient 1
2
Re

1
2
xCf and Nusselt number Re

�1
2

x Nux for different values of Z; K�
p; Ec when

Preff ¼ ði:e:Pr ¼ 7:2; R ¼ 0:8Þ, Sc ¼ 2:0; Sr ¼ 0:2 and J ¼ 1:0 for different nanomaterials

Values Water SWCNT MWCNT

/1 ¼ 0:0 and /2 ¼ 0:0 /1 ¼ 0:0 and /2 ¼ 0:05 /1 ¼ 0:05 and /2 ¼ 0:0

Z K�
p Ec 1

2
Re

1
2
xCf Re

�1
2

x Nux
1
2
Re

1
2
xCf Re

�1
2

x Nux
1
2
Re

1
2
xCf Re

�1
2

x Nux

0.2 - 0.87282 1.96855 - 0.94320 1.59117 - 0.88823 1.92968

0.4 - 0.77119 2.00782 - 0.84597 1.63638 - 0.79508 1.96504

1.0 - 0.47097 2.11104 - 0.55821 1.75408 - 0.51931 2.05909

1.0 0.1 - 0.19467 2.20562 - 0.25940 1.88053 - 0.22946 2.15804

0.3 - 0.34092 2.15625 - 0.41798 1.81412 - 0.38358 2.10616

0.5 - 0.47097 2.11104 - 0.55821 1.75408 - 0.51931 2.05909

0.5 0.005 - 0.47097 2.11806 - 0.55821 1.76001 - 0.51931 2.06734

0.008 - 0.47097 2.11385 - 0.55821 1.75645 - 0.51931 2.06239

0.01 - 0.47097 2.11104 - 0.55821 1.75408 - 0.51931 2.05909
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mass diffusion rate thereby reducing the concentration

profile.

The modified Soret number Sr supports the growth of

the concentration boundary layer thickness with increments

in the dimensionless parameter while keeping other

parameters constant (see Fig. 8b). Figure 9 shows that with

an increase in the modified magnetic parameter Z values,

both SWCNT and MWCNT exhibit an increasing velocity

profile. However, an opposing behavior, characterized by a

reduction in heat dissipation, can be observed as the

modified magnetic parameter is enhanced, as shown in

Fig. 9b. The findings noted here for the modified magnetic

parameter Z is similar to the result of Ahmad et al. [16].

Table 5 shows the percentage increase from the SWCNT

to the MWCNT nanofluids using the Nusselt number. The

results indicate that as the nanoparticle volume fraction is

enhanced, the Nusselt number for both SWCNT and

MWCNT nanofluid decreases. The Sherwood number is an

increasing function as the nanoparticle volume fraction

increases for SWCNT but a decreasing function for

MWCNT as nanoparticle volume fraction increases. The

results of this study indicate that MWCNT exhibits a sig-

nificantly more efficient convective process than SWCNT.

Table 6 shows the comparative values of skin friction and

Nusselt numbers for the base fluid, SWCNT and MWCNT.

We found that increasing the porosity and Eckert param-

eters decreases the Nusselt number. Additionally, the

modified magnetic parameter Z is found to enhance both

the skin friction coefficient and Nusselt number.

7. Conclusions

The study focuses on the comparative analysis between the

Reiner–Philippoff nanofluid of SWCNT and MWCNT with

water as working the fluid. The features of heat and mass

transfer are carried out over a stretching sheet with the

inclusion of magnetic effects, viscous dissipation and

thermal radiation effects. The spectral-based numerical

technique, specifically the spectral local linearization

method (SLLM) implemented in MATLAB, was used to

solve the coupled ordinary differential equations. The fol-

lowing are some of the key findings of this investigation:

• The SWCNT can be used to increase the heat transfer

dissipation of the base fluid the most.

• The material constant J decreased the velocity profile of

both SWCNT and MWCNT nanofluid induced.

• The concentration boundary layer thickness boosts for

boosting the value of non-dimensional modified Soret

number.

• All dimensionless parameters except the modified

magnetic term retard the velocity profile.

In our future study, the impact of Coriolis and centrifugal

forces as well as the variations of the thermophysical

properties will be explored.
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Appl. Comput. Mech. 7 1987 (2021)

[9] M Ramzan, M Bilal, C Farooq and J D Chung Results Phys. 6
796 (2016)

[10] M Ramzan and M Bilal J. Mol. Liq. 6 212 (2016)

[11] T Hayat, T Muhammad, S A Shehzad, M S Alhuthali and J Lu J.
Mol. Liq. 6 272 (2015)

[12] Y Lin, L Zheng, X Zhang, L Ma and G Chen Int.J. Heat Mass
Transf. 84 903 (2015)

[13] H A Ogunseye, Y O Tijani and S Precious Heat Transf. 49 3374

(2020)

[14] H Alotaibi and K Rafique Open Phys. 49 0059 (2022)

[15] A Aqel, K M M AbouEl-Nour, R A Ammar and A Al-Warthan

Arab. J. Chem. 5 1 (2012)

[16] S Ahmad, S Nadeem, N Muhammad and A Issakhov Physica A
547 124054 (2020)

[17] T Hayat, S M Ullah, M I Khan and A Alsaedi Results Phys. 8
357 (2018)

[18] T Hayat, S M Ullah, M I Khan and A Alsaedi Mathematics
(MDPI) 9 2927 (2021)

[19] A Shafiq, I Khan, G Rasool, E M Sherif and A H Sheikh

Mathematics (MDPI) 8 104 (2020)

[20] N H A Norzawary, N Bachok and F M Ali J. Multidiscip. Eng.
Sci. Technol. 6 62 (2019)

[21] M Rezaee, M Namvarpour, A Yeganegi and H Ghassemia Phys.
of Fluids 32 092006 (2020)

[22] Q Z Xue Physica B Condens. 368 302 (2005)

[23] T Hayat, K Muhammad, M Farooq and A Alsaedi Plos One 11
0152923 (2016)

[24] K Rafique, H Alotaibi, N Ibrar and I Khan Energies 15 01

(2022)

[25] H Alotaibi and K Rafique Crystals 11 11 (2021)

1018 Y. O. Tijani et al.



[26] I Waini, N S Khashi’ie, A R Mohd Kasim, N A Zainal, A Ishak

and I Pop Chin J. Phys. 77 45 (2022)

[27] Y O Tijani, S D Oloniiju, K B Kasali and M T Akolade Heat
Transf. 51 5659 (2020)

[28] K S Yam, S D Harris, D B Ingham and I Pop Int. J. Non Linear
Mech. 44 1056 (2009)

[29] M I Khan, A Usman, S U Ghaffar and Y Khan Int. J. Mod. Phys.
44 2150083 (2020)

[30] A Ahmad, M Qasim, S Ahmed and J Braz Soc. Mech. Sci. 39
4469 (2017)

[31] T Y Na Int. J. Non Linear Mech. 9 871 (1994)

[32] T Sajid, M Sagheer and S Hussain Math. Problem Eng. 16
(2020)

[33] O Otegbeye, S P Goqo and Md S Ansari AIP Conf. Proc. 2253
020013 (2020)

[34] T Sajid, S Tanveer, M Munsab and Z Sabir Appl. Nanosci. 11
321 (2021)

[35] S Rosseland Springer-Verlag, Berlin (1931)

[36] M T Akolade, A T Adeosun and J O Olabode J. Appl. Comput.
Mech. 7 1999 (2021)

[37] M Magyari and A Pantokratoras Int. Commun. Heat Mass
Transf. 38 554 (2011)

[38] A Saeed, P Kumam, T Gul, W Alghamdi, W Kumam and A

Khan Sci. Rep. 11 19612 (2021)

[39] S S Motsa J. Appl. Math. 13 423628 (2013)

[40] R E Bellman and R E Kalaba Quasi Linearization and Nonlinear
Boundary-Value Problems (New York: Elsevier) (1965)

[41] H A Ogunseye, S O Salawu, Y O Tijani, M Riliwan and P

Sibanda Multidiscip. Model. Mater. Struct. 1 1573 (2019)

[42] L N Trefethen, SIAM 10 (2000)

[43] R Cortell Appl. Math. Comput. 217 7564 (2011)

[44] I Waini, A Ishak and I Pop Int, J. Numer. Method H 29 3110

(2019)

[45] M Ferdows, M J Uddin and A A Afify Int.J. Heat Mass Transf.
56 181 (2013)

Publisher’s Note Springer Nature remains neutral with regard to

jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds

exclusive rights to this article under a publishing agreement with the

author(s) or other rightsholder(s); author self-archiving of the

accepted manuscript version of this article is solely governed by the

terms of such publishing agreement and applicable law.

Dynamics of carbon nanotubes on Reiner–Philippoff fluid flow over a stretchable Riga plate 1019


	Dynamics of carbon nanotubes on Reiner--Philippoff fluid flow over a stretchable Riga plate
	Abstract
	Introduction
	Organization of the paper
	Model formulation analysis
	Model governing assumptions
	Thermophysical properties of the nanofluid
	Similarity transformation

	Engineering physical quantity
	Numerical method
	Numerical validation

	Results and discussion
	Conclusions
	References




